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Abstract

A time-dependent Lippmann-Schwinger scattering model is used to
study the transport of a time-modulated double quantum point contact
system in the presence of perpendicular magnetic field. The conductance
through the system is calculated using the Landauer-Büttiker framework.
An observed magnetic field induced Fano resonance is seen in the con-
ductance. A Generalized Master Equation (GME) is then used to describe
the non-equilibrium time-dependent transport through a similar system,
a short quantum wire connected to semi-infinite leads. A lattice model is
used to described the leads and system, with the Coulomb interaction
between the electrons in the sample included via the exact diagonaliza-
tion method. The contact coupling strength between the leads and the
wire is modulated by out-of-phase time-dependent potentials that simu-
late a turnstile device. The placement of one of the leads is fixed while
the position of the other is varied. The propagation of both sinusoidal
and rectangular pulses is examined. The current profiles in both leads
are found to depend on not only the shape of the pulses, but also the
position of the contacts. The current reflects standing waves created by
the contact potentials, like in a wind musical instrument (for example, a
flute). Finally thermoelectric currents through a quantum dot are studied
in both the transient and steady-state regime using the GME. The two
semi-infinite leads are kept at the same chemical potential but at different
temperatures to produce a thermoelectric current, which has a varying
sign depending on the chemical potential. A saw-tooth like profile is
observed in the current along with plateaus of zero current.



Ágrip

Tímaháð Lippmann-Schwinger líkan er notað til að rannsaka flutn-
ing rafeinda í tvöfaldri punktsnertu í einsleitu ytra hornréttu segulsviði.
Framsetning Landauer og Büttiker er notuð til að reikna leiðnina í gegn-
um kerfið. Í leiðninni sést herma Fano af völdum segulsviðsins. Síðar
er notuð almenn stýrijafna til að lýsa tímaháðum flutningi í ójafnvægi
í gegnum svipað kerfi, stuttan skammtavír tengdan hálf óendanlegum
leiðslum. Grindarlíkan er notað til að lýsa vírnum og leiðslunum og víxl-
verkun Coulomb milli rafeinda tekinn til greina með tölulegri nákvæmri
aðferð þar sem fylki fjöleindavirkja Hamiltons er sett á hornalínuham.
Styrkleiki tenginganna milli leiðslanna og vírsins er mótaður út úr fasa
með tímaháðri spennu. Staðsetning annarrar leiðslunnar er fest á meðann
staðsetning hinnar er höfð breytileg. Útbreiðsla bæði sínus og kassalaga
bylgna er skoðuð í spennunni milli vírsins og leiðslanna. Komist er að
því að straumurinn í gegnum leiðslunnar er ekki einungis háður lögun
bylgjunnar milli vírsins og leiðslanna heldur einnig staðsetningu leiðsl-
anna. Lögun straumsins endurspeglar einnig lögun spennunar, svipað og
í blásturshljóðfæri eins og til dæmis flautu. Í lokinn eru hitarafstraumar
kannaðar með almennu stýrijöfnunni. Bæði eru skoðaðir sveipstraumar
og straumar í sístæðu ástandi. Leiðslunum er haldið við sömu forspennu
en mismunandi hitastig. Þessi hitastigsmunur leiðir til hitarafstraums í
gegnum vírinn sem hefur mismunandi formerki háð forspennunni. Lög-
un sístæða straumsins líkist sagarblaði með bilum (þ.e. engum straum)
milli tanna.



My goal is simple. It is a complete understanding of
the universe, why it is as it is and why it exists at all.

Sir Isaac Newton.
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Chapter 1

Introduction and Motivation

Kristinn Torfason

The field of mesoscopic physics is quite large and important for the evolu-
tion of future electronic device based on nanotechnology. As such this field
has received extensive studies. In this Thesis a Generalized Master Equa-
tion is used to study time-dependent phenomena in a Quantum Flute. The
idea and motivation comes from earlier work of the author, were he used
a Lippmann-Schwinger scattering formalism to study transport through a
Double Quantum Point Contact (DQPC) embedded in a wire [1, 2].

The system is a parabolically confined quantum channel assumed to be
fabricated in GaAs heterostructure. Two pairs of split-gates (Vg) define the
DQPC system. The gates contain both a static and a time dependent part
oscillating with frequency ω. The DQPC is an open system but exhibits
features of a closed system such as Quasi Bound States inside the cavity
formed by the split-gates. The full details and results can be be found in the
authors masters thesis [3] and also the article published from it 1. The author
continued to study the DQPC system after the completion of his masters degree
and those results were also published in reference 2) and are discussed in
Chapter 3.

The Lippmann-Schwinger approach does have a number of limitations.
It is e.g. difficult to move a terminal, add another one or control certain
parameter. It is also only possible to look at the steady-state regime but not
the transient regime. This lead to the work using the Generalized Master
Equation (GME) described in this thesis and several papers [4, 5]. The GME

approach offers several advantages. With it, it is possible to control many
more parameters such as the bias, temperature, coupling strength to the
leads and the Coulomb interaction strength. The GME also gives the transient
currents through the system and allows for the placement of the contacts to
be changed.

