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Abstra
tA method to optimize the zero lo
ations for a PID 
ontroller for SISO systemsto a
hive optimized tra
king of a referen
e system has already been derived. Inthis thesis this method is expanded to work for MIMO systems. This is doneby minimizing the di�eren
e between the impulse or the step response of the
ontrolled system and the 
hosen referen
e system. The optimized zero lo
ations
an be found for the 
ontroller and the best tra
king possible is a a
hived.
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Chapter 1Introdu
tionPID (Proportional, Integral, Di�erential) 
ontrollers for single input single out-puts (SISO) systems are the most 
ommon 
ontrollers in industry today. Theyare also a very interesting and popular resear
h topi
. Muliple input multipleoutput (MIMO) PID 
ontrollers are also very interesting and 
hallenging butnot as 
ommon in industry. When using MIMO PID 
ontrollers the numberof 
oe�
ients that have to be determined grows fast with the number of in-puts and outputs (I/O), and along with it the 
omplexity and time needed to
al
ulate them. Instead of 
al
ulating the 
oe�
ients from some mathemati
almodel it is possible to tune the 
oe�
ients experimentally. Many tuning meth-ods have been established for SISO PID 
ontrollers as well as a few methodsfor MIMO PID 
ontrollers, see e.g. [1℄. Automati
 tuning methods have alsobeen developed to �nd MIMO PID 
ontrollers, see [2℄, [3℄ and [4℄. MIMO PID
ontrollers have furthermore been used to stabilize MIMO systems, see [5℄, [6℄and [7℄. De
oupling of MIMO systems has always been of great interest for in-dustry and resear
h, see [8℄, [9℄, [10℄ and [11℄. Most de
oupling methods providede
oupling, but no 
ontrol of the system, in the sense of referen
e input tra
kingand disturban
e reje
tion. Therefore, an outer loop is ne
essary to 
ontrol thesystem with those methods, in fa
t similar to state feedba
k 
ontrollers.Resear
h on transfer fun
tion responses at the University of I
eland [12℄, [13℄,[14℄ and [15℄ for both 
ontinuous and dis
rete time, has lead to several resear
htopi
s. The general problem on how to optimize zero lo
ations, to get a systemto tra
k a referen
e system, is reported in [16℄, [17℄ and [18℄. Optimized zeroslo
ations are then applied in model redu
tion, see [19℄, [20℄ and [21℄. That leadto an optimized PID 
ontroller to be derived, tra
king a given open loop ref-eren
e system resulting in a 
losed loop 
ontrolled system. The zeros lo
ationsof the PID 
ontrollers or generalized PID 
ontrollers with more than two zerosare optimized to get the best tra
king of a referen
e system essentially 
ontain-ing the design requirements, see [22℄, [23℄, [24℄, [25℄, [26℄, [27℄ and [28℄. Theresear
h has also led to a series of papers on Gramians, Lyapunov and Sylvesterequations, see [29℄, [30℄ and [31℄.In this thesis the optimized PID 
ontroller for a SISO system is expanded to anoptimized MIMO PID 
ontroller. The relationship between inputs and outputsof a MIMO system is represented by a transfer fun
tion matrix (TFM) with1



many transfer fun
tions 
ontributing to one output. This makes the optimizedMIMO PID 
ontroller more 
omplex to �nd than the optimized PID 
ontrollerfor a SISO system. For a SISO system the optimization is done by 
hoosing areferen
e system and minimizing the squared di�eren
e between the open loopimpulse or step response of the system we want to 
ontrol and the referen
e openloop system. For the MIMO system a referen
e system is 
hosen on a TFM formand the squared di�eren
e between the open loop impulse or step response of theelement transfer fun
tions in the system's TFM and the 
orresponding transferfun
tions in the referen
e system's TFM is again minimized.It is shown in Chapter 2 how to �nd the optimized MIMO PID 
ontroller fora system that has the same number of 
ontrol inputs and outputs, starting inSe
tion 2.1 with a system with 3 
ontrol inputs and 3 outputs. The methodfrom Se
tion 2.1 is generalized in Se
tion 2.2 for systems with p 
ontrol inputsand p outputs. Then, in Chapter 3, it is shown how to �nd the optimized MIMOPID 
ontroller if the system does not have the same number of 
ontrol inputsand outputs, beginning with a system having 4 
ontrol inputs and 3 outputs inSe
tion 3.1. This method is then generalized for a systems with r 
ontrol inputsand p outputs in Se
tion 3.2. Finally, three examples in Chapter 4 show howe�e
tive the optimized MIMO PID 
ontroller is.The MIMO PID 
ontroller in Chapters 2 and 3 
an be optimized with respe
tto the impulse or the step response. A 
entral task in �nding an optimizedPID 
ontroller for a SISO system is to �nd a 
ontrollability Gramian paddedby system zeros on both sides. One approa
h to this is to derive a Lyapunovequation whi
h in
ludes this Gramian in its solution, whi
h 
an then e.g besolved by using the Matlab's fun
tion lyap. The same turns out to be the
ase for a MIMO-system, and indeed one 
an make use of most of the basi
results that have already been developed for SISO systems, even if the pro
edurebe
omes more 
omplex.

2



Chapter 2Square MIMO systemsWe start by taking a look at the system in Figure 2.1, whi
h we want to behavelike the referen
e system in Figure 2.2, a multiple input multiple output (MIMO)system, assumed to have the same numbers of 
ontrol inputs as outputs. Thenthe transfer fun
tion matri
es (TFM) C(s) and G(s) are square matri
es.
v(t)

+

−

e(t)
1
s C(s)

u(t)
G(s)

y(t)

Figure 2.1: A 
losed loop MIMO system with a MIMO PID 
ontroller
v(t)

+

−

e(t)
1
s Gr(s)

y(t)

Figure 2.2: A MIMO referen
e system2.1 MIMO systems with three inputs and threeoutputsIf the system G(s) in Figure 2.1 has three inputs and three outputs (I/O), thenit has the following transfer fun
tion matrix (TFM),
G(s) =





G11(s) G12(s) G13(s)
G21(s) G22(s) G23(s)
G31(s) G32(s) G33(s)



 (2.1)3



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTSThe system G(s) is assumed to be minimal, i.e. 
ontrollable and observable.The transfer fun
tions Gij(s) in the TFM 
an be written as
Gij(s) =

bij(s)

a(s)
=

bmij ,ijs
mij + bmij−1,ijs

mij−1 + · · ·+ b1,ijs+ b0,ij

sn + an−1sn−1 + · · ·+ a0
, (2.2)for i = 1, 2, 3 and j = 1, 2, 3. These transfer fun
tions must satisfy mij +2 < n,sin
e the MIMO PID 
ontroller will add two zeros to ea
h element transferfun
tion and the TFM for the open loop 
ontrolled system must be 
ausal.The TFM for the referen
e system Gr(s) in Figure 2.2 is taken to be of thediagonal form

Gr(s) =





Gr1(s) 0 0
0 Gr2(s) 0
0 0 Gr3(s)



 , (2.3)with the aim of making the 
ontrolled system as de
oupled as possible. Choosingthe open loop referen
e system on a nondiagonal form 
auses problems sin
e the
losed loop system is given by GCL
r (s) = (sI +Gr(s))

−1Gr(s) and it will thenin general not be on a diagonal from. The transfer fun
tions for the referen
esystem are given by
Gri(s) =

bri(s)

ari(s)
=

bmri,ris
mri + bmri−1,ris

mri−1 + · · ·+ b1,ris+ b0,ri
snri + anri−1,risnri−1 + · · ·+ a0,ri

. (2.4)Sin
e we assume the transfer fun
tions for the referen
e systems to be 
ausalthey have to satisfymri = nri−1, ifmri < nri−1 the appropriate bri 
oe�
ientsmust be set to zero. For example sele
tingGri(s) as the simple �rst order systemof relative degree one
Gri(s) =

ω2
ri

s+ 2ζriωri
(2.5)the 
losed loop referen
e systems will all have transfer fun
tions in the standardse
ond order form

GCL
ri (s) =

ω2
ri

s2 + 2ζriωris+ ω2
ri

. (2.6)The PID (Proportional, Integral, Di�erential) MIMO 
ontroller 1
sC(s) in Figure2.1 has the transfer fun
tion matrix

1

s
C(s) =

1

s





c11(s) c12(s) c13(s)
c21(s) c22(s) c23(s)
c31(s) c32(s) c33(s)



 (2.7)where
cij(s) = KDijs

2 +KPijs+KIij . (2.8)We intend to derive the optimized MIMO PID 
ontroller �rst by minimizing the4



CHAPTER 2. SQUARE MIMO SYSTEMSintegral of the squared impulse response deviation between the system and thereferen
e system. Then by minimizing the integral of the squared step responsedeviation between the system and the referen
e system. The impulse methoddoes not take the DC gain into 
onsideration unlike the step response method.The zeros in the impulse optimized PID 
ontroller are optimal but the PID
ontroller does not have the 
orre
t DC gain. In the step response method, theoptimized MIMO PID 
ontroller has both the zeros and the resulting open loopDC gain optimized. Sin
e the step response method is based on the impulseresponse method, it is, however, useful to begin with a thorough 
overage ofimpulse response optimization.2.1.1 Impulse responseIt is shown in [28℄ that the impulse response for C(s)G(s) = c(s)b(s)
a(s) is given by

yI(t) = L
−1

{

c(s)b(s)

a(s)

}

= CTBTYb(t) (2.9)where C is a ve
tor with the PID 
oe�
ients, CT =
[

KI KP KD

]and B isa 
onvolution matrix with 
oe�
ients from b(s), and Yb(t) is the ve
tor
Yb(t) =

[

yb(t) y
′

b(t) · · · y
(n−1)
b (t)

]T (2.10)where yb(t) is the basi
 impulse response for 1
a(s) = 1

sn+an−1sn−1+···a0
, i.e.

yb(t) = L −1
{

1
a(s)

}. For a minimal MIMO system, all transfer fun
tions havethe same denominator a(s) in the TFM, so the basi
 impulse response yb(t) isthe same for all transfer fun
tions, and the ve
tor Yb(t) is also the same for allelements in the TFM. For the three input/output (I/O) system we have nine
Cij ve
tors de�ned as

CT
ij =

[

KIij KPij KDij

]

. (2.11)For a transfer fun
tion Gij(s) with mij + 3 = n, the 
onvolution matrix Bijbe
omes
Bij =























b0,ij 0 0
b1,ij b0,ij 0... b1,ij b0,ij

bmij ,ij

... b1,ij

0 bmij ,ij

...
0 0 bmij ,ij























n×3

(2.12)
Bij is always of size n × 3 even if mij + 3 < n. If mij + 3 < n then the 
or-responding b 
oe�
ients must be set to zero to �ll in the matrix. All transferfun
tions Gij(s) have to be stri
tly stable, i.e. all eigenvalues stri
tly in theLHP. Thus in parti
ular a0 6= 0.We are interested in the impulse response for every transfer fun
tion in the5



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTSTFM G(s)C(s), where yI,ij(t) denotes the impulse response for the elementtransfer fun
tion ij in the TFM G(s)C(s). Using Equation (2.9) and the linearproperties of the Lapla
e transform, all impulse responses 
an be found. Beforewriting the impulse response, we introdu
e the 9× 1 ve
tor
C·i =





C1i
C2i
C3i



 (2.13)and the n× 9 matrix
Bj· =

[

Bj1 Bj2 Bj3

] (2.14)Using this notation it is possible to write the 1× n ve
tor (Bj·C·i)
T = CT

·iB
T
j· as

CT
·iB

T
j· = CT

1iB
T
j1 + CT

2iB
T
j2 + CT

3iB
T
j3 (2.15)Then, the impulse responses for all transfer fun
tions of the open loop systemare given by

yI11(t) = L
−1







1

a(s)

[

b11(s) b12(s) b13(s)
]





c11(s)
c21(s)
c31(s)











= L
−1

{

b11(s)c11(s) + b12(s)c21(s) + b13(s)c31(s)

a(s)

}

=
[

CT
11B

T
11 + CT

21B
T
12 + CT

31B
T
13

]

Yb(t) = CT
·1B

T
1·Yb(t)

yI12(t) = CT
·2B

T
1·Yb(t)

yI13(t) = CT
·3B

T
1·Yb(t)

yI21(t) = CT
·1B

T
2·Yb(t)

yI22(t) = CT
·2B

T
2·Yb(t) (2.16)

yI23(t) = CT
·3B

T
2·Yb(t)

yI31(t) = CT
·1B

T
3·Yb(t)

yI32(t) = CT
·2B

T
3·Yb(t)

yI33(t) = CT
·3B

T
3·Yb(t).For a SISO system the impulse response for the referen
e system is writtenas yrI(t) = BT

r Yrb(t). Here Br is a ve
tor with the b 
oe�
ients, and Yrb(t)is a ve
tor with the basi
 impulse response for the referen
e system and itsderivatives. For our MIMO system the referen
e system's impulse response iswritten by
yIr1(t) = BT

r1Yb,r1(t)

yIr2(t) = BT
r2Yb,r2(t) (2.17)

yIr3(t) = BT
r3Yb,r3(t).6



CHAPTER 2. SQUARE MIMO SYSTEMSWe assume there 
an be three di�erent basi
 impulse responses yb,ri(t) for thereferen
e system and thus three di�erent Yb,ri(t) ve
tors. The basi
 impulseresponses 
an all be di�erent, as we might not want the outputs all to behave inthe same way. We 
an then have three di�erent transfer fun
tions in the TFM
Gr(s). The ve
tors Yb,ri(t) are de�ned as

Yb,r1(t) =
[

yb,r1(t) y
′

b,r1(t) · · · ynr1−1
b,r1 (t)

]T

Yb,r2(t) =
[

yb,r2(t) y
′

b,r2(t) · · · ynr2−1
b,r2 (t)

]T (2.18)
Yb,r3(t) =

[

yb,r3(t) y
′

b,r3(t) · · · ynr3−1
b,r3 (t)

]T

.The BT
ri ve
tors are then de�ned as

BT
r1 =

[

b0,r1 · · · bnr1−1,r1

]

BT
r2 =

[

b0,r2 · · · bnr2−1,r2

] (2.19)
BT
r3 =

[

b0,r3 · · · bnr3−1,r3

]

.2.1.2 Impulse response 
ost fun
tionThe desired MIMO PID 
ontroller is the 
ontroller that gives us pra
ti
ally thesame impulse response for the 
ontrolled system and the referen
e system. TheMIMO PID 
ontroller 
an be found by minimizing the di�eren
e of the impulseresponse for the 
ontrolled system G(s)C(s) and the referen
e system Gr(s). Wedo not need to in
lude the integral ( 1
s

) sin
e we assume it is in both systems.This is done by setting up a 
ost fun
tion for the integral of the squared di�er-en
e of the impulse response for all transfer fun
tions in the transfer fun
tionmatrix G(s)C(s) and the 
orresponding transfer fun
tion Gri(s) in the referen
esystem. Then the 
ost fun
tion is minimized. The 
ost fun
tion is given by
JI =

∫∞

0 ((yI11 − yIr1)
2 + ω12(yI12 − 0)2 + ω13(yI13 − 0)2

ω21(yI21 − 0)2 + (yI22 − yIr2)
2 + ω23(yI23 − 0)2

ω31(yI31 − 0)2 + ω32(yI32 − 0)2 + (yI33 − yIr3)
2)dt.

