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Abstract

Tracer experiments o�er a unique way to characterize �ow within geothermal sys-
tems. Methods for interpreting tracer tests conducted within hydrological systems
were reviewed and discussed. A numerical algorithm, describing tracer transport
within a double-porosity system, was developed using a fully implicit, upstream
weighted �nite volume scheme. The numerical code is capable of handling general
boundary conditions, which can include e�ects of recirculation, and linear tracer
reactions. It would be possible to develop the numerical code further to account for
non-linear reaction kinetics.

Analytical and numerical methods were used to match observed tracer returns at
the Soda Lake geothermal �eld, Nevada, USA, and the Laugaland low-temperature
geothermal �eld, N-Iceland. The double-porosity model including tracer recircula-
tion provided the best �ts to the Soda Lake tracer data. Simpler one-dimensional
analytical solutions were su�cient to estimate the interwell tracer transport within
the Laugaland system. These results indicate that tracer di�usion is an important
process at Soda Lake but not within the Laugaland reservoir. The �nite volume
algorithm was used to predict cooling, resulting from reinjection of spent �uid, at
the Laugaland site. The thermal predictions were compared with measured tem-
perature changes at the Laugaland �eld. Temperature predictions which included
�ow-channel dispersion appeared to characterize the thermal drawdown best. Po-
tential improvements to the methods used were suggested.
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Útdráttur

Ferilprófanir gefa góða möguleika til að meta rennsli vökva innan jarðhitakerfa.
Aðferðir til að túlka niðurstöður ferilprófa framkvæmdar innan vatnskerfa voru en-
durskoðuð og rædd. Reiknilíkan sem lýsir �utningi ferilefnis innan tvíleks (double-
porosity) ker�s var þróað. Forritið getur meðhöndlað almenn jaðarskilyrði ásamt
því að meta hringrásun ferilefnis og línuleg efnahvörf. Sá möguleiki er fyrir hendi
að þróa reiknilíkanið frekar svo það geti einnig lýst ólínulegum efnaferlum.

Tölulegar aðferðir voru notaðar til að aðlaga reiknilíkön að mælingum ferilprófana
frá Soda Lake jarðhitasvæðinu í Nevada í Bandaríkjunum, og lághitaker�nu að Lau-
galandi í Eyja�rði.. Tvílekt reiknilíkan sem gerði ráð fyrir hringrásun ferilefnis
bar best saman við mælingar ferilprófsins í Soda Lake. Einfaldari einvíðar laus-
nir voru næganlegar til að meta niðurstöður ferilprófana að Laugalandi. Þessar
niðurstöður benda til þess að sveimferli eru mikilvægari í Soda Lake en að Lauga-
landi. Reiknilíkanið var einnig notað til að spá fyrir um kælingu vegna niðurdælingar
í jarðhitaker�nu að Laugalandi. Hitaspár voru bornar saman við mældar hitastigs-
breytingar að Laugalandi. Spálíkön sem gera ráð fyrir dreifni (dispersion) innan
rennslisrása stóðust best samanburð við mæld hitastig. Hugsanlegar úrbætur voru
ræddar fyrir þær aðferðir sem stuðst var við í verkefninu.
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1 Introduction

Reinjection is an important aspect of geothermal utilisation. Originally reinjection
was simply used as a means to dispose of waste water. Later it was realised that if
performed correctly it can increase long term energy extraction and the longevity
of a geothermal �eld (Axelsson, 2008, Stefansson, 1997). Reinjecting spent �uid
o�ers supplementary recharge to the system and helps limit pressure decline. In
addition to improving resource recovery, injection can be of bene�t for places that are
prone to subsidence (Axelsson, Kaya et al., 2011, Stefansson, 1997) and can be used
to reinvigorate natural geothermal surface features impacted by over-production
(Bromley et al., 2006).

Suitable reinjection strategies depend on the system type and location of wells. For
vapour-dominated systems, which by their nature are lacking in natural recharge,
reinjection should be in�eld. Whereas for hot-water and two-phase, liquid-dominated
systems the approach may involve some combination of in�eld and out�eld injec-
tion. One of the main issues with injecting cool �uid into a geothermal system is the
possibility of thermal breakthrough. Undesirable thermal changes can be avoided
by siting injection wells far enough away from the production zone. The opposite
arrangement is desirable to stave o� pressure decline. A balance needs to be struck
between the gain in pressure from in�eld injection and possible lowering of the rate
of energy extraction because of the advancement of cool reinjection �uid through
the �eld (Kaya et al., 2011, Mannington et al., 2004).

Tracer testing can provide insights into aspects of groundwater �ow which are not
provided by other reservoir examination methods. The aim of this study was to
review existing methods for interpreting tracer experiments and to develop tracer
analysis methods for thermal breakthrough forecasting and apply them to selected
case histories. This study used both analytical and numerical methods to interpret
tracer return pro�les to predict thermal breakthrough induced by reinjection into
geothermal reservoirs. Tracer tests can give qualitative results regarding �ow-paths
but this work was concerned with the quantitative interpretation of tracer data.

Tracer tests involve injection of �uid containing chemical tracers, which can be
solutes or colloids, into a reservoir and observing tracer concentrations at points
of interest over time. Figure 1.1 shows a typical concentration pro�le obtained
by injecting tracer into a well and monitoring the returns at another well (interwell
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test). Desirable tracers for tracer injection tests are a�ordable, have low background
concentrations within the reservoir, are environmentally benign and are easily de-
tectable. A stable non-reactive conservative tracer should be used when conducting
a tracer experiment, but supplementary use of sorbing and/or thermally decaying
tracers can be of considerable bene�t when the reactions are well understood. The
presence of the tracer should have no in�uence on the �ow of the injection �uid, i.e.
it does not change the �uid's density or viscosity (Ayling and Rose, 2013).

Time

T
ra
ce
r
co
nc
en
tr
at
io
n

Figure 1.1: Typical tracer return curve for an interwell test.

The results of tracer tests can be used to track the movement of injected �uid and to
estimate swept �ow-path volumes and �uid residence times. Considerable research
e�orts have recently been directed towards developing methods to determine �ow-
channel heat transfer surface areas (Ghergut et al., 2011, 2013, Pruess and Doughty,
2010, Reimus et al., 2012, Williams et al., 2013, 2010). The surface area allowing for
heat transfer between the reinjected �uid and the surrounding rock formation is one
of the main parameters governing thermal breakthrough times. Long and slow �ow-
channels with substantial �uid-rock heat transfer areas give greater thermal sweep
e�ciencies resulting in delayed thermal breakthroughs. Thermal sweep e�ciencies
are of signi�cant interest for researchers working on enhanced geothermal systems
(EGS), for which reinjection plays a key role. Tracer and thermal tests may o�er
a way to assess the progress of an EGS stimulation project (Pruess and Doughty,
2010, Williams et al., 2013).
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Tracer tests are regularly used to assess groundwater �ow through various forma-
tions. Research into the dispersal of contaminants from nuclear waste disposal sites
has contributed greatly to development in the �eld of tracer testing. Methods used
to determine tracer �ow characteristics in geothermal reservoirs draw on experience
from such works and similar endeavours in the �eld of petroleum engineering.

The possibility of thermal breakthrough has been understood since early in the his-
tory of geothermal utilisation. By virtue of the highly fractured nature of most
geothermal reservoirs, injection �uid may easily �nd its way through a permeable
network of �ssures connecting injection and production wells. In 1981 Nakamura re-
ported complications in production due to reinjection of spent water in Japan. Horne
(1982) summarized experiences gained with reinjection around this time; research
indicated a relationship between tracer return times and thermal breakthrough.
Stefansson (1997) reported that in some cases change in production enthalpy from
high temperature systems is interpreted as thermal breakthrough, when it is more
likely that the di�erence in enthalpy results from pressure changes in a two-phase
reservoir. According to Stefansson (1997), cooling as a result of reinjection had, at
the time of writing, only been con�rmed for Ahuachapán (El Salvador), Palinpinon
(Philippines) and Svartsengi (Iceland).

Horne and Rodriguez (1981) developed mathematical descriptions of tracer �ow in
an idealized fracture undergoing purely convective-dispersion and Taylor dispersion.
For the case of convective-dispersion they assumed that the �ow could be described
by one-dimensional channel �ow. Neglecting molecular di�usion in the �ssure leads
to macroscopic dispersion since the �uid's velocity is not constant across the width
of the fracture. Allowing for transverse molecular di�usion of the tracer, Horne and
Rodriguez (1981) found a simple mathematical relation for the e�ective longitudinal
dispersivity in terms of the fracture aperture, the �uid average velocity and the
molecular di�usivity. Fossum and Horne (1982) used a one-dimensional model, based
on the work of Horne and Rodriguez (1981), to match tracer pro�les from interwell
tracer experiments performed in the Wairakei geothermal �eld, New Zealand. They
were unable to get a satisfactory �t using only one �ow-path but a closer �t could
be attained assuming two �ow-paths (Horne et al., 1982).

Further tests on the Wairakei �eld indicated that this model did not fully account
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for the processes governing the �ow in the Wairakei system. Jensen and Horne
(1983) obtained an improved �t to the Wairakei data using a dual-porosity model.
Their model allows for tracer di�usion between the fracture and the surrounding
rock matrix as well as tracer sorption onto the rock. The model was developed by
Neretnieks et al. (1982) for studying transfer of radionuclides in a natural �ssure in a
granite core. A compact analytical solution was obtained for the model since neither
dispersion nor matrix di�usion parallel to the fracture was taken into account.

Bullivant and O'Sullivan (1985) presented the results of applying a uniform porous
model, a pseudo-steady state double porosity model and the fracture-matrix model
used by Jensen and Horne (1983) to the Wairakei tracer data. Their results were sim-
ilar to those of Fossum and Horne (1982) and Jensen and Horne (1983). This is not
surprising considering the uniform porous model used by Bullivant and O'Sullivan
(1985) is mathematically equivalent to the one employed by Fossum and Horne
(1982), apart from the formulation of the injection conditions. However, the pseudo-
steady state double porosity model did not improve upon the results found by using
the uniform porous model.

Kocabas and Horne (1987) suggested using single-well injection-withdrawal tracer
tests for characterizing �ow in fractured geothermal systems. They advocated using
single-well tests prior to applying interwell investigations. Their reasoning is that
single-well experiments require less time than the interwell ones. Moreover, accord-
ing to Kocabas and Horne (1987) injection-back�ow tests have the possibility of sup-
plying the same amount of information as the interwell tracer tests. In their study,
Kocabas and Horne (1987) e�ectively used the same conceptual models as Fossum
and Horne (1982) and Jensen and Horne (1983) with the added complexity of having
to solve for the additional back�ow period. Kocabas and Horne (1987) applied their
analytical solutions to tracer test data from Raft River and East Mesa geothermal
�elds, USA. Their results are similar to those of Fossum and Horne (1982) and
Jensen and Horne (1983), with the use of a matrix di�usion model giving the more
reasonable matches to the data. The data �ts using the convective-dispersion model
worsen for increasing injection times. Kocabas and Horne (1987) attributed this to
the e�ects of the fracture-matrix interaction becoming more pronounced with time.

Kocabas and Horne (1990) developed the idea of using single-well tests further.
In their paper from 1990 they proposed adopting thermal injection-back�ow tests
along with interwell tracer tests to predict thermal breakthrough. More recent pa-
pers dealing with the issues pertaining to thermal injection-back�ow tests are: Jung
and Pruess (2012), Kocabas (2005, 2010), Maier and Kocabas (2013b), Pruess and
Doughty (2010). Pruess and Doughty (2010) conducted numerical simulation ex-
periments for single-well injection-back�ow tests. Their preliminary results showed
that temperature returns are sensitive to heat transfer area while being insensitive
to changes in fracture aperture and porosity. Using an analytical solution, Jung
and Pruess (2012) also found indications that the fracture aperture a�ects thermal
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recovery faintly for injection back�ow tests.

Shook (2001) suggested a novel and rather simple method for thermal breakthrough
prediction. Shook's approach used the equivalence of the mathematical equations
describing the transport of tracers and thermal fronts for one-dimensional �ow in
porous media. By neglecting conduction as a second order e�ect a predicted thermal
decline can be found with an integral transform of the tracer data.

The tracer transport models mentioned thus far have mostly assumed that the dis-
persive mechanism is either matrix di�usion or convective-dispersion, but not both.
There are mainly two reasons for this. First of all, simple analytical solutions are
more easily obtained assuming dispersion/di�usion in only one of the spatial dimen-
sions. Furthermore, since di�usion and dispersion are similar processes it is di�cult
to discern the di�erence between them in tracer data. The use of multiple tracers
with varying properties has been suggested to solve this problem. Results of ex-
periments performed by Maloszewski et al. (1999) in fractured rocks show that a
minimum of two tracers with distinct coe�cients of molecular di�usion is needed to
achieve valid conclusions. Maloszewski et al. (1999) pointed out that at least one of
the tracers used should be conservative to di�erentiate the e�ects of di�usion and
sorption.

Reimus and Haga (1999) developed software code that uses a semi-analytical dual-
porosity transport model called RELAP (REactive transport LAPlace transform
inversion code) to interpret interwell tracer tests. RELAP gives an option of using
either a linear or radial dual-porosity model. The dual-porosity model consists of
one-dimensional advective-dispersive fracture �ow with matrix di�usion and includes
tracer sorption. The inversion code within RELAP is capable of �tting up to four
tracer pro�les together to attain consistent parameter estimations.

Recent studies have looked at new types of tracers to characterize �ow in geothermal
systems. Becker et al. (2013), Dean et al. (2013, 2012), Sullivan et al. (2003),
Williams et al. (2013, 2010) have conducted �eld, lab and numerical experiments on
the use of cation exchange tracers to assess matrix di�usion and �ow-path surface
areas. Advances in tracer technology such as thermosensitive tracers (Ames et al.,
2013, Williams et al., 2013) and quantum dots (Rose et al., 2011) have the potential
to improve �ow-path interrogation and thermal breakthrough forecasting. Injection
of conductive �uid and measurement of the resulting change in electrical potential
is another possible tool for characterizing reservoir connectivity (Magnusdottir and
Horne, 2013).

Numerous articles have been published describing methods to match tracer returns,
as well as some papers developing methods which use results of tracer tests to predict
thermal changes in reservoirs. Yet there is a limited amount of published research
where these methods have been applied to forecast thermal breakthroughs in actual
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geothermal systems. Malate and O'Sullivan (1991) used a fracture �ow model cou-
pled with a lumped mass balance model to match thermal drawdown in well PN-26,
Palinpinon geothermal �eld, Philippines. Cooling of about 50◦C was observed in
well PN-26 over three years. The lumped parameter model accounts for observed
chloride changes which occurred as a result of reinjection. The model gave a good
match to the temperature history. Results of tracer tests have been used to predict
cooling of produced �uids resulting from reinjection in N-Iceland (Axelsson et al.,
1995, 2001). Axelsson et al. (1995) and Axelsson et al. (2001) used a one-dimensional
dispersive channel-�ow model like Fossum and Horne (1982) for history matching
of tracer responses. The results of the tracer tests were extended to a fracture-zone
model to infer long term thermal changes for various reinjection scenarios with con-
stant �ow rates. Maturgo et al. (2010) used the same software package, ICEBOX
(Arason et al., 2003), as Axelsson et al. (1995, 2001) to forecast thermal cooling in
the Southern Negros geothermal �eld, Philippines, using tracer data. Co (2012), and
Co and Horne (2012) used a coupled tracer and temperature model for concurrent
�tting of tracer and temperature data from the Southern Negros geothermal �eld
and the Hijiori EGS test site, Japan. Co (2012), Co and Horne (2012) used the
same one-dimensional uniform porous model as Bullivant and O'Sullivan (1985) for
the tracer data and the same type of temperature model as Axelsson et al. (1995,
2001), and Maturgo et al. (2010). Co (2012) compared her results to the modelling
done by Maturgo et al. (2010).

Axelsson et al. (1995, 2001) used their thermal predictions to evaluate possible
increases of energy production stemming from reinjection. Juliusson (2012) and
Juliusson and Horne (2013) developed a method which uses thermal predictions
found by interpreting �ow rate and tracer data for production management. In
their study they created arti�cial tracer data using a reservoir simulator. They used
a method formulated by Juliusson to match tracer returns under variable �ow-rates
in fractured geothermal systems. Juliusson (2012), Juliusson and Horne (2013)
set up an optimization problem with an objective function which maximizes the
pro�tability of production from the geothermal �eld with respect to injection rates.
Such a method could be used to predict the most favourable injection-production
scenarios.

The next chapter discusses tracer test theory in more detail, including the relevant
published studies and solutions used to match tracer breakthroughs.
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Selecting a suitable model to describe subsurface �ow in a geothermal system is a
nontrivial task. For the case of describing tracer transport multiple aspects have to
be considered. Having some insight into the geological structure of the system will
assist with selecting a possible model. The scale of the test area with respect to the
�ow network may in�uence which model is adopted. Over a small range the �ow
may be dominated by one fracture and a single �ow-path model can be appropriate.
Other areas will be more complex with multiple pathways. Those �elds can call for
greater sophistication in the modelling. However, the simplest model that solves the
problem adequately will likely be the most practical. On very large scales a single
porous medium approach is often used e�ectively to describe geothermal systems
(O'Sullivan et al., 2001). The phase of the geothermal �uid is another factor that
will a�ect the choice of a suitable model. A two phase system can require a more
complex model that includes tracer migration between the liquid and vapour phases
of the �uid. Depending on the solute used for a given tracer test the model may
also have to account for chemical processes that can in�uence the tracer returns.
These processes include tracer degradation and sorption. Last, but not least, the
injection and detection modes establish the initial and boundary conditions for the
model. Bodin et al. (2003) give a good summary of mechanisms in�uencing tracer
transport within fractured aquifers.

Phase partitioning tracers can be used to estimate phase partitioning within two-
phase reservoirs. This work is limited to a discussion on tracer migration within
a single-phase geothermal liquid. For those interested in the subject of boiling of
injection �uid, Pruess (2002), Pruess et al. (2000), Trew et al. (2000) and Wu et al.
(2008) give a good overview of processes controlling phase partioning in geothermal
reservoirs and discuss ways of modelling tracer transport under two-phase conditions.
The underlying fundamentals are the same as for the single-phase case but with the
added intricacy of having to account for interplay of the di�erent phases.

In this study, interwell tracer tests are considered for predicting thermal break-
through in production wells caused by reinjection. Interwell methods are preferable
to the single-well tests since they measure the relationship between the injection and
production wells. Single-well tests have the drawback of measuring the �ow only in
the close vicinity of the injection well. The �ow around the injection well does not
necessarily represent the �ow characteristics between the injection and production
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wells. The dominant �ow-paths around the injection well may not be connected
with the production well.

Thermal injection-back�ow tests seem appealing because they measure thermal
change, the main process of interest. Moreover, thermal di�usivities of rocks are
about four orders of magnitude greater than e�ective rock-matrix di�usion coe�-
cients for tracers. The fracture-matrix interaction will accordingly be greater for
thermal transport than in the case of tracer migration. The disadvantage of using
thermal-injection tests is the slow movement of thermal fronts compared with so-
lute advances. Transport of thermal fronts along main �ow-paths such as fractures
are impeded by the thermal di�usion into the surrounding rock. The single well
thermal injection back�ow method therefore has the additional drawback of having
a very short measurement range compared to injection back�ow tests conducted
using chemical tracers. The predictive power of interwell tracer tests is due to the
faster transport of tracers compared to thermal fronts along �ow-channels (Axelsson,
2013).

3.1 The advection-dispersion equation

The advection-dispersion equation is widely used to describe tracer transport in
subsurface �ow. For an ideal non-reactive tracer the advection-dispersion equation
is

∂(φC)

∂t
+∇ · (φuC) = ∇ · (φD∇C) (3.1)

where C is the tracer concentration, φ is the porosity, u is the average �uid �ow
velocity and D is the hydraulic dispersion coe�cient. The second term on the left
is the advective or convective term while the dispersion is described by the term
on the right hand side. The dispersion is assumed to be a �ckian process, i.e. it
is modelled as a di�usive process. For incompressible �ow, constant porosity and
constant dispersion coe�cient the above equation reduces to

∂C

∂t
+ u · ∇C = D∇2C (3.2)

For one-dimensional �ow the equation is simpli�ed further:

∂C

∂t
+ u

∂C

∂x
= D

∂2C

∂x2
(3.3)

The dispersive part in the advection-dispersion equation is used to describe the
spreading of tracer by both mechanical dispersion and molecular di�usion in a �ow-
channel (Figure 3.1). Mechanical dispersion includes e�ects from di�erence in �ow-
path distances and velocity as well as variation of velocity across the width of each
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Figure 3.1: Dispersion due to mechanical spreading (a,b), and molecular di�usion
(c). Modi�ed from Bear and Cheng (2010).

�ow-channel. Part of the dispersion can be explained by tortuous routes between the
rock grains and within the pores of the rock, while on a larger scale dispersion occurs
because of variation of permeability and length of major �ow-paths (Figure 3.2).
Mathematically the hydraulic dispersion coe�cient is a combination of mechanical
dispersion (Dmech) and molecular di�usion (Dmol):

D = Dmech +Dmol (3.4)

It is a di�cult task, in practice, to discern the di�erence between di�usive and
dispersive processes a�ecting tracer returns. Nevertheless, molecular di�usion is
inconsequential compared to dispersion along advection dominated �ow-paths. This
is likely the case for �ow along fractures within geothermal �elds. Di�usion can
play an important role in solute migration into stagnant �uid and fracture-matrix
interaction (Maloszewski et al., 1999, Pruess et al., 2000).