Work presented in this thesis is partially a continuation of previous work.
A turnstile device driven by electrochemical bias and a thermal bias will be

1
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presented. The first part of the thesis is about the Lippmann-Schwingermodel
while the second part deals with the theory and results using the Generalized
Master Equation.

2







Part I

Lippmann-Schwinger
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Chapter 2

Theory

Kristinn Torfason

In this chapter the theory for the Lippmann-Schwinger scattering approach
are discussed. The work presented here was done after the completion of the
authors master degree and is a direct continuation of that work. This work
has been published in Reference 2. Since the model used has been published
before in full detail it will only by summarized here. The full details can be
found in Reference 3 and 1.

2.1 Lippmann-Schwinger Equation

TheHamiltonian for 2D systemwith a parabolic confinement can be expressed
in the form

H(t) = ´ h̄2

2m˚
(
∇2 ´ 2ı

l2 yBx ´ y2

l4

)
+

1
2

m˚Ω2
0y2 + V(x, y, t) , (2.1)

where m˚ = 0.067me is the effective mass, and l = h̄/(eB) is the magnetic
length. The magnetic field is perpendicular to the system ~B = Bẑ. The mag-
netic field leads to an effective confining energy h̄Ωω = h̄

b

ω2
c + ω2

0, were
h̄Ω0 is the characteristic confining energy of the parabolic confinement, and
h̄ωc = eB/(m˚c) the cyclotron energy. A natural length scale can also be
defined for the system as β2 = m˚Ωω/h̄ or β2

0 = m˚Ω0/h̄ for no magnetic
field. A scattering potential is included in the system

V(x, y, t) = Vs(x, y) +
ÿ

i

Vt(x, y) cos(ωt + φi) , (2.2)

containing a static part Vs and a time-dependent part with strength Vt, driving
frequency ω and φi phase shift. A mixed momentum-coordinate representa-
tion [6] is used to transform the wave-function

Ψ(p, y, t) =
ÿ

n1
ψn1(p, t)χn1(y, p) =

ÿ

m1n1
e´im1ωtψm1

n1 (p)χn1(y, p) . (2.3)

7
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At the same time the wave-function is expanded in terms of the eigenfunc-
tions χn(y, p) of the unperturbed quantum channel, and the time-dependent
part of the wave-function is transformed into the frequency domain. This re-
sults in a Lippmann-Schwinger equation in momentum space for the Fourier
components of the time expansion

ψm
n (q) = ψm

n; inc(q) + Gm
n (q)

ÿ

m1n1

ż

dp
2π

Vm´m1
nn1 (q, p)ψm1

n1 (p) . (2.4)

Since the incident wave ψm
n; inc(q) is a delta function in the momentum space

a T matrix is defined to achieve exact numerical computation

Tm1m
n1n (q, p) = Vm1´m

n1n (q, p) +
ÿ

rs

ż

dk
2π

Vm1´s
n1r (q, k)Gs

r(k)T
sm
rn (k, p) . (2.5)

The wave-function can be obtained in terms of the T matrix in momentum
space

ψm1
n1 (q) = ψm1

n1; inc + Gm1
n1 (q)

ÿ

nm

ż

dk
2π

Tm1m
n1n (q, k)ψm

n; inc(k) (2.6)

Performing the inverse Fourier transform to the real space and a residue
integration gives the transmission amplitude of the electron wave in the
x-direction

tm10
n1n = δn1nδm10 ´ i

4|km1
n1 |

d

km1
n1

k0
n

Tm10
n1n (km1

n1 , k0
n) . (2.7)

The steady-state conductance can then be obtained using a Landauer-Büttiker
framework

G =
2e2

h

ÿ

m1
Tr
[
(tm1):tm1

]
. (2.8)

The wave-vector is given by(
km

n
β

)2
= 2

(h̄Ωω)2

(h̄Ω0)2

"

E0

h̄Ωω
+ mω´ (n +

1
2
)

*

, (2.9)

and is graphically represented in Figure 2.1.

8
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n = 0n = 1n = 2

E0 + h̄ω

E0

E0 ´ h̄ω

m = 1

m = 0

m = ´1
|t´1

00 |2
|t0

00|2

|t1
10|2

|t1
00|2

Figure 2.1: A graphical representation of the dispersion relation in the leads. The scatter-
ing potential can scatter incoming electrons (green line) via both elastic and
inelastic scattering. Elastic scatterings are between different subbands (in-
dex n) while inelastic scatterings are between different sidebands (index m).