(2.20)The 
onstants ωij are the de
oupling weight 
oe�
ients. By in
reasing the valueof ωij , the 
losed loop system is made more de
oupled. No method existes todetermine the value for the de
oupling weight 
oe�
ients, other then pra
tiseand experien
e. We de�ne a few matri
es to simplify the notation:
An×n =

∫ ∞

0

Yb(t)Y
T
b (t)dt, (2.21)

Gi(9×9) =





BT
i1

BT
i2

BT
i3



A
[

Bi1 Bi2 Bi3

]

= BT
i·ABi·, (2.22)

Hi(n×nri) =

∫ ∞

0

Yb(t)Y
T
b,ri(t)dt, (2.23)7



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTS
Di(9×1) = BT

i·HiBri, (2.24)
Ari(nri×nri) =

∫ ∞

0

Yb,ri(t)Y
T
b,ri(t)dt, (2.25)and

Mi(1×1) = BT
riAriBri. (2.26)Then ∫∞

0 (yI11 − yI,r1)
2dt 
an be written as

∫ ∞

0
(yI11 − yIr1)

2dt =

∫ ∞

0

(

(

C
T
·1B

T
1·Yb(t)

)2
− 2CT

·1B
T
1·Yb(t)Y

T
b,r1(t)Br1 +

(

B
T
r1Yb,r1

)2
)

dt

= C
T
·1G1C·1 − 2CT

·1D1 +M1 (2.27)and the rest of the 
ost fun
tion 
an similarly be written as
∫ ∞

0

ω12(yI12 − 0)2dt = ω12C
T
·2G1C·2

∫ ∞

0

ω13(yI13 − 0)2dt = ω13C
T
·3G1C·3

∫ ∞

0

ω21(yI21 − 0)2dt = ω21C
T
·1G2C·1

∫ ∞

0

(yI22 − yIr2)
2dt = CT

·2G2C·2 − 2CT
·2D2 +M2 (2.28)

∫ ∞

0

ω23(yI23 − 0)2dt = ω23C
T
·3G2C·3

∫ ∞

0

ω31(yI31 − 0)2dt = ω31C
T
·1G3C·1

∫ ∞

0

ω32(yI32 − 0)2dt = ω32C
T
·2G3C·2

∫ ∞

0

(yI33 − yIr3)
2dt = CT

·3G3C·3 − 2CT
·3D3 +M3.Note that we are still using the ve
tors CT

·i and BT
i· to simplify the notation.2.1.3 Impulse response minimizationIn order to minimize the impulse 
ost fun
tion JI all partial derivatives withrespe
t to C·i, i = 1, 2, 3 are set equal to zero, i.e

∂JI

∂C·i
= 0, i = 1, 2, 3 (2.29)8



CHAPTER 2. SQUARE MIMO SYSTEMSWriting them out gives
∂JI

∂C·1
= 2G1C·1 − 2D1 + 2ω21G2C·1 + 2ω31G3C·1 = 0

∂JI

∂C·2
= 2ω12G1C·2 + 2G2C·2 − 2D2 + 2ω32G3C·2 = 0 (2.30)

∂JI

∂C·3
= 2ω13G1C·3 + 2ω23G2C·3 + 2G3C·3 − 2D3 = 0whi
h we 
an rewrite as

(G1 + ω21G2 + ω31G3) C·1 = D1

(ω12G1 + G2 + ω32G3) C·2 = D2 (2.31)
(ω13G1 + ω23G2 + G3) C·3 = D3.These three 9 × 9 linear systems determine the 9-ve
tors C·i, i = 1, 2, 3, andnote that the systems will be 
lose to de
oupled, whi
h follows from our 
hoi
eof the referen
e system.2.1.4 Cal
ulating the A matrixThe A matrix 
an be 
al
ulated in di�erent ways. Here we present two methods.The �rst method makes use of the plaid stru
ture of the matrix and the elementsare 
al
ulated seperately. In the se
ond method the matrix is obtained as asolution of a Lyapunov system. In the numeri
al examples in this thesis weshall always make use of method 2, as it makes the 
ode very simple by makinguse of Matlab's lyap fun
tion.Method 1In [26℄, [32℄, [27℄, [29℄ and [30℄ it is shown that A has the following plaid stru
ture

A =

























Y0 0 −Y1 0 Y2 · · ·

0 Y1 0 −Y2 0

−Y1 0 Y2 0
. . .

0 −Y2 0 Y3
. . .

Y2 0
. . . . . . . . . 0... 0 Yn−1

























. (2.32)
For stable systems Yi is given by

Yi =

∫ ∞

0

((

y
(i)
b (t)

))2

dt = (J iκ)T
∫ ∞

0

E(t)EH(t)dtJ iκ, (2.33)where J is a blo
k diagonal Jordan matrix9



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTS
J =













J1 0 · · · 0

0 J2
. . . ...... . . . . . . 0

0 · · · 0 Jν













(2.34)and the diagonal blo
ks are given by
Ji =



















λi 1 · · · · · · 0

0 λi 1
...

0 0 λi 1
...... . . . . . . . . . 1

0 · · · 0 0 λi



















di×di

. (2.35)Here λi is a root of multipli
ity di of the polynomial a(s) and κ is the ve
tor ofthe partial fra
tion expansion 
oe�
ients of 1
a(s) given by

κ =
[

κ11 · · · κ1d1 · · · κ1ν1 · · · κνdv

]T
. (2.36)We know from [33℄ that these partial fra
tion expansion 
oe�
ients are givenby the re
ursive formula

κij =

{ ∏ν

q=1,q 6=1
1

(λi−λq)
dq

, j = di

1
di−j

∑di−j

q=1 (−1)qκi(j+q) ×
∑ν

p=1,p 6=i

dp

(λi−λp)q
, j = di − 1, . . . , 1.(2.37)The matrix E(t) is given by

E(t) =







E1(t)...
Eν(t)






(2.38)where Ei(t) is

Ei(t) =











eλit

teλit...
tdi−1

(di−1)!e
λit











. (2.39)It is shown in [34℄ how the matrix ∫∞

0 E(t)EH(t)dt 
an be 
al
ulated, for stablesystems. The (ρ, σ)-th element of the (k, j)-th subblo
k, ρ = 1, 2, . . . dk, σ =
1, 2, . . . dj , k, j = 1, 2 . . . ν, is given by

[
∫ ∞

0

Ek(t)E
H
j (t)dt

]

ρ,σ

=

(

ρ+σ−2
ρ−1

)

(−λk − λj)ρ+σ+1
, − λk − λj 6= 0. (2.40)10



CHAPTER 2. SQUARE MIMO SYSTEMSwhere −λk − λj 6= 0 is known as the Gantma
her 
ondition, see [35℄. Note thatif n > m = max
ij (mij) zeros will be padded in the Bij matri
es from the bottomin Equation (2.12). Then we in fa
t only need to know the (m + 3) × (m + 3)prin
ipal submatrix of A. We denote this submatrix with Â. As an example

A for n = 6 and the prin
ipal submatrix Â for m = 1 be
omes this bra
ketedsubmatrix
A =

























Y0 0 −Y1 0
0 Y1 0 −Y2

−Y1 0 Y2 0
0 −Y2 0 Y3









Y2 0
0 Y3

−Y3 0
0 −Y4

Y2 0 −Y3 0
0 Y3 0 −Y4

Y4 0
0 Y5

















. (2.41)It is shown in [36℄, [37℄, [27℄ and [21℄ that for a stable system we 
an alternativelyexpress
A = KT

∫ ∞

0

E(t)E(t)HdtK, (2.42)where K is
K =

[

κ Jκ · · · Jn−1κ
]

. (2.43)Note that K is 
omputed most e�e
tivly by �rst 
al
ulating κ and then the next
olumn J · κ, and so on re
ursively, J i+1κ = J(J iκ), i = 1, 2, . . . , n− 2.Also note, that if it is only ne
essary to 
ompute Â, it is easily done by trimmingthe 
olumns of K down to m+ 3, redu
ing the 
omputation.Finally note, that due to the stru
ture of Â, it is infa
t su�
ent to 
al
ulatethe �rst and the last 
olumn of Â, i.e. KT
∫∞

0
E(t)E(t)Hdtκ and

KT
∫∞

0 E(t)E(t)HdtJn−1κ.Method 2It is shown in [30℄, [21℄ and [31℄ how it is possible to �nd A (for stable systems)by solving a Lyapunov equation. Consider F the n×n 
ompanion matrix for astate spa
e system in the 
ontroller 
ompanion form
F =















0 1 0 · · · 0
0 0 1 · · · 0... . . . . . . . . . ...
0 0 0 · · · 1

−a0 −a1 −a2 −a3 · · · −an















. (2.44)With A de�ned in Equation (2.32), Yb(t) is given by
Yb(t) =

[

yb(t) y
′

b(t) · · · y
(n−1)
b (t)

]T

= etFun (2.45)11



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTSwhere un is an n-
olumn unit ve
tor with the n-th element as 1. Then theGramian A is given by
A =

∫ ∞

0

Yb(t)Y
T
b (t)dt =

∫ ∞

0

etFunu
T
ne

tFT

dt. (2.46)It is the solution to the Lyapunov equation
FA+AFT + unu

T
n = 0. (2.47)Note that Lyapunov's stability theorem states that A is positive de�nite if andonly if the system F is stri
tly stable. It is possible to solve the Lyapunovequation by using the Matlab's fun
tion lyap. Matlab solves the equation bytransforming A to a 
omplex S
hur form, solves the resulting triangular systemand then transforms the solution ba
k. Note that with this approa
h we have tosolve for the full matrix A even if we only need to use the elements of a prin
ipalsubmatrix Â in the subsequent 
al
ulations.It was shown in [37℄, [30℄, [31℄ and [21℄ that it is possible to solve for the Yi'ssimultaneously from the linear system,



























a0 a2 · · · · · · · · · 0
0 a1 a3 · · · · · · 0
0 a0 a2 · · · · · · 0
0 0 a1 · · · · · · 0... ... . . . ...... ... · · · an−2 1
0 0 · · · · · · an−3 an−1



























×



























Y0

−Y1

Y2

−Y3......
(−1)n−1Yn−1



























=























0
0
0
0...
0

(−1)n−11/2























. (2.48)
The transformation of this system of equations to upper triangular form 
an beshown to be analogous to the 
al
ulation of the Routh table for the polynonial
a(s).Note that Equation (2.48) 
an be derived from the last line of the LyapunovEquation (2.47), see [30℄, [31℄ and [21℄. Further, the plaid stru
ture in Equation(2.32) follows from the �rst (n− 1) lines of the Lyapunov equation [38℄.Methods linked to Method 1 and 2, for solving Lyapunov and Sylvester equationsmay also be found in [25℄, [26℄ and [27℄.2.1.5 Cal
ulating The Hi matrixIt is shown in [21℄ and [28℄ for a SISO system that H has an alternating Hankelstru
ture. In MIMO systems the matrix Hi is equivalent to the H matrix inSISO systems. H is de�ned as H =

∫∞

0 Yb(t)Yb,r(t)
T dt, whi
h is similar to how

Hi is de�ned, see Equation (2.23). Hi will have the same alternating Hankelstru
ture as H. The Hi matrix is given as12



CHAPTER 2. SQUARE MIMO SYSTEMS
Hi =















Z0 −Z1 Z2 · · · (−1)n−1Znri
−1

Z1 −Z2 Z3 · · · (−1)n−1Znri
−1+1

Z2 −Z3 Z4 · · · (−1)n−1Znri
−1+2... ... ... ... ...

Zn−1 −Zn Zn+1 · · · (−1)n−1Znri
−1+n−1















n×nri

(2.49)with
Zp =

{

∫

∞

0
y
(p)
b

(t)yb,ri(t)dt, p = 0, 1 . . . , n − 1

(−1)k
∫

∞

0
y
(n−1)
b

(t)y
(k)
b,ri

(t)dt, p = n − 1 + k, k = 1, 2, . . . , nri − 1
(2.50)We may only need to know a prin
ipal submatrix of Hi, denoted by Ĥi ofdimension (m + 3) × nri, in the same way as we may only need the prin
ipalsubmatrix Â of A, see for example for n = 6, nri = 5 and m = 1, we have

Hi =

























Z0 −Z1 Z2 −Z3 Z4

Z1 −Z2 Z3 −Z4 Z5

Z2 −Z3 Z4 −Z5 Z6

Z3 −Z4 Z5 −Z6 Z7









Z4 −Z5 Z6 −Z7 Z8

Z5 −Z6 Z7 −Z8 Z9

















(2.51)Closed form formulae for the elements of this matrix 
an be derived, similar tothose derived for the elements of the A matrix above. Alternatively, Hi 
an beshown to be the solution to the Sylvester equation,
FHi +HiF

T
r + unu

T
nr

= 0 (2.52)where Fr is the 
ontroller or 
ompanion form matrix for the referen
e system.The Matlab fun
tion lyap 
an be used to solve the Sylvester equation.It is shown in [37℄ how easily D = BTHBr 
an be 
al
ulated for a referen
esystem with only one pole and no zero. This method 
an be used to 
al
ulate
Di = BT

i·HiBri for our optimized MIMO PID 
ontroller. First the referen
esystem is 
hosen on a diagonal form with Gri(s) =
b0,ri

s+a0,ri
on the diagonal line.

Gri(s) has the impulse response,
yI,ri = b0,rie

−a0,ri
t. (2.53)Using the impulse response it is possible to write

Di = BT
i·

∫ ∞

0

Yb(t)e
−a0,ri

tdtb0,ri (2.54)using Yb(t) from Equation (2.10) 13



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTS
Di = BT

i·

∫ ∞

0











yb(t)

y
′

b(t)...
y
(n−1)
b (t)











e−a0,ri
tdtb0,ri (2.55)We denote the basi
 response with Fb(s) =

1
a(s) and noting the relation to theLapla
e transform, then Di be
omes

Di = BT
i·











Fb(s)
sFb(s)...

sn−1Fb(s)











b0,ri (2.56)with s = a0,ri . Thus we get that
Di = BT

i















1
a0,ri
a20,ri...
a
(n−1)
0,ri















Fb(a0,ri)b0,ri (2.57)It is further shown in [37℄ how this method 
an be used to solve for a moregeneral referen
e system with more than one pole.2.1.6 Step responseIn many 
ases it is bene�
ial to minimize the step response rather than theimpulse response. Then the DC gain of the 
ontrolled system and the referen
esystem are taken into 
onsideration. We de�ne the step response for the transferfun
tion ij in the open loop TFM G(s)C(s) as
yS,ij(t) =

∫ t

0

yI,ij(u)du = CT
·jB

T
i·

∫ t

0

Yb(u)du. (2.58)Now we have to 
onsider separately the transient part of this fun
tion denotedby ŷS,ij(t) and the stationary part denoted by yS,ij(t)

yS,ij(t) = ŷS,ij(t) + yS,ij(t). (2.59)Introdu
e the notation
y
(−1)
b (t) =

∫ t

0

yb(u)du −
1

a0
(2.60)and

Y
(−1)
b (t) =

[

y
(−1)
b (t) yb(t) y

′

b(t) · · · y
(n−2)
b (t)

]T

. (2.61)14



CHAPTER 2. SQUARE MIMO SYSTEMSWe then have that
ŷS,ij(t) = CT

·jB
T
i·Y

(−1)
b (t) (2.62)and

yS,ij(t) = CT
·jB

T
i·

(

[

1
a0

0 · · · 0
]

1×n

)T

=
b0,i·
a0

KI,·j (2.63)where b0,i· and KI,·j are de�ned a

ording to
KI,·i =

[

KI,1i KI,2i KI,3i

]T (2.64)and
b0,i· =

[

b0,i1 b0,i2 b0,i3
]

. (2.65)Similarly for the referen
e system we have
ys,ri(t) = ŷS,ri(t) + yS,ri, (2.66)
ŷS,ri(t) = BT

riY
(−1)
b,ri (t), (2.67)

yS,ri = BT
ri

(

[

1
a0,ri

0 · · · 0
]

1×nri

)T

, (2.68)
y
(−1)
b,ri (t) =

∫ t

0

yb,ri(u)du −
1

a0,ri
, (2.69)and

Y
(−1)
b,ri (t) =

[

y
(−1)
b,ri (t) yb,ri(t) y

′

b,ri(t) · · · y
(nri−2)
b,ri (t)

]T

. (2.70)Further we 
an de�ne A(−1), G(−1)
i , M(−1)

i and H
(−1)
i as

A
(−1)
n×n =

∫ ∞

0

Y
(−1)
b (t)Y

(−1)
b (t)T dt (2.71)

G
(−1)
i(9×9) =





BT
i1

BT
i2

BT
i3



A(−1)
[

Bi1 Bi2 Bi3

]

= BT
i·A

(−1)Bi· (2.72)
H

(−1)
i(n×nri)

=

∫ ∞

0

Y
(−1)
b (t)Y

(−1)
b,ri (t)Tdt, (2.73)

D
(−1)
i(9×1) = BT

i·H
(−1)
i Bri, (2.74)15



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTS
A

(−1)
ri(nri×nri)

=

∫ ∞

0

Y
(−1)
b,ri (t)Y

(−1)
b,ri (t)T dt, (2.75)and

M
(−1)
i(1×1) = BT

riA
(−1)
ri Bri. (2.76)2.1.7 Step response 
ost fun
tionWhen setting up the 
ost fun
tion using the step response instead of the impulseresponse, we want to minimize the di�eren
e in the step response for all transferfun
tions in the open loop system G(s)C(s) and the 
orresponding transferfun
tion in the referen
e system. We separate the 
ost fun
tion into a transientpart and a stationary part. The transient part of the 
ost fun
tion is,

ĴS =
∫∞

0 ((ŷS11 − ŷSr1)
2 + ω12(ŷS12 − 0)2 + ω13(ŷS13 − 0)2

ω21(ŷS21 − 0)2 + (ŷS22 − ŷSr2)
2 + ω23(ŷS23 − 0)2

ω31(ŷS31 − 0)2 + ω32(ŷS32 − 0)2 + (ŷS33 − ŷSr3)
2)dt.

