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Abstract

Risk management deals with three types of finangsks: market risk, credit risk and
liquidity risk. Much has been written about bothrked and credit risk but substantially less
has been written about liquidity risk. Liquidityski has been modelled for securities as a
supply curve where the price obtained in a trade given security is reflected not only in the
time of the trade but also in the size and direc{louy or sell orders). In this thesis, data
provided by the Icelandic Stock Exchange is useexeammine the supply curve, and thus the
liquidity, of three bonds traded in Iceland. Foiffestent models for the supply curve will be
presented and fitted to actual data. The supplyecis shown to exist and therefore it is
shown that size and direction of a trade does fffee price obtained in a trade. In
conclusion, the model most likely to be the bestdscribe the liquidity for the given bonds is
selected. The model that best fitted the providath dvas thes-shapedogarithmic model
where the rather high bid-ask spread and markeicyents’ tendency to place their orders
alongside other orders were well captured.

Utdrattur

Aheettustyring & fjarmalamarkadi faest adalega vjérpnismunandi ahaettur; markadsahzettu,
endurgreidsluaheettur og seljanleikaahaettu. Tollhedtir verid ritad um fyrri tvaer ahaetturnar
en mun minna um seljanleikadheettu. Seljanleikaéhatverdobréfi hefur verid lyst med
frambodskurfu (e. Supply Curve) en i pvi felst @ddvi vidskiptum med viokomandi verobréf
er ekki einungis h&d timasetningu vidskiptanna treklnnig magni i vidskiptunum og pvi
hvort um kaup eda solu a verdbréfinu sé ad ree@aalt. vidskiptanna. | pessari ritgerd eru
notud gogn fra Kaupholl islands til ad rannsakambbadskdrfu, og par med seljanleika,
briggja skuldabréfa i Kaupholl islands. Fjogur misrandi likén fyrir frambodskarfuna eru
sett fram og adhvarfsgreiningu er beitt til ad galdkonin ad raunverulegum gégnum. Synt
er fram & ad frambodskurfan sé raunverulega tpargmed ad magn og att vidskiptanna hefur
ahrif & veroio sem vidskiptin verda a. Ad endingpa&d likan valid sem er liklegast til ad lysa
frambodskurfunni, og par med seljanleikanum, bkeBtanid sem lysti gognunum best var
logra likan og reyndist par muna miklu um 88dgun pess fangadi hid haa verdbil vel auk
pess sem pad hentar vel til ad lysa pvi hvernigkedamadilar eiga pad til ad setja tilbod sin
vid hlidina & 6drum tilbodum i tilbodsbdkunum.
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1 Introduction

Risk management deals with three types of finangsks: market risk, credit risk and
liquidity risk. Market risk is the risk of priceuttuation in financial securities due to changes
in interest rates, trading prices, commoditiesgwior foreign exchange rates. Credit risk is
the risk of price fluctuation in financial secuesi due to defaults. Much has been written
about both market and credit risk in abstract theord both are well known (see Duffie [1]
and Bielecki and Rutkowski [2]). Implementationswafrious risk measures for market and
credit risk have also been addressed (see e.gnJ@8i). Much less has been written about the
third type of risk, that is, liquidity risk. Liquity risk is the risk of price fluctuation in
financial securities due to the impact a tradeze stan have on the price obtained when
supply/demand is limited. Thus liquidity risk isethisk that a given security cannot be traded
quickly enough in the market to prevent a loss,the additional risk due to the timing and
size of trades.

Liquidity risk was first modulated as a conveniengeld (see Jarrow [4] and Jarrow and
Turnbull [5]). This solution successfully capturd® part of liquidity risk due to inventory
considerations and also retains the price takimgliton so classical arbitrage theory can still
be applied. However, this solution does not capthiecimpact a trade size can have on the
price.

Cetin et al [6] have successfully overcome thisgogviding a general methodology for
modelling liquidity risk. Their approach hypothesszthe existence of a stochastic supply
curve for a financial security as a function ohaction size. They characterize conditions on
the supply curve analogous to the conditions imgdiseHeath et al [7] on the term structures
of interest rates, for the supply curve to be eabe free. Given the arbitrage free
environment they characterize the conditions faomplete market and further more study
the pricing of derivatives. This model has become rnost popular way of examining and
characterizing liquidity risk.

In this thesis order book data from the Icelandmck Exchange will be used to examine and
analyse the supply curve postulated by Cetin §]dior three different bonds trading at the
exchange. For each bond, four different modelgttersupply curve will be examined. The
Icelandic bond market is not a very liquid one wjiiist about dozen participants of which
about four to six act as market makers for the banttler consideration. The issuer of these
three bonds, The Housing Financing Fund, has signéérket Making Agreement with the
market makers where they have specified a cert@inabk spread for each bond that the
market maker must hold while the market is opentrfading. Other market participants tend
to place their orders alongside the market makedstlaerefore the bid-ask spread holds even
as more and more orders are placed in the markethi& results in rather high bid ask
spreads, low trading volume and rather high vatstil

An outline for this thesis is as follows. In Chap® the model set forth by Cetin et al [6] is

described. Chapter 3 describes the supply curveelmdtiat are examined for each of the
bond and it is also argued why these models wepserh In Chapter 4, the data needed to
examine the supply curves is described and alsdateset obtained from the Icelandic Stock
Exchange. The reasons for choosing these threeskamedalso listed. Chapter 5 presents the
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results of the examinations of the different supplyve models where it is firstly shown that
the supply curves really do exist and secondly gxamined which of the model best fits the
data and is therefore the best model to describestipply curve for the Icelandic Housing
Financing Fund bond market. Chapter 6 concludes thesis with a discussion and

summarisation of the results.



2 Background Theory

This chapter presents the model set forth by Cettial [6]. Blais and Protter [8] followed
their work and their short version is followed hefée interested reader is referred to these
two papers for further reading. A filtered probébikpace(2, F, (F)o<t<r, P) iS given that
satisfies the usual conditions whdrés a fixed time. Lef® stand for the statistical probability
measure for this space. It is also assumed fhat {9, 2}, i.e. F, is trivial. A security that
initially is assumed to have no cash flow assodiatéh it is considered and also that there
exists a market for that given security where it ba traded. A money market account is also
traded in this market and it accumulates valuehatdport rate of interest. It is assumed,
without loss of generality, that the spot rate woferest is zero. Thus the money market
account has unit value for all times. This redtritton the spot rate of interest can of course
be removed without much effort.

2.1 The Supply Curve

Now an arbitrary price taking trader is consider€dis trader acts as a price taking trader
with respect to a given supply curve for units Hddugnd sold of the given security. More
formally the securities unit price at timtes [0, T] that the trader pays (or receives) for an
order of sizex € R, given the statev € 2, is represented by§(t,x,w). A buy order is
represented with a positive sign gni.e. x > 0, a sell order is represented with a negative
sign onx, i.e.x < 0 while the marginal trade corresponds to a zeremice.x = 0.

In the classical theory the trader faces a hored@supply curve where the same price is given
for any order size, regardless of the directiorthef order, i.e. a buy order or a sell order.
Now, on the other hand, the trader faces a supplechat depends not only on his order size
but also on its directioh.The supply curve is otherwise independent of tiader's past
actions, risk aversion, or beliefs as the tradea igrice taking trader. Thus the investor’'s
historical trades have no lasting impact on theusies price process. This restriction
distinguishes this economy from the situation whids@ supply curve also depends on the
entire history of the trader’s trades.

The following structure was imposed on the suppiywe by Cetin et al [6].
Assumptions(For the Supply curye

1. 5(t, x,") is F.-measurable and non-negative.

2. x - S(t,x,w) is a.e. t non-decreasing in x, a.s. (i,e<y implies S(t,x,w) <
S(t,y,w) a.s.lP, a.e. t).

3. S is C? in its second argumendS(t,x)/dx is continuous in t, and2S(t,x)/dx? is
continuous in t.

4. 5(-,0) is a semi-martingale.

5. S(+,x) has a continuous sample paths (including tohéor all x.

! Note however that trader is assumed to have nadtrthe money market account with his activity.