The mechanical dispersion is often assumed to be linearly related the average �ow
velocity according to

Dmech = αu (3.5)

Figure 3.2: Idealized diagram of a fracture network.
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where α is the dispersivity. This can be given more generally by

Dmech = αun (3.6)

where n is some value that needs to be determined empirically (Freeze and Cherry,
1979). The dispersivity is in many applications considered constant. The dispersiv-
ity will vary depending on the degree of heterogeneity within the �eld and the scale
of the test area (Gelhar et al., 1992).

For one-dimensional tracer migration by di�usion in saturated porous media the
transport equation is given by

φ
∂C

∂t
= De�

∂2C

∂x2
(3.7)

The e�ective di�usion coe�cient, De�, is related to the apparent di�usion coe�cient
Dmol as follows:

De� = φDmol (3.8)

The e�ective di�usivity will largely depend on features of the porous medium, pore
�uid and the di�using tracer species (Pruess, 2002). In the above equation and pre-
vious ones it is assumed that for tracer �uxes the "surface porosity" of the medium is
equal to its porosity. The surface porosity is de�ned as the ratio of void area to total
area for a given cross section of the porous medium, while the porosity is the fraction
of void volume over the total volume. Strictly speaking, φ is the e�ective porosity
since some of the voids are unavailable for transport (Nield and Bejan, 2006). Some
authors use more complicated equations to describe the e�ective di�usion (Boving
and Grathwohl, 2001, Neretnieks, 1980):

De� =
φ

τ 2
D∗mol =

φ

τf
D∗mol (3.9)

Here τ is the tortuosity, τf the tortuosity factor and D∗mol is the molecular di�usion
coe�cient for free di�usion in water. The tortuosity is de�ned as the ratio of the
average or e�ective path length, le, to the straight-line distance between the ends of
the �ow-path, l, see Figure 3.3. It is evident from this de�nition and Figure 3.3 that
τ ≥ 1. Equation (3.9) is based on a porous medium model where the pores consist
of a bunch of parallel sinusoidal capillaries (Grathwohl, 1998a). Equation (3.9) is
sometimes presented with an added multiplication factor, δ ≤ 1, called the con-
strictivity (Boving and Grathwohl, 2001, Maloszewski and Zuber, 1990, Neretnieks,
1980):

De� =
φ δ

τ 2
D∗mol =

φ δ

τf
D∗mol (3.10)

The constrictivity becomes important when the size of the solute is comparable to
the pore size (Boving and Grathwohl, 2001). An empirical relation, analogous to
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le

l

Figure 3.3: Tortuous path in a porous medium.

Archie's law for electrical conductivity of porous rocks, is also used to describe the
e�ective di�usion (Boving and Grathwohl, 2001, Grathwohl, 1998a,b):

De� = φmD∗mol (3.11)

The most compact way of describing the e�ective di�usion could be to use a single
formation factor:

De� = Ff D
∗
mol (3.12)

The formation factor, Ff , can be thought of as being some function of the porous
medium's porosity and other possible contributing factors.

The solution of (the one-dimensional advection-dispersion equation (equation 3.7) )

∂C

∂t
+ u

∂C

∂x
= D

∂2C

∂x2
(3.13)

given the initial and boundary conditions

C(x) = δ(x) , t = 0 (3.14)

lim
x→±∞

C(x, t) = 0 (3.15)

is called the fundamental solution of the advection-di�usion equation. The solution
is

C(x, t) =
1

2
√
πDt

e−
(x−ut)2

4Dt (3.16)

By noting that

δ(x) = lim
a→0

1

a
√
π

e−
x2

a2 (3.17)

and
δ(x) = δ(x− ut)|t=0 (3.18)

it is clear that the solution meets the given conditions. The fundamental solution is
one of multiple solutions used by researchers to match tracer return pro�les (Axels-
son et al., 1995, 2001, Fossum and Horne, 1982). The solution needs to be adjusted
to account for the amount of tracer injected (in reality, detected since some of the
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tracer may not be recovered). For instantaneous injection of mass M of solute at
time t = 0 the initial conditions become:

C(x, 0) =
M

φA
δ(x) =

Mu

q
δ(x) (3.19)

where A is the cross-sectional area of the �ow-path and q is the injection rate. In
this thesis the average velocity, u, is assumed positive unless otherwise stated. The
solution, given the initial conditions above, is simply the one given by equation
(3.16) multiplied by the appropriate factor:

C(x, t) =
M

φA

1

2
√
πDt

e−
(x−ut)2

4Dt =
Mu

q

1

2
√
πDt

e−
(x−ut)2

4Dt (3.20)

Numerous other solutions of the advection dispersion equation can be found in the
literature. The solutions depend on the initial and boundary conditions a given
researcher considers appropriate for the system being described, as reviewed in the
following section.

3.2 Boundary and initial conditions

By using the fundamental solution it is presumed that the �ow-channel acts as an
in�nite one-dimensional system (see Figure 3.4). This sort of model would lend
itself to tracer tests where the injection and detection has a nominal e�ect on the
natural groundwater �ow. Another application could be for similar cases with low
impact injection but production dominated �ow, assuming that the tracer response
is e�ectively una�ected by the production well.

0 L
x

Injection Detection

u uu

Figure 3.4: Diagram of a tracer test assuming one-dimensional �ow and minimal
e�ect on natural �ow.

Figure 3.5 shows a one-dimensional idealization of fracture/channel �ow between an
injection-production well pair, where the �ow is dominated by pumping of the injec-
tion and production wells. While an in�nite medium model describes the conditions
shown in Figure 3.4, it would seem that a di�erent model should be considered for
an interwell test between the well pair depicted in Figure 3.5.
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0 L
x

Injection Production

u u+u−

Figure 3.5: One-dimensional fracture �ow around an injection-production well pair.
The velocities u− and u+ are marked with a minus and a plus, respectively, to
distinguish them from the interwell velocity u.

The main issue is how the injection and production wells, shown in Figure 3.5,
in�uence the tracer returns. Injecting tracer into this system will result in part
of the tracer �owing into the negative half-space (x < 0) and not reaching the
production well, located at a distance L away from the injection well. An apparent
�aw with using the fundamental solution to model this system is that the tracer
which starts o� being injected in the negative half-space is incorrectly modelled as
�owing back into positive half-space (x > 0). The total mass of tracer in the positive
half-space is

M+ = φA

∫ ∞
0

C(s, t) ds (3.21)

while the total mass in the system is

M = φA

∫ ∞
−∞

C(s, t) ds (3.22)

Figure 3.6 shows how M+ varies with time for the fundamental solution. Half of the
injected mass M starts o� in the positive half-space. The other half of the tracer
mass starts o� in the negative half-space and parts of this tracer mass di�uses away
from the production well. With time the convective process pushes the rest of the
tracer into the positive half-space, with M+ →M as t→∞. A model without this
drawback would be favoured. It seems appealing to model the interwell tracer test
described here as a �nite system extending from x = 0 to x = L.

Kocabas and Islam (2000a), Kreft and Zuber (1978), Parker and Van Genuchten
(1984), Parlange et al. (1992), Peters and Smith (2001), Van Genuchten and Parker
(1984) and Zuber have stressed the importance of adopting pertinent boundary
and initial conditions when modelling �nite dispersive systems. The appropriate
boundary and initial conditions will depend on the employed injection and detection
modes.

For the following discussion it is helpful to de�ne two types of tracer concentrations.
The aforementioned authors make a distinction between what they call resident and
�ux concentrations. The resident concentration, CR, is the amount of solute, ∆M ,
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Figure 3.6: Time dependence of the total mass within the positive half-space for the
fundamental solution.

in a unit volume, ∆V , of �uid at a given time:

CR =
∆M

∆V
(3.23)

It has been assumed to this point that the concentration, C, in the advection dis-
persion equation is the resident concentration. The �ux concentration on the other
hand is the ratio of solute �ux to �uid �ux passing through a given cross section.
Seeing as the �uid �ux is equal to the advective �ux:

Φ�uid = φuA (3.24)

and the solute �ux is a combination of the advective and dispersive �ux:

Φsolute = φ

[
uCR −D

∂CR
∂x

]
A (3.25)

then the �ux concentration is

CF =
Φsolute

Φ�uid

= CR −
D

u

∂CR
∂x

(3.26)

It is apparent that the �ux concentration, CF , tends towards the resident concen-
tration, CR, as the dispersion becomes more negligible. The two concentration
expressions become equal in cases where the resident concentration gradient is zero
and/or there is no dispersive/di�usive �ux. It can be easily shown that the �ux
concentration is a solution to equation (3.7) (Kreft and Zuber, 1978). The same
can be shown for the advection-dispersion equation including source terms which
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3.2 Boundary and initial conditions

are linearly dependent on the resident concentration (Kocabas and Islam, 2000a,
Parlange et al., 1992).

Mass conservation leads to the following relation for the �ux and resident concen-
trations (Kreft and Zuber, 1978):

q

∫ t

0

CF (x, τ) dτ = φA

∫ ∞
x

CR(s, t) ds (3.27)

It states that the net amount of solute that has passed through the cross-section
at x has to be located between x and ∞. Equation (3.27) assumes that the �ux is
positive and CR(s, 0) = 0, for s > x.

3.2.1 Inlet boundary

It can be intuitively appealing when modelling a �nite system to impose continuity
of the solute resident concentration at the injection boundary (Peters and Smith,
2001). For injection at constant resident concentration, CI , the boundary condition
at the inlet is

CR(0, t) = CI (3.28)

Using a semi-in�nite system with CR(x, 0) = 0 and CR(x, t) → 0 as x → ∞ the
solution is

CR(x, t) =
CI
2

[
erfc

(
x− ut
2
√
Dt

)
+ erfc

(
x+ ut

2
√
Dt

)
e
ux
D

]
(3.29)

According to Van Genuchten and Parker (1984) the boundary condition given by
equation (3.28) is usually not feasible in practice. If the injection into the channel is
at a constant injection rate q = φuA then the above solution results in discontinuity
of the solute �ux at the inlet. The discontinuous �ux means that the solution does
not conserve tracer mass. Van Genuchten and Parker (1984) de�ned a relative mass
balance error E(t) as

E(t) =
1

qCIt

[
φA

∫ ∞
0

CR(x, t)− qCIt
]

(3.30)

where qCIt is the total amount of tracer injected at the inlet up until time t. Figure
3.7 shows how E varies with dimensionless time when using equation (3.29) for the
resident concentration. The mass error is considerable at early times but decreases
with time. Moreover, the mass balance error becomes more signi�cant for highly
dispersive systems.
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Figure 3.7: Relative mass balance error, E, for the constant resident concentration
boundary condition, equation (3.28).

Continuity of the solute �ux is needed to conserve mass:[
uCR −D

∂CR
∂x

]
x−

=

[
uCR −D

∂CR
∂x

]
x+

(3.31)

x− stands for evaluation of the values within the bracket approaching x from the
left and x+ means evaluation approaching from the right. Simply put, solutes are
neither lost nor created in a given cross-section. At the inlet boundary:[

uCR −D
∂CR
∂x

]
x=0−

=

[
uCR −D

∂CR
∂x

]
x=0+

(3.32)

In terms of the �ux concentration the �ux continuity gives

uCF |x=0− = uCF |x=0+ (3.33)

This gives rise to using the �ux concentration for boundary conditions. With no
dispersion taking place outside the �ow-channel and insigni�cant molecular di�usion
the injection boundary condition becomes

uCI =

[
uCR −D

∂CR
∂x

]
x=0+

(3.34)

where CI is again the injection concentration. With these assumptions the injec-
tion well or fore section is modelled as a perfectly mixed region. This leads to a
macroscopic discontinuity in the resident concentration (Van Genuchten and Parker,
1984). This is a somewhat perplexing issue that arises due to modelling the system
on a macroscale (Peters and Smith, 2001).
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3.2 Boundary and initial conditions

3.2.2 Outlet boundary

A similar treatment of the outlet boundary conditions leads to[
uCR −D

∂CR
∂x

]
x=L−

=

[
uCR −D

∂CR
∂x

]
x=L+

(3.35)

and [
uCR −D

∂CR
∂x

]
x=L−

= uCP |x=L+ (3.36)

where CP is tracer concentration in the produced �uid. It is this outlet concentration
which is measured during a tracer experiment and needs to be matched with a
suitable model. Handling of the exit boundary is less straight forward than at the
inlet, since the output concentration is unknown. If the system, is to be modelled
explicitly as a �nite system the only option available at the outlet boundary is to
make some assumptions about the boundary. Considering this point in question can
again lead to the assumption of continuity in resident concentration. The resident
concentration is continuous at the outlet boundary if and only if

∂CR
∂x

∣∣∣∣
x=L−

= 0 (3.37)

Danckwerts (1953) used this boundary condition to describe �ow in packed tubular
reactors. His model looks at a system with constant tracer concentration at the inlet.
Regarding equation (3.36), Danckwerts argues that if ∂CR

∂x

∣∣
x=L− is negative then the

outlet concentration is higher than inside the end of the packed tube. Furthermore,
if the derivative is positive then the concentration would have to pass through a
minimum. Danckwerts cannot intuitively see that either situation can arise which
leads him to suggest that the boundary condition has to be given by

∂CR
∂x

∣∣∣∣
x=L

= 0 (3.38)

to avoid these situations. Reading between the lines, it seems that his intuition
tells him that the concentration has to strictly decrease from the inlet to the outlet.
This should be expected for a system with zero initial concentration and constant
concentration at the inlet. Using the same argument and assuming that the outlet
itself does not a�ect the outlet concentration would lead to the following boundary
condition:

∂CR
∂x

∣∣∣∣
x=l

= 0 (3.39)

where l ≥ L. The following extreme can just as easily be used for the same means:

∂CR
∂x

∣∣∣∣
x→∞

= 0 (3.40)
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3 Tracer test theory

Brenner (1962) used the same reasoning as Danckwerts to support the adoption
of the zero gradient boundary condition at x = L. This logic cannot be used for
groundwater tracer tests where the solutes are in practice injected as �nite pulses
which give rise to the possibility of maxima and minima of the tracer concentration.
The real question is how the production boundary impacts the tracer returns. The
best choice for l is likely somewhere between L and ∞.

Van Genuchten and Parker (1984) contended that the boundary condition given
by Danckwerts is inconsistent with the inlet condition. The zero gradient bound-
ary condition at the outlet describes a process of backward mixing. Parker and
Van Genuchten (1984) maintained that for �ow in porous media the only mecha-
nism for back mixing is di�usion. Parker and Van Genuchten therefore reasoned that
using equation (3.40) is likely to be the most suitable when mechanical dispersion
is the dominant dispersive process.

Column experiments have been carried out to shed light on the capability of various
boundary conditions for predicting solute concentrations in porous media. Results
of experiments support the choice of equations (3.34) and (3.40) as boundary con-
ditions (Novakowski, 1992, Parker, 1984, Schwartz et al., 1999). The macroscopic
discontinuity of tracer resident concentrations is supported by the results of column
experiments carried out by Novakowski (1992).

The advantage of laboratory column experiments is that unlike �eld tests they can
be conducted in a controlled (as much as) environment. Lessons learnt from column
experiments are often applied to the �eld scale, though there may be some inherent
problems with translating results from the laboratory to �eld scales. The inlets and
outlets of the �ow system are easier to control and understand in column tests than
large scale wells in a geothermal system. Moench (1989, 1995) proposed a model to
account for boundary well mixing in radially convergent �eld tracer tests. His model
gives results in resident concentration but measurement of �ux concentration is most
likely the mode of detection in �eld tests (Kocabas and Islam, 2000a, Kreft and
Zuber, 1978, Maloszewski and Zuber, 1997). The semi-analytical model developed
by Reimus and Haga (1999), RELAP, has the option of including wellbore mixing by
using a Laplace domain transfer function. Their model assumes �ux concentration
along the main �ow-path. Development of models describing wellbore-mixing are
certainly a theoretical improvement but it could be di�cult to evaluate the e�ect
of mixing independently by di�erentiating it from results of other di�usive and
dispersive processes. Selecting be�tting boundary conditions for modelling highly
dispersive systems is essential for relevant model-based predictions.
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3.3 One-dimensional analytical solutions

3.3 One-dimensional analytical solutions

The one-dimensional tracer transport equation under steady state �ow conditions is
given by

∂C

∂t
+ u

∂C

∂x
= D

∂2C

∂x2
(3.41)

The appropriateness of using this equation can be questionable in some cases. In the
case of a weak recirculation tracer test in a con�ned, heterogeneous aquifer the �ow
�eld will probably be somewhere between linear and radial (Council, 1996, Reimus
and Haga, 1999). Leibundgut et al. (2009) and Maloszewski and Zuber (1990) note
that equation (3.41) can be used for convergent radial �ow, Figure 3.8, given that
the Peclet number Pe = D/uL > 5.

P

Figure 3.8: Convergent radial �ow around a production well, P.

The radial analogue of equation (3.41) within a uniform porous medium is

∂C

∂t
+

1

r

∂(rurC)

∂r
=

1

r

∂

∂r

(
rDr

∂C

∂r

)
(3.42)

where ur is the radial velocity, Dr the radial dispersion coe�cient and r is the
distance from the pumped well. ur has a positive value for a divergent radial �ow test
(injection) but negative for a convergent test (production). A transverse dispersive
term is generally not included in the above equation to describe convergent tests, due
to the convergence of �ow lines at the production well (Maloszewski and Zuber, 1990,
Moench, 1989). Any simpli�cation of this equation will depend on assumptions made
regarding the behaviour of ur andDr (Kocabas and Islam, 2000b). The velocity term
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3 Tracer test theory

is usually taken to be ur = B/r, where B is constant. If the dispersion is considered
constant then

∂C

∂t
+ ur

∂C

∂r
= Dr

∂2C

∂r2
+
Dr

r

∂C

∂r
(3.43)

or if Dr = αur, with α constant then

∂C

∂t
+ ur

∂C

∂r
= Dr

∂2C

∂r2
(3.44)

For the latter type of dispersion the radial transport equation looks identical to
the linear equation, while the former has an added factor similar to the convective
term. The linear equation is approximately equivalent to equation (3.43) for a large
enough radial Peclet number, urr/Dr.

The radial equation is at one end of the spectrum of idealized �ow conditions in
porous media. Figure 3.9 shows �ow lines for a dipole injection production doublet
in an ideal uniform porous medium. The one-dimensional �ow equation is probably
a better approximation to such a situation. The main reasoning for using the linear
equation for geothermal systems is that apart from its simplicity it can be expected
to certain degree to match �ow channelling within geothermal reservoirs. Most of
the �uid �ow within a geothermal reservoir is likely to be along highly permeable
fractures or channels. By using a single porosity model with linear transport, the
hope is to capture most of the important aspects of these �ow-channels. The pa-

Figure 3.9: Flow lines (lines with arrows) around an injection-production doublet.
Diagram modi�ed from Novakowski et al. (2004).
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3.3 One-dimensional analytical solutions

rameters used in the models should not be taken too literally but rather as some
e�ective or average values for the �ow between wells.

Tables 3.1 and 3.2 show solutions to the one-dimensional advection dispersion equa-
tion when considering various combinations of injection and detection modes for
instantaneous and continuous injection, respectively. The solutions shown in the
two tables give the tracer concentration within a given �ow-channel with a volumet-
ric �ow rate q and injected with tracer mass m. The subscripts indicate the methods
of injection and detection. As an example, the subscript RF signi�es injection in
resident concentration (R) and detection in �ux concentration (F ). Kreft and Zuber
(1978) gave integral transformations which relate the various solutions for instanta-
neous and continuous injections. Solutions to problems with more general boundary
and initial conditions can be found using convolution integrals (Juliusson, 2012).

Table 3.1: Solutions to the one-dimensional advection-dispersion equation for in-
stantaneous injection of tracer mass m into a �ow-channel with a cross-sectional
area A, porosity φ and a �ow rate q = φAu (Kreft and Zuber, 1978).

Description Initial and boundary Solution

conditions

In�nite system,

injection and

detection in

resident �uid.

CR(x, 0) = m
φA
δ(x)

limx→±∞CR(x, t) = 0
CRR = m

φA
1

2
√
πDt

e−
(x−ut)2

4Dt

In�nite system,

injection in

resident �uid,

detection in �ux.

CF (x, 0) = m
φA

(
1 + D

ux

)
δ(x)

limx→±∞CF (x, t) = 0
CRF = m

q
x+ut

4
√
πDt3

e−
(x−ut)2

4Dt

Semi-in�nite

system, injection

in �ux, detection

in resident �uid.

CR(x, 0) = 0 , x > 0
CR(0, t)− D

u
∂CR
∂x

∣∣
x→0+

= m
q
δ(t)

limx→∞CR(x, t) = 0

CFR = m
φA

[
1√
πDt

e−
(x−ut)2

4Dt

− u
2D

e
ux
D erfc

(
x+ut
2
√
Dt

)]
Semi-in�nite

system, injection

and detection

in �ux.