So
ur

ce
D

rain

V1

V1

V2

V2

Figure 2.2: An illustration of a Double Quantum Point Contact. Blue area represents
the confinement potential and split-gates.
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A DQPC can be defined in the middle of the system using the scattering
potential

V(x, y, t) =V1(t)
[
e´αy(y´y0)

2
+ e´αy(y+y0)

2
]

e´αx(x+x0)
2

+V2(t)
[
e´αy(y´y0)

2
+ e´αy(y+y0)

2
]

e´αx(x´x0)
2

,
(2.10)

where

Vi(t) = Vs + Vt cos(ωt + φi) , i = 1, 2 . (2.11)

An illustration of the system can be seen in Figure 2.2. When the scattering
potential is transformed into the mixed-momentum representation and the
frequency domain Equation (2.5) becomes

Tm1 m
n1n (q, p) = Vs, n1n(q, p)δm1´m,0 +

1
2

Vt, n1n(q, p)(eiφδm1´m,´1 + e´iφδm1´m,1)

+
ÿ

r

ż

dk
2π

Vs;n1r (q, k)Gm1
r (k)Tm1

rn (k, p)

+
ÿ

r

ż

dk
2π

1
2

Vt;n1re+iφ(q, k)Gm1+1
r (k)Tm1+1

rn (k, p)

+
ÿ

r

ż

dk
2π

1
2

Vt;n1re´iφ(q, k)Gm1´1
r (k)Tm1´1

rn (k, p) ,

(2.12)

were φ = φ1 ´ φ2. The above equation is then turned into a set of linear
equations which are solved numerically.

10



Chapter 3

Results
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The parameters used in the numerical calculations are (αx, αy) = (0.6, 0.3)β2
0

and (x0, y0) = (8, 3)β0 were β´1
0 « 33.7 nm. These parameters give a gate

width of „80 nm and a cavity with area „540ˆ 200 nm2. The confining
strength of the quantum channel is h̄Ω0 = 1 meV giving h̄Ωω = 1.0148 meV
for a magnetic field B = 0.1 T. Energy is always given in units of h̄Ωω or
meV. The height of the static scattering potential is Vs = 6.0 meV, and the
time-modulation with Vt = 1.5 meV. The driving frequency of the time-
modulation is ω = 0.17Ωω and the phase difference φ = φ1 ´ φ2 = π.

Figure 3.1 shows the conductance as a function of the incident energy for
the time-modulated DQPC. A comparison between an applied magnetic field
B = 0.1 T, red dashed line ( ), and no magnetic field, blue solid line ( ),
is shown. Visible in the conductance are large resonance peak due to quasi-
bound states. Also seen are small side-peaks at integer multiples of ω away

0.75 1 1.25 1.5 1.75 2 2.25 2.5

0

0.5

1

1.5

∆E = ω

E = 1.918

E = 1.920

E [h̄Ωω]

G
[2

e2 /
h]

B = 0.0 T
B = 0.1 T

Figure 3.1: Conductance as a function of the incident energy for the time-modulated
DQPC. The red dashed ( ) shows the conductance for B = 0.0 T and
the blue solid ( ) for B = 0.1 T.
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from the main peaks. These small side peak are due to the inelastic scattering
induced by the time-modulation. The side-peaks are suppressed at higher
energy. At higher energies the magnetic field may induce time-modulated
Fano antiresonance features at energies E/h̄Ωω « 1.75, 1.92, 2.16 as well as
the time-modulated Breit-Wigner dip feature at E/h̄Ωω « 2.38.

To get a betterunderstanding of themagnetic field induced time-modulated
Fano antiresonance feature the electron probability density is plotted in Fig-
ures 3.2 and 3.3 for the peak and dip respectively. In Figure 3.2 it can be
seen that the electron occupying the first subband (n = 0) favors to form
a long-lived localized bound state in the cavity formed by the DQPC. The
electron in the second subband (n = 1) however, does not fit the characteristic
energies in the cavity and hence forms a short-lived extended state. The inter-
ference between these two states induces the Fano peak at E/h̄Ωω = 1.918. In
Figure 3.3 a similar situation can be seen. A long lived localized bound state
is formed in the lower subband (n = 0) and an short-lived extended state
in the second subband (n = 1). However the localized state has a stronger
coupling to the source lead and the extended state seems weaker than in the
previous Figure. The energy difference δEFano = 2.03 eV between the Fano
peak and dip should be within observable resolution via the current transport
measurement techniques.