(2.77)Now we have to treat the transient part ĴS and the stationary part separately.Similar to the 
ost fun
tion for the impulse we have for the transient part
∫ ∞

0

(ŷS11 − ŷSr1)
2dt = CT

·1G
(−1)
1 C·1 − 2CT

·1D
(−1)
1 +M

(−1)
1

∫ ∞

0

ω12(ŷS12 − 0)2dt = ω12C
T
·2G

(−1)
1 C·2

∫ ∞

0

ω13(ŷS13 − 0)2dt = ω13C
T
·3G

(−1)
1 C·3

∫ ∞

0

ω21(ŷS21 − 0)2dt = ω21C
T
·1G

(−1)
2 C·1

∫ ∞

0

(ŷS22 − ŷSr2)
2dt = CT

·2G
(−1)
2 C·2 − 2CT

·2D
(−1)
2 +M

(−1)
2 (2.78)

∫ ∞

0

ω23(ŷS23 − 0)2dt = ω23C
T
·3G

(−1)
2 C·3

∫ ∞

0

ω31(ŷS31 − 0)2dt = ω31C
T
·1G

(−1)
3 C·1

∫ ∞

0

ω32(ŷS32 − 0)2dt = ω32C
T
·2G

(−1)
3 C·2

∫ ∞

0

(ŷS33 − ŷSr3)
2dt = CT

·3G
(−1)
3 C·3 − 2CT

·3D
(−1)
3 +M

(−1)
3In order for the 
ost fun
tion to remain �nite, the stationary part has to be thesame for the 
ontrolled system and the referen
e system. This implies16



CHAPTER 2. SQUARE MIMO SYSTEMS
b0,r1
a0,r1

=
b0,11
a0

KI11 +
b0,12
a0

KI21 +
b0,13
a0

KI31 =
b0,1·
a0

KI,·1

0 =
b0,1·
a0

KI·2

0 =
b0,1·
a0

KI·3

0 =
b0,2·
a0

KI·1

b0,r2
a0,r2

=
b0,2·
a0

KI·2 (2.79)
0 =

b0,2·
a0

KI·3

0 =
b0,3·
a0

KI·1

0 =
b0,3·
a0

KI·2

b0,r3
a0,r3

=
b0,3·
a0

KI·3.It is possible to in
lude these 
onstraints by augmenting ĴS with a Lagrangianmultiplier whi
h 
an be expressed in a simple way as
JS,λ = ĴS + λ11





b0,1·

a0

KI·1 −
b0,r1

a0,r1



 + λ12

(

b0,1·

a0

KI·2

)

+ λ13

(

b0,1·

a0

KI·3

)

+ λ21

(

b0,2·

a0

KI·1

)

+ λ22





b0,2·

a0

KI·2 −
b0,r2

a0,r2



 + λ23

(

b0,2·

a0

KI·3

)

+ λ31

(

b0,3·

a0

KI·1

)

+ λ32

(

b0,3·

a0

KI·2

)

+ λ33





b0,3·

a0

KI·3 −
b0,r3

a0,r3



 . (2.80)Here λij are the Lagrange multipliers.2.1.8 Step response minimizationIn order to minimize the 
ost fun
tion JS,λ we �nd the partial derivatives withrespe
t to Cij and λij and set them equal to zero
∂JS,λ

∂C·i
= 0 (2.81)and

∂JS,λ

∂λ·i
= 0. (2.82)17



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTSWriting these out gives
∂JS,λ

∂C·1
= 2G

(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + 2ω31G

(−1)
3 C·1

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)T

λ·1 = 0

∂JS,λ

∂C·2
= 2ω12G

(−1)
1 C·2 + 2G

(−1)
2 C·2 − 2D

(−1)
2 + 2ω32G

(−1)
3 C·2

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)T

λ·2 = 0

∂JS,λ

∂C·3
= 2ω13G

(−1)
1 C·3 + 2ω23G

(−1)
2 C·3 + 2G

(−1)
2 C·3 − 2D

(−1)
3 (2.83)

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)T

λ·3 = 0

∂JS,λ

∂λ·1
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

C·1 −







b0,r1

a0,r1

0
0






= 0

∂JS,λ

∂λ·2
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

C·2 −







0
b0,r2
a0,r2

0






= 0

∂JS,λ

∂λ·3
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

C·3 −







0
0

b0,r3
a0,r3






= 0.Here uk is a 
olumn ve
tor of size 9 with element k as 1. Let us take a 
loserlook at how ∂JS,λ

∂C·1
is found:

∂JS,λ

∂C·1
= 2G

(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + 2ω31G

(−1)
3 C·1

+
∂

∂C·1

(

1

a0
(λ11b0,1· + λ21b0,2· + λ31b0,3·)KI,·1

)

= 2G
(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + 2ω31G

(−1)
3 C·1

+
1

a0





























λ11b0,11 + λ21b0,21 + λ31b0,31
0
0

λ11b0,12 + λ21b0,22 + λ31b0,32
0
0

λ11b0,13 + λ21b0,23 + λ31b0,33
0
0





























(2.84)
= 2G

(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + 2ω31G

(−1)
3 C·1

+
1

a0

(

u1b
T
0,·1λ·1 + u4b

T
0,·2λ·1 + u7b

T
0,·3λ·1

)

= 2G
(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + 2ω31G

(−1)
3 C·1

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)T

λ·118



CHAPTER 2. SQUARE MIMO SYSTEMSSimilarly, ∂JS,λ

∂λ·1
be
omes

∂JS,λ

∂λ·1

=
∂

∂λ·1



λ11





b0,1·

a0

KI·1 −
b0,r1

a0,r1



 + λ21
b0,2·

a0

KI·1 + λ31
b0,3·

a0

KI·1





=

[

b0,1·
a0

KI·1 −
b0,r2
ar0

b0,2·
a0

KI·1
b0,3·
a0

KI·1

]T

=
1

a0







b0,11 b0,12 b0,13
b0,21 b0,22 b0,23
b0,31 b0,32 b0,33











KI11
KI21
KI31



 −









b0,r1
a0,r1

0
0









=
1

a0







b0,11 0 0 b0,12 0 0 b0,13 0 0

b0,21 0 0 b0,22 0 0 b0,23 0 0

b0,31 0 0 b0,32 0 0 b0,33 0 0

































KI11
KP11
KD11
KI21
KP21
KD21
KI31
KP31
KD31



























−









b0,r1
a0,r1

0
0









=
1

a0

[

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

]





C11
C21
C31



 −









b0,r1
a0,r1

0
0









(2.85)The rest of Equation (2.83) is then found in similar manner. The derivatives
an then be set up in a very 
ompa
t matrix form that 
an be easily solvedusing 
omputer programs like Matlab, i.e.
















[

G
(−1)
1

+ ω21G
(−1)
2

+ ω31G
(−1)
3

]

9×9

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]T

9×3

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]

3×9





0 0 0
0 0 0
0 0 0





3×3

















[

[C·1]9×1
[λ·1]3×1

]

=

















[

D
(−1)
1

]

9×1








b0,r1
a0,r1

0
0









3×1























ω12G
(−1)
1 + G

(−1)
2 + ω32G

(−1)
3

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]T

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]

0







[

C·2
λ·2

]

=















D
(−1)
2
0

b0,r2
a0,r2

0















(2.86)






ω13G
(−1)
1

+ ω23G
(−1)
2

+ G
(−1)
3

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]T

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]

0







[

C·3
λ·3

]

=















D
(−1)
3
0
0

b0,r3
a0,r3













The se
ond and the third matri
es in Equation (2.86) have the same dimensionsas the �rst matrix. Equation (2.86) 
an be written in more detail as
19



2.1. MIMO SYSTEMS WITH THREE INPUTS AND THREE OUTPUTS




































BT
11

BT
12

BT
13









A(−1)[B11B12B13] + ω21









BT
21

BT
22

BT
23









A(−1)[B21B22B23] + ω31









BT
31

BT
32

BT
33









A(−1)[B31B32B33]

1
a0









b0,11uT
1 +b0,12uT

4 +b0,13uT
7

b0,21uT
1 +b0,22uT

4 +b0,23uT
7

b0,31uT
1 +b0,32uT

4 +b0,33uT
7









T
· · ·

1
a0









b0,11uT
1 +b0,12uT

4 +b0,13uT
7

b0,21uT
1 +b0,22uT

4 +b0,23uT
7

b0,31uT
1 +b0,32uT

4 +b0,33uT
7













0 0 0
0 0 0
0 0 0















































C11
C21
C31

λ11
λ21
λ31



















=































BT
11

BT
12

BT
13









H
(−1)
1

Br1

b0,r1
a0,r1

0
0



















































ω12









BT
11

BT
12

BT
13









A(−1)[B11B12B13] +









BT
21

BT
22

BT
23









A(−1)[B21B22B23] + ω32









BT
31

BT
32

BT
33









A(−1)[B31B32B33]

1
a0









b0,11uT
1 +b0,12uT

4 +b0,13uT
7

b0,21uT
1 +b0,22uT

4 +b0,23uT
7

b0,31uT
1 +b0,32uT

4 +b0,33uT
7









T
· · ·

1
a0









b0,11uT
1 +b0,12uT

4 +b0,13uT
7

b0,21uT
1 +b0,22uT

4 +b0,23uT
7

b0,31uT
1 +b0,32uT

4 +b0,33uT
7













0 0 0
0 0 0
0 0 0















































C12
C22
C32

λ12
λ22
λ32



















=































BT
21

BT
22

BT
23









H
(−1)
2 Br2

b0,r2
a0,r2

0
0























(2.87)




























ω13









BT
11

BT
12

BT
13









A(−1)[B11B12B13] + ω23









BT
21

BT
22

BT
23









A(−1)[B21B22B23] +









BT
31

BT
32

BT
33









A(−1)[B31B32B33]

1
a0









b0,11uT
1 +b0,12uT

4 +b0,13uT
7

b0,21uT
1 +b0,22uT

4 +b0,23uT
7

b0,31uT
1 +b0,32uT

4 +b0,33uT
7









T
· · ·

1
a0









b0,11uT
1 +b0,12uT

4 +b0,13uT
7

b0,21uT
1 +b0,22uT

4 +b0,23uT
7

b0,31uT
1 +b0,32uT

4 +b0,33uT
7













0 0 0
0 0 0
0 0 0















































C13
C23
C33

λ13
λ23
λ33



















=































BT
31

BT
32

BT
33









H
(−1)
3 Br3

b0,r3
a0,r3

0
0





















2.1.9 Cal
ulating the A(−1) matrixWe have two methods to �nd A(−1), whi
h are similar to the methods used to�nd A.Method 1The almost plaid stru
ture for the matrix A(−1) and how it 
an be derived isshown in [21℄ and [28℄. The almost plaid stru
ture for A(−1) is given by20



CHAPTER 2. SQUARE MIMO SYSTEMS
A(−1) =



























Y−1 − 1
2a2

0
−Y0 0 Y1 · · ·

− 1
2a2

0
Y0 0 −Y1 0

−Y0 0 Y1 0
. . .

0 −Y1 0 Y2
. . .

Y1 0
. . . . . . . . . 0... 0 Yn−2



























. (2.88)
For a stable system the Yi are given by

Yi =

∫ ∞

0

((

y
(i)
b (t)

))2

dt = (J iκ)T
∫ ∞

0

E(t)EH(t)dtJ iκ, (2.89)The matrix Ji and the ve
tors κ and E(t) are de�nd the same way as in Se
tion2.1.4, see Equations (2.34) - (2.40).The same applies here as in Se
tion 2.1.4, that if n > m = max
ij (mij), resultingin some zeros to be padded in the Bij , then we only need to know the (m+3)×

(m + 3) prin
ipal submatrix of A(−1), whi
h we denote, similary as before by
Â(−1).Alternatively we 
an express

A(−1) =
(

J−1K
)T

∫ ∞

0

E(t)E(t)Hdt
(

J−1K
) (2.90)where J−1K is given by

J−1K =
[

J−1κ κ Jκ · · · Jn−2κ
] (2.91)Note again here that if it is only ne
essary to 
ompute Â(−1), then it is easilydone by trimming the 
olumns of J−1K down to m+ 3, redu
ing the 
omputa-tion. Further, 
olumns 2, 3, . . . , n 
an be 
omputed re
ursively as before. The�rst 
olumn is 
al
ulated most e�e
tively by solving the system Jx̃ = κ by ba
ksubstitution. Finally, all the elements in A(−1) 
an be found in its �rst and last
olumn, (J−1K)T

∫∞

0
E(t)E(t)HdtJ−1κ and (J−1K)T

∫∞

0
E(t)E(t)HdtJn−2κ, re-spe
tively.Method 2Similarly as before it 
an be shown that A(−1) is the solution of the followingLyapunov equation

FA(−1) +A(−1)FT +
1

a20
u1u

T
1 = 0, (2.92)where F is de�ned as before and Y

(−1)
b (t) is given by21
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Y

(−1)
b (t) =

∫

Yb(t)dt =

∫

etFundt

= etFF−1un = etF
(

−
1

a0

)

u1 (2.93)or
Y

(−1)
b (t) =

[

y
(−1)
b (t) yb(t) · · · y

(n−2)
b (t)

]

= etF
(

−1

a0

)

u1. (2.94)The Lyapunov equation 
an e.g. be solved by using the Matlab's fun
tion lyap.It is easily shown from the last row in Equation (2.92) that the elements of
A(−1) 
an be found by solving the linear system of equations





























a0 a2 · · · · · · · · · · · · 0
0 a1 a3 · · · · · · · · · 0
0 a0 a2 · · · · · · · · · 0
0 0 a1 · · · · · · · · · 0... ... . . . ...... ... 0 an

0 0
... 0

. . . · · · an−1























































Y−1

−Y0

Y1

−Y2......
(−1)n−1

Y(n−2)



























=



















−
a1

2a2
0

−
a1
2a0......
0



















,(2.95)using the plaid stru
ture of A(−1), see [38℄.2.1.10 Cal
ulating the H
(−1)
i matrixTo �nd the H(−1)

i =
∫∞

0 Y
(−1)
b (t)(Y

(−1)
b,ri (t))T dt matri
es the same methods thatare used in [21℄ and [28℄ for SISO systems 
an be used. Only a prin
ipal sub-martix of this matrix may be needed Ĥ

(−1)
i , similar to Â(−1) and A(−1). H(−1)

ihas the alternating sign (almost) Hermitian stru
ture
H

(−1)
i =















−Z−2 Z−1 −Z0 · · · (−1)n−1
Znri−3

−Z−1 −
1

a0ar,0
Z0 −Z1 · · · (−1)n−1

Znri−3+1

−Z0 Z1 −Z2 · · · (−1)n−1
Znri−3+2... ... ... ... ...

−Zn−3 Zn−2 −Zn−1 · · · (−1)n−1
Znri−3+n−1















n×nri(2.96)with
Z−2 =

∫ ∞

0

y
(−1)
b (t)y

(−1)
b,ri (t)dt

Z−1 =

∫ ∞

0

y
(−1)
b (t)yb,ri(t)dt (2.97)22



CHAPTER 2. SQUARE MIMO SYSTEMS
Zi for i = 1, 2, . . . are found in the same way as for the impulse 
ase. H(−1)

i 
anbe found by solving the Sylvester equation
FH

(−1)
i +H

(−1)
i FT

r +
1

a0ar,0
[u1]n×1

[

uT
1

]

1×nri
= 0 (2.98)using e.g. the lyap fun
tion in Matlab.2.2 General 
ase: p 
ontrol inputs and p outputsWe now generalize our results and assume that the system in Figure (2.1) has

p numbers of inputs and p numbers of outputs, i.e., a general square MIMOsystem. The TFM for the open loop system G(s), the TFM for the referen
esystem Gr(s) and the TFM for the PID 
ontroller C(s) are generalized to
G(s) =











G11(s) G12(s) · · · G1p(s)
G21(s) G22(s) · · · G2p(s)... ... . . . ...
Gp1(s) Gp2(s) · · · Gpp(s)











, (2.99)
Gr(s) =













Gr1(s) 0 · · · 0

0 Gr2(s)
...... . . . ...

0 0 0 Grp(s)













(2.100)and
1

s
C(s) =

1

s











c11(s) c12(s) · · · c1p(s)
c21(s) c22(s) · · · c2p(s)... ... . . . ...
cp1(s) cp2(s) · · · cpp(s)











. (2.101)Here, Gij(s), Gri(s) and Cij(s) are all de�ned in the same way as before, i.e.
Gij(s) =

bij(s)

a(s)
=

bmij ,ijs
mij + bmij−1,ijs

mij−1 + · · ·+ b1,ijs+ b0,ij

sn + an−1sn−1 + · · ·+ a0
(2.102)and

Gri(s) =
bmri,ris

mri + bmri−1,ris
mri−1 + · · ·+ b1,ris+ b0,ri

snri + anri−1,risnri−1 + · · ·+ a0,ri
(2.103)Again the most 
onvenient transfer fun
tion for the referen
e system is

Gri =
ω2
ri

s+ 2ζriωri
. (2.104)and the 
ontroller elements are

cij(s) = KD,ijs
2 +KP,ijs+KI,ij. (2.105)23



2.2. GENERAL CASE: P CONTROL INPUTS AND P OUTPUTS2.2.1 Impulse responseFor the three I/O systems the impulse response for all transfer fun
tions in theTFM G(s)C(s) where found using Equation (2.9) and the linear properties ofthe Lapla
e transform. The same method is used for a p I/O system. The onlydi�eren
e is the size of the ve
tors C·i and Bj·, they are now given by
C·i =











C1i
C2i...
Cpi











3p×1

(2.106)and
Bj· =

[

Bj1 Bj2 · · · Bjp

]

n×3p
. (2.107)It is then possible to write

CT
·iB

T
j· = CT

1iB
T
j1 + CT

2iB
T
j2 + · · ·+ CT

piB
T
jp. (2.108)Using Equation (2.108), the impulse response 
an be written in the same wayas before

yI11 = L
−1



















1

a(s)

[

b11(s) b12(s) · · · b1p(s)
]











c11(s)
c21(s)...
cp1(s)





























= L
−1

{

b11(s)c11(s) + b12(s)c21(s) + · · ·+ b1pcp1(s)

a(s)

}

=
[

CT
11B

T
11 + CT

21B
T
12 + · · ·+ CT

p1B
T
1p

]

Yb(t) = CT
·1B

T
1·Yb(t)

yI12 = CT
·2B

T
1·Yb(t)...

yI1p = CT
·pB

T
1·Yb(t)

yI21 = CT
·1B

T
2·Yb(t) (2.109)...

yI2p = CT
·pB

T
2·Yb(t)...

yIp1 = CT
·1B

T
p·Yb(t)...

yIpp = CT
·pB

T
p·Yb(t).