CF (x, 0) = 0 , x > 0
CF (0, t) = m

q
δ(t)

limx→∞CF (x, t) = 0
CFF = m

q
x

2
√
πDt3

e−
(x−ut)2

4Dt

Figures 3.10 and 3.11 compare the theoretical instantaneous tracer pro�les given in
Table 3.1 for di�erent Peclet numbers. The range of Peclet numbers were chosen
to cover expected ranges for geothermal �elds (Horne and Rodriguez, 1983). As
expected for large Peclet numbers the tracer pro�les are indistinguishable. The
curves tend towards a delta function as the Peclet number increases. The tracer
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3 Tracer test theory

Table 3.2: Solutions to the one-dimensional advection-dispersion equation for con-
tinuous injection (Kreft and Zuber, 1978).

Description Initial and boundary Solution

conditions

In�nite system,

injection and

detection in

resident �uid.

CR(x, 0) =


1 , x < 0

1

2
, x = 0

0 , x > 0

limx→−∞CR(x, t) = 1
limx→∞CR(x, t) = 0

CCRR = 1
2

erfc
(
x−ut
2
√
Dt

)

In�nite system,

injection in

resident �uid,

detection in �ux.

CF (x, 0) = CR(x, 0)
[
1+ 2D

u
δ(x)

]
,

where CR(x, 0) as above.
limx→−∞CF (x, t) = 1
limx→∞CF (x, t) = 0

CCRF = erfc
(
x−ut
2
√
Dt

)
+ D/u

2
√
πDt

e−
(x−ut)2

4Dt

Semi-in�nite

system, injection

in �ux, detection

in resident �uid.

CR(x, 0) = 0 , x > 0
CR(0, t)− D

u
∂CR
∂x

∣∣
x→0+

= 1
limx→∞CR(x, t) = 0

CCFR = 1
2

erfc
(
x−ut
2
√
Dt

)
+ ut√

πDt
e−

(x−ut)2
4Dt

− 1
2

erfc
(
x+ut
2
√
Dt

)
× e

ux
D

[
1 + u(x+ut)

D

]
Semi-in�nite

system, injection

and detection

in �ux.

CF (x, 0) = 0 , x > 0
CF (0, t) = 1
limx→∞CF (x, t) = 0

CCFF = 1
2

[
erfc

(
x−ut
2
√
Dt

)
+ erfc

(
x+ut
2
√
Dt

)
e
ux
D

]

curves look very similar for Pe > 10. As the dispersive e�ects increase (smaller Pe)
the greater the di�erence between the curves becomes. Looking at the di�erence
between the pro�les it would seem, in theory, possible to decide which type of curve
matches given tracer data if the dispersion is substantial enough. Interwell tracer
tests, between injection and production wells, are usually conducted by introducing
a slug of tracer over a �nite period of time into the injection well. The instantaneous
solutions from Table 3.1, can be used to match the observed tracer returns at the
production well if the tracer injection period is short enough. These solutions need to
be adjusted slightly when �tting the tracer pro�les. Focusing on the instantaneous
�ux-�ux solution, the �ux concentration within the �ow-path is given by

cFF =
m

q

x

2
√
πDt3

e−
(x−ut)2

4Dt (3.45)
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Figure 3.10: Normalized tracer return curves for the various instantaneous one-
dimensional analytical solutions and selected Peclet numbers, Pe.

Considering that the total production rate is QP at a the production well and in-
voking conservation of tracer �ux (qcFF = QPCFF ) leads to

CFF (L, t) =
m

QP

L

2
√
πDt3

e−
(L−ut)2

4Dt (3.46)

for the produced �uid. The same adjustment can be made for CRF solution and the
detection in resident concentration by using conservation of tracer mass (Axelsson
et al., 2005). Accounting for tracer losses to other �ow-channels gives

CFF (L, t) = ωinj

M

QP

L

2
√
πDt3

e−
(L−ut)2

4Dt (3.47)

where M is the total injected tracer mass and ωinj is the fraction of injected �uid
reaching the production well through the considered pathway. ωinj can give an
indication of the expected longer term cooling e�ects deriving from injection into
the channel in question.
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Figure 3.11: Tracer return curves for the various instantaneous one-dimensional an-
alytical solutions and selected Peclet numbers, Pe. The normalized concentration
is shown on a logarithmic scale to emphasize the di�erences between the late time
predictions of the solutions.

History matching of tracer data can provide other useful information about existing
connections between wells. Rough estimates of �ow-channel volumes can be found
by �tting tracer data with theoretical pro�les (Axelsson et al., 2005) or by other
means (Rose et al., 2004, Shook and Forsmann, 2005). Given the fraction of tracer
returns and an evaluated mean �ow-channel velocity the �ow-path pore volume is

V = φAL =
qL

u
= ωinj

QIL

u
=
m

M

QIL

u
(3.48)

(Axelsson et al., 2005). Similar estimates are possible using the method of mo-
ments (Rose et al., 2004, Shook and Forsmann, 2005). Assuming steady state �ow
conditions, the total mass recovered at the production well can be calculated using

m = QP

∫ ∞
0

C(L, t) dt (3.49)
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3.4 Matrix di�usion

The integral can be calculated by numerically integrating the tracer data. One way
is using the trapezoidal rule. The mean residence time of the �uid �owing through
the channel is

t̄ =
1

m

∫ ∞
0

tC(L, t) dt (3.50)

When these integrals have been approximated then the pore volume is found by

V =
m

M
QI t̄ = ωinjQI t̄ (3.51)

If the reservoir is a closed system then the pore volume can easily be found by
reinjecting all the produced �uid back into the reservoir. By recirculating the �uid
back into the system for long enough, the injected tracer will mix evenly throughout
the system. The pore volume is

V =
M

C∞
(3.52)

for a closed system, where C∞ is the constant concentration attained after in�nite
time (or long enough).

3.4 Matrix di�usion

Di�usion of solutes into stagnant water within hydrological systems can in some
situations be considerable enough that simple single-porosity �ow-channel models
are unable to match the observed tracer breakthroughs. Models which allow for
di�usion into stagnant water may be needed (Bodin et al., 2003, Bullivant and
O'Sullivan, 1985, Jensen and Horne, 1983, Maloszewski et al., 1999). For �ow along
a fracture surrounded by a low-permeability rock matrix, the tracer transport can
be modelled with a double-porosity model allowing for matrix di�usion. Keeping to
linear �ow within the main channel and considering the additional process of matrix
di�usion, the governing equation within the fracture can be taken to be (Williams
et al., 2013)

∂Cf
∂t

+ u
∂Cf
∂x
−D∂

2Cf
∂x2

− φm
φfb

Dm
∂Cm
∂y

∣∣∣∣
y=b

= 0 , |y| ≤ b (3.53)

when the di�usion within the matrix is given by

φm
∂Cm
∂t

= φmDm
∂2Cm
∂y2

, |y| > b (3.54)

Continuity of resident concentration is imposed at the fracture wall:

Cf = Cm , at |y| = b (3.55)
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3 Tracer test theory

The interaction of the matrix and fracture is described with the last term on the left
hand side of equation (3.53). This factor accounts for the tracer �ux at the fracture-
matrix interface. Figure 3.12 shows the conceptual model considered for �ow within
a fracture including fracture-matrix interaction. The idealized fracture has a fracture
aperture 2b and porosity φf . The parameters determining the transport within the
matrix are the matrix porosity φm, and the apparent matrix di�usion coe�cient,
Dm. The fracture has a �ow-channel cross-sectional area A = φf2bh, where h is
the height of the fracture. The above model assumes that a negligible amount of
tracer di�uses at top and bottom of the fracture, i.e. h� 2b. The ideal fracture is
also described as having smooth fracture walls and constant fracture aperture. In
reality the fracture surface area will be rough and the fracture aperture will vary.
The fracture aperture is considered as being an e�ective value for the �ow-channel.

x

y

Matrix

Fracture

2b

Figure 3.12: Diagram of an idealized single fracture matrix system.

Note that di�usion is neglected for movement parallel to the fracture. This is a
good approximation since e�ects of the molecular di�usion will in most geothermal
settings be many orders of magnitude smaller than the dispersive ones along the
�ow-path. The tracer concentration is modelled as evenly mixed across a cross-
sectional area of the fracture. This is a good guess if the molecular di�usion is
large enough. Some turbulent mixing due to fracture wall roughness could also
lead to a more even concentration distribution within the fracture. Roubinet et al.
(2012) conducted numerical experiments to quantify the importance of matrix dif-
fusion on fracture-matrix interaction. They concluded that the transverse matrix
di�usion is the primary process controlling the fracture matrix interaction, if the ma-
trix di�usion coe�cient is smaller than the transverse fracture di�usion coe�cient.
Considering that the tortuous paths within matrix will lower the e�ective molecular
di�usion within the matrix infers that the assumptions used in the fracture-matrix
model described above are likely valid.

Jensen and Horne (1983) used a simpli�ed version of equation (3.53) by neglecting
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3.4 Matrix di�usion

the dispersion term within the fracture. They found a solution of the adjusted
equation for a �nite injection pulse of duration ∆t. The derivation of their solution
is shown in Jensen (1983). Jensen noted that the solution of the adjusted equation
for continuous injection at constant concentration,

Cf = C0 , at |x| = 0 (3.56)

for zero initial concentration and �nite tracer concentrations as x→∞ and y →∞
is (Carslaw and Jaeger, 1959)

f(x, t) = Cf (x, t)/C0 = erfc

[
φmDmx

2ubφf
√
Dm(t− x/u)

]
·H(ut− x) (3.57)

where H is the Heaviside function. The solution for a tracer slug of mass m, injected
for a short period ∆t, can be given by

Cf (x, t) =
m

q∆t
[f(x, t)− f(x, t−∆t)] (3.58)

A solution for instantaneous injection can be found by taking the limit

Cf (x, t) = lim
∆t→∞

m

q∆t
[f(x, t)− f(x, t−∆t)] =

m

q

∂f

∂t
(3.59)

Neglecting channel dispersion and solely using matrix di�usion could likely over esti-
mate the fracture-matrix interaction, resulting in an overestimate of the surface area
to volume ratio, b−1. This could lead to underestimation of thermal breakthrough.

Maloszewski and Zuber (1990) solved equations (3.53−3.55) including channel dis-
persion for instantaneous injection in �ux concentration and detection in �ux. Their
boundary and initial conditions were

Cf (x, 0) = 0 , Cf (0, t) =
m

q
δ(t) , lim

x→∞
Cf (x, t) = 0 , (3.60)

Cm(x, y, 0) = 0 , Cm(x, b, t) = Cf (x, t) and lim
y→∞

Cf (x, y, t) = 0 . (3.61)

The solution is

Cf (L, t) =
ma

2πq

√
Pe t0 ·

∫ t

0

exp

[
−Pe(t0 − τ)2

4τt0
− a2τ 2

t− τ

]
dτ√

τ(t− τ)3
(3.62)

with

t0 =
L

u
, Pe =

uL

D
=
L

α
and a =

φm
√
Dm

2b
(3.63)

Maloszewski et al. (1999) used the above model, with the factors in equation (3.63)
as �tting parameters, to match multiple tracer pro�les. Their model also includes
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3 Tracer test theory

additional factors describing tracer interaction with the rock matrix. Multiple tracer
with di�erent attributes can be used to support (Maloszewski et al., 1999) or in-
validate (Becker and Shapiro, 2000, 2003) the idea of matrix di�usion being an
important transport process within an individual hydrological system. The �tting
parameter a can be written in terms of a formation dependent and tracer dependent
part (D∗mol):

a =
φm
√
Dm

2b
=
φm
√
Ff

2b
·
√
D∗mol (3.64)

Using multiple tracers with known free molecular di�usion coe�cients and estimat-
ing a reasonable range for φm

√
Ff it might be possible to obtain a likely range

for the surface area to volume ratio b−1. Such a procedure could help to calibrate
models for temperature predictions.

3.4.1 Tracer sorption and decay

Ideally one of the tracers used for a tracer test should be conservative and nei-
ther decay nor interact with the surrounding rock formation. Finding a tracer with
suitable properties for a geothermal �eld can understandably be a di�cult task con-
sidering the high temperatures, pressures and complex chemical processes taking
place within such a system. Chemicals which are relatively stable at room tem-
perature can decay due to thermal degradation at conditions found in geothermal
reservoirs. The thermal degradation can, at least in some cases, be described in an
analogous manner to radioactive decay

∂C

∂t
= −λC (3.65)

where λ is the �rst order thermal decay rate constant (Rose et al., 2000). Reactions
such as decay have traditionally been considered undesirable traits for tracers but
some reactive attributes may o�er a way to broaden our understanding of geothermal
systems.

Chemicals can be physically held by, adsorbed onto, and released from, or desorbed
from, surfaces. The physical processes controlling the sorption processes will depend
on the materials involved. The forces acting on a sorbing solute can be van de Waals
forces, chemical forces and ionic forces. Equations (3.53) and (3.54) can be adapted
to include tracer decay and sorption:

∂Cf
∂t

+ u
∂Cf
∂x
−D∂

2Cf
∂x2

− φm
φfb

Dm
∂Cm
∂y

∣∣∣∣
y=b

= −Φs

φf
− λCf (3.66)

φm
∂Cm
∂t

= φmDm
∂2Cm
∂y2

− Φs

φm
− λCm (3.67)
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3.4 Matrix di�usion

Here, Φs is the tracer transfer rate onto or into the solid phase of the formation
and λf is the decay of the tracer within the �uid. The mass balance equation for
the solid phase is (Pruess et al., 2005, Reimus and Haga, 1999, Van Genuchten and
Wagenet, 1989)

(1− φ)ρR
∂S

∂t
= Φs − (1− φ)ρRλsS (3.68)

Here ρR is the density of the rock and S is the tracer surface concentration on the
solid rock phase. The decay rate of the tracer when it is sorbed, λs, is included in the
above formulation. This factor is often overlooked in the literature. It is possible to
assume that the two decay rates λf and λs are equal for radioactive decay. However,
the two rates will likely di�er in value for chemical degradation (Van Genuchten,
1985). The reaction rate is described using sorption isotherms. Suitable isotherms
are found by carrying out laboratory experiments on rock samples from a given
site or at least materials similar to those found in the �eld. The linear equilibrium
adsorption isotherm

S = kC (3.69)

is widely used to describe sorption processes in hydrological settings, where k is a
mass based sorption partition coe�cient. The linear isotherm is a subset of the class
of Freundlich isotherms given by

S = kCn (3.70)

Semi-analytical solutions are attainable for simple linear rate-limited or equilibrium
isotherms (Reimus and Haga, 1999). For more complex isotherms numerical meth-
ods are needed to describe the tracer transport. Sullivan et al. (2003) conducted
column experiments with cation-exchange tracers. They found that a linear sorp-
tion model was unable to describe lithium responses at high injection concentrations.
They were able to get reasonable �ts to their column data using a numerical code
which describes multicomponent tracer transport. Cation-exchange tracers have the
disadvantage of a high detection limit and are therefore not as suitable as other trac-
ers for interwell tests. However, they may be useful for single-well tests, for which
tracer losses are less of a problem (Williams et al., 2013).

The instantaneous linear equilibrium isotherm is most suitable for a rapidly sorbing
tracer and in cases where the tracer concentration is fairly low. But assuming that
it is applicable we get

Rf
∂Cf
∂t

+ u
∂Cf
∂x
−D∂

2Cf
∂x2

− φm
φfb

Dm
∂Cm
∂y

∣∣∣∣
y=b

= −
(
λf +

(1− φf )ρk
φf

λs

)
Cf (3.71)

and

Rm
∂Cm
∂t

= φmDm
∂2Cm
∂y2

−
(
λf +

(1− φm)ρk

φm
λs

)
Cm (3.72)

where

Rf = 1 +
(1− φf )ρk

φf
and Rm = 1 +

(1− φm)ρk

φm
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3 Tracer test theory

Rf and Rm will be referred to as the fracture and matrix retardation factors, re-
spectively. The fracture retardation factor, Rf , is sometimes given in terms of a
surface-area-based partition coe�cient Ka (Williams et al., 2013):

Rf = 1 +
Ka

b

Now the e�ective fracture half aperture, b, can be found by evaluating the fracture
retardation factor by matching tracer test pro�les using sorbing tracers, assuming
that the surface-area-based sorption partition coe�cient, Ka, is known.
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4 Thermal breakthrough

Thermal breakthrough predictions are based on the similarity of the transport equa-
tions describing the advancement of tracers and thermal fronts. The general tracer
transport equation for steady �ow conditions is

Rtracer

∂C

∂t
+ u · ∇C = D∇2C (4.1)

while the thermal changes can be described using (Bodvarsson, 1972)

Rthermal

∂T

∂t
+ u · ∇T = κ∇2T (4.2)

where

Rtracer = 1 +
(1− φ)ρk

φ
and Rthermal = 1 +

(1− φ)ρRcR
φρwcw

(4.3)

are the tracer and thermal retardation coe�cients, respectively. Here

κ =
kth

φρwcw
(4.4)

is the thermal di�usivity and kth is the thermal conductivity of the formation. Note
that k is again the mass based sorption coe�cient, ρ is density and c is the spe-
ci�c heat capacity. The subscripts R and w denote values for the rock and �uid,
respectively. It is assumed in the derivation of equation (4.3) that the temperatures
of the �uid and porous rock are instantaneously equilibrated. The two transport
equations shown above take the same relative form with similar factors. Notice that
the two transport equations contain the same sort of convective term. If there are
no di�usive or dispersive e�ects then the ratio of the arrival time of the thermal
front to the tracer front is Rthermal/Rtracer. The thermal di�usivity is analogous to
the tracer di�usion/dispersion term.

If we keep to the conceptual model shown in Figure 3.12 describing transport along
a �ssure then the thermal transport can be described by

Rthermal,f

∂Tf
∂t

+ u
∂Tf
∂x
−D∂

2Tf
∂x2

− κ′m
b

∂Tm
∂y

∣∣∣∣
y=b

= 0 , |y| ≤ b (4.5)

and
∂Tm
∂t

= κm
∂2Tm
∂x2

, |y| > b (4.6)
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4 Thermal breakthrough

where

κm =
kth

φρmcm
and κ′m =

kth
φρwcw

(4.7)

Again the subscripts denote values within the fracture and matrix, respectively.
The dispersive term from the tracer model, describing mechanical dispersion, has
been retained for the above thermal model. The two main parameters controlling
the thermal propagation are the thermal retardation factor and the fracture ma-
trix interaction which is dependent on the fracture aperture and matrix di�usivity.
Reasonable estimates of the formation density, heat capacity and thermal conduc-
tivity can be found by either measuring samples from the formation or using likely
values from the literature. Tracer tests can be used to estimate the mean velocity,
dispersion, �ow-path pore volume and hopefully the fracture aperture. The most
problematic parameters a�ecting the thermal breakthrough are the �ow-channel
porosity and the fracture aperture, as well as unforeseen changes in the �ow �eld
due to production.

If a good estimate of the fracture porosity is not available then a conservative value
can be used, to make sure that the predictions do not underestimate the onset of
thermal breakthrough. The geometry of the �ow-channel can also be chosen to give
conservative predictions, by underestimating the surface area available for thermal
transfer between the matrix and �owing �uid. Reimus et al. (2012) and Williams
et al. (2013) point out that though sorbing tracers may o�er some way of estimating
the surface area, the results can lead to overestimation of the actual surface area
available for thermal di�usion. The sorbing tracers will in e�ect witness a larger
surface area than ones controlling heat transfer due to the surface roughness of the
rock formation, see Figure 4.1.

Figure 4.1: Illustration of di�erence between sorption surface area and heat transfer
surface area at a fracture surface (Reimus et al., 2012, Williams et al., 2013) .

The solution of Carslaw and Jaeger (1959) can be used to describe thermal break-
through, assuming that the dispersion has an insigni�cant e�ect on the thermal
breakthrough. For steady �ow conditions, initial formation temperature T0 and
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injection temperature TI the production temperature is

TP (L, t) = T0−ωinj

QI

QP

(T0−TI)erfc

[
kthL/(φfρwcw)

2bu
√
κm(t−Rthermal,fx/u)

]
·H(ut/Rthermal,f−x)

(4.8)
This solution was used by Axelsson et al. (1995, 2001), Co (2012), Co and Horne
(2012) and Maturgo et al. (2010) for predicting thermal breakthrough. An im-
provement can perhaps be made by including the dispersive part in equation (4.5).
Gringarten et al. (1975) presented a solution for equally spaced parallel fractures.
The solution given by Carslaw and Jaeger is a special case of the solution of Gringarten
et al. for in�nite fracture spacing.

For thermal breakthrough predictions based on tracer tests the underlying assump-
tion is that the temperature fronts follow the same paths as the tracers. This as-
sumption may not be valid over the course of long term production of a geothermal
reservoir. Injection and production �ow rates will at least vary to some extent during
geothermal utilization. Varying �ow rates can easily alter the �ow characteristics
within the �eld. Other processes which can alter the �ow-paths are chemical changes
to the reservoir �uid, pressure drawdown and thermal changes due to production.
Reduced temperatures within the �eld can slow down the thermal breakthrough by
decreasing the geothermal �uid's viscosity, which could lead to conservative break-
through estimations (Shook, 2001). According to Shook, this will in all likelihood
not be the case since signi�cant changes to viscosity will probably happen late,
when thermal changes have already reached production zones. Reinjection of waste
water may also increase the permeability by fracture stimulation or decrease the
permeability due to mineral deposition.
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5 Numerical modelling

Recent theoretical work and column experiments show that new types of tracers
may be a promising prospect for characterizing interwell connectivity in geothermal
systems. Tracers that are sensitive to fracture matrix interfaces can in theory be
used to advance cooling predictions.