Assumption 1 says that the securities price canldserved from historical information and
that the price is always non-negative. Assumptiostétes that the larger the purchase (or
sale), the larger the price impact that occurshensecurities price is. This is usually the case
that traders face in asset pricing markets, whieeequantity impact on the price is due to
either information effects or supply/demand imba&m(see Kyle [8]; Glosten and Milgrom
[9]; Grossman and Miller [11]). This excludes theoren familiar situation in consumer
products where there are quantity discounts fgelarders. It includes however, as a special
case, the horizontal supply curves from the clasdleeory. Assumption 3 and 5 ensure the
smoothness of the supply curve and its partialvdévies. Assumption 4 says that the
securities price process can be decomposédta8) = A(t) + M(t) whereA(t) is a cadlag
adapted process of locally bounded variation &n@) is a local martingafe It is worth
mentioning that all of the above assumptions, etxaspumption 2, are technical in nature.

2.2 Trading Strategies
Cetin et al [6] define an investor’s trading stgptéy the following.

Definition 2.1. A trading strategy is a triplet(X;, Y;: t € [0,T]),7) whereX, represents
the trader’s aggregated securities holding at tinfm units of the securityy; represents
the trader’'s aggregated money market account posiat time t (units of the money
market account), andrepresents the liquidation time of the securitgipon, subject to
the following restrictions: (a)X; and Y, are predictable and optional processes,
respectively, wittX,_ = Y,_ = 0, and (b)X; = 0 andr is a predictablgF;:0 <t < T)
stopping time with < T andX = H1j, ;, for some predictable procet{t, w).

A particular type of trading strategy, self-finamgistrategy, is of interest. A self-financing
trading strategy does not generate any cash floilethis in place, i.e. witlt € [0,T). This
means that a purchase of the given security isyalvianded with a borrowing from the
money market account. Also, if the security is dblel entire amount is invested in the money
market account. This means that at all tifiess fully determined byX,, ). The goal is then
to define condition for this trading stratedy, given an arbitrary securities holditg,, t)
that make it a self-financing trading strategy.iet al [6] do this in the following way.

2 A cadlag is a function defined on a set of reahbars that is everywhere right-continuous and &fidimits

everywhere.

% A process X is a local martingale if it is a capind there exists a sequence of stopping tipéscreasing to
infinity, such thatl; ., X™ is a martingale for eaah A martingale is of course a bounded zero-drifclséstic
process where knowledge of past events does npimeredicting the next value and the expected nale is
equal to the latest observed value.
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Definition 2.2. A self-financing trading strategy (s.f.t.s.) israding strategy((X;, Y;: t €
[0,T]),T) where (a)X; is cadlag ifdS(t,0)/dx = 0 for all t, andX; is cadlag with finite
quadratic variation([X, X]; < o) otherwise, (bY, = —X,5(0, X,), and (c) for0 < t <
T,

t
Y, = Y, + X,S(0, Xo) + f X,_dS(u, 0) — X,S(t, 0)

0
t

aS
- ) AXIS A - S@ O - [ 50X K (21

o<ust 0

Acceptable trading strategies classes are restriptecondition (a). Under the hypotheses that
X, is cadlag and of finite quadratic variation, tight side of equation (2.1) is always well-
defined although the last two terms (never beingitM@) may be negative infinity. This
restriction is not needed in the classical theomhere markets are frictionless and
competitive. Blais and Protter [8] take an exangila trading strategy that is allowed in the
classical theory, but disallowed here. They ¥gt= 15:0)>k; for some constank > 0

whereS(t, 0) follows a Brownian motion. Under the Brownian nootihypothesis this is a
discontinuous trading strategy that jumps infiniteften immediately aftes(t,0) = K (the
jumps are not square summable), and héhdse undefined. Condition (b) simply states that
the strategy requires zero initial investment aheti 0 as all investments/sells are
borrowed/invested in the money market account. @and(c) is the actual self-financing
condition at timet. The money market account is its value at timeaf@ded by the
accumulated trading gains (the marginal trade éslds evaluate this), subtracting the cost of
attaining the current position, subtracting thec@rimpact costs of discrete changes in the
securities holdings. This expression is in facteatension of the classical self-financing
condition when the supply curve is horizontal. Tisi®asily shown using condition (b) with
eqguation (2.1) to give the self-financing condittbie following simplified form:

Y, + X,S(t,0) = f tXu_dS(u, 0) — Z AX,[S(u, AX,) — S(u, 0)]

0 o<ust

tas
—f a(u, 0)d[X,X]5 forO<t<T (2.2)
0

The classical portfolio value at time O is repréednby the left side of equation (2.2).
Decomposition into various components is represkeatethe right side. The right side’s first
term is the classical “accumulated gains/losseghefportfolio’s value. The last two terms,
both entering with a negative sign, capture theaichjpf illiquidity.

2.3 The Marked-to-Market Value of a Self-
Financing Trading Strategy and its Liquidity
Cost

This section again follows the work of Cetin ef@lwhere they define the marked-to-market
value of a trading strategy and its liquidity cdBtior to liquidation, the trading strategy or
portfolio has no unique value and actually it iS§ible to use any price on the supply curve in
valuing the portfolio. Cetin et al [6] point out &ast three economically meaningful
possibilities that can be identified:



1. The immediate liquidation value (assuming tkiat> 0 givesY; + X.S(t, —X;))
2. The accumulated cost of forming the portf@lp)
3. The portfolio evaluated at the marginal trade+ X,S(t, 0)).*

The market-to-marketalue of the self-financing trading strate@¥, Y, t) is defined to be the
last possibility, 3. It represents the value of ff@tfolio under the classical price taking
condition.

Motivated by equation (2.2), Cetin et al [6] defie liquidity cost as the difference between
the accumulated gains/losses to the portfolio, @mgded as if all trades are executed at the
marginal trade pricé6(¢, 0), and the marked-to-market value of the portfolibeir definition

is as follows:

Definition 2.3. The liquidity cost of a s.f.t.6X,Y, 1) is
L; = [, X,-dS(u,0) — [Y, + X,S(t,0)].

The following lemma is then set forth by Cetin ét[@] following from the preceding
definition.

Lemma 2.1. (Equivalent Characterization of the Liquidity Cost).

tas
L, = Z AX,[S(u, 4X,) — S(u, 0)] + f — (4, 0)d[X, XI5, = 0
Osust 0o 9X
whereL,_ =0, Ly = X,[5(0,X,) — S(0,0)] andL; is non-decreasing in t.
The interested reader is refereed to Jarrow anielPfbl] for a (simple) proof.

Cetin et al [6] then go on and say that it candenghat the liquidity cost is non-negative and
non-decreasing im and that it consists of two components. The fa@inponent is due to
discontinuous changes in the securities holdingsdue to trading. The second is due to the
continuous component, i.e. due to price changekdrsecurities holdings at each time. This
expression is quite intuitive as one would assumedivance that this would be the case. Note
that becaus&,_ = Y,_ = 0 itis possible to havé\L, = L, — L,_ = Ly > 0.

* Cetin et al [6] also point out that these threduations are (in general) distinct except at oneedthe
liquidation date. At the liquidation time the value of the portfolio under each of thesedhcases are equal
becausex; = 0.
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3 The Supply Curve Models

In the classical asset pricing theory the tradingepof a stock follows a geometric Brownian
motion process often referred to %) where the drift and volatility terms are considkete

be constants. Trading price of a bdtis] however, often referred to &§t,T) representing
the cash price of a zero-coupon bond with matdrigt timet. To simplify the notation, the
price of a specific zero-coupon bond is often mef@rto asP(t), as the maturityl is known

for the given bond. The geometric Brownian motiased for stocks cannot be used for
bonds, as volatility is not a constant for boAidEo price zero-coupon bonds, a stochastic
process for short interest rates is defined anch fieat a term structure for interest rates is
built’. By use of this term structure the zero-coupordhariceP(t) can be derived. By using
the prices of zero-coupon bonds, other bond scapriced as coupon paying bonds and
instalments on bonds are simply sums of zero-colqmnus. For further reading see Bjork
[13]. From now onS(t) will be used to represent the trading price okteusity, both stock
and bond.

This price process§(t), is in fact the same process as the process omdnrginal trade

S(t,0) from the previous chapter. The most convenient whylefining a supply curve
S(t,x) for a security is to sei(t,x) = M(x)S(t). The first termM(x), is a function of the

trade sizex that captures the quantity impact of a trade @nptice obtained for that trade.
The second tern§(t), is the price process mentioned above. Differappl/ curve models

therefore differ in the form of the functid(x).

The two most popular forms faf (x) have been linear and exponential. Blais and Rr8}e
examined a linear functiaM (x) for a few highly liquid stocks trading at the N&erk Stock
Exchange. They also introducequanp-linearsupply curvefor illiquid ones. Cetin et al [8]
have formulated an exponential form fdi(x) to use in option pricing theory with liquidity
risk. Later on in this chapter two more models #staduld prove good in these studies will be
presented.