Yb(t) is de�ned in the same way as before as a ve
tor in
luding the basi
 impulse24



CHAPTER 2. SQUARE MIMO SYSTEMSresponse and its derivatives. The impulse responses for the referen
e systemsare again de�ned in the same way as before as
yIr1 = BT

r1Yb,r1(t)

yIr2 = BT
r2Yb,r2(t)... (2.110)

yIrp = BT
rpYb,rp(t)where Bri is given by

BT
r1 =

[

b0,r1 · · · bmr1,r1

]

BT
r2 =

[

b0,r2 · · · bmr2,r2

] (2.111)...
BT
rp =

[

b0,rp · · · bmrp,rp

]2.2.2 Impulse response 
ost fun
tionFor the p I/O system as for the three I/O system we want to minimize thedi�eren
e between the impulse response for all transfer fun
tions in the TFM
G(s)C(s) and the referen
e system's TFM. The matri
es Cij(3×1), Bri(nri×1),
An×n, Hi(n×nri), Ari(nri×nri) and Mi(1×1) are all de�ned pre
isely in the sameway as before, see Equations (2.11), (2.19), (2.21), (2.23), (2.25) and (2.26).The matri
es Bi·(n×3p), Gi(3p×3p) and Di(3p×1) are all expanded for the general
ase but basi
ally de�ned in the same way as for the three I/O system,

Bi·(n×3p) =
[

Bi1 Bi2 · · · Bip

]

, (2.112)
Gi(3p×3p) = BT

i·ABi·, (2.113)
Di = BT

i·HiBri. (2.114)The 
ost fun
tion for the p I/O system now be
omes
JI =

∫ ∞

0

[(yI11(t)− yIr1(t))
2 + ω12(yI12(t)− 0)2 + · · ·+ ω1p(yI1p(t)− 0)2

+ ω21(yI21(t)− 0)2 + (yI22(t)− yIr2(t))
2 + · · ·+ ω2p(yI2p(t)− 0)2... (2.115)

+ ωp1(yIp1(t)− 0)2 + ωp2(yIp2(t)− 0)2 + · · ·+ (yIpp(t)− yIrp(t))
2]dt.with ∫∞

0
(yI,ii(t)− yI,ri(t))

2 given by
∫ ∞

0

(yIii(t)− yIri(t))
2dt = CT

·iGiC·i − 2CT
·iDi +Mi (2.116)25



2.2. GENERAL CASE: P CONTROL INPUTS AND P OUTPUTSand ∫∞

0 ωijyI,ij(t)
2 when i 6= j given by

∫ ∞

0

ωij(yIij(t)− 0)2dt = ωijC
T
·jGiC·j (2.117)2.2.3 Impulse response minimizationMinimizing the impulse response 
ost fun
tion JI for the p I/O system, we �ndthe partial derivatives for all C·i and set them equal to zero,

∂JI

∂C·i
= 0. (2.118)The derivatives are then written out in the same way as before

∂JI

∂C·1
= 2G1C·1 + 2ω21G2C·1 + · · ·+ 2ωp1GpC·1 − 2D1 = 0

∂JI

∂C·2
= 2ω12G1C·2 + 2G2C·2 + · · ·+ 2ωp2GpC·2 − 2D2 = 0... (2.119)

∂JI

∂C·p
= 2ω1pG1C·p + 2ω2pG2C·p + · · ·+ 2GpC·p − 2Dp = 0whi
h we rewrite as

(G1 + ω21G2 + · · ·+ ωp1Gp) C·1 = D1

(2ω12G1 + G2 + · · ·+ ωp2Gp) C·2 = D2... (2.120)
(ω1pG1 + ω2pG2 + · · ·+ Gp) C·p = Dp.2.2.4 Step responseFor the general 
ase the step response for the element transfer fun
tion ij in theopen loop TFM G(s)C(s) is de�ned in the same way as for the 2 I/O systempreviously,

yS,ij(t) =

∫ t

0

yI,ij(u)du

= CT
·jB

T
i·

∫ t

0

Yb(u)dt (2.121)
= ŷS,ij(t) + yS,ij(t).The same goes for the transient and stationary parts of the step response

ŷS,ij(t) = CT
·jB

T
i·Y

(−1)
b (t), (2.122)26



CHAPTER 2. SQUARE MIMO SYSTEMS
yS,ij(t) = CT

·jB
T
i·

(

[

1
a0

0 · · · 0
]

1×n

)T

=
b0,i·
a0

KI,·j. (2.123)Now b0,i· and KI,·j are de�ned as
KI·i =

[

KI1i KI2i · · · KIpi

]T (2.124)and
b0,i· =

[

b0,i1 b0,i2 · · · b0,ip
]

. (2.125)The matri
es A(−1)
n×n , A(−1)

ri(nri×nri)
, H(−1)

i(n×nri)
and M

(−1)
i(1×1) are all de�ned in thesame way as before, see Equations (2.71), (2.75), (2.73) and (2.76). The matri
es

D
(−1)
i(3p×1) and G

(−1)
i(3p×3p) are expanded for the general 
ase.

D
(−1)
i(3p×1) = BT

i·H
(−1)Bri (2.126)

G
(−1)
i(3p×3p) = BT

i·A
(−1)Bi· (2.127)2.2.5 Step response 
ost fun
tionWhen �nding the 
ost fun
tion for the step response, the same applies for the

p I/O system as for the 3 I/O system. We want to minimize the di�eren
ebetween every transfer fun
tion in the transfer fun
tion matrix G(s)C(s) andthe referen
e system transfer fun
tion matrix. We separate the transient andstationary parts of the 
ost fun
tion, the transient part be
omes
ĴS =

∫

∞

0

[(ŷS11(t) − ŷSr1(t))
2 + ω12(ŷS12(t) − 0)2 + · · ·+ ω1p(ŷS1p(t) − 0)2

+ ω21(ŷS21(t) − 0)2 + (ŷS22(t) − ŷSr2(t))
2 + · · · + ω2p(ŷS2p(t) − 0)2... (2.128)

+ ωp1(ŷSp1(t) − 0)2 + ωp2(ŷSp2(t) − 0)2 + · · · + (ŷSpp(t) − ŷSrp(t))
2]dt,with ∫∞

0 (ŷSii − ŷS,ri)
2dt given by

∫ ∞

0

(ŷSii − ŷS,ri)
2dt = CT

·iG
(−1)
i C·i − 2CT

·iD
(−1)
i +M

(−1)
i (2.129)and ∫∞

0 ωij(ŷSij(t)− 0)2dt given by
∫ ∞

0

ωij(ŷSij(t)− 0)2dt = ωijC
T
·jG

(i)
i C·j (2.130)The stationary parts of the 
ontrolled system and the referen
e system have tobe the same for the 
ost fun
tion to remain �nite. These 
onstraints are givenby 27



2.2. GENERAL CASE: P CONTROL INPUTS AND P OUTPUTS
b0,i·
a0

KI,·i =
b0,ri
a0,ri

b0,i·
a0

KI,·j = 0, i 6= j. (2.131)
These 
onstraints are then in
luded by augmenting ĴS with a Lagrangian fun
-tion,

JS,λ = ĴS + λ11





b0,1·

a0

KI·1 −
b0,r1

a0,r1



 + λ12

(

b0,1·

a0

KI·2

)

+ · · · + λ1p

(

b0,1·

a0

KI·p

)

+ λ21

(

b0,2·

a0

KI·1

)

+ λ22





b0,2·

a0

KI·2 −
b0,r2

a0,r2



 + · · · + λ2p

(

b0,2·

a0

KI·p

)... (2.132)
+ λp1

(

b0,p·

a0

KI·1

)

+ λp2

(

b0,p·

a0

KI·2

)

+ · · · + λpp





b0,p·

a0

KI·p −
b0,rp

a0,rp



 .

2.2.6 Step response minimizationThe next step in �nding the PID 
oe�
ients is minimizing the Lagrangian stepresponse 
ost fun
tion JS,λ. That is done by �nding all partial derivatives of
JS,λ with respe
t to all C·i and all λ·i. Then we set them all to zero

∂JS,λ

∂C·i
= 0 (2.133)and

∂JS,λ

∂λ·i
= 0. (2.134)28



CHAPTER 2. SQUARE MIMO SYSTEMSWriting them out gives,
∂JS,λ

∂C·1
= 2G

(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + · · ·+ 2ωp1G

(−1)
p C·1

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · ·+ b0,·pu

T
3p−2

)T
λ·1 = 0

∂JS,λ

∂C·2
= 2ω12G

(−1)
1 C·2 + 2G

(−1)
2 C·2 − 2D

(−1)
2 + · · ·+ 2ωp2G

(−1)
p C·2

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · ·+ b0,·pu

T
3p−2

)T
λ·2 = 0...

∂JS,λ

∂C·p
= 2ω1pG

(−1)
1 C·p + 2ω2pG

(−1)
2 C·p + · · ·+ 2G(−1)

p C·p − 2D(−1)
p (2.135)

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · ·+ b0,·pu

T
3p−2

)T
λ·p = 0

∂JS,λ

∂λ·1
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · ·+ b0,·pu

T
3p−2

)

C·1 −





b0,r1
a0,r1

0
0



 = 0

∂JS,λ

∂λ·2
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · ·+ b0,·hu

T
3p−2

)

C·2 −





b0,r2
a0,r2

0
0



 = 0...
∂JS,λ

∂λ·p
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · ·+ b0,·pu

T
3p−2

)

C·p −





b0,rp
a0,rp

0
0



 = 0.As in the three I/O system, the partial derivatives in Equation (2.135) 
an bewritten in the very 
ompa
t matrix form as

29



2.2. GENERAL CASE: P CONTROL INPUTS AND P OUTPUTS












[

G
(−1)
1 +ω21G

(−1)
2 +···+ωp1G

(−1)
p

]

3p×3p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +···+b·p,0uT
3p−2

]T

3p×p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +···+b·p,0u3p−2

]

p×3p
[0]p×p













[

[C·1]3p×1
[λ·1]p×1

]

=





























[

D
(−1)
1

]

3p×1


















b0,r1
a0,r1

0...
0



















p×1



































ω12G
(−1)
1 +G

(−1)
2 +···+ωp2G

(−1)
p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]T

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]

0







[

C·2
λ·2

]

=

























D
(−1)
2
0

b0,r2
a0,r

0...
0

























(2.136)...






ω1pG
(−1)
1 +ω2pG

(−1)
2 +···+G

(−1)
p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]T

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]

0







[

C·p
λ·p

]

=



















D
(−1)
p
0...

b0,rp
a0,r3

















These matri
es 
an be used to �nd a MIMO PID 
ontroller for a linear MIMOsystem with a square TFM and results in a 
lose to a de
oupled system. Seethe Appendix for the Matlab 
ode use to set up these matri
es and to solve theresulting linear system of equations.
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Chapter 3Non square systemsIn Chapter 2 a MIMO 
ontroller was designed for a system with p I/O. Wenow assume that the system does not have equal numbers of 
ontrol inputs andoutputs, rather that it has r 
ontrol inputs and p outputs. We want to design anoptimized MIMO PID 
ontroller that makes the 
ontrolled 
losed loop systemin Figure (3.1) behave like the 
losed loop referen
e system in Figure (3.2).
v(t)

p
+

−

e(t)
1
s p

C(s)
u(t)

r
G(s)

y(t)

pFigure 3.1: A 
ontrolled 
losed loop MIMO system with r 
ontrol inputs and poutputs.
v(t)

p
+

−

e(t)
1
s Gr(s)

y(t)

p

Figure 3.2: A MIMO referen
e system.3.1 Systems with three 
ontrol inputs and twooutputsWe begin by looking at a system with three 
ontrol inputs (r = 3) and twooutputs (p = 2), whi
h has the following TFM
G(s) =

[

G11(s) G12(s) G13(s)
G21(s) G22(s) G23(s)

] (3.1)31



3.1. SYSTEMS WITH THREE CONTROL INPUTS AND TWO OUTPUTSThe 
ontroller C(s) is then 
hosen as
C(s) =





c11(s) c12(s)
c21(s) c22(s)
c31(s) c32(s)



 . (3.2)With this 
ontroller the open loop system G(s)C(s) is a square system with a
2× 2 TFM given by

G(s)C(s) =

[

G11(s)c11(s) + G12(s)c21(s) + G13(s)c31(s) G11(s)c12(s) + G12(s)c22(s) + G13(s)c32(s)
G21(s)c11(s) + G22(s)c21(s) + G23(s)c31(s) G21(s)c12(s) + G22(s)c22(s) + G23(s)c32(s)

]

. (3.3)Sin
e G(s)C(s) has a square TFM the 
losed loop system will have the samenumbers of referen
e inputs and outputs. In this 
ase the 
losed loop 
ontrolledsystem will be a 2 I/O system. The open loop referen
e system has to have aTFM of the same size as the open loop system G(s)C(s). Sin
e we have a 2× 2TFM for G(s)C(s) the referen
e system will also be a 2× 2 TFM
Gr(s) =

[

Gr1(s) 0
0 Gr2(s)

]

. (3.4)The TFM for the referen
e system is 
hosen to be on a diagonal form sin
e wewant referen
e input 1 only to e�e
t output 1 and referen
e input 2 only toe�e
t output 2. The transfer fun
tions Gij(s), Gri(s) and cij(s) are all de�nedin the same way as before as
Gij(s) =

bij(s)

a(s)
=

bmij ,ijs
mij + bmij−1,ijs

mij−1 + · · ·+ b1,ijs+ b0,ij

sn + an−1sn−1 + · · ·+ a0
, (3.5)

Gri(s) =
bmri,ris

mri + bmri−1,ris
mri−1 + · · ·+ b1,ris+ b0,ri

snri + anri−1,risnri−1 + · · ·+ a0,ri
, (3.6)

Gri =
bri(s)

ari(s)
=

ω2
ri

s+ 2ζriωri
, (3.7)and

cij(s) = KDijs
2 +KPijs+KIij . (3.8)The same applies to the nonsquare systems and to the square systems, thetransfer fun
tions Gij(s) have to satisfy mij + 2 < n and Gri have to satisfy

mri = nri − 1. 32



CHAPTER 3. NON SQUARE SYSTEMS3.1.1 Impulse responseThe impulse responses for the TFM G(s)C(s) are found in the same way asbefore. The ve
tors C·i and Bj· 
an be written as
C·i =





C1i
C2i
C3i





3r×1

(3.9)
Bj· =

[

Bj1 Bj2 Bj3

]

n×3r
, (3.10)where Cij is a ve
tor with the PID 
oe�
ients and Bij is the 
onvolution matrixboth de�ned as before. Then we 
an write

CT
·iB

T
j· = CT

1iB
T
j1 + CT

2iB
T
j2 + CT

3iB
T
j3. (3.11)The impulse response is

yI11 = L
−1







1

a(s)

[

b11(s) b12(s) b13(s)
]





c11(s)
c21(s)
c31(s)











= L
−1

{

b11(s)c11(s) + b12(s)c21(s) + b13c31(s)

a(s)

}

=
[

CT
11B

T
11 + CT

21B
T
12 + CT

31B
T
13

]

Yb(t) = CT
·1B

T
1·Yb(t)

yI12 = CT
·2B

T
1·Yb(t)

yI21 = CT
·1B

T
2·Yb(t) (3.12)

yI22 = CT
·2B

T
2·Yb(t)The impulse response for the referen
e system is given by

yIr1(t) = BT
r1Yb,r1(t)

yIr2(t) = BT
r2Yb,r2(t), (3.13)where Ybr1(t) and Ybr2(t) are de�ned as

Ybr1(t) =
[

ybr1(t) y
′

br1(t) · · · ynr1−1
br1 (t)