The Lippmann-Schwinger scattering approach is most commonly used
to describe conductance through a strongly coupled system, i. e. the leads
are strongly coupled to the central system. Here on the other hand it used to
describe a system that is weakly coupled for low energies. The attention shall
now be turned towards a model that treats the coupling as weak and offers a
natural entrance to transport within a many-body formalism.
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Figure 3.2: Probability density with magnetic field B = 0.1 T at the Fano peak with
electron energy E/h̄Ωω = 1.918. (a) Subband n = 0. (b) Subband n = 1.
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Figure 3.3: Probability density with magnetic field B = 0.1 T at the Fano dip with
electron energy E/h̄Ωω = 1.920. (a) Subband n = 0. (b) Subband n = 1.
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Chapter 4

Theory

Kristinn Torfason

In this chapter the many-body framework used in the research presented in
this thesis is derived and discussed. The end results is the generalized master
equation (GME) for the reduced density operator (RDO). This approach has
been used successfully in Quantum Optics to study many-level systems [10,
11]. An extension to open mesoscopic systems has been formulated by several
authors (e.g. Harbola et al. [12] and J. Rammer et al. [13]). Coulomb effects
have also been included by Moldoveanu et al. [14]. Part of the work presented
in this chapter has been published in References 4 and 5.

4.1 The Generalized Master Equation

SµL µR

Figure 4.1: An illustration of a typical system that the GME is used to study. Two
semi-infinite leads are connected to a sample on opposite ends. Charge can
flow in and out of the sample through the leads allowing the properties of
the sample to be examined.

The starting point in deriving the GME for electronic transport is several
disconnected subsystems, e.g. a sample connected to electron reservoirs via
leads as depicted in Figure 4.1. At times before t0 the systems are disconnected
and at t0 they get coupled via a transfer Hamiltonian HT which describes a
time-dependent coupling between the subsystems. The equation of motion
for this system is the quantum Liouville equation for the statistical operator
that describes the total system. The GME is obtained after taking a partial
trace over the leads which gives rise to an integro-differential equation for
the RDO. Non-Markovian effects are taken into account by the RDO through
the memory kernel which relates the RDO at time t to its history at previous
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times. Numerical calculations are needed to solve the integro-differential
equation for the RDO. A finite difference method called the Crank–Nicolson
method [15] is used and is described in Appendix A.

We will consider a sample that is connected to the environment via leads.
The dynamics of such a system are described by a Hamiltonian of the form

H(t) =
ÿ

`

H` + HS + HT(t) = HB + HS + HT = H0 + HT(t) . (4.1)

The sample Hamiltonian HS includes the many-body dynamics of the system
and is discussed in Section 4.3. The leads (

ř

` H` = HB) are assumed to be
electron reservoirs and the details of their form can be found in Section 4.2.
These two systems interact via a time-dependent interaction Hamiltonian
HT , also called a Transfer Hamiltonian. Initially the subsystems are assumed
to be disconnected and then at some time t = t0 they get coupled and start
interacting.

For the derivation of the GME we only need to know the form of the Hamil-
tonian. The RDOwhich the GME describes is defined by tracing out the degrees
of freedom of the environment

ρ(t) = TrB W(t) , ρ(t0) = ρS , (4.2)

leaving behind only the relevant information of the sample and not the envi-
ronment. To find an equation for the RDO we start with the statistical operator
W(t). The statistical operator of an open quantum system is the solution of
the Liouville-von Neumann equation

ih̄
B
Bt

W(t) = [H(t), W(t)] . (4.3)

At times t ă t0 the statistical operator is the product of the density operators
of the disconnected subsystems

W(t ă t0) = ρBρS , (4.4)

where

ρB =
ź

`

ρ` =
ź

`

e´β(H`´µ`N`)

Tr
 

e´β(H`´µ`N`)
( . (4.5)

The Liouville-von Neumann Equation (4.3) can be written in terms of the
Liouvillian L,

ih̄
B
Bt

W(t) = L(t)W(t) . (4.6)

18



4. Theory

Kristinn Torfason

Here L(t) = L0 + LT(t) is an operator that is defined as

L0 ¨ = [H0, ¨ ] , (4.7a)

LT(t) ¨ = [HT(t), ¨ ] . (4.7b)

Since the action of the operator yields another operator it is often called the
Liouville super-operator.

The method chosen here to solve the Liouville-von Neumann Equation is
the so called Nakajima-Zwanzig projection operator technique [16, 11]. The
projections needed to solve Equation (4.6) are defined as

P ¨ = ρB TrBt¨u , (4.8a)

Q = 1´P . (4.8b)

If we compare the projection P with Equation (4.2) we see that the projection
PW(t) is a projection onto the relevant part, i.e. it maps a density operator to
another one which contains the information about the central system multi-
plied with the leads in equilibrium. WhileQW(t) projects onto the irrelevant
part of the density matrix, i.e. it contains information about the leads and
the coupling between the leads and the system. The projections have the
following properties

P +Q = I , (4.9a)

P2 = P , (4.9b)

Q2 = Q , (4.9c)

PQ = QP = 0 , (4.9d)

PLS = LSP , (4.9e)

PLT(t)P = 0 , (4.9f)

PW(t0) = W(t0) . (4.9g)