Analytical solutions of tracer transport are limited to solving mass transport equa-
tions which include processes which are simple to formulate. Slightly more compli-
cated models can be solved using semi-analytical Laplace methods. An advantage of
using Laplacian solutions is that convolution integrals become simple multiplications
in Laplace space (Reimus and Haga, 1999). However, for more involved problems
with highly nonlinear factors, neither analytical nor semi-analytical methods are an
option. In those situations the researcher needs to turn to numerical simulation
methods.

Numerical methods may seem unappealing to some. Reasons may be that numerical
simulations may take a long time to give results and can give erroneous results.
Ever increasing computer speeds and improved numerical simulation methods make
those drawbacks a lesser issue. Semi-numerical methods can also have problems
with numerical errors. Furthermore, semi-analytical methods can in some cases
become cumbersome, if not impractical, and may have longer run-times than the
corresponding numerical method (Juliusson and Horne, 2012, Jung and Pruess, 2012,
Maier and Kocabas, 2013a).

A numerical �nite volume method is described in the following sections. The numer-
ical code used is based on a method laid out in Patankar (1980). The method used a
fully implicit scheme with upstream weighting and rectangular �nite volumes. This
scheme is chosen for its simplicity, ease of implementing boundary conditions and
robustness. It proves to give fairly good accuracy for encountered problems. Other
methods, which can improve numerical accuracy, may also be considered (Croucher
and O'Sullivan, 1998, Croucher et al., 2004).
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5 Numerical modelling

5.1 One-dimensional �ow-paths

The one-dimensional advection-dispersion equation including source terms, S∗, is
given by

∂C

∂t
+ u

∂C

∂x
= D

∂2C

∂x2
+ S∗ (5.1)

W P E

w e

δxw δxe

∆x

Figure 5.1: Typical grid-point cluster for the one-dimensional problem.

The one-dimensional �nite volume solution to the advection dispersion equation is
found by integrating the transport equation over the �nite volume, of length ∆x,
shown in Figure 5.1:∫ w

e

∂C

∂t
dx =

∫ w

e

(
D
∂2C

∂x2
− u∂C

∂x
+ S∗

)
dx (5.2)

Solving the integrals we �nd that

∆x
∂CP
∂t

= D

(
∂C

∂x

∣∣∣∣
e

− ∂C

∂x

∣∣∣∣
w

)
− u(Ce − Cw) + ∆xS̄∗ (5.3)

The concentration of the nodal point P was assumed to be a good enough average
concentration over the whole volume for the evaluation of the time derivative. S̄∗ is
the average value of the source term over the control volume. Some decision needs
to be made on how to approximate the terms on the control volume's boundary.
The derivatives can be approximated using �nite di�erences:

∂C

∂x

∣∣∣∣
e

≈ CE − CP
δxe

and
∂C

∂x

∣∣∣∣
w

≈ CP − CW
δxw

(5.4)

The W and E denote values given at the closest upstream and downstream neigh-
bouring nodes. For an upwind scheme with positive �ow, u > 0, being from left to
right in Figure 5.1 we have

Cw ≈ CW and Ce ≈ CP (5.5)

The time derivative is given implicitly by

∆x
∂C

∂t
≈ ∆x

∆t
(CP − C0

P ) (5.6)
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5.1 One-dimensional �ow-paths

where ∆t is the current time step and C0
P is the element's concentration from the

previous time step. Substituting equations (5.4−5.6) into equation (5.3) gives

aPCP = aWCW + aECE + d (5.7)

with

aW =
D

δxw

aE =
D

δxe
+ u

a0
P =

∆x

∆t
d = a0

PC
0
P + S̄∗

aP = aW + aE + a0
P

(5.8)

These parameters can be made more general for positve and negative velocities, u:

aW =
D

δxw
+ max(−u, 0)

aE =
D

δxe
+ max(u, 0)

a0
P =

∆x

∆t
d = a0

PC
0
P + S̄∗

aP = aW + aE + a0
P

(5.9)

In matrix form equation (5.7) is expressed as

BC = d (5.10)

where B is an N×N tridiagonal matrix, C =
[
C1 C2 ... CN

]T
, N is the number

of elements in the grid and d =
[
d1 d2 ... dN

]T
, see �gure 5.2. Equation (5.10)

can be solved using various known matrix solvers. The optimum method for solving
the matrix equation will depend on the location of the non-zero elements of matrix
B. The Thomas Algorithm is a well known algorithm for solving tridiagonal systems
of equations. All of the code written for this thesis was implemented using MATLAB.
MATLAB has an inbuilt matrix solver which can be called upon using the backslash
operator.
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5 Numerical modelling

Figure 5.2: One-dimensional �nite volume grid with N elements.

5.2 Fracture including matrix di�usion

The equations describing the transport within a �ssure with matrix di�usion can
be solved in the same way as outlined for the one-dimensional transport equation.
For the two-dimensional case the �nite volumes are as depicted in Figure 5.3. As
before the positive x direction is from W to E, while the positive y direction is from
point S to point N . With the additional spatial dimension, the discredized equation
becomes

aPCP = aWCW + aECE + aSCS + aNCN + d (5.11)

W P E

N

S

w

e

n

s

∆x

∆y x

y

Figure 5.3: Control volume for the two-dimensional situation.

For transport within the matrix with matrix di�usion coe�cients Dmx and Dmy

along the y and x axis, respectively, see Figure 3.12:

∂Cm
∂t

= Dmy
∂2Cm
∂y2

+Dmx
∂2Cm
∂x2

(5.12)
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5.2 Fracture including matrix di�usion

the discretized parameters are

aW = ∆y
Dmx

δxw

aE = ∆y
Dmx

δxe

aS = ∆x
Dmy

δys

aN = ∆x
Dmy

δyn

a0
P =

∆x∆y

∆t
d = a0

PC
0
P + S̄∗

aP = aW + aE + aS + aN + a0
P

(5.13)

Minor adjustments need to be made for the matrix elements next to the fracture.
For �nite volumes next to the fracture, see Figure 5.4, with y > 0, as needs to be
changed to

∆x
Dmy

δys − b
(5.14)

Similarly for the matrices next to the fracture, where y < 0:

aN = ∆x
Dmy

δyn − b
(5.15)

For the fracture transport equation,

∂Cf
∂t

+ u
∂Cf
∂x
−D∂

2Cf
∂x2

− φm
φfb

Dm
∂Cm
∂y

∣∣∣∣
y=b

= 0 (5.16)

x

y

Matrix

Fracture

2b
P

N

S

W E

∆x

Figure 5.4: Control volume within a fracture and neighbouring nodes.
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the numerical parameters are

aW = 2b
D

δxw
+ max(−u, 0)

aE = 2b
D

δxe
+ max(u, 0)

aS =
φm∆x

φf

Dmy

δys − b

aN =
φm∆x

φf

Dmy

δyn − b

a0
P =

2∆xb

∆t
d = a0

PC
0
P + S̄∗

aP = aW + aE + aS + aN + a0
P

(5.17)

Due to the symmetry of the fracture-matrix model, the number of equations can
be reduced. The tracer concentration need only be evaluated within the matrix for
y > 0. Using this method then

aP = aW + aE + 2aN + a0
P (5.18)

within the fracture. To avoid possible numerical imprecision the values of aN within
the fracture and aS inside the matrix next to the fracture were computed using

δys − b = δyn − b = ymatrix element (5.19)

where ymatrix element is the distance of the matrix element's node from the fracture.

The thermal transport equations can be formulated in the same way. The parameters
for the tracer case need only be adjusted using simple algebraic methods.

5.3 Implementing initial and boundary conditions

Injection and detection in �ux concentration can be easily accounted for by noting
that the tracer �ux per unit area at an injection boundary is

Φw = uCw −D
∂C

∂x

∣∣∣∣
w

= uCI (5.20)

and the outward �ux per unit area is

Φe = uCe −D
∂C

∂x

∣∣∣∣
e

(5.21)
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5.3 Implementing initial and boundary conditions

When calculating the outward �ux concentration at the production well, the cal-
culated value should be consistent with the upstream weighting method. The �ux
concentration at the boundary between two elements is

Ce −
D

u

∂C

∂x

∣∣∣∣
e

≈ CL+ − D

u

CL+ − CL−

δxw
(5.22)

where CL+ is the resident concentration of the downstream element and CL− is the
resident concentration of the upstream element.

Initial conditions can be formulated by setting the concentration values at time t = 0
for a simulation. The one-dimensional initial condition C(x, t) = m

φA
δ(x), at x = 0,

can be easily approximated by setting C = m
φA∆x

for an element positioned at x = 0.

For boundaries that do not have a given input �ux, the di�usive and dispersive
�uxes are set to zero. By doing so the actual numerical model has the same matrix
boundary conditions as the Gringarten et al. (1975) parallel fracture model. The
e�ect of these boundary conditions are trivial if the boundaries are far enough away
from the area of interest.
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6 Matching tracer data

Parameter estimation is typically carried out by �nding the model parameters which
minimize the di�erence between model predictions and measured data in some sense.
For the estimation of tracer transport parameters in this work the chosen objective
function is the sum of the square di�erences between the tracer data and model
forecasts. The objective function used here is

f(z) =
1

2
‖(rj(z)‖2 =

1

2
r(z)T r(z) =

1

2

n∑
j=1

(rj(z))2 (6.1)

where r is a column vector of length n containing the residual di�erence between
the model predictions and observed data. The T denotes a vector transpose and z
is a vector of the unknown model parameters. Given measured data,

Cd = [Cd
1 Cd

2 . . . Cd
i . . . Cd

n−1 Cd
n]T (6.2)

and model predictions,

Cm = [Cm
1 Cm

2 . . . Cm
i . . . Cm

n−1 Cm
n ]T (6.3)

then the residual vector is
r(z) = Cm −Cd (6.4)

Using equation (6.1) gives equal weights to each data point in the �tting process. The
objective function may be altered to accommodate for the possibility of assigning
weights to each data point:

f(z) =
1

2

n∑
j=1

wj(rj(z))2 (6.5)

where wj are positive weights, which can be increased or decreased depending on
the reliability of a measured value.

Multiple methods can be found in the literature for minimizing non-linear functions
such as the ones given in equations (6.1) and (6.5). Variants of the Levenberg-
Marquardt algorithm were found to work quite well for problems presented in this
thesis. The Levenberg-Marquardt has proven to be suitable for many geothermal
applications (Finsterle, 2007). However, more robust, global minimizers may be
desirable for complex simulation problems (Plasencia et al., 2012).
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6 Matching tracer data

6.1 The Levenberg-Marquardt algorithm

The Levenberg-Marquardt algorithm is a damped Gauss-Newton minimization meth-
od. The Gauss-Newton method is based on a local Taylor approximation of the
residuals

r(z + h) ≈ r(z) + J(z)h (6.6)

where J is the Jacobian matrix with elements Jij = ∂ri/∂zj. For each iteration of
the Gauss-Newton method the step taken h is found by solving(

JTJ
)
h = −JTr (6.7)

The Gauss-Newton method may converge rapidly towards a minimum if the initial
guess z0 for the parameter vector z is close enough to the minimizer. However, the
matrix JTJ can be ill-conditioned, resulting in unacceptable global behaviour for
the Gauss-Newton method.

Levenberg (1944) and thereafter Marquardt (1963) advocated using a damped ver-
sion of the Gauss-Newton algorithm. The minimization steps for the Levenberg-
Marquardt algorithm are found by solving(

JTJ + µD
)
h = −JTr (6.8)

where D is a positive de�nite, diagonal matrix and µ is an adjustable dampening
parameter. The dampening parameter is chosen to be positive to keep the total
dampening matrix µD positive de�nite. For small values of µ the above damped
method gives approximately Gauss-Newton steps h. For large values of the damp-
ening factor, the Levenberg-Marquardt method takes small steps in the direction of
steepest descent.

Madsen and Nielsen (2010) give a pseudocode for the Levenberg-Marquardt algo-
rithm, see Algorithm 1. They recommend using an initial dampening factor given
by

µ0 = τ ·max [Aii] , where A = J(z0)TJ(z0) (6.9)

τ is given by the user. According to Madsen and Nielsen it should be chosen to be
small (∼ 10−6) for initial guesses close to the minimum but larger for bad guesses.
This relates to wanting the steps to be close to the Gauss-Newton steps within the
cone of in�uence but choosing steps closer to ones given by steepest descent meth-
ods for parameters far away from the minimum. The dampening parameter, µ, is
adjusted within Algorithm 1 depending on how well the procedure is progressing.
The parameters kmax, ε1 and ε2 are chosen to give reasonable limits to the maxi-
mum number of iterations, minimum length of the gradient and smallest step size,
respectively. If any of these limits are broken then the code stops. Breaking of the
latter two limits may indicate that the method has converged upon a minimum.
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6.1 The Levenberg-Marquardt algorithm

Algorithm 1 Levenberg-Marquardt method

Given z0, τ , ε1, ε2, kmax

k = 0; ν = 2; z = z0

A = J(z)TJ(z); g = J(z)Tr(z)
found = (max (g) ≤ ε1); µ = τ ·max (aii)
while (not found) and (k < kmax) do
k = k + 1; Solve (A + µI)h = −g
if ‖h‖ ≤ ε2(‖z‖+ ε2) then

found = true

else

znew = z + h
if f(znew) < f(z) then
z = znew

A = J(z)TJ(z); g = J(z)Tr(z)
found = (max (g) ≤ ε1);
µ = µ ·max (1/3, 1− [2ρ− 1]3); ν = 2

else

µ = µ · ν; ν = 2ν
end if

end if

end while

Close to a minimum the gradient and the step size will tend to zero. Note that this
can also happen if the algorithm is moving along a plateau, for which the algorithm
will converge very slowly. Transtrum and Sethna (2012) discuss ways to improve
the Levenberg-Marquardt method to avoid slow convergence

The dampening matrix used by Madsen and Nielsen is µI, where I is the identity
matrix and µ is related to the size elements of matrix A. Parameters controlling
processes may vary by many orders of magnitude. It can be expected that the choice
of µI as the dampening matrix could lead to insensitivity of minimization algorithm
to some model parameters. Choosing a diagonal matrix

τD̂ , where D̂ii = |Aii| (6.10)

as the dampening matrix, could perhaps resolve such issues. According to Transtrum
and Sethna this sort of scaling may actually lead to insensitivity of the method.
Nevertheless, they do point out that scaling can greatly speed up the algorithm
when it is marching over an area where the function resembles a canyon.

The Jacobian matrix needs to be evaluated in Algorithm 1 during each iteration.
The Jacobian can be easily evaluated for simple analytical solutions. Unfortunately,
the numerical code described in chapter 5 does not o�er an analytical equation for
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6 Matching tracer data

the Jacobian. One way to solve this issue is to calculate approximate values for
the elements of the Jacobian matrix using �nite di�erences. Using �nite forward
di�erences gives

Jij =
∂ri
∂zj
≈ ri(z + ∆zjej)− ri(z)

∆zj
(6.11)

where ej is the jth coordinate unit vector. To reduce truncation and roundo� error
the following procedure is used to choose the perturbation ∆zj:

∆zj =
√
εm|zj|

temp = zj + ∆zj

∆zj = temp− zj
(6.12)

where εm is the machine precision (Press et al., 1992). This may be improved upon
by using automatic di�erentiation (Kim and Finsterle, 2003), but the the �nite
di�erence method was used here. Estimating the Jacobian using �nite di�erences
requires m forward runs in addition to calculating the unperturbed f(z), where m
is the number of �tting parameters. Each forward run can be time-consuming for a
numerical model.

6.2 The secant Levenberg-Marquardt algorithm

To reduce the number of function calls (forward runs), Madsen and Nielsen (2010)
suggest using a secant version of the Levenberg-Marquardt algorithm. The pseu-
docode for their secant method is shown in Algorithm 2.

The Jacobian matrix is approximated by the matrix G. The matrix G can be
initialized using the �nite di�erence approximation of J . For each iteration the
approximate matrix is updated using Broyden's rank one update (Broyden, 1965):

Gnew = G + uhT

where

h = znew − z and u = (r(znew)− r(z)−Gh)/(hTh)

(6.13)

To keep the approximation matrix close enough to the actual Jacobian, the jth

column of G is updated once in a while if |hj| < 0.8‖h‖. The jth column can
be either updated using �nite di�erences or Broyden's rank update. The former
method shall be referred to as the SLM-I method, while the latter shall be called
SLM-II. The traditional Levenberg-Marquardt method will be referred to as the LM
method.
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6.2 The secant Levenberg-Marquardt algorithm

Algorithm 2 Secant version of the Levenberg-Marquardt method

Given z0, τ , ε1, ε2, kmax

k = 0; z = z0; G = J(z); ν = 2; j = 0
A = GTG; g = GTr(z)
found = (max (g) ≤ ε1); µ = τ ·max (aii)
while (not found) and (k < kmax) do
k = k + 1; Solve (A + µI)h = −g
if ‖h‖ ≤ ε2(‖z‖+ ε2) then

found = true

else

j = mod (j,n) + 1
if |hj| < 0.8‖h‖ then

Update G by a �nite di�erence approximation
end if

znew = z + h
Update G using Broyden's rank one update
Update µ as in Algorithm 1
if f(znew) < f(z) then
z = znew

end if

g = GTr(z); found = (max (g) ≤ ε1);
end if

end while
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6 Matching tracer data

6.3 Testing of inversion algorithms

Algorithms 1 and 2 were implemented numerically using MATLAB. A few tests were
carried out to validate the numerical inversion code. The code was tested on selected
functions from Madsen and Nielsen (2010) as well as the numerical code from section
5.1 describing one-dimensional tracer transport. Jacobian matrices were calculated
using �nite di�erences.

6.3.1 Rosenbrock function
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Figure 6.1: Contours of Rosenbrock's function.

Rosenbrock's function, given by

f(z) = 100 (z2 − z1)2 + (1− z1)2 , (6.14)

is commonly used as a benchmark for optimization code veri�cation. The function
has one global minimizer at zmin = (1 1)T with f(zmin) = 0, see Figure 6.1. The
minimization of Rosenbrock's function can be formulated as a nonlinear least squares
problem by de�ning

r(z) =
√

2

(
10(z2 − z2

1)
1− z1

)
(6.15)

(Madsen and Nielsen, 2010). Table 6.1 compares the performance of Algorithms 1
and 2 given z0 = (−1.2 1)T , τ = 10−3, ε1 = 10−8, ε2 = 10−12 abd kmax = 100. The
vector zend is the �nal estimate of the minimizer zmin.
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6.3 Testing of inversion algorithms

Table 6.1: Performance of optimization algorithms for solving the Rosenbrock prob-
lem.

Method
Dampening Function ‖∇f‖ f(zend) Iterations

matrix evaluations

LM µI 47 3.7 · 10−9 1.7 · 10−17 16

LM τD̂ 68 4.5 · 10−10 1.6 · 10−19 29

SLM-I µI 51 4.2 · 10−9 1.6 · 10−19 28

SLM-I τD̂ 32 6.8 · 10−10 4.2 · 10−22 18
SLM-II µI 51 4.2 · 10−9 1.6 · 10−19 28

SLM-II τD̂ 32 6.8 · 10−10 4.2 · 10−22 18

The results were inconclusive regarding which dampening matrix is preferable. The
identity matrix proved better for the LM method but the other dampening matrix
type worked better for the secant methods.

The results that should be focussed on are the number of function calls that the
methods used, since the limiting factor for �tting numerically simulated models to
data are the forward runs. In that respect, the secant methods using the identity
matrix performed similarly to the LM method. The secant methods do show some
promise, in that when using the second dampening matrix type they needed fewer
function calls. However, the secant methods need more iterations to reach the
minimum, which indicates that they are less robust than the LM method. The
di�erences between the two secant methods were imperceptible.

6.3.2 Scaling

Madsen and Nielsen (2010) demonstrated the importance of the relative di�erence
between the scales of �tting parameters by solving Meyer's problem. Meyer's prob-
lem is given by the residual function

ri(z) = yi − z1 exp

(
z2

ti + z3

)
, i = 1, ..., 16 (6.16)

with ti = 45 + 5i and yi takes the values shown in Table 6.2.

Meyer's problem has a minimum at zmin ≈ (5.61 · 10−3 6.18 · 103 3.45 · 102)T with
f(zmin) ≈ 43.97 (Madsen and Nielsen, 2010). Table 6.3 compares the performance
of Algorithms 1 and 2 given z0 = (2 · 10−2 4 · 103 2.5 · 102)T , τ = 1, ε1 = 10−6,
ε2 = 10−10 abd kmax = 500.
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6 Matching tracer data

Table 6.2: Values used for Meyer's problem.

i yi i yi i yi

1 34780 7 11540 12 5147
2 28610 8 9744 13 4427
3 23650 9 8261 14 3820
4 19630 10 7030 15 3307
5 16370 11 6005 16 2872
6 13720

The secant methods performed somewhat di�erently when solving Meyer's problem.
Table 6.3 gives the 2-norm of the gradient by calculating the gradient using ∇f =
JTr, where J is found at the �nal point using �nite di�erences. If the gradient at the
�nal iteration was approximated by GTr, then the SLM-II method underestimated
the size of the gradient by one to two orders of magnitude. The di�erences between
using G and J for this problem (and Rosenbrock's) appear to be negligible for the
other SLM method around the minimizer.