]T

Ybr2(t) =
[

ybr2(t) y
′

br2(t) · · · ynr2−1
br2 (t)

]T (3.14)3.1.2 Impulse response 
ost fun
tionWith the impulse response known for both the 
losed loop system and thereferen
e system it is possible to set up the 
ost fun
tion as33



3.1. SYSTEMS WITH THREE CONTROL INPUTS AND TWO OUTPUTS
JI =

∫∞

0
[(yI11 − yIr1)

2 + ω12(yI12 − 0)2

+ω21(yI21 − 0)2 + (yI22 − yIr2)
2]dt

(3.15)where the ωij 
onstants are weight 
oe�
ients 
ontrolling the de
oupling asbefore. Further, the following matri
es do not 
hange
An×n =

∫ ∞

0

Yb(t)Y
T
b (t)dt, (3.16)

Gi(9×9) =





BT
i1

BT
i2

BT
i3



A
[

Bi1 Bi2 Bi3

]

= BT
i·ABi·, (3.17)

Hi(n×nri) =

∫ ∞

0

Yb(t)Y
T
b,ri(t)dt, (3.18)

Di(9×1) = BT
i·HiBri, (3.19)

Ari(nri×nri) =

∫ ∞

0

Yb,ri(t)Y
T
b,ri(t)dt, (3.20)and

Mi(1×1) = BT
riAriBri, (3.21)Parts of the 
ost fun
tion 
an be written as

∫

∞

0

(yI11(t) − yIr1(t))
2 dt = C

T
·1G1C·1 − 2CT

·1D1 + M1

ω12

∫

∞

0

(yI12(t) − 0)2 dt = ω12C
T
·2G1C·2

ω21

∫

∞

0

(yI21(t) − 0)2 dt = ω21C
T
·1G2C·1 (3.22)

∫

∞

0

(yI22(t) − yIr2(t))
2 dt = C

T
·2G2C·2 − 2CT

·2D2 + M23.1.3 Impulse response minimizationThe minimization is done by �nding the partial derivatives of the 
ost fun
tionwith respe
t to the PID 
ontroller 
oe�
ients and setting them equal to zero,
∂JI

∂C·i
= 0. (3.23)Writing them out gives

∂JI

∂C·1
= 2G1C·1 − 2D1 + 2ω21G2C·1 = 0,

∂JI

∂C·2
= 2G2C·2 − 2D2 + 2ω12G1C·2 = 0, (3.24)resulting in the following linear equations34



CHAPTER 3. NON SQUARE SYSTEMS
(G1 + ω21G2) C·1 = D1

(ω12G1 + G2) C·2 = D2 (3.25)This determines all six PID 
ontroller 
oe�
ients.3.1.4 Step responseWe de�ne the step response for the transfer fun
tion ij in the open loop TFM
G(s)C(s) as

yS,ij =

∫ t

0

yI,ij(u)du

= CT
·jB

T
i·

∫ t

0

Yb(u)du (3.26)
= ŷS,ij(t) + yS,ij(t),with ŷS,ij(t) and yS,ij(t) denoting the transient and stationary parts, respe
-tively. They are de�ned in the same way as before as

ŷS,ij(t) = CT
·jB

T
i·Y

(−1)
b (t) (3.27)and

yS,ij(t) = CT
·jB

T
i·

(

[

1
a0

0 · · · 0
]

1×n

)T

=
b0,i·
a0

KI,·j (3.28)where b0,i· and KI,·j are de�ned as
KI,·i =

[

KI,1i KI,2i KI,3i

]T

3×1
(3.29)and

b0,i· =
[

b0,i1 b0,i2 b0,i3
]

1×3
. (3.30)

y
(−1)
b (t), Y

(−1)
b (t), ŷS,ri(t), y

(−1)
b,ri (t) and Y

(−1)
b,ri (t) are all de�ned as before inEquations (2.60), (2.61), (2.67), (2.69) and (2.70). Finally we de�ne A(−1),

G
(−1)
i , M(−1)

i and H
(−1)
i as
A

(−1)
n×n =

∫ ∞

0

Y
(−1)
b (t)Y

(−1)
b (t)T dt (3.31)

G
(−1)
i(9×9) =





BT
i1

BT
i2

BT
i3



A(−1)
[

Bi1 Bi2 Bi3

]

= BT
i·A

(−1)Bi· (3.32)35



3.1. SYSTEMS WITH THREE CONTROL INPUTS AND TWO OUTPUTS
H

(−1)
i(n×nri)

=

∫ ∞

0

Y
(−1)
b (t)Y

(−1)
b,ri (t)T dt, (3.33)

D
(−1)
i(9×1) = BT

i·H
(−1)
i Bri, (3.34)

A
(−1)
ri((nri−1)×(nri−1)) =

∫ ∞

0

Y
(−1)
b,ri (t)Y

(−1)
b,ri (t)T dt, (3.35)and

M
(−1)
i(1×1) = BT

riA
(−1)
ri Bri. (3.36)3.1.5 Step response 
ost fun
tionThe 
ost fun
tion is split up into the transient and stationary part in the sameway as for square systems. The transient part is

ĴS =
∫∞

0
[(ŷS11 − ŷSr1)

2 + ω12(ŷS12 − 0)2

+ω21(ŷS21 − 0)2 + (ŷS22 − ŷSr2)
2]dt

, (3.37)where the parts of the 
ost fun
tion are given by
∫

∞

0

(ŷS11(t) − ŷSr1(t))
2 dt = C

T
·1G

(−1)
1 C·1 − 2CT

·1D
(−1)
1 + M

(−1)
1

ω12

∫

∞

0

(ŷS12(t) − 0)2 dt = ω12C
T
·2G

(−1)
1 C·2

ω21

∫

∞

0

(ŷS21(t) − 0)2 dt = ω21C
T
·1G

(−1)
2 C·1 (3.38)

∫

∞

0

(ŷS22(t) − ŷSr2(t))
2 dt = C

T
·2G

(−1)
2 C·2 − 2CT

·2D
(−1)
2 + M

(−1)
2 .In order for this 
ost fun
tion to be �nite the stationary part has to be the samefor the 
ontrolled system and the referen
e system. This means we have thefollowing 
onstraints

b0,r1
a0,r1

=
b0,11
a0

KI11 +
b0,12
a0

KI21 +
b0,13
a0

KI31 =
b0,1·
a0

KI,·1

0 =
b0,1·
a0

KI·2

0 =
b0,2·
a0

KI·1 (3.39)
b0,r2
a0,r2

=
b0,2·
a0

KI·2These 
onstaints are in
luded in the same way as before by augmenting ĴS witha Lagrangian fun
tion,
JS,λ = ĴS + λ11

(

b0,1·

a0

KI·1 −
b0,r1

a0,r1

)

+ λ12

(

b0,1·

a0

KI·2

)

+ λ21

(

b0,2·

a0

KI·1

)

+ λ22

(

b0,2·

a0

KI·2 −
b0,r2

a0,r2

)

. (3.40)36



CHAPTER 3. NON SQUARE SYSTEMS3.1.6 Step response minimizationMinimizing the 
ost fun
tion JS,λ is done in the same way as before by �ndingall partial derivatives and setting them equal to zero
∂JS,λ

∂C·i
= 0

∂JS,λ

∂λ·i
= 0. (3.41)These derivatives 
an be written as

∂JS,λ

∂C·1
= 2G

(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

λ·1 = 0

∂JS,λ

∂C·2
= 2ω12G

(−1)
1 C·2 + 2G

(−1)
2 C·2 − 2D

(−1)
2

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

λ·2 = 0 (3.42)
∂JS,λ

∂λ·1
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

C·1 −

[

b0,r1
a0,r1

0

]

= 0

∂JS,λ

∂λ·2
=

1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + b0,·3u

T
7

)

C·2 −

[

0
b0,r2
a0,r2

]

= 0.Here uk is a unit 
olumn ve
tor of size 9 with the k-th element as 1. Equation(3.42) 
an then be rewritten in a 
ompa
t matrix form as












[

G
(−1)
1 + ω21G

(−1)
2

]

9×9

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]T

9×2

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]

2×9

[

0 0
0 0

]

2×2













[

[C·1]9×1
[λ·1]2×1

]

=















[

D
(−1)
1

]

9×1




b0,r1
a0,r1

0





2×1





















ω12G
(−1)
1

+ G
(−1)
2

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]T

1
a0

[

b0,1·u
T
1 + b0,2·u

T
4 + b0,3·u

T
7

]

0







[

C·2
λ·2

]

=











D
(−1)
2
0

b0,r2
a0,r2











(3.43)3.2 General 
ase: r 
ontrol inputs and p outputsWe now look at the general 
ase with r 
ontrol inputs and p outputs where theTFM G(s) is given by
G(s) =







G11(s) G12(s) · · · G1r(s)...
Gp1(s) Gp2(s) · · · Gpr(s)






. (3.44)37



3.2. GENERAL CASE: R CONTROL INPUTS AND P OUTPUTSThe TFM for the 
ontroller is a r × p matrix
1

s
C(s) =

1

s







c11(s) c12(s) · · · c1p(s)...
cr1(s) cr2(s) · · · crp(s)






. (3.45)Then G(s)C(s) will be a TFM of size p× p, and the referen
e system will be aTFM of size p× p

Gr(s) =











Gr1(s) 0 · · · 0
0 Gr2(s) · · · 0... . . .
0 0 · · · Grp











. (3.46)
3.2.1 Impulse responseBefore writing out the impulse response, we need to de�ne C·i and Bj· as

C·i =











C1i
C2i...
Cri











3r×1

(3.47)
Bj· =

[

Bj1 Bj2 · · · Bjr

]

n×3r
, (3.48)where Cij is a ve
tor with the PID 
oe�
ients and Bij is a 
onvolution matrixde�ned as before. Now it is possible to write

CT
·iB

T
j· = CT

1iB
T
j1 + CT

2iB
T
j2 + · · ·+ CT

riB
T
jr. (3.49)with yb,ri and Yb,ri(t) de�ned in the same way as before.38



CHAPTER 3. NON SQUARE SYSTEMS
yI11 = L

−1



















1

a(s)

[

b11(s) b12(s) · · · b1r(s)
]











c11(s)
c21(s)...
cr1(s)





























= L
−1

{

b11(s)c11(s) + b12(s)c21(s) + · · ·+ b1rcr1(s)

a(s)

}

=
[

CT
11B

T
11 + CT

21B
T
12 + · · ·+ CT

r1B
T
1r

]

Yb(t) = CT
·1B

T
1·Yb(t)

yI12 = CT
·2B

T
1·Yb(t)...

yI1p = CT
·pB

T
1·Yb(t)

yI21 = CT
·1B

T
2·Yb(t) (3.50)...

yI2p = CT
·pB

T
2·Yb(t)...

yIp1 = CT
·1B

T
p·Yb(t)...

yIpp = CT
·pB

T
p·Yb(t).Both yb(t) and Yb(t) are de�ned in the same way as before. The impulse responsefor the referen
e system is given by

yIr1 = BT
r1Yb,r1(t)

yIr2 = BT
r2Yb,r2(t)... (3.51)

yIrp = BT
rpYb,rp(t)and

BT
r1 =

[

b0,r1 · · · bnr1−1,r1

]

BT
r2 =

[

b0,r2 · · · bnr2−1,r2

] (3.52)...
BT
rp =

[

b0,rp · · · bnrp−1,rp

]

.39



3.2. GENERAL CASE: R CONTROL INPUTS AND P OUTPUTS3.2.2 Impulse response 
ost fun
tionConsider the 
ost fun
tion
J =

∫ ∞

0
[(yI11(t) − yIr1(t))

2 + ω12(yI12(t) − 0)2 + · · ·+ ω1p(yI1p(t) − 0)2

+ ω21(yI21(t) − 0)2 + (yI22(t) − yIr2(t))
2 + · · ·+ ω2p(yI2p(t) − 0)2... (3.53)

+ ωp1(yIp1(t) − 0)2 + ωp2(yIp2(t) − 0)2 + · · ·+ (yIpp(t) − yIrp(t))
2 ]dtwhere the ωij 
onstants are weight 
oe�
ients 
ontrolling the de
oupling asbefore. Again, to simplify the notation, the following matri
es are intodu
ed

An×n =

∫ ∞

0

Yb(t)Y
T
b (t)dt, (3.54)

Gi(3r×3r) =











BT
i1

BT
i2...

BT
ir











A
[

Bi1 Bi2 · · · Bir

]

= BT
i·ABi·, (3.55)

Hi(n×(nri−1)) =

∫ ∞

0

Yb(t)Y
T
b,ri(t)dt, (3.56)

Di(3r×1) = BT
i·HiBri, (3.57)

Ari((nri−1)×(nri−1)) =

∫ ∞

0

Yb,ri(t)Y
T
b,ri(t)dt, (3.58)and

Mi(1×1) = BT
riAriBri. (3.59)Parts of the 
ost fun
tion 
an be written as

∫ ∞

0

(yI,ii(t)− yI,ri(t))
2dt = CT

·iGiC·i − 2CT
·iDi +Mi

∫ ∞

0

(yI,ij(t)− 0)2dt = ωijC
T
·jGiC·j (3.60)3.2.3 Impulse response minimizationTo minimize the impulse response all partial derivatives of the 
ost fun
tionwith respe
t to the PID 
ontroller 
oe�
ents are set to zero

∂JI

∂C·i
= 0. (3.61)The derivatives are then written out as40



CHAPTER 3. NON SQUARE SYSTEMS
∂JI

∂C·1
= 2G1C·1 + 2ω21G2C·1 + · · ·+ 2ωp1GpC·1 − 2D1 = 0

∂JI

∂C·2
= 2ω12G1C·2 + 2G2C·2 + · · ·+ 2ωp2GpC·2 − 2D2 = 0 (3.62)...

∂JI

∂C·p
= 2ω1pG1C·p + 2ω2pG2C·p + · · ·+ 2GpC·p − 2Dp = 0,resulting in the following linear system of equations

(G1 + ω21G2 + · · ·+ ωp1Gp) C·1 = D1

(ω12G1 + G2 + · · ·+ ωp2Gp) C·2 = D2 (3.63)...
(ω1pG1 + ω2pG2 + · · ·+ Gp) C·p = Dpthat determines the PID 
ontrollers 
oe�
ents, for all the r · p PID 
ontrollerin the MIMO PID 
ontrollers.3.2.4 Step responseThe step response for the elements transfer fun
tions in the TFM G(s)C(s) isde�ned in the same way as before as

yS,ij =

∫ t

0

yI,ij(u)du

= CT
·jB

T
i·

∫ t

0

Yb(u)du (3.64)
= ŷS,ij(t) + yS,ij(t),again with ŷS,ij(t) and yS,ij(t) as the transient and stationary parts, respe
-tively. They are given by

ŷS,ij(t) = CT
·jB

T
i·Y

(−1)
b (t) (3.65)and

yS,ij(t) = CT
·jB

T
i·

(

[

1
a0

0 · · · 0
]

1×n

)T

=
b0,i·
a0

KI,·j (3.66)with b0,i· and KI,·j given by
KI,·i =

[

KI,1i KI,2i · · · KI,ri

] (3.67)41



3.2. GENERAL CASE: R CONTROL INPUTS AND P OUTPUTSand
b0,i· =

[

b0,i1 b0,i2 · · · b0,ir
]

. (3.68)The matri
es A(−1)
n×n , G(−1)

i(3r×3r), H(−1)
i(n×(nri−1)), D(−1)

i(3r×1), A(−1)
ri((nri−1)×(nri−1)) and

M
(−1)
i(1×1) are de�ned as

A
(−1)
n×n =

∫ ∞

0

Y
(−1)
b (t)Y

(−1)
b (t)T dt, (3.69)

G
(−1)
i(3r×3r) =











BT
i1

BT
i2...