When the projection operators P and Q are applied to the Liouville-von
Neumann Equation (4.6) we obtain two coupled differential equations. One
for the relevant part and another one for the irrelevant part of the density
matrix

ih̄
B
Bt
PW(t) = PL(t)W(t) , (4.10a)

ih̄
B
Bt
QW(t) = QL(t)W(t) . (4.10b)
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If we insert the identity P +Q = I between the Liouville operator and the
statistical operator we can rewrite the equations as

ih̄
B
Bt
PW(t) = PL(t)PW(t) + PL(t)QW(t) , (4.11a)

ih̄
B
Bt
QW(t) = QL(t)QW(t) +QL(t)PW(t) . (4.11b)

The goal is now to find a closed equation for the relevant part of the densityma-
trix. To do so we first solve Equation (4.11b) and insert it into Equation (4.11a).
The solution for the irrelevant part is found by integrating Equation (4.11b)
from t1 = t0 = 0 to t1 = t and using Equation (4.9g) to see that QW(t0) = 0.
This yields

QW(t) = ´ i
h̄

ż t

0

[
QL(t1)PW(t1) +QL(t1)QW(t1)

]
dt1 . (4.12)

It is possible to solve this equation with iteration

QW(t)
ˇ

ˇ

ˇ

1
= ´ i

h̄

ż t

0
QL(t1)PW(t1)dt1 , (4.13a)

QW(t)
ˇ

ˇ

ˇ

2
= ´ i

h̄

ż t

0
QL(t1)PW(t1)dt1

+

(
´ i

h̄

)2 ż t

0
QL(t1)

ż t1

0
QL(t2)PW(t2)dt2 dt1 ,

(4.13b)

...

QW(t) = ´ i
h̄

ż t

0
QL(t1)PW(t1)dt1

+

(
´ i

h̄

)2 ż t

0
QL(t1)

ż t1

0
QL(t2)PW(t2)dt2 dt1 (4.13c)

+

(
´ i

h̄

)3 ż t

0
QL(t1)

ż t1

0
QL(t2)

ż t2

0
QL(t3)PW(t3)dt3 dt2 dt1

+ . . . .

If we now use the fact that we can reverse the order of the integrals and also
write them as a time-ordered product denoted by the symbol T we obtain

ż t

t0

dt1
ż t1

t0

dt2 A(t1)B(t2) = 1
2

ż t

t0

dt1
ż t

t0

dt2 T
[
A(t1)B(t2)

]
. (4.14)
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The time ordering of the operators is in such away that the operator containing
the latest time stands farthest to the left [17, p. 57-58]. Equation (4.13c) can
now be rewritten as

QW(t) = ´ i
h̄

ż t

0
QL(s)PW(s)ds

+

(
´ i

h̄

)2 ż t

0
ds

ż t

s
dt1QL(t1)QL(s)PW(s)

+

(
´ i

h̄

)3 1
2

ż t

0
ds

ż t

s
dt1

ż t

s
dt2 T

[
QL(t1)QL(t2)

]
QL(s)PW(s)

+ . . .

= ´ i
h̄

ż t

0
T e´ i

h̄
şt

s QL(t1)dt1QL(s)PW(s)ds . (4.15)

Inserting the above expression for the irrelevant part into Equation (4.11a)
for the relevant part gives

ih̄
B
Bt
PW(t) = PL(t)PW(t)´ i

h̄
PL(t)

ż t

0
ds T e´ i

h̄
şt

s QL(t1)Qdt1QL(s)PW(s) .

(4.16)

Using the relations for P in Equations (4.9a-g) we see that,

PL(t)P = P(LB + LS + LT)P = PLSP = P2LS = PLS , (4.17a)

QLSP = QPLS = 0 , (4.17b)

which yields

ih̄
B
Bt
PW(t) = PLSW(t)´ i

h̄
PLTQ

ż t

0
ds T e´ i

h̄
şt

s QL(t1)Qdt1QLT(s)PW(s) .

(4.18)

If we neglect HT in the exponential then it can be written as

T exp
"

´ i
h̄

ż t

s
QL(t1)Qdt1

*

= exp
"

´ i
h̄
(t´ s)L0

*

. (4.19)

We also replace each Q between two Liouvillians by Q = 1´P ,

L0QLT A = L0(1´ P)LT A = L0LT A´L0PLT A , (4.20)

and noticing that

PL0QLT AP = PL0LT AP ´PL0PLT AP = PL0LT AP

L0QLT A = L0LT A .
(4.21)
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The use of Equations (4.19) and (4.21) yields

ih̄
B
Bt
PW(t) = PLSW(t)´ i

h̄
PLT

ż t

0
ds e´ i

h̄ (t´s)L0LT(s)PW(s) . (4.22)

We now expand the Liouville operator using Equation (4.7)

e´ i
h̄ L0(t´s)A = e´ i

h̄ H0(t´s)A e
i
h̄ H0(t´s) , (4.23)

and introducing the notation

U(ζ) = e´ i
h̄ H0ζ , ζ = t´ s , (4.24)

for the time-evolution operator. This allows us to rewrite Equation (4.22) as

ih̄
B
Bt

ρ(t) = [HS, ρ(t)]´ i
h̄

TrB

"[
HT(t),

ż t

0
ds U(ζ) [HT(s), ρBρ(s)]U:(ζ)

]*
.