It is now necessary to examine the form of the supprves for bonds issued by the Icelandic
Housing Financing Fund, but first, a better underding of the Icelandic bond market is
necessary. Icelandic bonds are traded on screéreitcelandic Exchange so all trades are
visible to all market participants immediately afteey are executed. This also means that the
full depth of all order books for bonds are visibbeall participants at all times. Many issuers
of Exchange traded bonds, i.e. the Icelandic gowemt and the Housing Financing Fund,
have signed a market making agreement with somkatnparticipants (usually traders within
the larger banks in Iceland) who then act as mamaters for that particular issuer. The
market making agreements usually have the followéngs:

®> Bond trading prices are usually clean pricescash prices without accrued interest. They theeefepresent a
trading price for the bond where the cash flowgisored and can therefore be used in the conteQhapter 2.

® The reason for this is the pull-to-pair featuredfond. The price volatiltiy will decrease as tinge to maturity
decreases because for all bond we have the noambitestriction thak (T, T) = 1.

" Itis also possible to define a stocastic proestorward interest rates.

8 Many others have used the same form in their esudi liquidity risk.



1. The market making orders must hold a given bidsgskad during trading hours.

2. The market making orders must be of a given siz®iame.

3. The market maker can abandon his obligations iftbial turnover during the day
exceeds a given volume.

4. The issuer pays a yearly commission to the marledtens for his liquidity service.

The market makers place their orders in the mdr&&ire opening each day and all orders are
immediately seen by other market makers as welalbgarticipants in the market. This
visibility of orders has a peculiar end result. Moksthe market makers place their orders in
the market at the same bid and ask prices ashat atarket makers. This in turn makes other
participants place their orders very close to tlaekat makers and usually with no more than
a few basis points price change from the marketimgakrders. This means that during
trading hours the bid-ask spread in the markeatiser widé while traders who act as price
takers can buy large amounts in the market atce mery close to the offer side (or sell very
close to the buy side). This means that price Wityats high, and, as to be expected in a
market with wide bid ask spreads and high volgiilihe trading volume is low.

These insights from above lead to a form for thgpsucurve for the Icelandic bond market
that (a) captures the high bid-ask spread in thekehand (b) allows for large size trades to
be executed on a small spread to the bid ask paicése time of trade. This is possible by
using the form of the square root function or tlaural logarithmic function with the sign
function®

Therefore four different types of forms for the €tion M (x) will be presented in this chapter
and thus four different models for the supply cuiMeese function forms are:

Mi(x)=a;-x+1
M;(x) = e®2*

M;(x) = ag - sign(x)\/m +1
Mu(x) = a, - sign(x) In(1 + |x|) + 1

And thus the supply curve models are given by:

S1(t,x) = My(x)S(t) = (a1 - x + 1)S(¢,0)
S,(t,x) = My(x)S(t) = e*2*5(t,0)

S3(t,x) = M3(0)S(t) = (as - sign(x)/]x] + 1)S(t, 0)
Sa(t,x) = My(x)S(t) = (ay - sign(x) In(1 + |x]|) + 1)S(t,0)

From now on these models will be referred tdiasar, exponential root andlogarithmic
models respectively. The parameatas here written as a constant but obviously tbisstant
will differ between models and can even be setuuprae dependang(t), in each model. In
all models the same applies, i.e. the higher tHaevaf a the less liquidity and therefore
higher liquidity risk. Also note that it = 0 then all models represent the same trivial price
processes mentioned at the beginning of this chagtere the supply cure is horizontal at all
times.

° Most of the market making agrrements allow for big-ask spread to be between 0,4% to 1% basetieon t
bonds duration or maturity.
lifx=>0

1% The sign function has the following propertisign(x) = {_1 fr <0
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4 The Data

In previous chapters, the theory of supply curves wketched, the possible structure of the
supply curve was discussed and four different n®é®l the supply curve were presented.
The next step would be to show that the supply ewetually does exist but is not just a
trivial horizontal line. A horizontal supply curwwould render all the work in previous
chapters meaningless and in fact mean that theasizelirection of a trade does not affect the
price of that trade. However, if it can be showattthe supply curve actually does exist,
different structures can be modelled for it anchthealysed to see if some models are better
than others to describe actual data.

4.1 Trade Tick Data vs. Order Book Data

The best way to check if a supply curve existsaf@iven security, and if so, to describe its
structure, is to use trade tick data or order baata gathered from a stock exchange or other
data source. At first glance tick data would beegred as tick data contains both the size and
price of actual trades executed in the stock exghamhis would match the supply curve
models very well as the information matches thepsupurves output perfectly. However,
with tick data there is no information on whethee trade was initiated by a buyer or a seller
and therefore it is impossible to determine witltcusacy if the trade size should have a
positive or a negative sign in the data set. Thablem has long been known in the liquidity
literature and many have proposed ways to restlvehe best known algorithm is probably
from Lee and Ready [14] which is thought to havewb/4% to 85% accuracy, although
others have found it to be as low as 61% (see BlailsProtter [15]). The basic idea in the Lee
and Ready algorithm is that if the price incredse&tsveen two trades, the trade must be buyer
initiated and vice versa. The accuracy of the Le# Ready algorithm is too low to base the
supply curve analysis on and therefore tick datemglered not useful in these studies. The
attention will therefore be reverted to order boeka.

Order book data contains information on limit osdérat have been placed into the market
but have not been executed yet. A limit order plaicéo a market contains information such
as direction (buy or sell order), size and pricd #rerefore represents the willingness of a
trader to buy or sell a certain amount of a giveousity at a given price. By gathering all
these limit orders it is possible to build whatcaled anorder book Order book data for a
given security therefore contains information frath market participants on how much of
that security they are willing to buy and sell aatdwhat prices. By gathering all the buy
orders it is possible to build thmiy-sideof the order book while the sell orders represieat
sell-side Both the buy- and sell-side are ordered by pridescending on the buy-side while
ascending on the sell-side and market participaeatssee the full depth of all limit orders.
The difference between the best offer on the s@#l-and the best bid on the buy-side is called
the bid-ask spreadWhen a price taking trader enters the market &ithorder to buy at
market he or she starts buying up the best offersthe lowest orders, on the sell-side until
the buy order is filled or there are no more offifyxst match the buy order. The same applies
for price taking traders with orders to sell bugyttwill, obviously, match the buy-side. Note
that there might be some market participants tlmanot show their bids or offers in the
market although they would be willing to do tra@géber inside or outside the bid-ask spread.
Therefore liquidity could easily be higher than e@b®d from the order book data.



The main problem with using order book data is th& hard to obtain as it is usually not
stored by the exchange. Stock exchanges do howewer historical information on all limit
orders placed in the market, their modificationd aancellations along with trade tick data.
With some programming it is possible to use thistdrical limit order information to
reconstruct the order book at any given time. Tggramming is in fact a playback of the
market where the user can see the flow of ordensirgp into the market, being modified,
cancelled or turning into trades. It is therefoosgble to examine the full debt of the order
book at any given time and therefore see what glexesnarket is willing to buy and sell at
different prices. This is a huge improvement fraandard tick data as demand and supply for
the given security can be seen and with that aqgboaits on the supply curve can be
constructed.

4.2 Constructing the Order Book Data

By taking a closer look at the bid side of the ordeok it is possible to construct the actual
points on the supply curve. At a fixed timgesuppose the highest bid for a security is at the
price of P and that there afd traders in the market willing to buy shares each at the price
of P wherei € {1, ..., N}. This implies that the top bid in the market is ®}", x; nominal
units at the price oP. This is called theggregatedbid at the price oP. If a price taking
seller comes into the market wihshares to sell the trade will occur at the pric® as long
asX <YV, x;,. The point(—YN,x;,P) therefore corresponds to an actual point on the
supply curve as this bid entry enables price takiiters to sell up t&X shares in the market
at the price oP. Notice that the negative sign on the size remtsse potential seller-initiated
trade.

It is now supposed in general that at a fixed tignthere aréN aggregated bids in the market
at pricesP; for x; shares each wheies {1, ..., N}. If now a price taking seller comes to the
market at time, with K shares to sell, the first shares will be sold at the price Bf, next

x, shares will be sold at the price Bf and so forth until all th& shares have been sold. The
Sl x,Pi+Xp Py

average price the seller receives at titheer share can then be derived—%i_li

i1 XitXn
wheren = inf{k: 3 'x; < K < YK x;} andX,, = K — YX1= ! x;. By definingk,, = X1, x;
andp,, = % , withm € {1, ..., N}, then the point§—K,,, B,,) represent actual points on
i=1ti

the supply curve. Note again that the negative sigrihe trade size is to indicate that the
trade would be seller initiated. The ask-side ef dinder book can now been used similarly to
construct points on the supply curve that wouldesent buyer initiated trades.