BT
ir











A(−1)
[

Bi1 Bi2 · · · Bir

]

= BT
i·A

(−1)Bi· (3.70)
H

(−1)
i(n×(nri−1)) =

∫ ∞

0

Y
(−1)
b (t)Y

(−1)
b,ri (t)T dt, (3.71)

D
(−1)
i(3r×1) = BT

i·H
(−1)
i Bri, (3.72)

A
(−1)
ri((nri−1)×(nri−1)) =

∫ ∞

0

Y
(−1)
b,ri (t)Y

(−1)
b,ri (t)T dt, (3.73)and

M
(−1)
i(1×1) = BT

riA
(−1)
ri Bri. (3.74)3.2.5 Step response 
ost fun
tionLike before we begin by looking at the transient part of the 
ost fun
tion

ĴS =

∫

∞

0

[(ŷS11(t) − ŷSr1(t))
2
+ ω12(ŷS12(t) − 0)

2
+ · · · + ω1p(ŷS1p(t) − 0)

2

+ ω21(ŷS21(t) − 0)2 + (ŷS22(t) − ŷSr2(t))
2 + · · · + ω2p(ŷS2p(t) − 0)2... (3.75)

+ ωp1(ŷSp1(t) − 0)2 + ωp2(ŷSp2(t) − 0)2 + · · · + (ŷSpp(t) − ŷSrp(t))
2]dt,with ∫∞

0
(ŷSii − ŷS,ri)

2dt given by
∫ ∞

0

(ŷSii − ŷS,ri)
2dt = CT

·iG
(−1)
i C·i − 2CT

·iD
(−1)
i +M

(−1)
i (3.76)and ∫∞

0 ωij(ŷSij(t)− 0)2dt given by
∫ ∞

0

ωij(ŷSij(t)− 0)2dt = ωijC
T
·jG

(i)
i C·j (3.77)42



CHAPTER 3. NON SQUARE SYSTEMSAgain for the 
ost fun
tion to be �nite the stationary part has to be the same forthe 
ontrolled system and the referen
e system. This results in the 
onstraints
b0,i·
a0

KI,·i =
b0,ri
a0,ri

b0,i·
a0

KI,·j = 0, i 6= j. (3.78)Like for all the previous 
ost fun
tions for step responses, we augment it with aLagrangian fun
tion to in
lude these 
onstraints
JS,λ = ĴS + λ11





b0,1·

a0

KI·1 −
b0,r1

a0,r1



 + λ12

(

b0,1·

a0

KI·2

)

+ · · · + λ1p

(

b0,1·

a0

KI·p

)

+ λ21

(

b0,2·

a0

KI·1

)

+ λ22





b0,2·

a0

KI·2 −
b0,r2

a0,r2



 + · · · + λ2p

(

b0,2·

a0

KI·p

)... (3.79)
+ λp1

(

b0,p·

a0

KI·1

)

+ λp2

(

b0,p·

a0

KI·2

)

+ · · · + λpp





b0,p·

a0

KI·p −
b0,rp

a0,rp



 .3.2.6 Step response minimizationNow we minimize the step response 
ost fun
tion by �nding all the partialderivatives and setting them equal to zero
∂JS,λ

∂C·i
= 0

∂JS,λ

∂λ·i
= 0. (3.80)Writing them out gives

∂JS,λ

∂C·1

= 2G
(−1)
1 C·1 − 2D

(−1)
1 + 2ω21G

(−1)
2 C·1 + · · · + 2ωp1G

(−1)
p C·1

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · · + b0,·pu

T
3p−2

)T
λ·1 = 0

∂JS,λ

∂C·2

= 2ω12G
(−1)
1

C·2 + 2G
(−1)
2

C·2 − 2D
(−1)
2

+ · · · + 2ωp2G
(−1)
p C·2 (3.81)

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · · + b0,·pu

T
3p−2

)T
λ·2 = 0...

∂JS,λ

∂C·p

= 2ω1pG
(−1)
1

C·p + 2ω2pG
(−1)
2

C·p + · · · + 2G
(−1)
p C·p − 2D

(−1)
p

+
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · · + b0,·pu

T
3p−2

)T
λ·p = 043



3.2. GENERAL CASE: R CONTROL INPUTS AND P OUTPUTSand for the λij

∂JS,λ

∂λ·1

=
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · · + b0,·pu

T
3p−2

)

C·1 −



















b0,r1
a0,r1

0...
0



















= 0

∂JS,λ

∂λ·2

=
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · · + b0,·hu

T
3p−2

)

C·2 −























0
b0,r2
a0,r2

0...
0























= 0 (3.82)...
∂JS,λ

∂λ·p

=
1

a0

(

b0,·1u
T
1 + b0,·2u

T
4 + · · · + b0,·pu

T
3p−2

)

C·p −



















0...
0

b0,rp
a0,rp



















= 0.Now uk is a 
olumn ve
tor of size 3r with the k-th element as 1. It is worth men-tioning that the derivatives above are the same as for the square system G(s),be
ause the open loop system G(s)C(s) is a square system. These derivatives
an be rewritten in a 
ompa
t matrix form as












[

G
(−1)
1 +ω21G

(−1)
2 +···+ωp1G

(−1)
p

]

3r×3r

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0uT
3p−2

]T

3r×p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]

p×3r
[0]p×p













[

[C·1]3r×1
[λ·1]p×1

]

=



























[

D
(−1)
1

]

3r×1


















b0,r1
a0,r1

0...
0



















p×1

































ω12G
(−1)
1

+G
(−1)
2

+···+ωp2G
(−1)
p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]T

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]

0







[

C·2
λ·2

]

=

























D
(−1)
2
0

b0,r2
a0,r2

0...
0

























(3.83)...






ω1pG
(−1)
1

+ω2pG
(−1)
2

+···+G
(−1)
p

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]T

1
a0

[

b·1,0uT
1 +b·2,0uT

4 +·+b·p,0u3p−2

]

0







[

C·p
λ·p

]

=



















D
(−1)
p
0...

b0,rp
a0,r3

















3.2.7 More outputs than 
ontrol inputsIt is only possible to �nd an optimized MIMO PID 
ontroller if the number of
ontrol inputs is higher or equal to the number of outputs, r ≥ p. This is dueto the fa
t that it is impossible to solve Equation (3.83) unless the matrix
1

a0

[

b·1,0u
T
1 + b·2,0u

T
4 + ·+ b·p,0u3p−2

]

p×3r44



CHAPTER 3. NON SQUARE SYSTEMShas rank p or higher. The matrix only has rank p or higher if r ≥ p sin
e thematrix 
an only have rank as high as r. This is be
ause the matrix has p rowve
tors and ea
h row ve
tor has 3r elements but only r elements are nonzero,and they are in the same positions for all the rows. The same elements arealways nonzero for all the row ve
tors. For example if p = 3 and r = 2 then
1

a0

[

b·1,0u
T
1 + b·2,0u

T
4 + ·+ b·p,0u3p−2

]

p×3r
=





x 0 0 x 0 0
x 0 0 x 0 0
x 0 0 x 0 0



 , (3.84)where x is a nonzero element. In this example, the matrix 
an never have arank higher than two when r = 2. Another way to show this would be to lookat how the inverse of a blo
k matrix is found, see [39℄.
[

X ZT

Z 0

]

−1

=

[

X−1 − X−1ZT (ZX−1ZT )−1ZTX−1 −X−1Z(−ZX−1ZT )−1

(ZX−1ZT )−1ZTX−1 (−ZX−1ZT )−1

] (3.85)This well known equation is only valid if X−1 and (−ZX−1ZT )−1 exist. If Z isa p× 3r matrix and if X is a 3r × 3r matrix, then (−ZX−1ZT ) will be a p× pmatrix. This p × p matrix is only invertible if it has rank p. It will only haverank p if Z has rank p or higher. These are also ne
essary 
onditions for theoverall matrix to be invertable.
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Chapter 4Examples
4.1 A system with 2 
ontrol inputs and 2 outputsWe begin by �nding the optimized MIMO PID 
ontroller for an arbitrarily
hosen 2 I/O system given by

G(s) =
1

a(s)

[

s2 + 3s+ 2 s2 + 10s+ 9
s+ 10 −5

]

=
1

a(s)

[

(s+ 2)(s+ 1) (s+ 9)(s+ 1)
s+ 10 −5

] (4.1)where
1

a(s)
=

1

s5 + 15s4 + 85s3 + 225s2 + 274s+ 120

=
1

(s+ 1)(s+ 2)(s+ 3)(s+ 4)(s+ 5)
. (4.2)A referen
e system that meets our design requirements is 
hosen

Gr =

[ 0.723
s+1.53 0

0 0.5
s+1

]

, (4.3)whi
h results in the 
losed loop referen
e system
Gr,cl =

[ 0.7230
s2+1.53s+0.723 0

0 0.5
s2+1s+0.5

]

. (4.4)The Bij matri
es for the system are 47



4.1. A SYSTEM WITH 2 CONTROL INPUTS AND 2 OUTPUTS
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Figure 4.1: Impulse response for the open loop system G(s).
B11 =













2 0 0
3 2 0
1 3 2
0 1 3
0 0 1













B12 =













9 0 0
10 9 0
1 10 9
0 1 10
0 0 1













B21 =













10 0 0
1 10 0
0 1 10
0 0 1
0 0 0













B22 =













−5 0 0
0 −5 0
0 0 −5
0 0 0
0 0 0













(4.5)
4.1.1 Impulse optimizationWe begin by optimizing using the impulse response. The impulse response forthe system G(s) is shown in Figure 4.1, we want it to look more like the impulseresponse for the open loop referen
e system shown in Figure 4.2. Lets beginthe optimization by using the Matlab fun
tion lyap to �nd the matrix A

A =













0.000019290123457 0 −0.000013778659612 · · ·

0 0.000013778659612 0 · · ·

−0.000013778659612 0 0.000052358906526 · · ·

0 −0.000052358906526 0 · · ·

0.000052358906526 0 −0.000675154320988 · · ·

0 0.000052358906526
−0.000052358906526 0

0 −0.000675154320988
0.000675154320988 0

0 0.043041776895944













(4.6)We have two Di matri
es 48
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Figure 4.2: Impulse response for the open loop referen
e system.
D1 =

















0.0044
0.0068
0.0103
0.0132
0.0202
0.0309

















and D2 =

















0.0076
0.0076
0.0076
−0.0035
−0.0035
−0.0035

















, (4.7)
With ωij = 10 this gives us the following two matrix equations

















0.0196 0 −0.0153 −0.0090 −0.0002 0.0050
0 0.0153 0 0.0002 −0.0050 0.0025

−0.0153 0.0000 0.1057 0.0050 −0.0025 0.0306
−0.0090 0.0002 0.0050 0.0076 0 −0.0095
−0.0002 −0.0050 −0.0025 −0.0000 0.0095 0
0.0050 0.0025 0.0306 −0.0095 0 0.1157

































KI11

KP11

KD11

KI21

KP21

KD21

















=

















0.0044
0.0068
0.0103
0.0132
0.0202
0.0309

















(4.8)
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4.1. A SYSTEM WITH 2 CONTROL INPUTS AND 2 OUTPUTS
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Figure 4.3: Impulse response for the open loop system with the 
ontroller inEquation 4.10.and
















0.0039 0 −0.0114 0.0056 0.0046 −0.0185
0 0.0114 0 −0.0046 0.0185 0.0507

−0.0114 −0.0000 0.4722 −0.0185 −0.0507 0.5655
0.0056 −0.0046 −0.0185 0.0279 0 −0.0612
0.0046 0.0185 −0.0507 0 0.0612 0
−0.0185 0.0507 0.5655 −0.0612 0 1.0278

































KI12

KP12

KD12

KI22

KP22

KD22

















=

















0.0076
0.0076
0.0076
−0.0035
−0.0035
−0.0035

















.(4.9)This results in the following optimized MIMO PID 
ontroller
1

s
C(s) =

1

s

[

0.1489s2 + 1.1957s + 2.8177 0.6580s2 + 5.3578s + 4.0103

0.5450s2 + 2.8461s + 5.6402 −0.6153s2 − 1.4299s − 0.9731

] (4.10)
=

1

s

[

0.1489(s + 4.0142 + 1.6748i)(s + 4.0142 − 1.6748i) 0.6580(s + 7.3090)(s + 0.8339)
0.5450(s + 2.6109 + 1.8792i)(s + 2.6109 − 1.8792i) −0.6153(s + 1.1619 + 0.4810i)(s + 1.1619 − 0.4810i)

]The impulse response for the system with this 
ontroller in open loop 
an beseen in Figure 4.3. The impulse response with the 
ontroller looks more like theimpulse response for the referen
e system then it did without the 
ontroller.Figure 4.4 shows shows how the 
losed loop system with the optimzed MIMOPID 
ontroller response to a unit step signal on referen
e inputs 1 and 2 at
t = 0s and t = 20s respe
tively. The solid line are the 
ontrolled systemoutputs and the broken line is output for the referen
e system. The outputs for50
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Figure 4.4: Step response for the 
losed loop system with the 
ontroller inEquation 4.10.the 
ontrolled system follow the outputs for the referen
e system very 
loselyand little 
oupling is noti
able. The �gure also shows the 
ontrol signals andhow they both respond at the same time to 
ompensate for the 
oupling in thesystem.A zero pole plot for ea
h tranfer fun
tion element in G(s)1sC(s) is shown inFigure 4.5.4.1.2 Step optimizationFor the step optimization lets begin by looking at the step response for the openloop system G(s), see Figure 4.6. It shows the step response for a unit step oninput 1 at t1 = 0s and a unit step on input 2 at t2 = 20s. There is an obvious
oupling noti
able, at time t = 0s and t = 20s both outputs rea
t. The outputsalso never rea
h the desired output value. Figure 4.7 shows the step responsefor the 
losed loop referen
e system with steps at the inputs at the same timesas in Figure 4.6. From these �gures we 
an see that Gr1(s) has no overshootand a risetime of Tr1 = 3.4s, and Gr2(s) has a 4% overshoot and a risetime of
Tr2 = 3.1s. For the system G(s) we have same four Bij matri
es as in (4.5)The Matlab fun
tion lyap is used to �nd the matrix A(−1)

A
(−1)

=











0.0001137 −0.0000347 −0.0000193 0 0.0000138
−0.0000347 0.0000193 −0 −0.0000138 0
−0.0000193 0 0.0000138 0 −0.0000524

0 −0.0000138 0 0.0000524 0
0.0000138 0 −0.0000524 0 0.0006752











. (4.11)The H(−1)
i matri
es are also found using Matlab's lyap fun
tion, and with H

(−1)
i51
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Figure 4.5: Zero pole plot for ea
h transfer fun
tion element in G(s)1sC(s).
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Figure 4.6: Un
ontrolled step response for the system in Equation (4.1).
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Figure 4.7: Step response for the 
losed loop referen
e system.and all Bij known, D(−1)
i 
an be found to be

D
(−1)
1 =

















0.0033
−0.0029
−0.0044
0.0175
−0.0086
−0.0132

















and D
(−1)
2 =

















0.0340
−0.0076
−0.0076
−0.0174
0.0035
0.0035

















. (4.12)
With A(−1) and D

(−1)
i known we set up the matrix equation in Equation (2.136).All ωij 
oe�
ients are 
hosen as ωij = 10. For this example we have the twolinear systems of equations























0.1071 −0.0349 −0.0196 −0.0543 0.0160 0.00960 0.0167 0.0833
−0.0349 0.0196 0 0.0175 −0.0090 −0.0002 0 0
−0.0196 0 0.0153 0.0090 0.0002 −0.0050 0 0
−0.0543 0.0175 0.0090 0.0330 −0.0115 −0.0076 0.0750 −0.0417
0.0160 −0.0090 0.0002 −0.0115 0.0076 0 0 0
0.0090 −0.0002 −0.0050 −0.0076 0 0.0095 0 0
0.0167 0 0 0.0750 0 0 0 0
0.0833 0 0 −0.0417 0 0 0 0













































KI11
KP11
KD11
KI21
KP21
KD21
λ11
λ21























=























0.0033
−0.0029
−0.0044
0.0175

−0.0086
−0.0132
0.4725

0























(4.13)
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





















0.0122 −0.0049 −0.0039 0.0024 −0.0023 −0.0056 0.0167 0.0833
−0.0049 0.0039 0 −0.0067 0.0056 0.0046 0 0
−0.0039 0 0.0114 −0.0056 −0.0046 0.0185 0 0
0.0024 −0.0067 −0.0056 0.0484 −0.0290 −0.0279 0.0750 −0.0417

−0.0023 0.0056 −0.0046 −0.0290 0.0279 0 0 0
−0.0056 0.0046 0.0185 −0.0279 0 0.0612 0 0
0.0167 0 0 0.0750 0 0 0 0
0.0833 0 0 −0.0417 0 0 0 0













































KI11
KP12
KD12
KI22
KP22
KD22
λ22
λ22























=























0.0340
−0.0076
−0.0076
−0.0174
0.0035
0.0035

0
0.5000























. (4.14)It is now possible to �nd the Cij =
[

KIij KPij KDij

] ve
tors,
CT
11 =

[

2.8353 1.1439 0.1574
]

CT
12 =

[

5.6706 2.8310 0.5557
]

CT
21 =

[

5.4000 1.2624 6.0961
]

CT
22 =

[

−1.2000 −0.8283 −1.7045
]

.