(4.25)

A closer look at the term inside the integral reveals that we can write

U [HT(s), ρBρ(s)]U: = UHT(s)ρBρ(s)U: ´UρBρ(s)HTU:

= UHT(s)U:Uρ(s)U:ρB ´UρU:ρBUHTU:

=
[
UHT(s)U:, Uρ(s)U:ρB

]
, (4.26)

and by defining

G(t, s) =
[
U(t, s)HT(s)U:(t, s), U(t, s)ρ(s)U:(t, s)ρB

]
= U(t, s) [HT(s), ρBρ(s)]U:(t, s) ,

(4.27)

we have
B
Bt

ρ(t) = ´ i
h̄
[HS, ρ(t)]´ 1

h̄2 TrB

"[
HT(t),

ż t

0
ds G(t, s)

]*
. (4.28)

To continue further we write out the expression for HT in the basis of the
non-interacting electrons

HT(t) =
ÿ

`

ÿ

αβ

ż

dq χ`(t)
(
T `

αβ(q)|αyxβ|cq` + T `:
αβ (q)c

:
q`|βyxα|

)
. (4.29)

The transfer matrix elements in Equation (4.29) are given by

Tq` =
ÿ

α β

T q`
αβ |αyxβ| , (4.30a)

T q`
αβ =

ÿ

n
T`

qn xα|d:n|βy , (4.30b)
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where T`
qn is the coupling coefficient. The operators cq` (c

:
q`) and dn (d:n) are

creation (destruction) operators for the leads and sample respectively. Using
Equations (4.30) we get

HT(t) =
ÿ

`

ÿ

n

ż

dq χ`(t)
(

T`
qnc:q`dn + T`:

qnd:ncq`

)
. (4.31)

The coupling coefficients

T`
qn = ψ̂`˚

q (0)V`φ̂n(i`) , (4.32)

describe the coupling between the system and leads. The overlap between
the eigenfunctions of the single particle Hamiltonians of the leads ψ`

qλ and
sample φnλ(i`) are used, where i` is the point in the sample connected to lead
`. The coupling strength V` is a parameter that controls the strength of the
coupling. It is also possible to control the coupling more precisely through
the switching function χ`(t). In the beginning χ`(t ă t0) = 0 and at later
times the coupling can vary in time according to the definition of χ`.

In the interacting basis (see Section 4.3) Tq`
αβ takes the form

T q`
µI νI =

ÿ

αβ

xµI |αyT q`
αβ xβ|νIy =

ÿ

αβ

xα|µIy:T q`
αβ xβ|νIy , (4.33)

where xα|µIy: and xβ|νIy are the elements of the eigenvectors of the many-
body Hamiltonian, Equation (4.70). The transfer Hamiltonian can be written
in even more compact form by use of Equation (4.30a),

HT(t) =
ÿ

`

χ`(t)
ż

dq
(
Tq`cq` + T :q`c

:
q`

)
, (4.34)

and inserting this into Equation (4.27) we obtain

U(ζ)[HT(s), ρBρ(s)]U:(ζ)

= e(HB+HS)ζ/ih̄
ÿ

`

χ`(s)
ż

dq
[
Tq`cq` + T :q`c

:
q`, ρBρ(s)

]
e´(HB+HS)ζ/ih̄

= eHSζ/ih̄
ÿ

`

χ`(s)
ż

dq
[
Tq`cq`eiε`(q)ζ/h̄ + T :q`c

:
q`e
´iε`(q)ζ/h̄, ρBρ(s)

]
e´HSζ/ih̄ .

(4.35)

The time evolution of the creation and destruction operators [17, §6] was used
in the previous step

e´itH`/h̄cq`eitH`/h̄ = cq`eitε`(q)/h̄ := rcq`(t) , (4.36a)

e´itH`/h̄c:q`e
itH`/h̄ = c:q`e

´itε`(q)/h̄ := rc:q`(t) . (4.36b)
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The final step in deriving the GME is to take the trace over the leads and use
the following known relations for the correlations functions of the leads.