Table 6.3: Performance of optimization algorithms for solving the Meyer problem.

Method
Dampening Function ‖∇f‖ f(zend) Iterations

matrix evaluations

LM µI 710 0.041 43.97 182

LM τD̂ 521 0.54 43.97 137

SLM-I µI 432 0.12 43.97 258

SLM-I τD̂ 420 0.25 43.97 250
SLM-II µI 449 0.13 43.97 268

SLM-II τD̂ 382 0.10 43.97 227

According to Madsen and Nielsen (2010) it is possible to reduce the number of
iterations needed to reach a good approximation for the minimizer by rescaling this
problem. Using rescaling, Madsen and Nielsen were able to halve the number of
required iterations, from 175 to 88, using Algorithm 1 and a Jacobian found using
an analytical equation. Madsen and Nielsen reformulated the problem using

ri(z
∗) = 10−3 · yi − z∗1 exp

10z∗2
ui + z∗3

, i = 1, ..., 16 (6.17)

where ui = 0.45 + 0.05i and the new parameter vector z∗ is related to z as follows

z∗ = [10−3e13z1 10−3z2 10−2z3] (6.18)

The LM method using numerical di�erentiation solved the scaled problem by using
the same number of iterations, 88, as the analytical one, see Table 6.4. Again, fewer
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6.3 Testing of inversion algorithms

function calls were needed to reach the minimizer when using the secant version
of the Levenberg�Marquardt algorithm. This reduction in function evaluations is
extremely desirable when �tting numerical transport models, especially when the
grids have a considerably high number of elements and great model complexity

Table 6.4: Performance of optimization algorithms for solving the scaled Meyer
problem.

Method
Dampening Function

Iterations
matrix evaluations

LM µI 353 88

LM τD̂ 542 145

SLM µI 241 140

SLM τD̂ 334 198
SLM-MADSEN µI 241 140

SLM-MADSEN τD̂ 334 198

Scaling is of interest since the order of magnitude of variables needed for tracer
interpretation, such as the mean velocity, dispersion coe�cient and amount of tracer
injected into a �ow-path, can di�er by several orders.

6.3.3 Fitting tracer pro�les

Numeric data was generated using the one dimensional numerical code given in
section 5.1 for instantaneous injection in �ux at time t = 0 and x = 0 and detection
in �ux at x = L. Values used were L = 1 km,M = 100 kg, u = 2 ·10−4 m/s, Pe = 5,
D = 0.04 m2/s, A = 1 m2 and φ = 1. The numerical grid extended from x = 0 to
x = 5L, with 103 equally sized elements. Tracer detection data was generated for
dimensionless time intervals of 3tu/(60L) up until time 3tu/(L) after the time of
injection. The numerical tracer pro�le compared well with the analytical one, see
Figure 6.2, though testing of the numerical tracer transport code's accuracy was not
the purpose of this exercise.

The parameter vector used for the �tting was z = [u D M/(φA)]T . The injected
tracer mass was chosen to increase the spread in order of magnitude between the
three �tting parameters. The given �tting parameters di�ered by six orders of
magnitude. The initial vector for the �tting was [L/tpeak L

2/(4twidth) 1.5M/(φA)]T ,
where tpeak ≈ 0.6L/u and twidth ≈ 0.9L/u were the estimated time of peak con-
centration and full width at half maximum of the tracer pro�le, respectively. The
rationale used for the initial guess of u was that for pure convection u = L/tpeak.
This method overestimated the velocity but gave its order of magnitude. An order
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Figure 6.2: Tracer pro�les used for testing Algorithms 1 and 2.

of magnitude estimate of the hydraulic dispersion coe�cient was found by consid-
ering the spreading of the tracer plume (∼ 2

√
Dt). The initialization of the third

�tting parameter was chosen so that it was neither too close nor too far from the
correct value. Other values used for the �tting procedures were τ = 1, ε1 = 10−8,
ε2 = 10−12 and kmax = 100.

Table 6.5 shows some relevant results of �tting the tracer pro�le shown in Figure 6.2
The time shown in the table is there to give an idea of the expected computational
times. The computation time was e�ectively cut in half by halving the number of
function calls, since the numerical transport code took most of the e�ort. Notice that
results are not shown for using the dampening matrix τD̂. This is because those
methods were unable to converge towards the minimum. The algorithms that failed
got stuck taking small steps somewhere away from the minimum. This situation was
resolved by choosing a smaller value for the dampening parameter τ , see Table 6.6.
The LM- method improved substantially for the dampening matrix of type τD̂.

It is straight forward to rescale the problem of �tting a tracer pro�le in the same
way as was done for Meyer's problem. The rescaling used was z′ = [104 · u 102 ·
D 10−2 ·M/(φA)]T and the same scaling was applied to the initial vector z0 from
above. Tables 6.7 and 6.8 show the results of using τ = 1 and τ = 10−6, respectively,
and the rescaling. The results were similar to before, in that the dampening factor
had to be small for the methods using the diagonal dampening matrix of type τD̂.
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6.3 Testing of inversion algorithms

Table 6.5: Performance of optimization algorithms when �tting one tracer peak, with
τ = 1 and M = 100 kg.

Method
Dampening Function

Iterations Time
matrix evaluations

LM µI 124 30 5.3 s

SLM-I µI 87 49 3.8 s
SLM-II µI 85 48 3.7 s

Table 6.6: Performance of optimization algorithms when �tting one tracer peak, with
τ = 1 · 10−6 and M = 100 kg.

Method
Dampening Function

Iterations Time
matrix evaluations

LM µI 100 24 4.3 s

LM τD̂ 28 6 1.2 s

SLM-I µI 54 31 2.3 s

SLM-I τD̂ 31 16 1.4 s
SLM-II µI 54 31 2.4 s

SLM-II τD̂ 31 16 1.4 s

The results of scaling the tracer problem were analogous to those when considering
Meyer's problem. Considerable improvements were made in speed of convergence
when rescaling of the �tted parameters was considered. As was the case for the
other examples the secant method needed fewer function evaluations and as a result
it saved computational time. These examples did not show the secant method to
be lacking in robustness, when considering whether the methods converged towards
the minimum. However, the secant methods generally needed a higher number of
iterations due to the secant steps being less accurate than the LM ones. The results
also indicated that the identity matrix may be a bit more robust as a dampening
matrix than the diagonal matrix τD̂, since the former was less sensitive to the
parameter τ .
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6 Matching tracer data

Table 6.7: Performance of optimization algorithms when �tting one tracer peak, with
scaled �tting parameters and τ = 1 · 100.

Method
Dampening Function

Iterations Time
matrix evaluations

LM µI 32 7 1.4 s

SLM-I µI 17 8 0.8 s
SLM-II µI 17 8 0.8 s

Table 6.8: Performance of optimization algorithms when �tting one tracer peak, with
scaled �tting parameters and τ = 1 · 10−6.

Method
Dampening Function

Iterations Time
matrix evaluations

LM µI 20 4 0.9 s

LM τD̂ 20 4 0.9 s

SLM-I µI 17 8 0.8 s

SLM-I τD̂ 17 8 0.8 s
SLM-II µI 17 8 0.8 s

SLM-II τD̂ 17 8 0.8 s
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7 Numerical experiments

Numerical experiments were conducted to look at di�erences between the tracer
models described in Chapters 3 and 5. Model predictions using the numerical pro-
cedure outlined in Chapter 5 were compared to known analytical solutions to validate
the code implementing the numerical method.

7.1 Comparison of one-dimensional tracer models

Figures 3.10 and 3.11 show that the instantaneous injection solutions for one-
dimensional �ow di�er quite a bit for small Peclet numbers. However, it is not
apparent from those �gures how they compare when �tting tracer data. The instan-
taneous solutions were compared by matching the pro�les to arti�cial tracer data
created using the �ux-�ux solution, CFF .

The initial guess used for the �tting was z0 = [u0 D0 m0], where u0, D0 and m0

were the mean velocity, dispersion and injected mass, respectively, used for the CFF
model. In the matching procedure, it was assumed that φA = q/u, i.e. the �ow rate
q was kept constant. The e�ective cross-section, φA, was chosen this way because it
is an unknown parameter in tracer testing but the �ow rate is known. The synthetic
data was generated for time intervals ∆t = L/(50u) from the injection time t = 0
up to t = 3L/u.

Table 7.1 compares the �tted values of the models to the ones used for the CFF model
for selected Peclet numbers. The predicted injection masses are almost identical for
Pe > 5, but the estimated dispersion and velocity parameters deviated quite a bit
with up to about 20% di�erence even at Pe = 10. The �tted pro�les themselves
compare fairly well for Pe & 5, see Figure 7.1. The lower plot in Figure 7.1 shows
how the solutions with either detection or injection in resident concentration are
unable to capture the shape of the �ux-�ux solution at small Peclet numbers. The
residential concentration models underpredict the peak concentration as well as the
tail of the �ux-�ux tracer pro�le.

The results show that the CRR solution gave, as expected, the worst �t to the CFF
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7 Numerical experiments

Table 7.1: Results of �tting one-dimensional models to synthetic CFF data.

Pe CRR CFR CRF

100
u/u0 1.02 1.01 1.01
D/D0 1.02 1.01 1.00
m/m0 1.00 1.00 1.00

10
u/u0 1.21 1.11 1.10
D/D0 1.19 1.14 1.04
m/m0 1.00 1.00 1.00

5
u/u0 1.43 1.23 1.20
D/D0 1.35 1.26 1.06
m/m0 0.99 0.99 0.99

1
u/u0 3.49 2.54 2.12
D/D0 1.93 1.73 1.11
m/m0 0.89 0.91 0.94

data. The predicted �ow-path velocities can di�er by a factor of more than 3 for
likely Peclet numbers, depending on the chosen solutions. The CRF solution has the
greatest similarity to the �ux-�ux solution. Judging from these results, it should
in principle be possible to determine which combinations of injection and detection
modes will �t a given tracer test the best, or at least the two extremes CRR and
CFF .

56



7.1 Comparison of one-dimensional tracer models
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Figure 7.1: Comparison of �tted one-dimensional instantaneous analytical solutions
to synthetically generated data using the solution with injection and detection in
�ux concentration.
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7 Numerical experiments

7.1.1 Error sensitivity

Some simple error analysis was conducted for the one-dimensional analytical solu-
tions. The analysis checked for the sensitivity of the tracer models to random white
noise. The white noise was generated for each synthetic data point using

noise = C(t) · fn(σnoise,µ = 0) (7.1)

where C(t) is the synthetic concentration at time t and fn is a random Gaussian
number generator with standard deviation σnoise and a zero mean. Some results of
this analysis are shown in Table 7.2 and Figure 7.2, using CFF and Pe = 5. The
results shown used times t = L/(10u) : 4L/u with L/(10u) time intervals. Correct
data for the given parameters was calculated using CFF and random noise was added
to each calculated concentration generating synthetic tracer data with noise. This
was done 104 times resulting in 104 parameter estimations for di�erent synthetic
tracer pro�les. For this exercise φA was given as a known parameter.

Table 7.2: Results of �tting one-dimensional CFF model to synthetic CFF data with
noise.

σnoise µu σu µD σD µm σm

0.01 1.00 0.0026 1.00 0.0050 1.00 0.0038
0.05 1.00 0.013 1.00 0.025 1.00 0.019
0.1 1.00 0.026 1.00 0.051 1.00 0.039
0.2 1.00 0.053 0.99 0.103 1.00 0.076

The �tted velocity (u�t), dispersion coe�cient (D�t) and tracer mass (m�t) proved
to have approximately Gaussian probability distributions, see Figure 7.2. Table
7.2 gives the mean, µi, and standard deviation, σi, of each �tted parameter, i,
normalized to the correct value. All of the normalized means are close to unity
and therefore compare well with the correct value. The standard deviations for
each evaluated parameter grow linearly with the noise level. The error of the �tted
parameters was lower than the noise added to the concentration data. The error
in the estimations decreased for increased numbers of data points, for the obvious
reason that the random noise gets averaged out by increasing the number of data.
The results seemed to mainly show that the matching of one-dimensional tracer
pro�les is not overly sensitive to noise in the data. The di�erences between the
sensitivities of the three �tting parameters to noise in the tracer data was not great.
The results show that the dispersion factor was the most sensitive, with the velocity
being the least susceptible to the noise. A similar analysis for the fracture-matrix
model was not carried out. This may be something that should be considered for
future work.
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Figure 7.2: Results of �tting a one-dimensional �ux-�ux solution to synthetic data
with Pe = 5 and σnoise = 10%. The upper left plot compares a selected �tted
pro�le to the original pro�le with and without noise. The three histograms show
the obtained probability density distributions, blue bars, for the �tted parameters.
The red curves are the probability densities assuming Gaussian distributions.

7.2 1D numerical code veri�cation

Figure 7.3 illustrates the di�erence between a numerical solution and an analytic
solution for a step input, when there are no dispersive or di�usive e�ects (in�nite
Peclet number). The numerical code was implemented assuming constant time steps,
∆t. An improvement could by made by allowing for variable time steps. The element
size and time step used for this problem are given in the �gure caption of Figure
7.3. It is clear from this example that the numeric method does not give perfectly
accurate solutions. The predictions are bad around the concentration front, though
the method does predict the midpoint of the front accurately. The implicit upwind
scheme spreads out the solution by something akin to a di�usive process.

An accurate numeric solution to this problem can easily be obtained using an explcit
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Figure 7.3: Comparison of one-dimensional numerical and analytical solutions for
the case of pure advection and continuous injection at constant concentration, CI .
The numerical solution shown used elements of constant length ∆x = L/100 and
a time step ∆t = ∆x/u.

�nite di�erence scheme. The transport equation for this problem is

∂C

∂t
+ u

∂C

∂x
= 0 . (7.2)

For an explicit �nite di�erence method this equation can be written as

CP − C0
P

∆t
+ u

C0
P − C0

W

∆x
= 0 . (7.3)

Rearranging gives
CP = C0

P · (1− Cr) + Cr · C0
W , (7.4)

where Cr = u∆t/∆x is the Courant number. An exact solution for the problem
being discussed is found by choosing Cr = 1. The Courant number is an important
parameter when considering the stability of explicit schemes. Cr ≤ 1 is usually a
necessary criterion for the numerical stability of one-dimensional explicit schemes.
The physical explanation is that convective information may not travel further than
the distance between neighbouring nodes during a given time step.

The implicit upwind scheme is still the method of choice for this work due to its
robustness and stability for large time steps. The numerical inaccuracy incurred by
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7.2 1D numerical code veri�cation

using the implicit upstream weighted method is the reason why the method is so
durable. The numerical di�usion of the method actually helps to dampen possible
unrealistic �uctuations that could blow up the solution.

This example was chosen to illustrate one of the shortcomings of the chosen nu-
merical scheme. This is an extreme example. For most of the problems in this
dissertation, the numerical di�usion was usually smaller than the modelled disper-
sion.

7.2.1 Time step and grid re�nement

Figure 7.4 shows the di�erence between the analytical CCFF solution and results
of the numerical code for di�erent numbers of elements. The upper limit of x for
the numerical grid was chosen so that the downstream boundary did not visibly
a�ect the numerical results. Grid re�nement clearly increases the accuracy of the
numerical model, as should be expected. The theoretical basis of the numerical
scheme is that the numerical method should collapse to an exact representation of
the partial di�erential equation as ∆x and ∆t tend to zero. Figure 7.5 also shows
improvements for decreasing time steps. Unless otherwise speci�ed, the time step
is taken to be ∆t = ∆x/u. It seems reasonable to choose the time step so that the
convective e�ects travel neither a further nor a shorter distance than one element
length for each time step.
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Figure 7.4: Comparison of one-dimensional numerical and analytical solutions for
the case of continuous injection at constant �ux concentration, CI , and detection
in �ux, when Pe = 100. The numerical solutions shown employed constant time
steps ∆t = ∆x/u. The lower image shows the relative di�erence between the nu-
merical and analytical solutions. Grid re�nement clearly improves the numerical
solution.
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Figure 7.5: Comparison of one-dimensional numerical and analytical solutions for
the case of continuous injection at constant �ux concentration, CI , and detection
in �ux, when Pe = 100. The numerical solutions shown used a constant element
size of ∆x = L/50. The lower image shows the relative di�erence between the
numerical and analytical solutions.
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7.2.2 Numerical di�usion

The problem of numerical di�usion has already been touched on. The implicit
upstream weighted scheme used for solving the one-dimensional advection dispersion
equation induces numerical dispersion which has an e�ective dispersion coe�cient

Dnum ≈
u∆x

2
(1 + Cr) (7.5)

(Peaceman, 1977). This numerical dispersion or di�usion coe�cient is reduced with
grid and time step re�nement.

Figure 7.6 compares the di�erence between the usual numerical solution, which uses
D = uL/Pe, and a solution using a corrected dispersion coe�cient D −Dnum. The
corrected numerical method gives results which are a very good approximation to
the analytical solution. For the case in point the corrected dispersion coe�cient was
equal to zero. Care needs to be taken not to correct the dispersion too much, since
a negative dispersion coe�cient can make the numerical method unstable and could
result in physically unrealistic values.

Figure 7.7 compares CFF solutions found using numerical and analytical methods.
The input boundary condition used for instantaneous injection in �ux of mass m
was

uCI =

{
u ·m/(q∆t) , if 0 ≤ t < ∆t

0 , else
(7.6)

The numerical results compared reasonably well with the analytical solution, see
Figure 7.7. The method using the dispersion correction performed better, even when
re�ning the grid and time steps. The correction to the dispersion factor proved to
help increase the accuracy of the results.
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Figure 7.6: Comparison of one-dimensional numerical and analytical solutions for
the case of continuous injection at constant �ux concentration, CI , and detection
in �ux, when Pe = 100. The numerical solutions shown used a constant element
size of ∆x = L/100 and ∆t = ∆x/u. The lower graph shows the relative di�erence
between the numerical and analytical solutions.
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Figure 7.7: Comparison of one-dimensional numerical and analytical solutions for
the case of continuous injection at constant �ux concentration, CI , and detection
in �ux, when Pe = 100. The numerical solutions shown used a constant ele-
ment size of ∆x = L/100 and ∆t = ∆x/u. The lower image shows the relative
di�erence between the numerical and analytical solutions.
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7.2 1D numerical code veri�cation

Implementing the corrected dispersion coe�cient is trivial when the resident con-
centration is the observed output. This is not the case when the the production
is measured in �ux. Without a correction, the numerically calculated �ux concen-
tration is given by equation (5.22). If a corrected dispersion coe�cient is used,
it is possible that the following incorrect equation is used for the produced �ux
concentration:

Ce −
D

u

∂C

∂x

∣∣∣∣
e

≈ CL+ − D −Dnum

u

CL+ − CL−

δxw
(7.7)

The above �ux concentration is being evaluated at the production boundary located
at x = L. The subscripts L+ and L− denote calculated resident concentrations of
the closest upstream and downstream elements, respectively. This is incorrect when
the modelled variable is the resident concentration, because the numerical dispersion
being corrected for, shows itself in the calculated concentrations, Ci, but not the
factor D/u. This confusion may be avoided by choosing the �ux concentration itself
as the modelled variable. This is not done here since the fracture-matrix model needs
the resident concentration at the fracture-matrix interface, and chemical reactions
are usually in terms of the resident concentration not �ux concentration. Figure
7.8 compares the numerical error, for the same curve as shown in Figure 7.7, when
using the correct and the incorrect method of accounting for numerical di�usion.
The proper version resulted in a better curve than the one found using the incorrect
method.
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Figure 7.8: Improper and proper adjustment to account for numerical di�usion,
considering numerical di�usion. When calculating the outward �ux D should be
used instead of D −Dnum.
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7.2.3 Downstream boundary

The location of the downstream boundary, where the dispersive �ux is set to zero
in the numerical model, is chosen depending on what model is chosen. For a semi-
in�nite model the boundary needs to be far enough away that it has a limited e�ect
on the concentration at the production well. Placing the downstream boundary at a
distance of at least 2

√
D ·max [t] away from the production well should be su�cient.

Figure 7.9 illustrates how the downstream boundary location can a�ect the simu-
lated tracer pro�le. For the results shown in the plot 2

√
D ·max [t] ≈ 2.8. The

downstream boundary coordinate Lend had to be lowered below 2.8 to have a signif-
icant impact on the tracer returns. Choosing Lend gives the Danckwerts boundary
condition.
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Figure 7.9: E�ect of the downstream boundary location for the case of instanta-
neous injection and detection in �ux concentration. Lend is the distance of the
downstream boundary from the injection well. ∆x = L/103.