One setback of analysing the supply curve basegoarts constructed from the order book
data is that there are no data points inside teagk spread. At first this sounds like huge
disadvantage as many trades are actually execsatkithe bid-ask spread. These trades are,
however, usually executed by brokers, who are @atim behalf of two or more clients, but
not price taking traders so this setback shouldoeatonsider being too serious. Also, though
there are no actual data points inside the bidsas&ad, the supply curves are considered to
be continuous and differential so there are no gagamps on the curve around, or inside,
the bid-ask spread. The model will therefore alfowtrades to happen inside the spread as
well as outside but it must be pointed out thatalose trades can be done with brokers, rather
than executed at the market, the liquidity can\mnéigher than the model states.
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4.3 The Data Set

The Icelandic Stock Exchange was gracious enougiiadade historical limit order data for
three bonds issued by the Housing Financing Fundceéland. The three bonds are
HFF150224, HFF150434 and HFF150644, from now oseh®onds will be referred to as
HFF24, HFF34, and HFF44, respectively. These bamdsall CPI linked annuitiés with
maturity in 2024, 2034 and 2044, respectively. @hta originates from the period of Juf 8
2004 until February % 2010. The reasons these bonds where picked thebbasis of the
analysis on the supply curve are mainly three.tligiréhe Icelandic bond market has long
been keener on trading government guaranteed Giddibonds than the standard Treasury
notes. The volume traded has been much higher whdnthe standard nominal denoted
Treasury notes and the issues have been much largetale then the Treasury notes.
Secondly, these bonds traded in the market fordination of the entire period as their
maturity is quite long while none of the nominahde&d treasury notes had maturity in the
same magnitude. For the purpose of these studeesaldo very convenient to have continuous
order book data for a given security to analysethsrwise it would have been necessary to
merge the data from two or more securities. Thjrdlis worth mentioning that although the
maturity of the bonds got shorter during the dagequal, the duration of the bonds changed
less as these are all annuities and thereforeuthéoppar effect did not affect liquidity or any
barriers in market making agreeméhts

It would be possible to use other securities tolyameathe supply curve but none of the
securities traded in Iceland during this periodfdifil the requirements. All the stocks traded
before the crisis either where taken off the markethe market making was permanently
stopped after the crisis. None of the municipaitmnds traded had good market making
agreements, with more than just one to three manladiers, so the order books where mostly
empty. The HFF bond maturing in 2014, HFF150914] #re Treasury note maturing in
2013, RIKB 13 0517, could have been used. Thesebwvals did trade during the whole
period and there where good market making agreemeith these bonds. However, the
maturity of the bonds got a lot shorter during pleeiod and therefore the bid-ask spread got
lower with time. This would result in thevalues of the models getting lower with time and
that would be interpreted as a sign of better ddyias the maturity gets closer. This is not a
desirable attribute and therefore these two borete wot used.

To construct the order book data a program hackém lvritten to convert the limit order data
from the Icelandic Stock Exchange into aggregateérdbook data using the method outlined
above. The program was writtenMat | ab and the basic flow of the program is as follows.
Each time an action is made in the limit order @ystwhere one of the market participants
puts in a new order, makes modifications to an ah& or cancels an existing one, the
program picks up the current order book and makadifioations to it according to the action

just taken by the trader. This results in a newwustaf the order book and the process is
executed again when the next action occurs. Thysitna possible to examine the order book
at any given time during trading hours and run wbet regression models or statistical
analysis is desired based on the order book dafare=1 shows a flowchart for the basic flow
of this program. Note that for simplicity reasohstflow chart of the program does not show
the algorithm used to follow the Stock Exchangdgson order priority and order book

modifications.

™ The bonds are all quoted on clean prices andtthel on the orginal ISK face value (nominal value)
2 The allowed bid-ask spread by a market makingemgent will get lower as the maturity of bonds ggterter
and this would affect the parameters of the suppltye models.
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By running this program it is possible to use tihatlorder data to derive the order book data
at any given time. Table 1 shows the order bookHBF34 at 12:00pm on March 12007.
The buy side of the order book contains six buyemdamounting to a total of 700 million
nominal value and the prices are the quoted clemegpfor HFF34. The best bid price is
90.52 while the worst bid is 90.43. The sell sitdd &@ontains six sell orders that also amount
to a total of 700 million nominal value. The beffeois 90.89 while the worst offer is 91.40.
Table 2 shows the order book for HFF34 one hoter/at 1:00pm on March 122007.
Market participants have made some modificationthéir limit orders resulting in the best
bid to be up to 90.72 and the best offer up to 20T® construct the actual data points on the
supply curve the method from the previous sect®msed. Table 3 shows the aggregated
order book for HFF34 at 1:00pm on March thd 2P07. The data provided in this table is
plotted in Figure 2 to show the actual data pdiotshe supply curve.

Table 1: The order book for HFF34 at 12:00pm on Baf2th 2007

Buy Side Sell Side
Quantity [m] Price | Price Quantity [m]
100 90.52 | 90.89 100
100 90.51 | 90.92 100
200 90.50 | 90.95 200
100 90.48 | 90.97 100
100 90.46 | 91.20 100
100 90.43 | 91.40 100

Table 2: The order book for HFF34 at 1:00pm on Maid@th 2007

Buy Side Sell Side
Quantity [m] Price | Price Quantity [m]
100 90.72 | 90.92 100
100 90.52 | 90.95 200
100 90.51 | 90.97 100
200 90.50 | 91.17 100
100 90.48 | 91.20 100
100 90.47 | 91.40 100

Table 3: The aggregated order book for HFF34 at0pt on March 12th 2007

Buy Side Sell Side
Quantity [m]  Price Price  Quantity [m]
100 90.7200| 90.9200 100
200 90.6200 | 90.9400 300
300 90.5833| 90.9463 400
500 90.5500| 90.9920 500
600 90.5383| 91.0267 600
700 90.5279| 91.0800 700
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Figure 2: Actual supply curve points for HFF34 ad@pm on March 12th 2007

It is worth mentioning before continuing to the hekapter for the results of the analysis that
the time period covered by the data contains thential crisis in Iceland in 2008 and some
of its after effects. During the peak of the crisigarket makers abandoned their posts in the
Housing Financing Fund bond market so no marketimgaérders were in the order books
and liquidity mostly dried up during that time. 3ty after the peak of the crisis a very weak
market making agreement between The Housing Fingrieund and the newly established
banks was signed and liquidity improved. A few nmsntinto the crisis The Housing
Financing Fund signed a market making agreemett trétders within the larger banks in
Iceland. This agreement was similar to the onesrbethe crisis and liquidity returned to
normal. Therefore the data in the analysis willdseken down to four parts based on the
market making situation in the market and thenilt ke shown that the parameters in the
supply curve models are not the same in all magikeations. These four parts will be known
as;before the crisisduring the crisisweak market makingndnormal market making
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5 Results

Before the results from the analysis will be lookdda short description of the regression
method used to deriwevalues for the models outlined in Chapter 3 by\gsirder book data
with the same format as described in Section 4i8 mder. The standard approachledst
squaresds used to fit the models to the order book dake best fit in théeast squaresense
minimises the sum of squared residuals where aluakiis the difference between an
observed order book value and the value provideithé@ynodel.

5.1 The Regression

As stated earlier, in Section 4.3, the handlingh&f data provided by the Icelandic Stock
Exchange allows the order book to be examined wptgaren time during the data period.
However, due to the length of the data period aedchuge number of actions taken by traders
in the market, the order book data is only examifiegl times each day. The observations
where made hourly from 11:00am to 3:00pm. For ezzdervation a regression method is
used to fit all four models to the order book d&agressions where limited to observations
with at least three buy and sell orders in the obb®k to prevent extreme cases where there
only were a hand full of orders in the marRet

By using the order book data for HFF34 at 1:00pmMarch 12" 2007, the same data as
shown in Table 2 and plotted in Figure 2, the felltg model parameters resulted from the
regression.