TrBtρBcq`1(t)rc
:
q1`(t

1)u = e´i(t´t1)ε`(q)/h̄(1´ f`(ε`(q)))δ(q´ q1)δ``1 ,

(4.37a)

TrBtρBc:q`1(t)rcq1`(t
1)u = ei(t´t1)ε`(q)/h̄ f`(ε`(q))δ(q´ q1)δ``1 , (4.37b)

TrBtρBc:q`1(t)rc
:
q1`(t

1)u = 0 , (4.37c)

TrBtρBcq`1(t)rcq1`(t
1)u = 0 . (4.37d)

The function f`(ε`(q)) is the Fermi function that characterizes the lead ` before
coupling to the central system. Finally we write the GME in the compact form

B
Bt

ρ(t) = ´ i
h̄
[HS, ρ(t)]´ 1

h̄2

ÿ

`

ż

dq χ`(t)([Tq`, Ωq`(t)] + [Tq`, Ωq`(t)]:) ,

(4.38)

where

Ωq`(t) = e´itHS/h̄
ż t

t0

ds χ`(s)Πq`(s)ei(s´t)ε`(q)eitHS/h̄ , (4.39a)

Πq`(s) = eisHS/h̄
(
T :q`ρ(s)(1´ f`)´ ρ(s)T :q` f`

)
e´isHS/h̄ . (4.39b)

The first term in Equation (4.38) is the unperturbed time evolution, while the
second term describes the contact to the leads. The diagonal elements of the
density matrix (ρnn) represent the populations of the states |ny. Whereas the
non-diagonal elements (ρnm, n ‰ m) are coherences between the states |ny
and |my.

4.2 Leads

The goal in this section is to find the energy spectrum ε`(q) of the leads. As
can be seen in Equation (4.39a) it is needed for the calculation of the RDO.
The leads we use are one dimensional semi-infinite and the starting point is
therefore the one dimensional Schrödinger equation

Eψ(x) = ´ h̄2

2m
d2

dx
ψ(x) + V(x)ψ(x) . (4.40)

We want to discretize the equation such that it represents a lattice as the one
shown in Figure 4.2. We start by discretizing the derivatives by following

24



4. Theory

Kristinn Torfason

¨ ¨ ¨ ¨ ¨ ¨
j ´ 1 j j + 1

j ´ 1/2 j + 1/2

Figure 4.2: A discrete one dimensional infinite lattice. Integer points represent points
where the wave-function and second derivative of the wave-function are
evaluated. While half-integer points are where the first derivative of the
wave-function is evaluated.

the steps of S. Datta [18, §3.5]. Using the method of finite difference the first
derivative is approximated by

dψ

dx

ˇ

ˇ

ˇ

ˇ

j+ 1
2

Ñ 1
a
(ψj+1 ´ ψj) , (4.41)

and the second derivative by

d2ψ

dx2

ˇ

ˇ

ˇ

ˇ

j
Ñ 1

a

(
dψ

dx

ˇ

ˇ

ˇ

ˇ

j+ 1
2

´ dψ

dx

ˇ

ˇ

ˇ

ˇ

j´ 1
2

)

Ñ 1
a2 (ψj+1 ´ 2ψj + ψj´1) ,

(4.42)

where a is the lattice spacing, which is assumed to be small. Equation (4.40)
now takes the form

Eψj = ´tL(ψj+1 ´ 2ψj + ψj´1) + Vjψj , (4.43)

where

tL = ´ h̄2

2m˚a2 , (4.44)

is the hopping energy of the lattice. Equation (4.43) is the Schrödinger equa-
tion for a one dimensional lattice.

We know from the continuous case that a semi-infinite wire has a solution
of the form

ψ(x) = C sin(kx) , E =
h̄2k2

2m
+ V . (4.45)

We therefore try a solution of the same form

ψj = C sin(kxj) , (4.46)
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where xj = ja. Inserting this into Equation (4.43) we obtain

EC sin(kja) = ´tL
 

C sin(k(j+ 1)a)´2C sin(kja)+C sin(k(j´1)a)
(

, (4.47)

and by use of the well known identities

sin(x + y) = sin(x) cos(y) + cos(x) sin(y) , (4.48a)

sin(x´ y) = sin(x) cos(y)´ cos(x) sin(y) , (4.48b)

we can write

EC sin(kja) = ´tL
 

2C sin(kja) cos(ka)´ 2C sin(kja)
(

, (4.49)

which simplifies to

E = 2tL (1´ cos(ka)) := ε`(k) . (4.50)

This is the dispersion relationship for our one dimensional semi-infinite lead
on a lattice. It is easy to see that if we let a tend to zero we obtain the parabolic
relation in Equation (4.45) for the continuous case.

4.3 Many-Body Hamiltonian

The sample Hamiltonian (HS) appears in Equation (4.38). Its eigenstates
and energy spectrum must therefore be known to solve the equation. The
Hamiltonian [17, p. 15 & 18] is defined in terms of the creation (c:s ) and
destruction (cs) operators

HS =
ÿ

rs
c:r xr|T|sy cs +

1
2

ÿ

rs
tu

c:r c:s x r s |V| t u y cuct , (4.51)

where |ry, |sy, |ty and |uy are single electron states (SES). These states are
calculated using the Tight-Binding model described in Section 4.4. V is the
Coulomb potential and it is discussed in Section 4.3.1.