7.2.4 Recirculation

Recirculation of produced �uid, which contains tracer mass, back into the hydrolog-
ical system may in some cases a�ect tracer return pro�les. Axelsson et al. (1995)
and Rose et al. (2004) used a deconvolution integral to account for tracer recircula-
tion. Kocabas (1989) presented the following analytical formulation of instantaneous
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7.2 1D numerical code veri�cation

reinjection of all the produced tracer:

CFF (L, t) =
m

q

∞∑
n=0

(n+ 1)L

2
√
πDt3

exp

[
−((n+ 1)L− ut)2

4Dt

]
(7.8)

The injection and detection are in �ux concentration. Boundary and initial condi-
tions are

CF (x, 0) = 0 , CF (0, t) =
m

q
δ(t) + CF (L, t) and lim

x→∞
CF (x, t) = 0 (7.9)

The model is equivalent to a solution where a tracer mass m is injected into the
one-dimensional system at time t = 0 at points where x ≤ 0 and the remainder of
x/L is zero (injection of tracer mass m at L intervals for x ≤ 0). This model can
be adjusted to account for situations where reinjected �uid is mixed with �uid from
another source. Assuming the mixing �uid then

CFF (L, t) =
M

QP

∞∑
n=0

ωn+1
inj ω

n
reinj

(n+ 1)L

2
√
πDt3

exp

[
−((n+ 1)L− ut)2

4Dt

]
(7.10)

where ωreinj is the fraction of injection �uid coming from the production well. This
can easily be generalized for modelling of multiple �ow-channels. Accounting for
reinjection becomes involved, if the injection �uid springs from multiple production
wells producing �uid containing tracers. However, a numerical model could in prac-
tice solve such a recirculation problem by coupling the tracer production models for
multiple production wells.

To account for reinjection in the numerical simulation code the following equation
was used

Φw(t) = Φinitial(t) +ωinj ·ωreinj ·Φprod(t) = Φinitial(t) +ωinj ·ωreinj · uCFF (L, t) (7.11)

Here it has been assumed that the injected tracer mass into the channel is m =
ωinjM . CPF is the �ux concentration at the production well. Figure 7.11 shows
a comparison of using the analytical equation describing recirculation and the nu-
merical code employing equation (7.11). The �gure illustrates both recirculation of
all the tracer (ωinj · ωreinj = 1) and partial recirculation (ωinj · ωreinj < 1). The two
solution methods show good agreement. The normalized concentration, CφAL/M ,
tends to unity for late times, in concurrence with equation (3.52). If the reinjection
of production water does not occur instantaneously then equation (7.11) becomes

Φw(t) = Φinitial(t) + ωinj · ωreinj · uCFF (L, t− td) (7.12)

where td is the pipeline delay time (time it takes the produced �uid to be reinjected).
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Figure 7.10: Numerical and analytical solutions of the recirculation problem, for
di�erent recirculation fractions, ωinj ·ωreinj. The numerical code used ∆x = L/103.
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7.2 1D numerical code veri�cation

7.2.5 Decay and retardation

Van Genuchten (1981) gave a solutions to the one-dimensional tracer transport
equation including sorption and decay. A solution to the one-dimensional advection
dispersion equation including adsorption and decay,

R
∂C

∂t
+ u

∂C

∂x
−D∂

2C

∂x2
= −µC (7.13)

given the initial and boundary conditions

CF (x, 0) = 0 , lim
x→∞

CF (x, t) = 0 (7.14)

and

uCI =

{
u ·m/(q∆t) , if 0 ≤ t ≤ t0

0 , if t > t0
(7.15)

is

CFF (x, t) =

{
F (x, t) ·m/(q∆t) , if 0 ≤ t ≤ t0

[F (x, t)− F (x, t− t0)] ·m/(q∆t) , ift > t0
(7.16)

With

F (x, t) =
u

u+ v
e
u−v)x
2D erfc

[
Rx− vt
2
√
DRt

]
+

u

u− v
e
u+v)x
2D erfc

[
Rx+ vt

2
√
DRt

]
+

u2

2µD
e
ux
D
−µt
R erfc

[
Rx+ ut

2
√
DRt

] (7.17)

where
v = u

√
1 + 4µD/u2 (7.18)

The decay factor µ can be taken as λ for decay only in the �uid phase or Rλ if the
decay rate is the same in both the solid and �uid phase.

To solve this problem numerically, some of the one-dimensional numerical discretiza-
tion parameters in equation (5.9) were changed according to:

a0
P = R

∆x

∆t
d = a0

PC
0
P

aP = aW + aE + a0
P + µ∆x

(7.19)

Figure 7.11 shows some results comparing the numerical algorithm to the analytical
solution given by equation (7.16). The tracer was injected over a time period t0 =
L/u. As for other examples the numerical solution is able to match the features of
the analytical solution. Solutions allowing for tracer decay within the solid phase
decay faster than ones with decay only in the �uid phase, as expected.

71



7 Numerical experiments

0 0.5 1 1.5 2 2.5 3 3.5 4
0

2

4

6

8

10

12

14

16
·10−2

tu
L

C
φ
A
L

m

Pe = 3

Analytic: R = 1, µ = Rλ

Numeric: R = 1, µ = Rλ

Analytic: R = 2, µ = λ

Numeric: R = 2, µ = λ

Analytic: R = 2, µ = Rλ

Numeric: R = 2, µ = Rλ

Figure 7.11: Comparison of analytical and numerical solutions for injection of a
�nite slug in �ux concentration into a one-dimensional �ow-channel. The solu-
tions used a decay rate λ = 2u/L and ∆x = L/500. The factor R is a retardation
factor describing sorption.

7.3 Fracture �ow including matrix di�usion

7.3.1 Testing of numerical �ux between fracture and matrix

The numerical code describing the transport of tracers within the rock matrix was
tested by keeping the tracer concentration at constant value, C0, within the fracture.
By doing so, the problem reduces to a one-dimensional di�usion problem within the
matrix:

φ
∂C

∂t
= φDm

∂2C

∂y2
, y > 0 . (7.20)

The analytical solution for this one-dimensional Fickian di�usion problem with

CR(0, t) = C0 , lim
y→∞

CF (y, t) = 0 (7.21)
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is

CAN(y, t) = C0 · erfc

(
y

2
√
Dt

)
(7.22)

The matrix di�usion parameter was chosen to be Dm = 10−9 m2/s. Molecular dif-
fusion coe�cients can be expected to range from about 10−9 to 10−11 m2/s within
hydrological systems. Figure 7.12 shows the di�erence between the analytical solu-
tion to this di�usion problem and values calculated using the fracture-matrix simu-
lation code. The �gure shows results using constant element sizes and a time step
∆t = 106 s. The tracer front takes about three years to reach a metre into the ma-
trix, illustrating how slow the tracer di�usion process is. The numerically calculated
concentrations compare fairly well with the analytical solution. Understandably, the
�ner grid gives more accurate solutions. The maximum y coordinate for the numer-
ical grids used was about 4 m. Figure 7.12 shows what happens when the tracer
front reaches the zero �ux boundary at about 4 m. At late times the numerical
solutions become inaccurate due to the no-�ux boundary.

Figure 7.13 illustrates results of changing the time step. The results showed that
reducing the time step can increase the accuracy of the numerical calculations. How-
ever, as shown for the grid with ∆y = 0.1, decreasing the time step below a certain
value resulted in increasing the accuracy. The optimal time step seemed to be about
(∆y2)/(4Dm), corresponding to the di�usive signal travelling across one element
during one time step.

Grids with uniform element sizes seem to be able to achieve a fairly good results.
Nevertheless, variable grids could be a better way to go. Selecting a variable grid that
re�ects the expected rate of the variable being simulated can increase the simulation
accuracy. Figure 7.14 illustrates the di�erence between using a grid with variable
and constant element size. The constant element grid has one more element than
the variable grid. The variable grid was chosen to have element sizes which increased
approximately logarithmically for increasing distance from the fracture. The results
showed that the variable grid was able to capture the tracer pro�le better than the
evenly spaced grid. This problem has the limitation that the di�usion transport is
only in one direction. Further tests are needed, to see what e�ect the matrix grid
selection has on problems of interest for tracer models including matrix di�usion.
Intuitively it should be expected that for a variable matrix grid with re�nement
close to the fracture will likely be the best choice for the matrix-fracture model.
The same idea can be extended to the downstream area below the production well
in the models. Considerably less accuracy is needed in that part of the model.
Implementing these ideas will reduce computational time.
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Figure 7.12: Numerical results compared with the analytical solution (black curve)
for one-dimensional di�usion with a constant concentration boundary, equation
(7.22). The numerical solutions shown used equally spaced elements with ∆y =
0.1 m (red circles) and ∆y = 0.05 m (blue triangles).
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Figure 7.14: Results of modelling one-dimensional matrix di�usion. The results
illustrate how a variable grid can improve modelling results.
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7.3.2 Fracture-matrix model

Figure 7.15 shows the di�erence between using a variable element size in the matrix
and �xed element size. The numerical experiment compared the analytical solution
to a fracture-matrix system given by equation (3.62) and numerical simulations
for the same boundary conditions. The simulations used similar parameters to
the estimated values used by Maloszewski et al. (1999) for their modelling and
interpretation of tracer tests carried out in the Lange Bramke basin, Germany. The
simulations used Q = 10−3 m3/s, t0 = 0.85 days, m = 10 kg, L = 200 m, Pe = 6.9,
a = 4.32 · 10−3 s−1/2, Dm = 10−9 m2/s and φm = 0.01. The numerical models used
∆x = L/100 and about 2 · 104 elements.

The results showed that choosing variable sized elements can improve the numerical
calculations. The reason for using the variable sized grid approach is that it allows
for greater accuracy in places where the tracer concentration changes most rapidly.
For the fracture-matrix model the grid needs to be re�ned close to the fracture to
capture the fracture-matrix interaction. Both numerical models overestimated the
tracer concentration at early times and underestimated the peak concentration.
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Figure 7.15: Comparison of analytical, CAN , and numerical solutions of the fracture
matrix model with instantaneous injection in �ux and detection in �ux. The results
show that the variable matrix is more accurate.
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8 Soda Lake tracer test

A tracer test �eld experiment using sorbing and conservative tracers was conducted
in the autumn of 2011 in the Soda Lake geothermal �eld, Nevada, USA. Details
of the experiment can by found in Rose et al. (2012) and Williams et al. (2013).
Reimus et al. (2012) and Williams et al. (2013) discussed results of analysing the
tracer returns from the experiment. They used the semi-analytical RELAP model
for history matching of the measured tracer responses.

Figure 8.1: Illustration of the Soda Lake tracer test (Williams et al., 2013).

On the eighth of August, 2011, 50 kg of 1,6-naphthalene disulfonate (1,6-NDS)
and 90 kg of Safranin-T (Saf-T) were injected into well 45A-33. Subsequent tracer
returns were monitored at well 32-33 for the following 28 days. The 1,6-NDS was
injected during the �rst half hour of the test and the Saf-T was injected over the next
three hours, due to di�culties with injection (Reimus et al., 2012). The separation
of the two wells is approximately L = 550 m. The NDS tracer was thermally stable
and conservative but the Safranin tracer thermally degraded and sorbed within the
�eld. A constant injection rate of about 55.5 L/s (880 gpm) was maintained at well
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8 Soda Lake tracer test

45A-33 and about 55.8 L/s (885 gpm) were continuously produced from well 32-33,
see Figure 8.1. Around 26.5% of the �uid produced at well 32-33 was reinjected
back into well 45A-33. The temperature of the injection �uid was 70◦C and the
produced �uid had a temperature of 190◦C.

8.1 Thermal decay of Safranin-T

Rose et al. (2012) measured the temperature dependence of the Safranin-T decay
rate using autoclave batch reactors for a temperature range of 160-190◦C. Rose et al.
(2001) describe the details of the measurement technique used. They modelled the
thermal decay reaction kinetics assuming a �rst order decay rate:

∂CS
∂t

= −λSCS (8.1)

where CS is the Safranin-T concentration. The temperature dependence of the Saf-T
decay rate, λS, can be described using an Arrhenius relation:

λS = A e
− Ea
RgT (8.2)

where Rg is the gas constant, A is some pre-exponential factor, Ea is the activation
energy and T is the absolute temperature.

Rose et al. (2012) found the following empirical relation for the Saf-T decay rate:

ln (λS) = 24.3− 11500T−1 (8.3)

with the decay rate in inverse days (day−1).

8.2 Analysis of tracer data

Figure 8.2 shows the measured tracer concentrations. Reimus et al. (2012), Rose
et al. (2012) and Williams et al. (2013) corrected the Saf-T data for thermal degra-
dation assuming a 180◦C e�ective interwell temperature and a decay rate in the
solid phase equal to the rate in the �uid. This should be a good assumption, since
injection into well 45A-33 had not been long enough to result in signi�cant cooling
(Rose et al., 2012). Table 8.1 shows some results found using RELAP to match
the tracer data using a zero matrix di�usion model and a double-porosity model.
RELAP uses the same boundary conditions as Maloszewski and Zuber (1990) and
accounts for fracture and matrix retardation.

80



8.2 Analysis of tracer data

0 100 200 300 400 500 600 700
10−4

10−3

10−2

10−1

100

101

102

Time [hr]

N
or
m
al
iz
ed

C
on
ce
nt
ra
ti
on

[µ
g/
L
p
er

kg
in
je
ct
ed
]

NDS data

Saf-T data

Saf-T data corrected

Figure 8.2: Measured tracer concentrations at well 32-33 following injection in well
45A-33 at Soda Lake. The Safranin-T concentrations were corrected for thermal
decay assuming an e�ective reservoir temperature of 180◦C.

Table 8.1 gives some of the results of Williams et al. (2013) for the Soda Lake tracer
test. Similar results were presented earlier by Reimus et al. (2012), but the more
recent results are presented here. The RELAP modelling assumed injection of all
the tracer with a one hour pulse and instantaneous recirculation, td = 0. Reimus
et al. (2012) and Williams et al. (2013) also assumed about 30% recovery, ωinj ≈ 0.3,
for the recirculation signal. Though RELAP has the option of simulating mixing
within the well, it was assumed to be a negligible e�ect for the test (Reimus, P.,
private communication). Table 8.1 shows �tted parameters for the case of zero
matrix di�usion and two di�erent fracture-matrix interaction parameters. Fracture
retardation was the dominant delaying process in �tting the tracer pro�les.

8.2.1 Results using the single-porosity numerical model

The Soda Lake tracer data were �tted using the �nite volume numerical code devel-
oped in this work, with injection in �ux and detection in �ux concentration. Using a
one-dimensional �ow-channel model and the same conditions as Reimus et al. (2012)
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8 Soda Lake tracer test

Table 8.1: Best �tting RELAP parameters, for the Soda Lake tracer experiment, for
di�erent conceptual models (Williams et al., 2013).

Parameter No Matrix Di�usion φm
b

√
Dm = 10−4 s−1/2 φm

b

√
Dm = 10−3 s−1/2

L/u [hr] 258 248 168
Pe 4 4.2 7
ωinj 0.2675 0.28 0.355
Rf 3.66 3.58-3.52 3.34-3.14
Rm 1-4 5-6.5

and Williams et al. (2013), gave almost identical results to theirs. The Soda Lake
data were matched by �rst �tting the NDS data, since it was considered to be of
better quality and the NDS pro�le is more complete. The tail end of the Saf-T
pro�le was not observed due to a combination of its degradation and sorption. The
mean �uid velocity (u), dispersion coe�cient (D) and the mass recovery fraction
(ωinj = m/M) were estimated using the �tted NDS pro�le. Those values were as-
sumed to apply for the Saf-T data as well. The �tting of the corrected Saf-T curve
gave an estimate of the fracture retardation, Rf . The measured Saf-T concentra-
tions after t = 500 hr were not used in the �tting. Those data points were ignored
due to errors resulting from using large decay corrections at late times to adjust
very low measured concentrations.

Following this procedure, the relevant estimated parameters for a single-porosity
model were L/u = 258 hr, Pe = 4.0, ωinj = 0.269 and Rf = 3.51. These results
compare very well with the ones obtained by Reimus et al. (2012) and Williams
et al. (2013). The estimated mean residence time, L/u, and Peclet number are
the same. The calculated mass fraction and retardation factor are also close to
those found using the RELAP model. Reimus et al. and Williams et al. reported
a �tted fracture retardation factor of 3.4 and 3.66, respectively. The retardation
factor estimated using the �nite volume code was in the middle of that range. The
results using the numerical code seem consistent with those of Reimus et al. and
Williams et al..

Further assessments were made using the numerical code. The 1,6-NDS tracer was
modelled using an injection period lasting the �rst half hour of the tracer experi-
ment. The Safranin-T tracer was modelled as being injected over the ensuing three
hours. This is consistent with the description of the experimental procedure found
in Reimus et al. (2012). It was assumed that the injected tracer �ux concentrations
were constant over the short period of injection. The Saf-T may perhaps have been
mostly injected at the beginning of its injection, but this information was not avail-
able from the literature. Unlike modelling described earlier, the mass fraction, ωinj,
was also adjustable for the calculated recirculation. Table 8.2 shows results for the
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aforementioned modelling conditions. The table shows the value of the least squares
objective functions used for the �tting. In the table 1

2
‖r(z)‖2

i denotes the value
of the objective function for tracer type i at the minimum found for the function.
Assuming no recirculation results in a worse �t of both the 1,6-NDS and Safranin-T
data. The di�erence in the objective function is not great, but there is a consider-
able di�erence in the estimated �ow-channel governing parameters. Using the zero
recirculation model the dispersive e�ects and the recovered mass fraction seem to
be overestimated. Table 8.2 also compares the di�erence between using a zero recir-
culation delay time, td, and non-zero pipeline delay times. The results show a minor
improvement when the delay time is increased. The delay time between production
at well 32-33 until the same water is reinjected at well 45A-33 is likely about ten
hours (Rose, P., private communication).

Table 8.2: Results using the single-porosity numerical �nite volume method to match
the Soda Lake data, for di�erent delays in recirculation. Here it was assumed that
the 1,6-NDS tracer was injected during the �rst half hour and the Saf-T tracer
was injected over the following three hours.

Parameter No Recirculation Recirculation

td [hr] 0 5 10 100
L/u [hr] 284 261 261 261 264
Pe 3.54 3, 97 3.97 3.98 3.94
ωinj 0.295 0.272 0.272 0.272 0.277
Rf 3.49 3.49 3.49 3.49 3.49
1
2
‖r(z)‖2

NDS 3.94 3.72 3.70 3.68 3.50
1
2
‖r(z)‖2

Saf-T 4.54 4.50 4.50 4.50 3.49

The di�erence between the �tted no recirculation, zero hour, �ve hour and ten hour
recirculation pro�les is hardly discernible when the curves are plotted together.
Figure 8.3 shows the di�erence between the �tted no recirculation and 100 hour
recirculation pro�les. These two extremes illustrate the e�ect of the recirculation.
By including recirculation, the predicted peak and the late time concentrations
increase a bit to match the measured data slightly better. Figure 8.4 demonstrates
the e�ects of recirculation by showing a �tted tracer pro�le with recirculation and
the same pro�le minus the recirculated part. Figures 8.3 and 8.4 show that the
one-dimensional models are unable to fully account for the peak and late time NDS
concentrations. The results are consistent with those of Reimus et al. (2012) and
Williams et al. (2013). It looks like the assumption they made, using a zero delay
time, does not a�ect the �tting process considerably. The delay time would have to
be of the order of a few days to give a signi�cant di�erence. However, halving the
injection time of the conservative NDS tracer and increasing the Saf-T injection time
threefold does change the estimated parameters slightly. A shorter injection time of
the 1,6-NDS tracer increases the estimated dispersion, decreasing the Peclet number.
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8 Soda Lake tracer test

Overestimating the injection time will result in arti�cial dispersion. Underestimating
the tracer injection period has the opposite e�ect, resulting in too small dispersion
coe�cients. This shows that information on the injection can be important when
matching tracer data. This e�ect is probably most important when the injection
time duration gets close to the mean residence time of the interwell connection.
The numerical code is capable of handling a general injection that can be expressed
as a function of time. The code can therefore, unlike analytical solutions, account
for possible deviations from an ideal tracer impulse that can occur in real injection
projects. Semi-analytical solutions also have this capability.
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Figure 8.3: Illustration of the di�erence between including and not including recir-
culation in the one-dimensional model for the Soda Lake tracer test. A result of
using a fairly large but unrealistic delay time for the recirculation is shown to
make the di�erence more apparent.

Figure 8.5 shows the �tted pro�les of the measured tracer concentration at Soda
Lake. The numeric �t of the corrected Safranin-T data looks reasonable. Small
changes in the retardation factor result in very minute changes in the visual �t of
the Saf-T pro�le.

Williams et al. (2013) used fracture retardation factor to estimate the e�ective frac-
ture half aperture, b, for the interwell �ow at Soda Lake. Leecaster et al. (2012)
performed sorption experiments for Safranin-T using Ottawa quartz sand for temper-

84



8.2 Analysis of tracer data

0 100 200 300 400 500 600 700
0

1

2

3

4

5

Time [hr]

N
or
m
al
iz
ed

C
on
ce
nt
ra
ti
on

[µ
g/
L
p
er

kg
in
je
ct
ed
]

NDS data

Numeric �t: td = 10 hr

No recirculation

Figure 8.4: Fitted 1,6-NDS tracer pro�le using a realistic 10 hour delay time along
with the same model without the e�ects of recirculation.

atures up to 160◦C. Williams et al. (2013) used the results of the sorption experiment
to estimate the surface-area-base partition coe�cient, Ka, for Safranin-T. Their cal-
culations yielded Ka values ranging from 2.3 · 10−5 cm3/cm2 to 2.3 · 10−4 cm3/cm2.
Williams et al. argue that using these values will overestimate the surface area to
volume ratio, b−1. For the volcanic tu� at Soda Lake a 35 times larger Ka value is
probably more appropriate (Williams et al., 2013). Using this and Rf = 3.49, with

Rf = 1 +
Ka

b

results in a fracture half aperture of about 3-30 µm. Williams et al. believe such a
small fracture aperture to be too small to support the �ow rates at Soda Lake. Too
small an estimate is due to the implicit assumption in the above equation, modelling
the �ssure walls as smooth surfaces when in fact they will be rough. A site speci�c
assessment of the factor Ka should be performed to make these sort of calculations
more reliable.