S, (¢, %) = M;(x)S(t) = (0.00000477 - x + 1) - 90.780

S,(t,x) = M, (x)S(t) = 0:00000477:x . 90 78()

Ss(t,x) = M (x)S(t) = (0.0001106 - sign(x)+/|x| + 1) - 90.782
S4(t,x) = My(x)S(t) = (0.0003776 - sign(x) In(1 + |x]) + 1) - 90.785

In Figure 3 the observations taken from the ordsoskbof HFF34 at 1:00pm on March 12th
2007 are plotted as well as the four different nodieat show how they fit the order book
data in different ways.

The regression above shows that all models retsimgar estimate for the valugt). There

is little more than half a basis point betweentilghest and lowest values. This is in line with
what was expected and discussed at the beginniGhapter 3 wheré(t) was described as
the marginal trade price process. Thus for the makgrade, wherec = 0, all models give
virtually the same result, i.e. the clean marginadiing price of HFF34 at 1:00pm on March
12" 2007 was about 90.78.

From now on the focus will be on the estimatedalues as the marginal trade is of little
interest while the shape and form of the supplyeis more interesting.

13 These cases could come up i.e. when a price tékipgr had just entered the market with a largermasd hit
all the offers. This also eliminates some casegyduhe peak of the crisis due to few orders indtaer book.

14 Note that there is no visible difference betwdeslinear andexponentiamodels due to the fact that for small
values ofu it is known thatS; (x, t) = S,(x, t) around the origin.
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Figure 3: Order book data for HFF34 from 1:00pm ltarch 12" 2007 with fitted models

5.2 The Time Series of a-values

Turning the attention to the four different timeripds mentioned in Section 4.3 and by
visually examining the time series @ivalues from our regression it can be seen thaidity
obviously varies between time periods for all bond&ecall from Section 4.3 that there are
four different time periodshefore the crisisduring the crisis weak market makingnd
normal market makingrhus the dates that divide the periods down tw &ve firstly the day
when market makers abandoned their posts in theaadctober ¥ 2008, secondly the day
the weak market making agreement was signed, Dezrehd} 2008 and finally the day when
thte new normal market making agreement was signddiquidity returned to normal, July
1% 2009.

As mentioned in Section 5.1 regressions were lunite observations where there were no
fewer than three buy and sell orders in the ordmokb The total number of order book

observations used, denoted By were 13,309> Table 4 shows how many order book
observations were used for each bond along withkbdowns for each of the time periods.

Four regressions were performed for each of thereations, one for each model, so the total
number of regressions was 53,236. Each of this3&83r2gressions gave estimation to two
parameters of the model, the valuex@ind the value of(t).

!> The total number of skipped observation was 1,72& worth mentioning that the main results frohnis

thesis are the same even if this restriction isngkd. The only thing that chances is that the nunufe
observations decreases and the variance obiba@lues decreases with higher restriction on theber of

observations in the order book as that is a sighédtter liquidity.
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Table 4: The number of observation used for regoess

Bond Number of Breakdown of number of Observations to Data Periods
Observations (N) | Before Crisis During Crisis Weak MM  Normal MM
HFF24 4433 3399 98 420 516
HFF34 4460 3415 95 428 522
HFF44 4416 3365 109 422 520

By plotting the time series of thevalues from these regressions it is easily shdwnthere

is obvious difference in the magnitude @Values between the periods mentioned above.
Figure 4 shows the time series wValues derived from thenear model for HFF24. The
dates that divide the time period down to the foifierent periods are marked with vertical
lines. There is clear evidence from this figuretthiee different state of market making
agreements with HFF24 bonds affects dhealues of thdinear model and thus the liquidity
of the bonds. In Section 5.3 this will be examimedurther details where it will be shown
that the a-values derived from thdéinear model for different periods differ statistically
between periods.

Figure 5 and Figure 6 show similar results as Eguifor HFF34 and HFF44, respectively.
Figure 7 to Figure 15 in Appendix A show similarsults for all three bonds for the
exponentiglroot andlogarithmic models. As with théinear model for HFF24 the difference
of the a-values between periods will be examined in furtetails in Section 5.3 and the
results will be the same as with tiveear model for HFF24.
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Figure 4: Time series af-values for HFF24 (linear model)
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Figure 5: Time series aef-values for HFF34 (linear model)
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5.3 Estimating the Supply Curve Parameters

In the previous section time seriesoe¥alues where examined and visual confirmation used
to show that there is clear difference in the mtagle of thea-values between periods.
Generally theo-values in the first and last periodsefore the crisisand normal market
making seem to be the same. Thevalues during the third periodveak market making
seem to be about two to three times larger thamguhe first and last periods while the
values during the second periatiring the crisis are much higher. This shows that liquidity
dried up during the crisis, increased shortly attand then returned to normal again with the
new market making agreements signed on JHlIga09. Of particular interest is to examine
the a-values within each time period and show thatottvalues are statistically different from
zero. If this were not the case, i.e.df= 0, then the supply curve would simply be a
horizontal line and that would render the theorguaus as mentioned in Chapter 4. It would
therefore be good to be able to reject the classase thas(t,x) = S(t,0) and by so show
that size and direction of the trades actually filecathe price obtained in the trade.

Now one of the four models from Chapter 3 is assyrathough this applies to all of them
equally. The parameter in the model is of concern. From the regressiosupply curves
{S,}, are observed and thusvalues for the parameterrepresented bya;}*,.'° Table 4
shows the number of regressions performed in eadbdgand thus the value of It is now
assumed that the parameters residuals have a reearazd are normally distributedi.e.

@ — a;~N(0,02) and therefore that = %~N(0,1). To show that the supply curve is

non-trivial the null hypothesid,: « = 0 is tested against the alternatide a # 0. Therefore

. . (XL . . . _ a—o — a .
it applies thatZ = G N(0,1) and the test statistic will be= SR S whereS is

the sample variance of the observgedThe variance is estimated so this test statigethe
t-distribution withn — 1 degrees of freedom.

By assuming théinear model with the null hypothesig,: « = 0 and the alternativll;: a #

0, for HFF24 during the first periothefore the crisisthe null hypothesis will be rejected at
the 95% confidence level. The estimated valuel @ 0.0000049 and the 95% confidence
interval is [0.0000028 ; 0.0000071]. Thaear supply curve model for HFF24 before the
crisis is thus estimated to be as follows:

S, (¢, x) = My (x)S(t) = (0.0000049 - x + 1) - S(t)

The result of this test strongly indicates thatam-trivial supply curve does exist for the

HFF24 before the crisis based on linear model. This will now be shown to be the case for
all the bonds during all periods and based onall inodels except during the crisis. The
main result of our work is as follows:

Assuming any of the supply curve models from Chaptevith the null hypothesiH,: a« = 0
and the alternativél,:a # 0, H, is rejected at the 95% confidence level for a#f fonds
during all of the data periods except during thei€r Moreover, only during the crisis periods
do thep-values from thé-test turn out to be different from zero.

18 The regression also providesalues for the marginal trade price of the undegybond but as stated earlier
this is of little interest in this contest, althdug is possible to use these marginal trade pricesxamine the
classical trading price process for the underiyongd.

" In Appendix B this is investigated further.
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The results of this test strongly indicate thatom-trivial supply curve does exist for these
three bonds during all the data periods. Althougs mot possible to reject the null hypothesis
during the crisis period this should not be takema gerious defect on the models or the theory
presented in Chapter 2. The main reason for tlsisltreuring the crisis is the low number of
observations during the crisis and the very higimgard deviation of the values during the
crisis.