(4.15)This gives us the 
ontroller
1

s
C(s) =

1

s

[

0.1574s2 + 1.1439s + 2.8353 0.5557s2 + 2.8310s + 5.6706

6.0961s2 + 1.2624s + 6.0961 −1.7045s2 − 0.8283s − 1.2

] (4.16)
=

1

s

[

0.1574(s − 3.6344 − 2.1926i)(s − 3.6344 + 2.1926i) 0.5557(s + 2.5470 − 1.9278i)(s + 2.5470 + 1.9278i)
6.0961(s + 3.6604)(s + 1.1686) −1.7045(s + 1.0289 − 0.6246i)(s + 1.0289 + 0.6246i)

]The step response and the 
ontrol signals for the 
ontrolled 
losed loop sys-tem with the 
ontroller above 
an be seen in Figure 4.8. The outputs of the
ontrolled system are almost identi
al to the outputs for the referen
e system.There is a small 
oupling noti
eable when the se
ond step 
omes on input 2whi
h the 
ontroller 
ompensates for and it disappears qui
kly.The zero pole plot for ea
h element transfer fun
tion in the open loop TFM
G(s)C(s) is shown in Figure 4.9. By zooming in on Figure 4.9, see Figure 4.10,we 
an see where the zeros in the optimized open loop MIMO PID 
ontrollerand system are lo
ated. Note for example that the resulting zeros in element
(1, 1) are generated by G11(s)c11(s) +G12(s)c21(s) = 0.The step responses for the 
ontrolled 
losed loop system are shown in Figures4.11 and 4.12, where ωij = 1 and ωij = 100, respe
tively. For ωij = 1 the
ontroller be
omes
1

s
C(s) =

1

s

[

0.1460s2 + 1.1441s + 2.8353 0.5638s2 + 2.8277s + 5.6706

2.0667s2 + 6.0657s + 5.4000 −1.0837s2 − 1.5558s − 1.2

] (4.17)
=

1

s

[

0.1460(s + 3.9190 − 2.0161i)(s + 3.9190 + 2.0161i) 0.5638(s + 2.5077 − 1.9414i)(s + 2.5077 + 1.9414i)
2.0667(s − 1.4674 + 0.6778i)(s + 1.4674 − 0.6778i) −1.0837(s + 0.7178 + 0.7695i)(s + 0.7178 − 0.7695i)

]

.For ωij = 100 the 
ontroller is
1

s
C(s) =

1

s

[

0.1428s2 + 1.1461s + 2.8353 0.5227s2 + 2.8381s + 5.6706

0.7129s2 + 6.1165s + 5.4 −0.6464s2 − 1.808s − 1.2

] (4.18)
=

1

s

[

0.1428(s + 4.0118 − 1.9377i)(s + 4.0118 + 1.9377i) 0.5227(s + 2.7147 − 1.8650i)(s + 2.7147 + 1.8650i)
0.7129(s + 7.5809)(s + 0.9992) −0.6464(s + 1.7137)(s + 1.0833)

]

.The 
losed loop outputs in Figures 4.8, 4.11 and 4.12 are all very similar. Thereis however a small di�eren
e between the �gures. The 
ontrolled system outputsfollow the referen
e system outputs a little bit 
loser with larger ωij values.54
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Figure 4.8: Step response and the 
ontrol signals for the 
ontrolled 
losed loopsystem with ωij = 10.
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Figure 4.9: The zero pole plot for the element transfer fun
tions in G(s)C(s)for ωij = 10. 55
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Figure 4.10: Zoomed in on Figure 4.9.
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Figure 4.11: Step response and 
ontrol signal for the 
ontrolled 
losed loopsystem with ωij = 1.
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Figure 4.12: Step response and 
ontrol signal for the 
ontrolled 
losed loopsystem with ωij = 100.We use the system 
losed loop step response to 
ompare the impulse optimiza-tion and the step optimization. Then the step optimization is better, the 
on-trolled 
losed loop system step response follow the 
losed loop referen
e systemstep response better then in the impulse optimization. This is partly due to thefa
t that step optimization ensures the 
orre
t open loop DC gain, therefore theintegrator has less work to do when following a referen
e step. In general, it isbest to use impulse minimization if the system is most often subje
t to impulsetype imputs and step minimization if the system is most often subje
t to steptype inputs.4.2 A system with 4 
ontrol inputs and 3 outputsWe now look at a system that does not have the same number of 
ontrol inputsand outputs. We 
hoose G(s) again arbitrarily as
G(s) =

1

a(s)





s2 + 10s+ 9 s2 + 3s+ 2 s2 + 3s+ 2 s2 + 10s+ 9
s+ 10 −5 s2 + 3s+ 2 s2 + 10s+ 9

s2 + 5s+ 4 s+ 2 −5 s2 + 10s+ 9



 (4.19)
=

1

a(s)





(s+ 9)(s + 1) (s+ 2)(s + 1) (s+ 2)(s + 1) (s+ 9)(s+ 1)
s+ 10 −5 (s+ 2)(s + 1) (s+ 9)(s+ 1)

(s+ 4)(s + 1) s+ 2 −5 (s+ 9)(s+ 1)



with 1
a(s) = 1

s5+15s4+85s3+225s2+274s+120 = 1
(s+1)(s+2)(s+3)(s+4)(s+5) . This sys-tem has the open loop step response seen in Figure 4.13. The steps in Figure4.13 
ome on at t1 = 0s, t2 = 10s, t3 = 20s and t4 = 30s on 
ontrol inputs u1,

u2, u3 and u4, respe
tively. Sin
e the TFM G(s) is a 3× 4 matrix, the TFM forthe optimized MIMO PID 
ontroller will be a 4× 3 TFM57
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Figure 4.13: G(s) in open loop without 
ontroller.
C(s) =









c11(s) c12(s) c13(s)
c21(s) c22(s) c23(s)
c31(s) c32(s) c33(s)
c41(s) c42(s) c43(s)









. (4.20)This 
ontroller results in the 
losed loop system having 3 referen
e inputs and
3 outputs. The referen
e system will then be 
hosen as a diagonal TFM of size
3× 3. A referen
e system that states our design requirements is 
hosen

Gr(s) =





0.723
s+1.53 0 0

0 0.5
s+1 0

0 0 0.723
s+1.53



 . (4.21)The 
losed loop referen
e systems are
Gr,cl(s) =





0.723
s2+1.53s+0.723 0 0

0 0.5
s2+s+0.5 0

0 0 0.723
s2+1.53s+0.723



 . (4.22)The step response for the 
losed loop referen
e system 
an be seen in Figure4.14, the steps 
ome on at t1 = 0s, t2 = 10s and t3 = 20s on inputs ur1, ur2 and
ur3, respe
tively. From Figure 4.14 we 
an see that Gr1(s) and Gr3(s) have noovershoot and a risetime Tr1 = 3.4s, Gr2(s) has a 4% overshoot and the risetime
Tr2 = 3.1s. Our system G(s) has twelve Bij matri
es, let us take a look at afew of them 58
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Figure 4.14: Step response for the 
losed loop referen
e system Gr,cl(s).
B11 =













2 0 0
3 2 0
1 3 2
0 1 3
0 0 1













B12 =













9 0 0
10 9 0
1 10 9
0 1 10
0 0 1













B21 =













10 0 0
1 10 0
0 1 10
0 0 1
0 0 0













B22 =













−5 0 0
0 −5 0
0 0 −5
0 0 0
0 0 0













.

(4.23)
The rest of the Bij matri
es 
an be written in a similar way. Using the Matlabfun
tion lyap we �nd the A(−1) matrix as before in (4.11)
A(−1) = 10−3













0.1137 −0.0347 −0.0193 0 0.0138
−0.0347 0.0193 0 −0.0138 0
−0.0193 0 0.0138 0 −0.0524

0 −0.0138 0 0.0524 0
0.0138 0 −0.0524 0 0.6752













. (4.24)The H
(−1)
i matri
es are also found using the fun
tion lyap and with Bij and

H
(−1)
i known, D(−1)

i is easily found 59
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D

(−1)
1 =







































0.0033
−0.0029
−0.0044
0.0175
−0.0086
−0.0132
0.0033
−0.0029
−0.0044
0.0175
−0.0086
−0.0132







































D
(−1)
2 =







































0.0340
−0.0076
−0.0076
−0.0174
0.0035
0.0035
0.0042
−0.0042
−0.0042
0.0236
−0.0139
−0.0139







































D
(−1)
3 =







































0.0073
−0.0045
−0.0069
0.0044
−0.0011
−0.0017
−0.0118
0.0016
0.0025
0.0175
−0.0086
−0.0132







































. (4.25)
With these matri
es known it is possible to set up the matrix equations inEquation (3.83) and to solve for all the Cij =

[

KI,ij KP,ij KD,ij

] ve
tors.With ωij = 10 the ve
tors be
ome
CT
11 =

[

0.3176 1.5905 3.0727
]

CT
12 =

[

0.1074 −0.1904 −1.1585
]

CT
13 =

[

−0.2797 −0.2077 0.8362
]

CT
21 =

[

0.4749 2.9638 5.8063
]

CT
22 =

[

−0.5677 −1.9454 −4.9477
]

CT
23 =

[

0.1534 −0.5765 0.4778
] (4.26)

CT
31 =

[

0.2330 2.8486 3.1725
]

CT
32 =

[

0.4855 5.9556 4.6167
]

CT
33 =

[

−0.7781 −9.5541 −8.3398
]

CT
41 =

[

−0.2618 −1.1513 −0.8934
]

CT
42 =

[

−0.0286 0.3644 4.1792
]

CT
43 =

[

0.8605 3.3830 1.1896
]

.Figure 4.15 shows how well the 
losed loop system outputs follow the referen
esystem with this 
ontroller, along with the 
losed loop system 
ontrol signals.We see that the system is almost de
oupled, only small os
illations o

ur at theoutputs when a step 
omes on the other inputs.4.3 Ferrosili
on Furna
eA model of a Ferrosili
on furna
e was developed in [40℄. The purpose of devel-oping the model was to �nd a MIMO method of 
ontrol for the furna
e. In this
ontrol problem the goal is to 
ontrol and de
ouple 
urrents in three ele
trodesin the furna
e. It is possible to in
rease or de
rease the 
urrent in ea
h ele
-trode by moving it down or up. The 
urrents are heavily 
oupled and 
y
li
ally
oupled sin
e it is really a three phase ele
tri
al system. Let us now see if itis possible to 
ontrol and de
ouple the system using the optimized MIMO PID
ontroller. After the model of the ferrosili
on furna
e has been transformed into60
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Figure 4.15: Step response and 
ontrol signals for the 
losed loop system.a 
ontinuous time, the TFM be
omes
G(s) =

1

af (s)





−1.055s2 − 0.2584s − 0.0009118 −0.818s2 − 0.1937s − 0.0009118
0.203s2 + 0.0878s − 0.0007294 −1.055s2 − 0.2584s − 0.0009118 · · ·

−0.818s2 − 0.1937s − 0.0009118 0.203s2 + 0.0878s − 0.0007294

0.203s2 + 0.0878s − 0.0007294
· · · −0.818s2 − 0.1937s − 0.0009118

−1.055s2 − 0.2584s − 0.0009118



 (4.27)with 1
af (s)

= 1
s2+0.3835s+0.007112 . The step response for the open loop ferrosili
onfurna
e with no 
ontroller is shown in Figure 4.16. It 
an easily been seen thatthe system is heavily 
oupled. For the ferrosili
on furna
e, the referen
e systemis 
hosen as

Gr(s) =





1
s+5 0 0

0 1
s+5 0

0 0 1
s+5



 , (4.28)resulting in the 
losed loop referen
e system
Gr,cl(s) =





1
s2+5s+1 0 0

0 1
s2+5s+1 0

0 0 1
s2+5s+1



 . (4.29)The step response for the referen
e system 
an be seen in Figure 4.17. Thisreferen
e system has no overshoot for any of the three outputs. It has therisetime Tr = 13.6s for all three outputs. For this system mij + 2 = 4 > n,therefore a small tri
k is used. We add three dummy poles to the system forthe optimization, if the dummy poles have a unity DC gain and are in the lefthalf plane far away from the poles of the element transfer fun
tion, they will not61
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Figure 4.16: Step response for the open loop ferrosili
on furna
e with no 
on-troller.
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Figure 4.17: Step response for the 
losed loop referen
e system for the ferrosil-i
on furna
e. 62



CHAPTER 4. EXAMPLESa�e
t the system. For the ferrosili
on furna
e three dummy poles are added toea
h element transfer fun
tion at −36.3922, whi
h is 100 times the fastest polein the system. Then n = 5 and it is possible to �nd the optimized MIMO PID
ontroller. Then the TFM looks like this
Gd(s) =

1

ad(s)





−5.085 · 104s2 − 1.245 · 104s − 43.95 −3.943 · 104s2 − 9335s − 43.95
9784s2 + 4232s − 35.16 −5.085 · 104s2 − 1.245 · 104s − 43.95 · · ·

−3.943 · 104s2 − 9335s − 43.95 9784s2 + 4232s − 35.16

9784s2 + 4232s − 35.16
· · · −3.943 · 104s2 − 9335s − 43.95

−5.085 · 104s2 − 1.245 · 104s − 43.95



 (4.30)with 1
ad(s)

= 1
s5+109.5602s4+4015.0587s3+49722.0717s2+18510.3727s+342.7730 . With thisnew system the Bij matri
es be
ome
B11 = 104













−0.0044 0 0
−1.2454 −0.0044 0
−5.0849 −1.2454 −0.0044

0 −5.0849 −1.2454
0 0 −5.0849













B12 = 103













0.0352 0 0
4.2318 −0.0352 0
9.7841 4.2318 −0.0352

0 9.7841 4.2318
0 0 9.7841













(4.31)
B13 = 104













−0.0044 0 0
−0.9335 −0.0044 0
−3.9426 −0.9335 −0.0044

0 −3.9426 −0.9335
0 0 −3.9426













.Be
ause of symmetry in the system the rest of the matri
es are B21 = B13,
B22 = B11, B23 = B12, B31 = B12, B32 = B13 and B33 = B11. Matlab is thenused to �nd A(−1), D(−1)

i and to solve for the Cij ve
tors.
CT
11 =

[

−2.7857 0.0472 −0.0797
]

CT
12 =

[

5.0143 −0.0332 0.0584
]

CT
13 =

[

−2.7857 0.0351 −0.0570
]

CT
21 =

[

−2.7857 0.0351 −0.0570
]

CT
22 =

[

−2.7857 0.0472 −0.0797
] (4.32)

CT
23 =

[

5.0143 −0.0332 0.0584
]

CT
31 =

[

5.0143 −0.0332 0.0584
]

CT
32 =

[

−2.7857 0.0351 −0.0570
]

CT
33 =

[

−2.7857 0.0472 −0.0797
]Using these optimized MIMO PID 
ontrollers results in the step response for63
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Figure 4.18: Step response and 
ontrol signal for the 
losed loop ferrosili
onfurna
e with the optimized MIMO PID 
ontroller.the 
losed loop ferrosili
on furna
e seen in Figure 4.18. Be
ause of how heavilythe system is 
oupled, we don't see as good result as in the previous examples.The outputs are not able to follow the referen
e system as 
losely as we wouldwant. When a step 
omes on a referen
e input 1, a large rea
tion is seen onoutputs 2 and 3. Even though this is a larger rea
tion than we had hoped tosee, the 
ontroller is able to 
ompensate for it and outputs 2 and 3, return tothe same value as referen
e inputs 2 and 3 respe
tively, very qui
kly. The samehappens when a step 
omes a referen
e inputs 2 or 3 for 
orresponding outputs.Be
ause of the large time s
ale in Figure 4.18 it is helpfull to zoom in, see Figure4.19.