Williams et al. (2013) discuss alternative ways of estimating the �ow-path surface
area at Soda Lake. Using a double-porosity model which does not allow the tracer
to di�use further into the matrix than a certain skin depth, they estimated an
upper-bound for the fracture half aperture to be about 1-0.1 mm. They also found
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Figure 8.5: Fitted Soda Lake tracer data using the one-dimensional version of the
numerical �nite volume code, assuming a likely delay time for recirculation. The
red dashed line is a numeric �t to the corrected Saf-T data assuming a 180◦C
e�ective temperature.

a lower bound of about 20 µm based on �ow calculations using a smooth walled
fracture model. Their lower bound is similar to the estimated half aperture using
the estimated fracture retardation factor for Saf-T.

The numerical code is capable of �tting the uncorrected Safranin-T data. The NDS
and uncorrected Saf-T data were matched simultaneously. The residual di�erences
between the model predictions and observed concentrations for the decaying tracer
were weighted to give the Saf-T data a similar level of importance for the �t. To
account for the decay the thermal decay rate, λS, was used as an additional �tting
parameter. Weighting factors equal to 200 were used for the Saf-T data. The decay
rates in the solid and �uid phases were assumed equal for this exercise. To the
author's knowledge, there have not been any tests performed on decaying geothermal
tracers to assess the di�erence between the decay in the �uid and solid phases. Figure
8.6 shows the results found using this simultaneous �tting. The �tted parameters
gave L/u = 275 day, Pe = 3.65, ωinj = 0.282, Rf = 3.62 and λS = 0.396 day−1. Most
of these values are similar to earlier results, though the Peclet number is lower than
before. The �t to the uncorrected Saf-T curve underestimates the concentration at
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late times. The �t to the NDS data looks similar to before.

0 100 200 300 400 500 600 700
10−4

10−3

10−2

10−1

100

101

Time [hr]

N
or
m
al
iz
ed

C
on
ce
nt
ra
ti
on

[µ
g/
L
p
er

kg
in
je
ct
ed
]

NDS data

Saf-T data

Numeric �t of NDS data

Numeric �t of Saf-T data

Figure 8.6: Matches of Soda Lake tracer data using the one-dimensional version of
the numerical �nite volume code and concurrent �tting of the NDS and uncorrected
Saf-T data. The models used a 10 hr delay time for recirculation and the decay
rate for Saf-T was adjustable.

Using equation (8.3) and the �tted decay rate gives a 183◦C e�ective temperature
of the interwell passage. This seems a reasonable value considering the produc-
tion temperature, which is 190◦C, and that the injection project had just started.
The estimated e�ective temperature is not far o� the value used for correcting the
Safranin-T observations. Thermally decaying tracers may o�er a way to assess the
thermal changes within a reservoir. This test does not indicate much cooling of the
reservoir.

Williams et al. (2013) present an empirical method to predict the onset of ther-
mal breakthrough. Their method requires using a conservative and a thermally
degrading tracer. They showed, using numerical simulations, that a decent thermal
breakthrough prediction can be obtained by performing three interwell tracer tests.
The �rst test should be at the start of the injection project and a conservative tracer
has to be used (the thermally decaying tracer can be used here also, but is not neces-
sary). The other two tests are conducted at later times by simultaneously injecting
the conservative and the thermally decaying tracers. By noting the changing peak
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8 Soda Lake tracer test

concentrations of the decaying tracer, an empirical formula can be used to calculate
the thermal breakthrough time. For this method to be of use, enough time has to
pass between all the tests to allow for some cooling to take place along the �ow-path.
If the time is not long enough then the di�erences in peak concentrations for the
decaying tracer will not be noticeable. The wait must not be too long, otherwise
the method is not of much use if breakthrough has already occurred.

8.2.2 Overestimation of fracture retardation

Looking back at Figures 8.4 and 8.5, it seems possible that the �tted pro�les shown
result in an overestimation of the fracture retardation factor. The �tting of the Saf-
T data is essentially only taking the peak values of the Saf-T curve into account,
due to the tracer's decay and delay, unlike the �tting of the NDS data, for which the
early and late concentrations are observed. The matched pro�le of the conservative
tracer shows overestimation at some early times, underestimation at the peak and
underestimation at late times. This is not observed in the �tting of the decaying
tracer. For the Saf-T �ts the peak observations are quite similar to the matched
pro�le. Therefore it appears that there is some inherent disparity when the pro�les
are �tted together to obtain the fracture retardation factor. This would probably
be less of a problem if the one-dimensional model �tted the pro�les better.

Here it is suggested that �tting of the early tracer breakthroughs may give an im-
proved estimation of the fracture retardation. By �tting only the �rst twenty NDS
observations simultaneously with all the Saf-T data a retardation factor of 2.61 is
found. The twentieth NDS observation was measured about 120 hours after injec-
tion. Technically, the �t of the Saf-T data should only account for data up to a
time Rf times the 120 hours, but the retardation was not overly sensitive to that
adjustment. The �tted pro�les are shown in Figure 8.7. The �tted pro�les do a
fairly poor job of predicting late tracer concentrations but the early breakthroughs
are predicted accurately. The matched pro�les are therefore at least consistent, un-
like in the earlier analysis. Using this retardation factor and Ka = 8 · 10−3 cm3/cm2

gives a slightly more realistic calculated fracture half aperture of about 50 µm. This
is only about a factor of 2-20 smaller than the upper-bound limits of the fracture
aperture estimated by Williams et al. (2013). Using an upper-bound is probably
advisable for thermal predictions, since it is best not to underestimate the cooling
by overestimating the �ow-channel surface area.
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Figure 8.7: Matches of Soda Lake tracer data using the one-dimensional version of
the numerical �nite volume code and simultaneous �tting of the early 1,6-NDS
data and all of the uncorrected Saf-T data. The models used a 10 hr delay time
for recirculation and the decay rate for Saf-T was adjustable.

8.2.3 Results using the double-porosity numerical model

Since the Soda Lake tracer test only included two tracers, one of which severely
decayed and was retarded due to sorption, the �tting of a dual-porosity model
was badly constrained. Some assumptions had to be made to �t the data using a
fracture-matrix model. The discussion here is limited to one case to illustrate the
fracture-matrix model. Figure 8.8 compares matched curves when including matrix
di�usion to a single-porosity �t for the NDS data. For the fracture-matrix model
a reasonable fracture half aperture of 0.1 mm was used. The matrix porosity and
fracture porosities were chosen to be 0.01 and 1, respectively. The matrix di�usion
for the model was 10−10 m2/s. These parameters give φm

√
Dm/b = 10−3 s−1/2.

The fracture-matrix model was able to give an improved �t to the NDS pro�le, see
Figure 8.8. The peak and tail of the pro�le are matched more closely. This may
indicate that fracture-matrix interaction is an important process when describing
tracer transport within the Soda Lake system, but further tests are needed. Using at
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least two di�erent conservative tracers, which have considerably di�erent molecular
di�usion coe�cients, may help to determine the extent of tracer di�usion.
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Figure 8.8: Comparison of matched pro�les using single- and double-porosity models
to �t the 1,6-NDS tracer data using the numerical �nite volume code. The models
used a 10 hr delay time.
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A series of three tracer tests were conducted over a two year period at Laugaland
low-temperature geothermal �eld, N-Iceland, see Figure 9.1. The tracer experiments
were concluded in the latter part of 1999. The tracer experiments and monitoring
are described in detail in Axelsson et al. (2001), Axelsson et al. (2000a) and Axelsson
et al. (2000b).

The natural recharge to the Laugaland geothermal system is very limited, which has
led to considerable pressure drawdown within the system, since production began in
1977. The system's rock mass is mostly impermeable basalt and the �uid �ow of the
system is con�ned to fractures. Reinjection of spent geothermal �uid was considered
as a possible way to limit pressure drawdown within the system and increase the long
term energy extraction from the system's 90-100◦C hot rock matrix. The tracer and
monitoring experiments had the objective of determining the feasibility and impact
of reinjecting water back into the Laugaland �eld (Axelsson et al., 2001). Subject to
their tracer test interpretation, Axelsson et al. (2001) concluded that an average long
term reinjection rate of 15 L/s should be workable and could allow for an additional
energy extraction of about 24 GWhth per year.

Figure 9.2 shows the relative locations of the injection and production wells within
the Laugaland geothermal �eld. The production wells are believed to be connected
to one another through a near vertical SW-NE trending fracture zone (Axelsson
et al., 2000b). Axelsson et al. estimated the direction of the fracture zone using
well-logs. Their results are consistent with the inferred fracture zone from the low-
resistivity structure stretching from the Laugaland to the Botn geothermal �eld, see
Figure 9.1.
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Figure 9.1: Location of the Laugaland low-temperature geothermal area. Also shown
are other production areas of Nordurorka (formerly HVA), hot water and return
water transmission pipelines, main observation wells, and the microseismic net-
work set up for the 1997-99 reinjection project (Axelsson et al., 2001).

9.1 The reinjection experiment and previous

analysis

Table 9.1 shows relevant information for the three tracer experiments performed
at the Laugaland �eld. The table shows calculated tracer mass recoveries using
numerical integration of the observed tracer returns, as well as predicted tracer
recovery. The discussion here will be focussed on the results of tests 1 and 3, since
well LJ-08 was chosen to be the long term reinjection well.
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Table 9.1: Summary of the tracer experiment conducted at Laugland from September
1997 to August 1999 and some results (Axelsson et al., 2001).

Tracer test 1 2 3

Time of injection 25/09/97; 14:30 19/02/98; 11:10 23/04/99; 22:05
Tracer injection well LJ-08 LN-10 LJ-08
Tracer Na-�uorescein Iodide Na-�uorescein
Amount of tracer injected 10 kg 34.7 kg 10 kg
Injection rates:
Well LJ-08 8 L/s 8 L/s 21 L/s
Well LN-10 6 L/s

Recovery until 31/08/99 31/08/99 31/08/99
Length of recovery period 23 months 18 months 4 months
Recovered tracer mass:
Well LJ-05 2.1 kg 18.0 kg 0.1 kg
Well LJ-07 0.1 kg 0.1 kg 0.0 kg
Well LN-12 0.8 kg 0.4 kg 0.5 kg
Well TN-04 0.6 kg 0.0 kg 0.0 kg

Total 3.6 kg (36%) 18.5 kg (36%) 0.6 kg (6%)
Estimated total recovery

5.8 kg (58%) 33 kg (95%) Not estimated
end of 2002

Figure 9.3 shows the recovered �uorescein concentrations at well LN-12. Two peaks
are clearly noticeable from the �rst and third tracer tests, the latter having a higher
peak concentration. Well LJ-08 was the only injection well during the �rst tracer
test. Injection was kept at a constant rate of 8 L/s. Well LN-12 was the only
production well, with continual 41 L/s production, until the end of November in
1997, when production of well LJ-05 started. A sudden decrease was observed in
the �uorescein concentration at well LN-12 when well LJ-05 was put online, see
Figure 9.3. The third tracer test was conducted using an increased injection rate of
21 L/s into well LJ-08 and a production rate of about 39 L/s at well LN-12. Fluid
was produced sporadically from well LJ-05 during this period (Liu, 1999).

The results of the tracer tests indicated that production well LJ-05 was connected
more directly with the injection wells than the other producing wells, wells LN-12
and LJ-07. This could be due to well LJ-05 having a somewhat short production
casing (96 m) compared with well LN-12 (294 m) (Axelsson et al., 2001), see Figure
2 in Nalla et al. (2005). Well LJ-07 returned very small amounts of tracer since it
was partly shielded by the other production wells, but mostly since it was hardly
produced at all during the tests.

An interesting result of the �rst tracer test was that an appreciable amount of
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Figure 9.2: Wells in use in the Laugaland �eld (Axelsson et al., 2001).

sodium-�uorescein was recovered at Ytri-Tjarnir, see Figure 9.1, about 1800 m north
of the well LJ-08. This result points to a direct connection between the Laugaland
and Ytri-Tjarnir �elds (Axelsson et al., 2001). Axelsson et al. (2001) estimated that
about 15-20% of the water injected into well LJ-08 will be reclaimed at Ytri Tjarnir.

9.1.1 Tracer interpretation

Axelsson et al. (2001), Hjartarson (1999) and Liu (1999) interpreted the �rst tracer
test using the instantaneous solution with injection and detection in resident con-
centration, CRR. Laboratory experiments performed by Axelsson et al. (2000b)
showed that the �uorescein can be considered conservative for the time scale of the
tracer test and reservoir conditions experienced by the tracers. Tracer interpreta-
tions therefore assume that the tracers acted conservatively. Another assumption
made was that the injection of the tracer was instantaneous. The tracer injection
was described as being instantaneous by Axelsson et al. (2001) and Axelsson et al.
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Figure 9.3: Measured �uorescein recovery in well LN-12.

(2000b). Recirculation of tracer mass was not an important factor during the tracer
tests. Less than 0.4 kg of �uorescein was reinjected back into the system over the
two year test period (Axelsson et al., 2001). The rate of tracer reinjection is there-
fore negligible compared with the initially injected amount. The measured tracer
response in well LN-12 during the �rst tracer test was matched for the period before
well LJ-05 went online.

Results of the tracer analysis performed by Axelsson et al. (2001), Hjartarson (1999)
and Liu (1999) are compared in Table 9.2. Their simulations assumed three �ow-
channels. The assumed channel lengths, L, are dissimilar between the foregoing
authors. Borehole logging indicated that about half of the �uid injected into well
LJ-08 exits into a shallow feedzone at a depth of about 320 m (Hjartarson, 1999).
Liu speculated that the three simulated channels connected this shallow feedzone to
three feedzones at well LN-12 at depths of about 310 m, 670 m and below 1100 m.
Hjartarson (1999) chose the channel lengths in a similar way. He considered that the
�rst channel connects feedzones at depths of 325 m and 310 m, at wells LJ-08 and
LN-12, respectively. Hjartarson chose the length of the second channel to re�ect a
speculated connection between a feedzone at a depth of 600 m at well LJ-08 and a
feedzone at a 1140 m depth at well LN-12. His third channel is supposed to account
for �ow between the two wells, through permeable interbeds. A tracer test using
straddle packers to isolate feedzones within wells could be used, to determine which
feedzones are in actual fact connected.
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9 Laugaland tracer tests

Table 9.2: Previous results from interpreting the �rst tracer test at Laugaland.
The tracer returns at well LN-12 were interpreted using the instantaneous, one-
dimensional CRR solution and assuming three �ow-paths. The dispersion coe�-
cients is assumed to be D = αu.

Channel L [m] u [m/day] φA [m2] α [m] m/M L/u [day] Pe

A
xe
ls
so
n
et

al
.
(2
00

1)

1 300 63.0 0.098 61 0.0087 4.8 4.9
2 500 41.5 0.53 264 0.0304 12 1.9
3 1000 14.7 1.08 62 0.0229 68 16

Total 0.0620

H
ja
rt
ar
so
n

(1
99

9)

1 500 112 0.049 88 0.0077 4.5 5.7
2 800 69.1 0.30 366 0.029 12 2.2
3 350 5.18 3.7 26 0.027 68 13

Total 0.0637

L
iu

(1
99

9)

1 312 60.4 0.186 63 0.016 5.2 5.0
2 405 23.4 0.588 89 0.020 17 4.6
3 1100 16.4 1.257 87 0.029 67 13

Total 0.065

Figure 9.4 shows the �tted curve found by (Axelsson et al., 2001). The �tted pro-
�le gives a very close match to the observed concentrations. That pro�le can be
compared with the one found by Liu, see Figure 9.5. Hjartarson's simulation is
not shown here, but his simulatios look similar to the ones of Axelsson et al.. The
di�erent curves found by Axelsson et al. (2001), Hjartarson (1999) and Liu (1999)
are in essence equally good matches to the data. This highlights the non-uniqueness
of the solutions. Nevertheless, the obtained solutions have very similar features. All
of the simulations mentioned above show a very similar looking channel response
for the third channel at late times. The channel lengths themselves do not decide
the shape of the matched curves, they simply scale the spatial coordinates, and as
a result regulate the magnitude of the mean velocity and di�usivity. Comparing
the non-dimensional Peclet number of the di�erent channels and the mean residence
time, L/u, shows the similarity of the di�erent solutions. All three solutions predict
a comparable total tracer return of about 6.4% from the �rst tracer test at well LN-
12. They also predict a similar overall �ow-path volume. Assuming a 7% e�ective
�ow-channel porosity, the sum of the �ow-path volumes is estimated to be about
2 · 104 m3 (Axelsson et al., 2001). Nalla et al. (2005) interpreted the �rst Laugaland
tracer test using a method of moments. Their results pointed to a 4.5 ·104 m3 swept
pore volume, twice the �ow-path volume estimate by Axelsson et al. (2001).
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9.1 The reinjection experiment and previous analysis

Liu (1999) analysed the observed tracer returns from the third tracer test at the
Laugaland geothermal �eld. Again assuming three �ow-channels, he estimated that
about 4% of the injected tracer would be retrieved. Liu (1999) found that the �tted
parameters for the third test were not very compatible with the parameters found
for the �rst test.
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Figure 9.4: Observed and simulated �uorescein recovery in well LN-12 during the
�rst tracer test. Reinjection into well LJ-08 and production from well LN-12
(Axelsson et al., 2001).
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Figure 9.5: Measured and simulated �uorescein recovery in well LN-12 during the
�rst tracer test (Liu, 1999).

9.2 Revised analysis of the Laugaland tracer tests

The Laugaland tracer tests, performed between injection well LJ-08 and production
well LN-12, were re-examined using some of the models discussed in section 3.3. For
the revised simulations, the injection was assumed to be instantaneous, in agreement
with the description of the tracer experiments.

9.2.1 The �rst tracer test

The �rst tracer test at Laugaland clearly indicated that wells LJ-08 and LN-12 are
connected by two distinct �ow-paths. The tracer returns show, see Figure 9.4, two
de�nite peaks. The late arriving peak cannot be explained by recirculation, since
the amount of recirculated tracer is not substantial enough. The �rst tracer test
was, accordingly, matched using two �ow-channels. The length of the two channels
were chosen to be consistent with those given by Axelsson et al. (2001).

Table 9.3 shows results of matching the tracer returns at well LN-12 during the �rst
experiment. The tracer concentrations were matched for the �rst 66 days of the
tracer test. All four of the solutions types gave comparably close �ts to the data.
The CFF solution gave the closest match. Figure 9.6 presents the best �ts found
for the models having detection in �ux concentration. The �tted pro�les capture
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9.2 Revised analysis of the Laugaland tracer tests

the main features of the observed concentrations. These results can be compared
with those shown in Figures 9.4 and 9.5, which used three �ow-channels. The three
�ow-channel solutions do match the data more closely. Nevertheless, the revised,
two channel, solutions may be more appealing due to being able to match the data
reasonably well using simpler model assumptions.

Table 9.3: Revised interpretation of the �rst tracer test at Laugaland, using vari-
ous one-dimensional (linear) solutions with instantaneous tracer injection. The
dispersion coe�cients is assumed to be D = αu.

Channel L [m] u [m/day] φA [m2] α [m] m/M L/u [day] Pe

C
F
F

1 300 11.8 2.31 263 0.0394 25.4 1.1
2 1000 9.0 3.46 157 0.0450 111 6.4

Total 0.0844

C
R
F

1 300 27.3 0.829 119 0.0327 11.0 2.5
2 1000 3.3 42.1 671 0.199 305 1.5

Total 0.232

C
F
R 1 300 34.0 0.577 122 0.0284 8.8 2.5

2 1000 5.2 · 10−7 3 · 1015 1 · 1010 2 · 106 2 · 109 9 · 10−8

C
R
R 1 300 44.8 0.404 97 0.0262 6.7 3.1

2 1000 1.7 · 10−3 5 · 108 4 · 106 1 · 103 6 · 105 2 · 10−4

It was di�cult to get a reasonable �t for the solutions having detection in resident
concentration. As shown in Table 9.3 for the solutions with detection in resident
concentration, the parameters for the second channel had to be given unrealistic
values. The �ts being discussed gave unreasonably large di�usivities and physically
impossible mass fractions for their second channel. The solutions assuming detection
in resident concentration were consequently not considered to be representative of
the actual system response.

The CRF solution predicts that about 23% of the tracer injected during the �rst test
will be recovered at well LN-12. This is almost four times the level of recovery found
in the previous studies, which used three �ow-paths and assumed CRR solutions. The
�ux-�ux solution method, however, predicts that the total recovery will be. about
8.4%. The predicted mass recovery using the CFF solution compares favourably
with the measured mass recovery at well LN-12 of about 0.8 kg or 8%, see Table 9.2.
Assuming a porosity of 7%, the CFF and CRF solutions give a estimated e�ective
�ow-path volumes of about 6 · 104 m3 and 6 · 105 m3, respectively.

These results support the notion that detection in �ux concentration is most likely
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Figure 9.6: Measured and revised simulations of the �uorescein recovery in well
LN-12 during the �rst tracer test.

the case in tracer �eld studies. The solution which also has injection in �ux could also
represent the injection mode, since the CFF solution gave the best �t and obtained
mass fraction compares well with the measured one for well LN-12. Unfortunately,
the appropriate inlet condition cannot be determined due to the production starting
at well LJ-05 late on during the �rst test. If well LJ-05 had not gone online, the
total tracer returns may have been closer to the ones predicted by the CRF solution.
The �t to the trace peak is unreliable, since the tail end of it is not observed.