Table 5 shows the estimated values of the paramétarthelinear supply curve model for
all bonds and all periods and also the upper angrddimit of the 95% confidence interval.
Table 6, Table 7 and Table 8 show the estimatedegalof the parametex for the
exponentiglroot andlogarithmic models respectively along with the upper and Iomeit of
the 95% confidence interval for each estimate.of

By using the data provided in the tables below passible to write out each of the estimated
supply curve models for these three bonds durict eéthe time periods. For example, the
logarithmic model for HFF34 during the weak market making is:

S4(t,x) = My(x)S(t) = (0.000763 - sign(x) In(1 + |x|) + 1) - S(t)

Table 5: Supply curve parameters for the linear elod

Time Period Series Model a Lower Limit Upper Limit
Before the Crisis HFF24 Linear 0.0000049 0.0000028 0.0000071
During the Crisis HFF24 Linear 0.0000487 -0.0000145 0.0000112
Weak Market Making ~ HFF24  Linear 0.0000175 0.0000113 0.0000238
Normal Market Making HFF24  Linear 0.0000049 0.0000034 0.0000064
Before the Crisis HFF34 Linear 0.0000054 0.0000030 0.0000079
During the Crisis HFF34 Linear 0.0000681 -0.0000230 0.0001592
Weak Market Making  HFF34  Linear 0.0000203 0.0000138 0.0000270
Normal Market Making HFF34  Linear 0.0000065 0.0000049  0.0000082
Before the Crisis HFF44  Linear 0.0000055 0.0000024  0.0000085
During the Crisis HFF44 Linear 0.0000676 -0.0000240 0.0001591
Weak Market Making  HFF44  Linear 0.0000208 0.0000115 0.0000300
Normal Market Making HFF44  Linear 0.0000073 0.0000049  0.0000096
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Table 6: Supply curve parameters for the exponentadel

Time Period Series Model a Lower Limit Upper Limit
Before the Crisis HFF24 Exponential 0.0000049 0.0000028 0.0000071
During the Crisis HFF24 Exponential 0.0000485 -0.0000133 0.0001105
Weak Market Making HFF24 Exponential 0.0000175 0.0000113 0.0000238
Normal Market Making  HFF24 Exponential 0.0000049 0.0000034 0.0000064
Before the Crisis HFF34 Exponential 0.0000054 0.0000030 0.0000079
During the Crisis HFF34 Exponential 0.0000681 -0.0000218 0.0001580
Weak Market Making HFF34 Exponential 0.0000203 0.0000138 0.0000269
Normal Market Making  HFF34 Exponential 0.0000065 0.0000049 0.0000082
Before the Crisis HFF44 Exponential 0.0000055 0.0000024 0.0000085
During the Crisis HFF44 Exponential 0.0000674 -0.0000215 0.0001562
Weak Market Making HFF44 Exponential 0.0000208 0.0000115 0.0000300
Normal Market Making  HFF44 Exponential 0.0000073 0.0000049 0.0000096
Table 7: Supply curve parameters for the root model
Time Period Series Model a Lower Limit Upper Limit
Before the Crisis HFF24 Root 0.000107 0.000077 0.000136
During the Crisis HFF24 Root 0.000692 -0.000299 0.001684
Weak Market Making HFF24 Root 0.000255 0.000197 0.000312
Normal Market Making HFF24 Root 0.000101 0.000079 0.000122
Before the Crisis HFF34 Root 0.000118 0.000087 0.000150
During the Crisis HFF34 Root 0.001084 -0.000744 0.002912
Weak Market Making HFF34 Root 0.000296 0.000232 0.000260
Normal Market Making HFF34 Root 0.000130 0.000109 0.000151
Before the Crisis HFF44 Root 0.000124 0.000080 0.000168
During the Crisis HFF44 Root 0.001200 -0.000972 0.003373
Weak Market Making HFF44 Root 0.000319 0.000238 0.000400
Normal Market Making HFF44 Root 0.000152 0.000123 0.000182
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Table 8: Supply curve parameters for the logarittimiodel

Time Period Series Model a Lower Limit  Upper Limit
Before the Crisis HFF24 Logarithm 0.000351 0.000271 0.000432
During the Crisis HFF24 Logarithm 0.001746 -0.000955 0.004447
Weak Market Making  HFF24 Logarithm 0.000656 0.000528 0.000783
Normal Market Making HFF24 Logarithm 0.000322 0.000255 0.000388
Before the Crisis HFF34 Logarithm 0.000391 0.000311 0.000472
During the Crisis HFF34 Logarithm 0.002967 -0.003034 0.008968
Weak Market Making  HFF34 Logarithm 0.000763 0.000608 0.000917
Normal Market Making HFF34 Logarithm 0.000408 0.000350 0.000467
Before the Crisis HFF44 Logarithm 0.000422 0.000304 0.000541
During the Crisis HFF44 Logarithm 0.003485 -0.004029 0.011000
Weak Market Making  HFF44 Logarithm 0.000847 0.000666 0.001029
Normal Market Making HFF44 Logarithm 0.000491 0.000406 0.000577

From the information provided in Table 5 it cand®wn that there is statistical difference in
the estimated value @f in the linear model between periods for each eflibnds based on
the 95% confidence intervals. This can be seendnyparing the upper and lower limits of
the confidence intervals between periods and awoiriiy that they do not collide. The upper
limit of the confidence interval ai for the HFF24 before the crisis is 0.0000071 witile
lower limit during the weak market making is 0.0Q@Q@@. This confirms that the value of
differs statistically before the crisis and durthg weak market making. After normal market
making the upper limit is 0.0000064 and thus lowen the lower limit during the weak
market making. Therefore the valueofliffers statistically during the weak market makin
and after the normal market making agreements gigreed. Finally it can be seen from the
data in Table 5 that there is no statistical ddfexe in the value, and thereby the liquidity, of
the o value before the crisis and after the normal ntarkeking agreement was signéd.
Similar results as the one above can be deriveud ffable 6, Table 7 and Table 8 for the
exponentigl root and logarithmic models, respectively, showing how the parametéthe
models vary between periods.

Comparing the confidence intervals for the estimhatgalues of the models between the first
and the last period, i.before the crisind innormal market makingshould show if there is
statistical difference between these two periodswatr This would then show if liquidity
possibly changed permanently during the crisis amdafter-effects or not. Interestingly,
comparing the confidence intervals shows that ther@o statistical difference between
liquidity before the crisis and after the new mankeking agreement was signed.

The values from the tables above can be used to Bbw/ the size of a trade did affect the
price obtained in the trade during different pesio@onsider a price taking trader entering
into the markebefore the crisisvith 250 million nominal value of HFF34 to sell.the trader
used thdogarithmicmodel to describe his supply curve he would bentathis model:

S4(t,x) = My(x)S(t) = (0.000391 - sign(x) In(1 + |x|) + 1) - S(t)

18 There is no point in discussing the statisticéfledénce betweeduring the crisisvalues ofa and other time
periods as the high variancecwtluring that time results in a parameters estirttateis not statistically different
from zero.
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For simplicity reasons it is assumed that the bead trading at par value, i.e. the marginal
trading price was 100.00. The trader would therawerage, obtain the following price for his
250 million nominal of HFF34 at this time:

S,(t,—250) = (0.000391 - sign(—250) In(1 + |—250|) + 1) - 100 = 99.784

The trader thus gets a price that is on averages@2ower than the marginal trade price at
the given time. Using the upper and lower limittikoé 95% confidence interval for the value
of a as an input in the model gives the upper and ldwet for the price obtained. The limit
prices are 99.739 and 99.828 where 99.739 repsesbat upper limit of the confidence
interval, i.e. less liquidity, while 99.828 reprasethe lower limit of the confidence interval
and thus more liquidity. The price the trader capeet to get can therefore be presented in
error terms a89.78 + 0.05.

If now this same trader would have entered the etaid sell his 250 million nominal in
HFF34 during theveak market makingeriod he would have been faced with this supply
curve model:

S4(t,x) = My(x)S(t) = (0.000763 - sign(x) In(1 + |x|) + 1) - S(¢)

Again, it is assumed that the marginal trade prsct00.00. The trader would then, on
average, have obtained the following price fora%® million nominal of HFF34:

S4(t,—250) = (0.000738 - sign(—250) In(1 + |—250]) + 1) - 100 = 99.592

The trader now gets a price that is on average80odldwer than the marginal trade price at
the given time. Therefore the trader receives eepthat is twice as far from the marginal
price as it was before the crisis. By using thdtBrfrom the confidence interval the price can
be presented in error terms $%59 + 0.09. This shows that there is statistical differente i
the price obtainebefore the crisignd during theveak market making

By looking at the parameters from tbesis period it can be shown that this trader would, on
average, receive the following price for his sal@®0 million nominal in HFF34 based on
thelogarithmicmodel:

S,(t,—250) = (0.002967 - sign(—250) In(1 + |—250|) + 1) - 100 = 98.356

The trader now gets a price that is on average?d I6dver than the marginal trade price at the
given time. The trader thus receives a price thatlmost 8 times further from the marginal
trade price than he would have received during riogpewith normal market making and
liquidity.

It has now been shown in this section that themrieng evidence showing that the supply
curve is non-trivial and that all the models pdmthe same conclusion. It has, however, not
yet been mentioned which of the four models is besiescribe the supply curve for The

Icelandic Housing Financing Fund bonds.
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5.4 Model Comparison

The next step is to find out which of the modelshis best one to describe the supply curve,
i.e. the one that fits the data best. It must batpd out here, that there is not necessarily one
best model for all three bonds and all four timaqus so the results can vary between bonds
and periods. To compare the models the regressmults for each bond will be examined
within one time period at a time. For each regmesshe model that best fits the data is
selected and the number of selections for each msd®gregated within the time period.
The model that best fits the data most often isctet! as the best model for that bond within
the specified time period. If then, it turns ouatttone model always, or at least more often
than others, is the best, then that model is nikedylthe best to describe the supply curve.