64



CHAPTER 4. EXAMPLES

480 490 500 510 520 530 540 550
−0.5

0

0.5

1
Contolled closed loop and reference system

t[s]

y i(t
) 

an
d 

y ri(t
)

 

 
y

1
(t)

y
2
(t)

y
2
(t)

y
r1

(t)

y
r2

(t)

y
r3

(t)

480 490 500 510 520 530 540 550
−10

−5

0

5

10

t[s]

C
on

tr
ol

 s
ig

na
ls

 u
i(t

)

 

 
u

1
(t)

u
2
(t)

u
3
(t)

Figure 4.19: Zoomed in on Figure 4.18.
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Chapter 5Con
luding remarks5.1 Final remarksAn optimized MIMO PID 
ontroller has been derived, where the 
ontrollerstra
k a 
hosen open loop referen
e system. It is not possible to fully de
ouplea MIMO system using this optimized MIMO PID 
ontroller. The 
ontrolledsystem 
an, however, 
ome very 
lose to being fully de
oupled. The optimizedMIMO PID 
ontroller was derived �rst for a system with two inputs and twooutputs. It was then extended to the general 
ase of p inputs and p outputs.Then the optimized MIMO PID 
ontroller was derived for systems that donot have the same number of inputs and outputs. Beginning with a systemwith three inputs and two outputs, it was then extended to the general 
aseof r inputs and p outputs. It was further shown that the optimized MIMOPID 
ontroller 
an not 
ontrol systems with more outputs than 
ontrol inputs.In order to 
al
ulate the optimal MIMO PID 
ontroller it is possible to usetwo di�erent methods to �nd the Gramian matri
es A and A(−1) used in theoptimization. Both methods were presented but only one of them was used inthe examples. At the end three examples were shown, demonstrating how wellthe optimized MIMO PID 
ontroller works. The �rst example is a system with
2 
ontrol inputs and 2 outputs, the se
ond example is a system with 4 
ontrolinputs and 3 outputs. The �nal example is a real system, a ferrosili
on furna
e,with three 
ontrol inputs and three outputs. In the �rst two examples almost no
oupling e�e
t was noti
ed and the outputs follow the 
hosen referen
e systemvery 
losely. When the model of the ferrosili
on furna
e in the third exampleis written in a state spa
e form the D matrix is not zero. This dire
t e�e
t onthe outputs along with the high 
y
li
 
oupling e�e
t 
auses the de
oupling and
ontrol of the system to be harder to handle. Even though the 
oupling e�e
tsare high in the 
ontrolled system, the optimized MIMO PID 
ontroller is ableto 
ompensate for them qui
kly and the outputs all have the desired referen
evalue as a �nal value.5.2 Future workThe next steps in resear
h on the optimized MIMO PID 
ontroller 
ould be to�gure out the stru
ture in the matri
es in Equations (2.136) and (3.83), and to67



5.2. FUTURE WORK�nd out the 
onditions under whi
h the equation has a solution. The possibleuse of the optimized MIMO PID 
ontroller to stabilize an unstable system aswell as to de
ouple it, is another ex
iting resear
h topi
, although this mayhave to be done in an inner state feedba
k style loop. Closed loop stability isvery important for 
ontrol systems and it would be interesting to know if theoptimized MIMO PID 
ontroller 
an always guarantee 
losed loop stability. Itwould also be useful to derive the optimized MIMO PID 
ontroller for dis
retetime systems, sin
e digitalized system dominate the industry, both in systemidenti�
ation as well as in 
ontroller setups. For the ferrosili
on furna
e the nextsteps would be to use the full model in
luding the movement of the ele
trods,time delay and the limits on the inputs signals, see [41℄ and [42℄, in the designof the 
ontroller. Finally, minimization of the Matlab 
ode is an importantpra
ti
al issue.
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Appendix AMatlab 
odeA.1 Square systemsA.1.1 Impulse optimizationThe 
ode used to �nd the optimized MIMO PID 
ontroller for a square systemusing impulse optimization.fun
tion [C G
_dummy℄ = mimopidImp(G
,Gr,W)%C_ij = [K_Dij K_Pij K_Iij℄%G
_dummy is the G
 system with the dummy poles if they where use%if no dummy poles where use the it is just G
numG
 = get(G
,'num');denG
 = get(G
,'den');denG
 = denG
{1,1};numGr = get(Gr,'num');denGr = get(Gr,'den');[m mm℄ = size(numG
);[mr mmr℄ = size(Gr);%Che
k if the size of G
 and Gr are the sameif (m == mm) & (mr == mr) & (m == mr)for i=1:mfor j =1:mnumG
{i,j} = lagavigur(numG
{i,j});numGr{i,j} = lagavigur(numGr{i,j});endend%
he
k if dummy poles have to be addeddp = 0;for i=1:m 69



A.1. SQUARE SYSTEMSfor j =1:mif (length(denG
)-length(numG
{i,j}) < 3)dp = 1; %ef dp set sem 1 þá þarf að bæta við dummy pólendendendif dp == 0disp('Dummy pole is not used')nota_numG
 = numG
;nota_denG
 = denG
;elseif dp == 1disp('Dummy pole is used')polar = roots(denG
); %næ í póla kerfisinspoltl = max(abs(polar)); %finn stærsta pólinnDumPole = 100*poltl; %nota 100 sinnum stærsti pólinn sem dummy pól%Che
k how many dummy poles to usefor i = 1:mfor j=1:mn(i,j) = 3-(length(denG
)-length(numG
{i,j}));endendNrOfDumPole = max(max(n));denG
_dummy = 
onv(denG
,poly(-ones(1,NrOfDumPole)*DumPole));nota_denGC = denG
_dummy;%num is s
aled so the DC gain is 
orre
tfor i=1:mfor j=1:mnumG
_dummy{i,j} = numG
{i,j}.*denG
_dummy(end)/denG
(end);endendnota_numG
 = numG
_dummy;nota_denG
 = denG
_dummy;end%B mari
es 
reatedfor i=1:mfor j =1:mB{i,j} = 
onvmtx(nota_numG
{i,j}(end:-1:1),3).';[s{i,j} ss{i,j}℄ = size(B{i,j});if s{i,j} < (length(nota_denG
)-1)B{i,j}(length(nota_denG
)-1,:) = [0 0 0℄;endend 70



APPENDIX A. MATLAB CODEend%Br and Hr matri
es 
reatedfor i=1:mBr{i} = numGr{i,i}(end:-1:1).';H{i} = H_nytt(roots(nota_denG
),roots(denGr{i,i}));% A martrix foundAlyap = Aimp(nota_denG
);%BBdalk{i} = Bi.%BBlina{i} = B.ifor i = 1:mBBdalk{i} = B{i,1}.';BBlinu{i} = B{i,1};for z = 2:mBBdalk{i} = [BBdalk{i}; B{i,z}.'℄;BBlinu{i} = [BBlinu{i}, B{i,z}℄;endendfor j = 1:mG{j} = 0;for i = 1:mG{j} = G{j} + W(i,j)*BBdalk{i}*Alyap*BBlinu{i};endend%D matri
es 
reatedfor i = 1:mD{i} = BBdalk{i}*H{i}*Br{i};endfor i = 1:mC{i} = G{i}\D{i};endelse%G
 and Gr do not have the same size, stop runingdisp('G
 and Gr are not of the same size')C = 0;G
_dummy = G
;returnend%G
_dummy is also returnG
_dummy = tf(nota_numG
,nota_denG
);end
71



A.1. SQUARE SYSTEMSA.1.2 Step optimizationThe 
ode used to �nd the optimized MIMO PID 
ontroller for a square systemsusing step optimization.fun
tion [C G
_dummy℄ = mimopid(G
,Gr,W)%C_ij = [K_Dij K_Pij K_Iij℄%G
_dummy is the G
 system with the dummy poles if they where use%if no dummy poles where use the it is just G
%numG
 = get(G
,'num');denG
 = get(G
,'den');denG
 = denG
{1,1};numGr = get(Gr,'num');denGr = get(Gr,'den');[p pp℄ = size(numG
);[pr ppr℄ = size(Gr);%
he
king if the size of the system and the%referen
e system are the sameif (p == pp) & (pr == pr) & (p == pr)for i=1:pfor j =1:pnumG
{i,j} = lagavigur(numG
{i,j});numGr{i,j} = lagavigur(numGr{i,j});endend%
he
k if dummy poles have to be addeddp = 0;for i=1:pfor j =1:pif (length(denG
)-length(numG
{i,j}) < 3)dp = 1;endendendif dp == 0 % no dummy pole have to be addeddisp('þarf ekki að bæta við dummy pól')nota_numG
 = numG
;nota_denG
 = denG
;elseif dp == 1disp('þarf að bæta við dummy pól')polar = roots(denG
); 72



APPENDIX A. MATLAB CODEpoltl = max(abs(polar));DumPole = 100*poltl;%
he
k how many dummy poles to addfor i = 1:pfor j=1:pn(i,j) = 3-(length(denG
)-length(numG
{i,j}));endendNrOfDumPole = max(max(n));denG
_dummy = 
onv(denG
,poly(-ones(1,NrOfDumPole)*DumPole));nota_denGC = denG
_dummy;%
orre
ting the numenator so the d
-value is the same as beforefor i=1:pfor j=1:pnumG
_dummy{i,j} = numG
{i,j}.*denG
_dummy(end)/denG
(end);endendnota_numG
 = numG
_dummy;nota_denG
 = denG
_dummy;end%B matrix 
reatedfor i=1:pfor j =1:pB{i,j} = 
onvmtx(nota_numG
{i,j}(end:-1:1),3).';[e{i,j} ee{i,j}℄ = size(B{i,j});if e{i,j} < (length(nota_denG
)-1)B{i,j}(length(nota_denG
)-1,:) = [0 0 0℄;endendend%Br and Hr matri
es are 
reatedfor i=1:pBr{i} = numGr{i,i}(end:-1:1).';Hr{i} = Hrfylki(denGr{i,i},nota_denG
);end% A matrix is foundAlyap = Afylki(nota_denG
);%BBdalk{i} = Bi.%BBlina{i} = B.ifor i = 1:pBBdalk{i} = B{i,1}.';73



A.1. SQUARE SYSTEMSBBlinu{i} = B{i,1};for z = 2:pBBdalk{i} = [BBdalk{i}; B{i,z}.'℄;BBlinu{i} = [BBlinu{i}, B{i,z}℄;endend%G{j} are all the omega_ij*G matri
es added togetherfor j = 1:pG{j} = 0;for i = 1:pG{j} = G{j} + W(i,j)*BBdalk{i}*Alyap*BBlinu{i};endend%D matrix 
reatedfor i = 1:pD{i} = BBdalk{i}*Hr{i}*Br{i};end%u_k ve
torst = zeros(3*p,1);i = 1;while i<3*pu{i} = t;u{i}(i) = 1;i = i+3;endfor z = 1:pj = 1;r{z} = 0;for i = 1:pr{z} = r{z} + nota_numG
{z,i}(end)*u{j};j = j+3;endendDC_ve
tor = r{1};for i = 2:pDC_ve
tor = [DC_ve
tor,r{i}℄;endDC_ve
tor = 1/nota_denG
(end)*DC_ve
tor;for i =1:pF{i} = [G{i} DC_ve
tor; DC_ve
tor.' zeros(p) ℄;end 74



APPENDIX A. MATLAB CODEm = zeros(p,1);for i = 1:pv{i} = m;v{i}(i) = 1;endfor i = 1:pE{i} = [D{i}; (numGr{i,i}(end)/denGr{i,i}(end))*v{i}℄;end%
al
ulate the PID 
oeffi
entsfor i = 1:pCC{i} =F{i}\E{i};endelse%G
 og Gr are not of the same size, stopdisp('G
 and Gr are not of the same size')C = 0;G
_dummy = G
;returnend%útbý C fylki, sem er skilað%prepare the C matrix to be returnedfor i = 1:pw = 1;for j = 1:pC{i,j} = CC{i}(w+2:-1:w);w = w+3;endendG
_dummy = tf(nota_numG
,nota_denG
);endA.2 Nonsquare systemThe 
ode used to �nd the optimized PID 
ontroller for a system with a nonsquareTFM using step optimization.fun
tion [C G
_dummy D G℄ = mimopid_nonsquare(G
,Gr,W)%C_ij = [K_Dij K_Pij K_Iij℄%G
_dummy is the G
 system with the%dummy poles if they where use if no%dummy poles where use the it is just G
%G
 is a rxp TFM so Gr has to be a pxp TFMnumG
 = get(G
,'num'); 75



A.2. NONSQUARE SYSTEMdenG
 = get(G
,'den');denG
 = denG
{1,1};numGr = get(Gr,'num');denGr = get(Gr,'den');[p r℄ = size(numG
);[Pref Rref℄ = size(Gr);%
he
king if Gr is a pxp TFMif (p == Pref) & (Rref == Pref)for i=1:pfor j =1:rnumG
{i,j} = lagavigur(numG
{i,j});endendfor i=1:Preffor j =1:PrefnumGr{i,j} = lagavigur(numGr{i,j});endend%
he
king if dummy poles have to be addeddp = 0;for i=1:pfor j =1:rif (length(denG
)-length(numG
{i,j}) < 3)%if dp = 1, then dummy poles have to be addeddp = 1;endendend% if dp = 0 then no dummy pole have to be addedif dp == 0disp('þarf ekki að bæta við dummy pól')nota_numG
 = numG
;nota_denG
 = denG
;elseif dp == 1 %dummy pole addeddisp('þarf að bæta við dummy pól')polar = roots(denG
);poltl = max(abs(polar));%use 100 times the fastest pole of the systemDumPole = 100*poltl;%
he
king how many dummy poles to addfor i = 1:pfor j=1:rn(i,j) = 3-(length(denG
)-length(numG
{i,j}));76



APPENDIX A. MATLAB CODEendendNrOfDumPole = max(max(n));denG
_dummy = 
onv(denG
,poly(-ones(1,NrOfDumPole)*DumPole));nota_denGC = denG
_dummy;%
orre
ting the numerator so the d
-gain is 
orre
tfor i=1:pfor j=1:rnumG
_dummy{i,j} = numG
{i,j}.*denG
_dummy(end)/denG
(end);endendnota_numG
 = numG
_dummy;nota_denG
 = denG
_dummy;endfor i=1:pfor j =1:rB{i,j} = 
onvmtx(nota_numG
{i,j}(end:-1:1),3).';[e{i,j} ee{i,j}℄ = size(B{i,j});%zeros added to the B matrix if needitif e{i,j} < (length(nota_denG
)-1)B{i,j}(length(nota_denG
)-1,:) = [0 0 0℄;endendend%Br and Hr matrix 
reatedfor i=1:PrefBr{i} = numGr{i,i}(end:-1:1).';Hr{i} = Hrfylki(denGr{i,i},nota_denG
);end% A matrix 
reatedAlyap = Afylki(nota_denG
);%BBdalk{i} = Bi.%BBlina{i} = B.ifor i = 1:pBBdalk{i} = B{i,1}.';BBlinu{i} = B{i,1};for z = 2:rBBdalk{i} = [BBdalk{i}; B{i,z}.'℄;BBlinu{i} = [BBlinu{i}, B{i,z}℄;endend 77



A.2. NONSQUARE SYSTEM%G{j} are all the omega_ij*G mari
es added togeterfor j = 1:pG{j} = 0;for i = 1:pG{j} = G{j} + W(i,j)*BBdalk{i}*Alyap*BBlinu{i};endend%D matrix 
reatedfor i = 1:pD{i} = BBdalk{i}*Ar{i}*Br{i};end%u_k ve
tors 
reatedt = zeros(3*r,1);i = 1;while i<3*ru{i} = t;u{i}(i) = 1;i = i+3;endfor z = 1:pj = 1;Q{z} = 0;for i = 1:rQ{z} = Q{z} + nota_numG
{z,i}(end)*u{j};j = j+3;endendW = Q{1};for i = 2:pW = [H,Q{i}℄;endW = 1/nota_denG
(end)*W;for i =1:pF{i} = [G{i} W; W.' zeros(p) ℄;endnull_dalkur = zeros(p,1);for i = 1:pv{i} = null_dalkur;v{i}(i) = 1;endfor i = 1:pE{i} = [D{i}; (numGr{i,i}(end)/denGr{i,i}(end))*v{i}℄;78



APPENDIX A. MATLAB CODEend%
al
ulate the PID 
oeffi
ientfor i = 1:pCC{i} =F{i}\E{i};end%
reate the C matrix, that is returnedfor i =1:pq =1;for j =1:rC{j,i} = CC{i}(q+2:-1:q);q = q+3;endendG
_dummy = tf(nota_numG
,nota_denG
);elsedisp('Gr ekki af réttri stærð')C = 1;G
_dummy = 1;returnendA.3 Code to �nd the matri
es A(−1) and H
(−1)
iMatlab's lyap fun
tion was use to �nd the matrix A(−1).fun
tion A = Afylki(a)%a is the 
oeffi
ient form a(s)C = [zeros(1,length(a)-2)' eye(length(a)-2); -a(end:-1:2) ℄;U = zeros(size(C));U(1,1) = 1/a(end)^2;A = lyap(C,U);endThe fun
tion lyap is also use to find the matri
es H

(−1)
i .fun
tion Ar = Arfylki(ar,a)%a are the 
oeffi
ient form a(s)%ar are the 
oeffi
ient form a_r(s)C = [zeros(1,length(a)-2)' eye(length(a)-2); -a(end:-1:2) ℄ ;Cr = [zeros(1,length(ar)-2)' eye(length(ar)-2); -ar(end:-1:2) ℄;Ur = zeros(size(C,1),size(Cr,1));Ur(1,1) = 1/(a(end)*ar(end));Urr = zeros(size(Cr));Ar = lyap(C,Cr',Ur);end 79



A.4. CODE TO FIND THE MATRICES A AND HIA.4 Code to �nd the matri
es A and HiMatlab's lyap fun
tion was use to �nd the matrix A.fun
tion A = Aimp(a)%a is the 
oeffi
ient form a(s)F = [zeros(1,length(a)-2)' eye(length(a)-2); -a(end:-1:2) ℄;U = zeros(size(F));U(end,end) = 1;A = lyap(F,U);endThe Matlab 
ode to �nd the Hi matri
esfun
tion H = H_nytt(polar,polar_ref)n = length(polar);tol = 0.01;[L d℄ = 
lassifyRoots(polar,tol);nr = length(polar_ref);%flokka póla ref kerfisins[Lr dr℄ = 
lassifyRoots(polar_ref,tol);[EE EEr℄ = 
onstrEEandEErmatr(L,d,Lr,dr,n,nr);[K,J℄ = 
Hmatrix_temp(n,L,d);H = K.'*EEr;end
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