The reasonable �ts to the �rst tracer test seem to indicate that the assumption of
zero matrix di�usion and instantaneous injection are valid for the �rst tracer exper-
iment at Laugaland. The analysis of the Soda Lake tracer test suggest that matrix
di�usion may be a factor if the tracer zero matrix di�usion models underpredict
the late concentration arrivals. The tailing of the tracer pro�les are not visible for
the �rst test at Laugaland. It is therefore di�cult to tell whether matrix di�usion
is an important process within the Laugaland system. Considering that the sys-
tem mostly consist of impermeable basalt rock, it seems reasonable to assume that
matrix di�usion is not an important factor.

9.2.2 The third tracer test

The third tracer test was interpreted using the CFF and CRF solutions. Table
9.4 gives results found by matching the tracer pro�le from the third test. The
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9.2 Revised analysis of the Laugaland tracer tests

tracer returns were matched using observations up to about 27 days after the tracer
injection. The table shows results assuming only one �ow-channel of length L =
300 m. Note that two sets of �tted parameters are given. The results with the
asterisk assumed that the di�usivity of the channel was the same as the di�usivity
for the �tted �rst channel of the �rst test. The results without the asterisk allowed
the di�usivity to vary. Reasonable parameter estimations were found in both cases
using the CRF solution. However, the CFF solution gave unreasonable values when
the di�usivity was allowed to vary in the �tting process.

Table 9.4: Initial interpretation of the third tracer test at Laugaland, using the
instantaneous solutions which have detection in �ux concentration. The dispersion
coe�cients is assumed to be D = αu.

Channel L [m] u [m/day] φA [m2] α [m] m/M L/u [day] Pe

C
F
F 1 300 0.0036 2 · 104 2 · 106 0.0449 8 · 104 2 · 10−4

1∗ 300 23 2.34 263 0.0298 13 1.1

C
R
F 1 300 21.9 3.7 364 0.0444 13.8 0.82

1∗ 300 50.0 0.9371 119 0.0258 6.0 2.5

Figure 9.7 shows the �tted tracer curves using the parameters given in Table 9.4.
The CRF solution was able to give the best �t to the observed tracer returns. Varying
the di�usivity seems to have little e�ect on the �tted curves.
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Figure 9.7: Measured and �tted simulations of the �uorescein recovery in well LN-12
during the third tracer test at Laugaland.
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9 Laugaland tracer tests

Comparing the parameters in Table 9.4 with the values found for the �rst test, indi-
cates some inconsistency between the two tests or that some incorrect assumptions
were made in the �tting process. This incompatibility is likely due to the �ow con-
ditions being di�erent for each test. According to Liu (1999), the production rate
from well LN-12 was less stable during the third test. The production rate varied
between 38 L/s and 44 L/s during the third test. Moreover, well LJ-05 produced
intermittently during the third test, unlike for the �tted period of the �rst test (Liu,
1999). The assumption of the interwell �ow being at steady state is clearly not
correct for the third test. Increasing the injection rate and well-head pressure at the
injection well will also change the �ow within the system. Considering these facts
it is easy to see why the results of the two tests did not compare well.

Attempts were made to simultaneously �t the observed data from the �rst and
third tests. Some assumptions were made regarding the �ow-channels involved.
The �tting procedure assumed the same two �ow-channels as given in Table 9.3.
The simultaneous �tting was unable to give good matches. Part of the problem
was that the third test did not last long enough to show the second peak, which
was visible in the �rst test. The �tting algorithm was therefore inclined to assume
two peaks at early times. The most likely reason for the incompatibility of the two
tests is that the �ow conditions were quite di�erent between the two experiments,
as already mentioned.

9.3 Thermal predictions

Axelsson et al. (2001), Hjartarson (1999) and Liu (1999) used their tracer interpre-
tations to forecast possible thermal breakthrough at well LN-12, due to reinjection
at well LJ-08. Hjartarson (1999) predicted that the production temperature at
well LN-12 would only decline by about 1◦C after 30 years of reinjection, assuming
production of 41 L/s and injection of 8 L/s. Axelsson et al. (2001) made similar
predictions, but for a wider range of injection rates. Axelsson et al. (2001) predicted
a 2◦C temperature decline after 30 years, for an average reinjection of 20 L/s and
a 40 L/s production rate. Axelsson et al. (2001), Hjartarson (1999) and Liu (1999)
used equation (4.8) for their thermal predictions with φf = 0.07.

Following the initial analysis of the tracer tests in 1999, well LJ-08 was chosen as the
long term injection well for the Laugaland site. The temperatures of the production
wells are monitored at Laugaland. Figure 9.8 shows the observed temperatures at
wells LN-12, LJ-05 and LJ-07. The noise in the temperature data is mainly due
to short interruptions of production. Interestingly, wells LJ-07 and LJ-05 do not
show e�ects of thermal breakthrough, due to reinjection. According to Gautason
et al. (2012), the recent drop in the measured temperature at well LJ-05 is because of
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9.3 Thermal predictions

breaks in production. Well LJ-05 was not in use in 2010 (Gautason et al., 2012). The
thermal stability of well LJ-07 is in good agreement with the tracer test analysis,
which showed that well LJ-07 is not directly connected with the injection wells.
Surprisingly, well LJ-05 has not cooled down. Further monitoring of well LJ-05 may
reveal thermal changes due to reinjection.
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Figure 9.8: Measured �uid temperatures of the production wells at the Laugaland
geothermal �eld (Gautason et al., 2012)

Well LN-12, on the other hand, seems to have experienced thermal decline con-
sistent with thermal breakthrough of reinjected �uid. Figure 9.9 shows that the
production temperature of well LN-12 does not bounce back to its earlier produc-
tion temperature of about 96◦C anymore. Well LN-12 appears to have cooled down
by a couple of degrees C. The thermal changes at well LN-12 appear to be similar
to the predictions made by Axelsson et al. (2001).

The tracer tests conducted at Laugaland did not give indications of likely �ow-path
apertures or surface areas for heat transport between the injected �uid and the
surrounding rock matrix. As a result, Axelsson et al. (2001), Hjartarson (1999) and
Liu (1999) had to make some assumptions regarding the �ow geometry. Axelsson
et al. (2001) and Hjartarson (1999) made fairly conservative choices for the unknown
�ow-channel parameters, to prevent underpredicting the thermal breakthrough.

The reinjected �uid gets heated up by the surrounding rock matrix as it �ows to-
wards the production well. The rate of the heat exchange is dependent on the
e�ective surface area available for thermal transport between the injected �uid and
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Figure 9.9: Observed temperature at well LN-12 (Gautason et al., 2012).

the surrounding system. Increasing the surface area will delay the onset of cooling
at the production well. Hence, a conservative choice of the fracture geometry is
to select a minimum �ow-path surface area. Assuming a rectangular �ow-channel
cross-section with a cross-sectional area A = 2b · H, where H is the height of the
channel, the smallest surface area is found when the cross-section is square, i.e.

A = 2b ·H = 4b2 (9.1)

giving

b =
1

2

√
A (9.2)

Minor adjustments have to be made if the thermal transport is modelled using
equations (4.5) and (4.6), since they assume that H � 2b and thermal exchange
only occurring through the two largest faces of the idealized �ssure. The surface
area (SA) to volume (V ) ratio for the case of a rectangular cross section is

SA

V
=
H + 2b

Hb
(9.3)

For very small apertures this ratio is approximately b−1. However, when the cross-
section is square then

SA

V
=

2

b
(9.4)

Without an adjustment to equation (4.5), the fracture-matrix exchange is modelled
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9.3 Thermal predictions

with only half the surface area available. This can be recti�ed by selecting

b =
1

4

√
A (9.5)

in equation (4.5). This is a similar result to the one found if the �ow-path is assumed
to be cylindrical. In case of a cylindrical channel then with a radius rb we have

SA

V
=

2πrb
πr2

=
2

rb
(9.6)

The cylindrical choice would give the smallest surface area to volume ratio for a
given cross-section A, but choosing the geometry discussed earlier will give an area
close to the minimal one.

The thermal changes in well LN-12, due to reinjection, were simulated assuming
reinjection of 10◦C water into well LJ-08 beginning September 25, 1997. According
to Liu (1999) the temperature of the injected �uid is 5-21◦C. The modelling assumed
an average injection rate of about 11.3 L/s at well LJ-08 and a 20.9 L/s production
rate at well LN-12. These rates were estimated from data given in Gautason et al.
(2012) and Liu (1999). The production rate at well LN-12 was chosen to be half
the average annual production rate at Laugaland. The production rate was chosen
to re�ect the fraction of the total production rate attributable to well LN-12 during
the tracer experiments. Parameters used for the modelling were kth = 2.1 W/(m
K), ρm = 2650 kg/m3, ρw = 980 kg/m3, cm = 950 J/(kg K), cm = 4.2 kJ/(kg K),
T0 = 95◦C and b = 0.25

√
A.

The temperature at the production well was calculated according to

TP (L, t) = T0 −
m∑
j=1

ωjinj
QI

QP

[T0 − Tj(L, t)] (9.7)

where m is the number of channels, Tj is the temperature of channel j and ωjinj is
the mass fraction for the channel.

Figure 9.10 shows conservative temperature predictions for selected models when
the dispersion is neglected along the �ow-channel. The models shown used param-
eters found when matching the �rst Laugaland tracer test. For each �ow-channel
it was assumed that u = ωinjQI/(φfA). The TRR model used the estimated �ow-
channel parameters found by Axelsson et al. (2001). Solutions TFF and TRF used the
estimated parameters from this work using the CFF and CRF tracer models, respec-
tively. The predictions shown used a conservative value for the fracture porosity.
By setting φf = 1 there is no thermal retardation within the modelled fracture.
The results show that none of the solutions underpredict the thermal breakthrough.
The TRR solution gives values closest to the observed temperature data. The results
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Figure 9.10: Predicted temperature decline at well LN-12 assuming φf = 1 and
D = 0. Zero time is set to coincide with the initiation of reinjection.
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Figure 9.11: Predicted temperature decline at well LN-12 assuming φf = 0.07 and
D = 0. Zero time is set to coincide with the initiation of reinjection.
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indicate that the CRF solution does not represent the system response very well.
The estimated mass fraction of the second CRF �ow-path is likely far too high.

Figure 9.11 shows results of changing the �ow-channel porosity to a probable ef-
fective porosity φf = 4% (Axelsson et al., 2001). In this case all three models
underpredict the cooling at well LN-12 after the �rst year until about the eighth
year after reinjection started. The �ux-�ux solution appears to give the best results
in this case. The TRR solution underpredicts the cooling for the entire period after
the onset of cooling. The shift of the predicted thermal fronts are consistent with
the thermal retardation factor within the fracture being about 9 for φf = 0.07. This
is clear when comparing Figures 9.10 and 9.11.

Neither of the above predictions have included the channel dispersion, which was an
important factor when matching the observed tracer histories. Figure 9.12 shows
results when the dispersion is included. The calculations pro�les were found using
the numerical transport algorithm developed in this work. Thermal di�usion parallel
to the �ow was also considered. The e�ect of parallel thermal di�usion is negligible
since its e�ect is about four orders smaller than the retarded fracture dispersion term.
Interestingly, both the �ux-�ux and res-res solutions give very similar predictions
when the �ow-channel dispersion was included. The two methods start to deviate
signi�cantly after about 20 years of reinjection. Again, the TRF solution does not
give good results. The parameters estimated for the second channel, using the CRF
solution, were likely not very good estimates.

The results for the TRR and TFF solutions appear to give useful predictions when
the �ow-path dispersion is included in the thermal transport model. Both solu-
tions overpredict the cooling during the �rst year of reinjection but underpredict
the cooling over the subsequent two years. Improved simulations can be obtained
using more accurate injection and production rates. Figure 9.13 shows results using
average annual �ow-rates given by Gautason et al. (2012) and estimated average an-
nual �ow rates from the data presented by Liu (1999). The predictions shown used
parameter estimates found using the instantaneous �ux-�ux solution to interpret the
�rst tracer test. The solution which has φf = 0.07 and includes channel dispersion
gave a reasonable account of the temperature changes at well LN-12. From now
on it will be assumed that this model gives the best representation of the thermal
cooling at well LN-12.

The simulations using variable �ow-rates assumed an average injection rate of 8 L/s
at well LJ-08 for the �rst year of reinjection. Figure 9.14 shows the �ow rates used
in the simulations. The injection rate increases to about 15 L/s for the following
four years, resulting in rapid cooling of the simulated temperatures. Decreasing the
injection rate allowed the calculated temperature at well LN-12 to rebound back
up to almost 95◦C at one point. Choosing a more accurate initial �ow rate clearly
improved the thermal predictions. The late time forecasts are also in good agree-
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Figure 9.12: Predicted temperature decline at well LN-12 assuming φf = 0.07 and
D = αu. Zero time is set to coincide with the initiation of reinjection.
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Figure 9.13: Predicted temperature changes at well LN-12 using variable annual
injection and production �ow rates. Zero time is set to coincide with the initiation
of reinjection.
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ment with the observed temperatures. The model chosen for thermal predictions is
somewhat inaccurate at the end of the �rst injection year. A possible explanation
is that well LN-12 was not in production during that period (Liu, 1999), resulting
in a lowered observed temperature. Note that the abrupt changes in the modelled
temperatures are due to the discontinuous �ow rates used in the simulations.
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Figure 9.14: Injection and production rates used for the simulated temperatures
shown in Figure 9.13.

Figure 9.15 shows a temperature forecast for well LN-12, assuming production and
injection rates similar to current levels. The results indicate that most of the cool-
ing, from the direct paths connecting wells LJ-08 and LN-12, has probably already
occurred. The predictions indicate that the temperature may decline by about 0.5◦C
over the next 30 years. It should be noted that these thermal predictions only ac-
count for the most direct pathways connecting the two wells. Further analysis is
needed for appropriate long term thermal predictions. Axelsson et al. (2001) esti-
mated that thermal cooling from less direct transport modes may take a few decades
to reach the production wells.
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Figure 9.15: Predicted temperature decline at well LN-12 within the Laugaland
geothermal �eld, assuming an average 20 L/s production rate at well LN-12 and a
10 L/s injection rate at well LJ-08. Zero time is set to coincide with the initiation
of reinjection in 1997.

9.4 Possible improvements

The thermal predictions found using estimated parameters from the Laugaland
tracer tests compared well with the measured temperature changes at well LN-12.
The tracer transport solution assuming injection and detection in �ux concentration
was the preferred method for interpreting the tracer data. Results using the �ux-�ux
tracer �ts showed that good thermal predictions were possible even though simple
analytical solutions were used to interpret the tracer returns. The thermal predic-
tions are mostly dependent on the assumed �ow-channel surface area and porosity.
Other factors are less of an issue. Reasonably good estimates can be easily found for
thermal properties of the geothermal �uid and the rock matrix, such as the thermal
conductivity of the matrix and the heat capacities of the �uid and the rock.

The thermal predictions shown here can be improved upon. Some rough assumptions
were made regarding the injection and production rates. Use of accurate �ow data
could result in better agreement with the observations. Further improvements may
be made by using more specialized types of tracers for the tracer interpretation.

The tracer tests indicated that matrix di�usion is likely not an in�uential process

110



9.4 Possible improvements

a�ecting tracer transport within the Laugaland reservoir. It would be interesting
to see results of a tracer experiment at the Laugaland �eld using two conservative
tracers, which have considerably di�erent molecular di�usion coe�cients, to con�rm
that matrix di�usion of solutes is not an important process within the system.
Additionally, a sorptive tracer could be included in the experiment to interrogate
the �ow-path surface area. If the assumption that matrix di�usion is negligible
holds, then the e�ective inferred surface area from the sorptive tracer data should
be fairly reliable, since di�usion and retardation will, in that case, not interfere
with the interpretation. In such a case, the matching of the tracer returns should
be a well-constrained problem. The researcher will have to have in mind that the
estimated surface area includes the surface roughness of the rock.

Safranin-T could be used for this purpose, given that the appropriate laboratory
experiments would be conducted to �nd its sorption kinetics when in contact with
rock types found at Laugaland. Thermal degradation within the Laugaland system
would likely be a lesser problem than for the Soda Lake test, due to Laugaland's lower
temperature. Note that equation (8.3) is valid for temperatures between 160◦C and
190◦C. The thermal degradation rate of Saf-T should be determined for temperatures
expected at Laugaland, if the tracer is to be used.

Simultaneous �tting of the tracer and thermal responses as suggested by Co (2012),
could be used to resolve the di�cult task of estimating e�ective �ow-path porosities
and surface areas. However, some thermal cooling will have to have taken place at
the production well for this method to be of use. This approach is therefore not
suitable for predicting the onset of thermal changes due to reinjection. The method
can be used to calibrate thermal transport for long term predictions. Thermal single-
well injection-withdrawal tests may o�er a way to determine e�ective heat transfer
surface areas within geothermal systems (Kocabas, 2005, Kocabas and Horne, 1990).
The relationship between the surface area estimates of sorptive tracer tests and heat
transfer surface areas may perhaps be found by comparing concurrent measurements
of thermal and tracer returns, when carrying out a single-well test. The estimated
relationship could potentially be extended to results of interwell tests conducted at
the same site to decouple the e�ect of surface roughness on the transport of sorbing
tracers. There is still the clear drawback of the single-well tests that they only give
information about the local area around the injection well. Nevertheless, such a
method could at least give some likely ranges for the expected heat transfer area
and as a result improve thermal predictions.
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Previous research discussing methods for tracer test interpretation and thermal
breakthrough forecasting within geothermal systems were reviewed. Interwell tracer
tests were concluded to be the main tool for early characterization of well connec-
tivity. Analysis of interwell tests may be supplemented with data obtained from
single-well tests, but an interwell test should be the primary way for determining
the likely e�ects of reinjecting cold waste water into a given geothermal reservoir.

A numerical code capable of describing both tracer and thermal transport was out-
lined and implemented using MATLAB. The results of using the code illustrate the
applicability of using numerical methods for evaluating tracer transport in the sub-
surface. The numerical algorithm is able to account for linear sorption, tracer decay
and recirculation. Appropriate boundary conditions are also easily implemented us-
ing the given numerical method. The numerical code was able to replicate known
analytical solutions with a decent amount of accuracy. The accuracy of the nu-
merical simulations can be increased by using grid and time step re�nement. The
scope of problems which the numerical code can solve is quite wide. The numerical
algorithm can in principle be used to calculate more general tracer transport than
shown in this dissertation.

Numerical inversion algorithms were also developed and realized using MATLAB.
The standard Levenberg-Marquardt algorithm and a secant version of the same algo-
rithm proved to be useful for history matching of tracer data. The secant algorithm
showed great promise, since it was able to save computational time by requiring
fewer calculations of the objective function, than the standard Levenberg-Marquardt
algorithm.

The numerical tracer transport algorithm was used in conjunction with the devel-
oped optimization codes to match observed tracer returns of a conservative tracer
and a reactive tracer at the Soda Lake geothermal �eld in Nevada, USA. The results
compared favourably with the results found by previous researchers, indicating that
the numerical algorithms were implemented correctly. Including recirculation of the
tracer mass during the simulations was shown to improve the �t of the modelled
tracer returns to the measured data at Soda Lake. The simulations were improved by
using a non-zero recirculation delay time. Improved matches of the non-conservative
Safranin-T data were found by allowing for an adjustable decay rate in the �tting
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process. The analysis of the non-conservative, thermally decaying tracer returns
at the Soda Lake tracer test implied an e�ective �ow-path temperature of about
183◦C and a 0.1 mm e�ective �ow-channel aperture. An improved �t to the tracer
returns was found by allowing for tracer di�usion into the rock matrix surrounding
the simulated �ow-channel. The results indicated that matrix di�usion of tracers
may be an important process at Soda Lake. Further tests are needed using other
types of tracers to con�rm these results.

The methods developed in this work were also used to re-examine tracer tests car-
ried out at the Laugaland low-temperature �eld in N-Iceland. Simple analytical
solutions describing tracer transport along a single porosity �ow-channel were ca-
pable of giving a good match to the observed tracer concentrations assuming two
�ow-channels. This is an improvement upon previous studies which had to assume
three �ow-paths. Estimated �ow-channel parameters, found from matching tracer
returns, were assumed when simulating thermal cooling, between a selected injec-
tion and production well pair at Laugaland. The simulated thermal predictions
were fairly successful at describing the observed thermal breakthrough at one of the
production wells. Assuming �ow-channel dispersion and allowing for the variable
�ow rates gave the best thermal predictions. The thermal predictions indicate that
thermal drawdown due to reinjection at well LN-12 in Laugaland, at current levels
of production and injection, will not result in signi�cant cooling of produced �uids
over the next couple of decades. These predictions only apply for the fast �ow-paths
connecting wells LJ-08 and LN-12 at Laugland. More detailed modelling is needed
to estimate cooling at the production wells due to the distribution of cold reinjection
�uid throughout the Laugaland geothermal �eld.

The main conclusion is that tracer test interpretations can be applied to real geother-
mal �eld data and give valuable insights, which can be applied to predict future
thermal changes due to reinjection.
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