The most commonly used method to compare the peaioce of different models is to
compare the coefficient of determination, denotgdR8. The model that has the highest
coefficient of determination is the one that bést the data and is thus considered to be the
best performing model. One of the drawbacks ofgiBihto compare models performances is
that in least squares regresshincreases slightly with increasing number of patars in

the model. This however is not a problem here bthalmodels set forth in Chapter 3 have
the same number of parameters. It is also poswgibiese other methods to compare models
and optimally the result will be the same, i.e.Hootethods show the same model as the best
one.

To calculate the&®? for a model from one of the regressions a few fda®m and definitions are
required. The observed order book data, i.e. theaborder book prices, are denotedjqy
wherek = 1, ...,n andn is the number of observed points on the supplyeat that hour.
For eachy, there is an associated modelled vafjelerived from the estimated model. The

mean of the observed data is denotedjby%Z?zlyi and the total sum of squares and the

residual sum of squares IS = Y;(y; — ¥)? and RSS = ¥;(v; — f;)? respectively. The
RSS

coefficient of determination is then given Ry = 1 — vt

The value offSSonly depends on the actual observed data so &br regression the value of
TSSis the same for all the models. The model withltleest residual sum of squar&SSis
therefore the one with the highg®st. Comparing the values &SSand finding the model
with the lowest one will therefore give the samsutts as finding the model with the highest

R?. Later on in this section results from the comgamiof theRSSvalues will be shown.

Another method to compare models is to use the cluabsolute residuals and finding the
model with the lowest value. The sum of absolutadrgls is given byAR = Y;|y; — fil.
Optimally the results from th8ARcomparison will be the same as from R8S i.e. both
give the same model as the best model. Later ¢émsrsection results from the comparison of
the SARvalues will be shown and also an analysis on wdrethe two different methods
return the same results or not.

Table 9 shows the main results from the compar@bthe value of the residual sum of
squaresRSS between the models. The results are represemteericents where the per cent
value shows how often each model had the lowesievadRSS From the first line of Table
9, showing results for HFF24 before the crisig;ah be seen that th@ear model had the
lowestRSS value in 2.0% of the regressions, #gonentialmodel also had the loweRISS
value in 2.0% of the regressions and thet model had the lowest value in 22.3% of the
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regressions. Thdogarithm model however had the loweRSSvalue in 73.7% of the
regressions made for HFF24 before the crisis. Toerdhelogarithm model is selected as
the best model to describe the supply curve for HFBefore the crisis based on tR&S
values.

The data in Table 9 clearly shows that based orR®8values thdogarithm model is the
best to describe the supply curves for these thmewls issued by The Icelandic Housing
Financing Fund. It turns out that in only one cdese HFF24 during the crisis, tHegarithm
model is the best model less than 50% of the tifis in fact is the only case where the
linear andexponentialmodel come close to be as good fits atldgarithm model, scoring
20.4% and 24.5% respectively while flbogarithm model had 45.9%. For HFF34 and HFF44
theroot model gets closest to scoring as well aslidigarithmmodel during the crisis, hitting
33.7% and 30.3% while thegarithm model has 52.6% and 55.0%. In other cases the
logarithm model scores from 67% up to 81%. For convenieheentghest value in each line

is written in bold.

Table 10 and Table 11 show even more clearly, hawmbetter théogarithm model is than
the other models based on tR8S In these two tables the values from Table 9 Haaen
added up to show the aggregated numbers for eaehperiod and bond, respectively. It turns
out that thdogarithm model is the best fit about 75% of the time anly ainopping down to
51.3% in one case. The 51.3% value is taken duhagerisis when the market was illiquid
and few orders where in the market. This low vdhrethe logarithm model can in fact be
more related to the fact that orders were few andé&tween during the crisis rather than the
model not being good. THmear androot models do a much better job during the crisis than
they do during other time periods. From Table 1is ialso clear that theoot model is the
second best to tHegarithmmodel to describe the supply curves baseR88values.

Table 9: Modes performances (showing number of$oR&S values)

Time Period Series N Linear Exponential Root Logarithm
Before the Crisis HFF243399 2.0% 2.0% 22.3% 73.7%
Before the Crisis HFF343415 2.2% 1.5% 21.1%  75.2%
Before the Crisis HFF443365 3.4% 2.4% 26.8% 67.5%
During the Crisis HFF24 98 9.2% 20.4% 245% 45.9%
During the Crisis HFF34 95 10.5% 3.2% 33.7%  52.6%
During the Crisis HFF44 109 9.2% 5.5% 30.3%  55.0%
Weak Market Making HFF24 420 4.0% 1.0% 21.4% 73.6%
Weak Market Making HFF34 428 1.6% 2.3% 15.9% 80.1%
Weak Market Making HFF44 422 3.6% 2.8% 19.2% 74.4%
Normal Market Making HFF24 516 4.8% 1.0% 26.0% 68.2%
Normal Market Making HFF34 522 1.0% 1.0% 16.3% 81.8%
Normal Market Making HFF44 520 1.7% 0.8% 225%  75.0%

25



Table 10: Model performances in different time pds (lowest RSS values)

Time Period Series N Linear Exponential Root Logarithm
Before the Crisis All 10179 2.5% 2.0% 23.4% 72.2%
During the Crisis All 302 9.6% 9.6% 29.5% 51.3%
Weak Market Making  All 1270 3.1% 2.0% 18.8% 76.1%
Normal Market Making All 1558 2.5% 0.9% 21.6%  75.0%

Table 11: Model performances for different bondsv@st RSS values)

Time Period Series N Linear Exponential Root Logarithm
All HFF24 4433 2.7% 2.2% 22.7% 72.4%
All HFF34 4460 2.2% 1.6% 20.3% 76.0%
All HFF44 4416 3.4% 2.3% 25.7% 68.7%

Table 12 shows the main results from comparisorthef value of the sum of absolute
residuals SAR between the models. As in Table 9 to Table 11réiselts are represented in
per cents where the per cent value shows how efteh model had the lowest valueSKR
From the first line of Table 12, showing results f-F24 before the crisis, it can be seen that
the linear model had the loweSARvalue in 1.8% of the regressions, theonentiaimodel
had the lowesBARvalue in 2.0% of the regressions and rthet model had the lowest value
in 22.2% of the regressions. Tlagarithm model however had the loweSAR value in
74.0% of the regressions made for HFF24 beforetises. Therefore theogarithm model is
selected as the best model to describe the supple dor HFF24 before the crisis based on
the SARvalues.

The data in Table 12 clearly shows that based efs&Rvalues thdogarithm model is the
best to describe the supply curves for these thmewls issued by The Icelandic Housing
Financing Fund. It turns out that in only one cdee HFF24 during the crisis, tHegarithm
model is the best model less than 60% of the tiFhés in fact is the only case where the other
models all score more than 10% and this is alsac#se where theoot model is closest to
scoring as high as tHegarithm model. In other cases tlhegarithm model scores from 63%
up to more than 80%.

Table 13 and Table 14 show even more clearly howhninetter théogarithm model is than
the other models based on tBARvalues. In these two tables the values from TaBldave
been added up to show the aggregated numbersdottieze period and bond, respectively. It
turns out that théogarithm model is the best fit about 75% of the time anty @mopping
down to 57.3% in one case. The 57.3% value is duhe crisis when the market was illiquid
and few orders where in the market. This low vdhrethe logarithm model can in fact be
more related to the fact that orders were few andé&tween during the crisis rather than the
model not being good. The other models turn oletdetter performing during the crisis than
they were in other periods. This fact is most fkedsulting from the fact that during the crisis
the market was moving very fast and volatility wagh so market participants where more
cautious to place their orders alongside otherrsradethe order book. It is, however, clear
from Table 14 that theoot model is the second best to fbgarithm model to describe the
supply curves based @ARvalues.
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Table 12: Model performances (showing number oEEIMEAR values)

Time Period Series N Linear Exponential Root Logarithm
Before the Crisis HFF243399 1,8% 2,0% 22,2% 74,0%
Before the Crisis HFF343415 1,8% 1,7% 20,1% 76,3%
Before the Crisis HFF443365 3,1% 2,4% 26,0% 68,5%
During the Crisis HFF24 98 10,2% 12,2% 33,7% 43,9%
During the Crisis HFF34 95 8,4% 4,2% 24,2% 63,2%
During the Crisis HFF44 109 5,5% 4,6% 25,7% 64,2%

Weak Market Making HFF24 420 4,0% 1,4% 19,8% 74,8%
Weak Market Making HFF34 428 1,2% 1,9% 17,3% 79,7%
Weak Market Making HFF44 422 2,6% 3,8% 20,4% 73,2%
Normal Market Making HFF24 516 4,5% 2,1% 25,0% 68,4%
Normal Market Making HFF34 522 0,6% 1,5% 15,1% 82,8%
Normal Market Making HFF44 520 1,9% 0,8% 22,3% 75,0%

Table 13: Model performances in different time pds (lowest SAR values)

Time Period Series N Linear Exponential Root Logarithm
Before the Crisis All 10179 2,2% 2,0% 22,8% 73,0%
During the Crisis All 302 7,9% 6,9% 27,8% 57,3%
Weak Market Making Al 1270 2,6% 2,4% 19,2% 75,9%
Normal Market Making All 1558 2,3% 1,5% 20,8% 75,4%

Table 14: Model performances for different bondsv@st SAR values)

Time Period Series N Linear Exponential Root Logarithm
All HFF24 4433 2,5% 2,2% 22,6% 72,8%
All HFF34 4460 1,7% 1,7% 19,3% 77,1%
All HFF44 4416 3,0% 2,4% 25,0% 69,6%

The results from the model comparison above shbatsthelogarithm model is the best to fit
the supply curve for these three bonds issued leyldélandic Housing Financing Fund both
in terms ofRSSand SARvalues. Table 15 shows that based on the loR&S8values the
logarithm model is the best fit2.4% of the time, while based &ARvalues it is the best fit
73.2% of the time. From the same table it is alsarcthat theoot model is the second best
fit. This result is in line with the description fpiorth in Chapters 3 and 4 where the rather
high bid-ask spread was mentioned and also theehpscticipants tend to place their orders
alongside other orders. These two factors are rogétgcribed by th&shape of theoot and
logarithmmodels than they are by the shape oflitiear andexponentiamodels.
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Table 15: Model performances comparison aggregatedomparison method

Comparison Linear Exponential Root Logarithm

RSS 2,7% 2,0% 22,9% 72,4%
SAR 2,4% 2,1% 223% 73,2%
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6 Conclusion

The liquidity analysis of Cetin et al [6], whichmknds on a supply curve, was taken as given.
Using historical limit order data provided by tleelandic Stock Exchange, it was possible to
reconstruct historical order books for three boiiist this order book data was used to show
that the supply curve is non-trivial and that ldjty was considerably less during the crisis in
2008 than it was both before and after the criBigen four different models for the supply
curve were fitted and then finally the residualues were used to select the model that best
fitted the data. It turned out that the logarithradel had the best fit and therefore is the best
model to describe the supply curve. This resulinidéine with what was expected for the
Icelandic Housing Financing Fund bonds as highasikl-spread and low volume are well
known characteristics of the Icelandic Housing Roiag Fund bond market.

It would be possible to use the methods from thesis to model a supply curve for other
bonds and stocks trading in the Icelandic StockhBrge. However, the data period would
not be long as the market is only just now becongiciive again after the financial crash in

2008. Bonds that would be possible to examine n@v@ example the newly issued bonds
by the Icelandic Municipality Credit Fund and alsee newly issued bonds by the

municipality of Reykjavik. All these bonds have goonarket making agreements and
therefore information from the order books can bedu Covered Bonds issued by the newly
established banks in Iceland would not be suitaslehey usually only have one market
maker showing orders in the order book. It wouldpessible to use some of the stocks
trading in the Exchange today too but volume thesill rather low and the market making

agreements differ a lot between stocks so it whelchecessary to account for that difference
while analysing the supply curve for the stocks.

The results from this thesis should be welcomednbyket participants in Iceland, the Stock
Exchange, bond and stock issuers and last, buleast, the risk management departments
within the banks. It has long been known among etgplrticipants in Iceland that there is a
tendency in the market to place orders alongsiderairders in the order book, or at least not
too far from them. This has now been shown to be with the good performances of the
shaped models and therefore the existence ofdhdency is very likely. The Icelandic Stock
Exchange should realise from the results of thesighthat the existence of market makers and
market making agreements is vital for liquiditytive market. This was shown by the very low
liquidity during the crisis period when market mekebandoned their posts. The Stock
Exchange should therefore focus on making a busifiesndly environment for market
makers and thus ensure that liquidity in the maskays good. Bond and stock issuers should
be able to grasp from the results of this thesas ahgood market making agreement is vital to
the liquidity of their product. Good liquidity a#icts investors so a bond issuer should get
lower rates and a stock issuer should get a highee with good market making agreements.
Finally, risk management departments within theklaghould welcome the results from this
thesis as they finally have a way of modelling idqy risk in the market. The model
presented in this thesis could be used as a star@laiodel to manage the banks’ liquidity or
be used as inputs into other risk models used.riibéels can be used to price derivatives
with respect to liquidity risk and also as an infuValue-at-Risk (VaR) models. One of the
setbacks of using standard VaR models is that tbaod only uses the size of the banks’
positions, the price volatility for each positiondathe correlation between each price process
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to model in some way how risky the banks’ totalipos is. The result from this thesis shows
that the price obtained from selling a given expesn the market is highly related to the size
of the exposure and therefore all VaR models shoskl supply curves as an input when
estimating the Value-at-Risk for the bank.
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Appendices

A. Time Series of a-values

The following figures show the same informationFagure 4, Figure 5 and Figure 6 from
Section 5.2 but for thexponential, rooandlogarithmic models. All these figures show the
same behaviour of the time seriesxefalues as described in Section 5.2 forlthear model.
By visual examination it is clear, and this waswhatatistically in Section 5.3, that liquidity
was considerably less during tveak market makingeriod than it wabefore the crisi@nd
after normal market making

From all the figures below, and also the ones icti8e 5.2 for that matter, it is clear that the
a-valuesduring the crisisare on average much higher than during other geridowever, as
mentioned in Section 5.3, it is not possible taeststatistically that there is a difference
between therisis and other periods as the data pothsing the crisisare too few and their
variance is too high.
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Figure 7: Time series oef-values for HFF24 (exponential model)
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Figure 8: Time series af-values for HFF34 (exponential model)
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Figure 9: Time series oef-values for HFF44 (exponential model)
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Figure 10: Time series @f-values for HFF24 (root model)
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Figure 11: Time series of-values for HFF34 (root model)
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x10° Time series of « values for HFF44 (root model)
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Figure 12: Time series @f-values for HFF44 (root model)
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Figure 13: Time series ef-values for HFF24 (logarithmic model)



Time series of « values for HFF34 (logarithmic model)

0.035 T T T T T T
0.03+ I s
0.025 - —
Normal Market Making agreements signed —
0.02 .
0.015+ Weak Market Making agreements signed — e
001} ' .
Crisis starts —
o
0.005 - . .
£
o . ’ﬁ-bd
0 - k3 . - P 3 0 : ;
2005 2006 2007 2008 2009 2010
Year

Figure 14: Time series ef-values for HFF34 (logarithmic model)
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Figure 15: Time series ef-values for HFF44 (logarithmic model)



B. Normality of a Residuals

To be able to use theest to show that the value @fin the models is significantly different
from zero, that is to reject the null hypothesjs @ = 0 against the alternativié;: « # 0, it is
necessary to know that the estimated residuals@really distributed. To argue that this is
the case probability plots are used. The next thgeees show normal probability plots. The
first one, Figure 16, shows the residuals fromlihear model for HFF24 before the crisis,
the second one, Figure 17, shows the residuals fh@noot model for HFF34 during the
weak market making period, and the last one, Fidi8e shows the residuals from the
logarithmic model for HFF44 after the normal market makingeagnent was signed. It is
worth noting that although the plots do not showeafect line and this might need more
investigation this is quite enough for our tesp&sform well due to the central limit theorem.

For simplicity reasons only these three plots amw although this argument is needed in all
cases, i.e. for all bonds and models during albdia periods.
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Figure 16: Residuals probability plot from the laremodel for HFF24 before the crisis
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Normal Probability Plot
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Figure 18: Probability plot from the log model fBiFF44 in normal market marking
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