We shall assume that xr|T|sy = δrsEr and write x r s |V| t u y = Vrs,tu , then

HS =
ÿ

r
Er c:r cr +

1
2

ÿ

rs
tu

Vrs,tu c:r c:s cuct . (4.52)

Now we make a non-interacting Many-Body state (MBS) |α) such that

|α) = |iα
1 , iα

2 , . . . , iα
n, . . . ) , iα

n = 0, 1 . (4.53)
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Here the occupation number iα
n shows which single particle states are occu-

pied. These MBS form the Fock space of size 2N , where N is the number of
single-particle states. The destruction (creation) operator cs (c:s ) acts on the
state |α) such that

cs|iα
1 , . . . , iα

s , . . .) =

#

(´1)Ss |iα
1 , . . . , iα

s ´ 1, . . .), iα
s = 1,

0, otherwise ,

(4.54a)

c:s |iα
1 , . . . , iα

s , . . .) =

#

(´1)Ss |iα
1 , . . . , iα

s + 1, . . .), iα
s = 0,

0, otherwise ,

(4.54b)

where the phase factor Ss is defined as

Ss = iα
1 + iα

2 + . . . + iα
s´1 =

ÿ

aăs
iα
a . (4.55)

We then see that when the first term in Equation (4.52) acts on the MBS to the
right we obtain

c:s cs|iα
1 , . . . , iα

s , . . . ) = iα
s |iα

1 , . . . , iα
s , . . . ), iα

s = 0, 1 . (4.56)

That is, it gives the occupation of the state or

(β|c:s cs|α) = iα
s xβ|α) = iα

s δαβ . (4.57)

The last two operators in the second term give

cuct| . . . , iα
t , . . . , iα

u, . . . )

=

#

(´1)Su+St´1| . . . , iα
t ´ 1, . . . , iα

u ´ 1, . . . ) t ‰ u, iα
u = iα

t = 1,

0 otherwise .

(4.58)

Using thiswe can see thatwhen the last term (c:r c:s cuct) is sandwichedbetween
two states we get

(β|c:r c:s cuct|α) = (´1)Sr+Ss+Su+St´2δβrsαut . (4.59)

The αut and βrs in the Kronecker delta refer to the states produced by the op-
erators acting on |α) and |β). The matrix elements of the sample Hamiltonian
are then

(β|HS|α) =
ÿ

r
Eriα

r δβα +
ÿ

rs
tu

(´1)Sr+Ss+Su+St´2Vrs,tuδβrsαut . (4.60)
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In order to compute these matrix elements we need to know the energies of
the SES and thematrix elements of the Coulomb potential. These are discussed
in the next two sections. Once they are known this matrix can be calculated
and diagonalized. The results are the eigenvalues and eigenvectors of the
many-body matrix which can be used to construct the interacting MBS |µy,

|µy =
ÿ

α

Aµα|α) . (4.61)

Where Aµα are the components of the eigenvectors. The interacting MBS are
then used in the calculations for the RDOas a basis.

4.3.1 Coulomb Potential

We now go over the derivation of the matrix elements for the Coulomb po-
tential. Coulomb’s law describes the electrostatic interaction between two
electrons. Which is known to be important in small systems. The Coulomb
potential is defined as

Vab,cd =

ż

d~x d~x1 φ:a(~x)φ:b(~x
1) e2

|~x´~x1|φc(~x)φd(~x1) . (4.62)

As we will be using a lattice model we start by discretizing the space

φk(~x) Ñ φk(i, j) = φkn , (4.63)

where n is a mapping (i, j)Ñ n, defined in Equation (4.73) and Table 4.1. The
inner product is then

xφk|φk1y =
ż

d~x φ:k(~x)φk1(~x) = δkk1 Ñ xφk|φk1y =
ÿ

n
φ:knφk1n =

ÿ

n
|φkn|2 = 1 .

(4.64)

Equation (4.62) is then discretized

Vab,cd =
ÿ

ij
i1 j1

φ:a(i, j)φ:b(i
1, j1) u0

a

(i´ i1)2 + (j´ j1)2 + η
φc(i, j)φd(i1, j1) , (4.65)

where η, a vanishingly small positive constant, has been added to ensure
convergence in the case (i = i1, j = j1). The factor u0 is a screening factor,

u0 =
e2

4πε0εra
. (4.66)
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This factor depends on a material parameter εr, the relative permittivity. By
choosing the strength of the screening we in turn determine the size of our
system through the lattice spacing a.

We will now examine the case (i = i1, j = j1) more closely. In this case
Equation (4.65) becomes

Vab,cd = rVab,cd +
u0

η
wab,cd . (4.67)

Where the term rVab,cd includes all the terms in the sum in Equation (4.62)
except (i = i1, j = j1). This special case is given by

wab,cd =
ÿ

ij

φ:a(i, j)φ:b(i, j)φc(i, j)φd(i, j) . (4.68)

It is easy to see that this term has some symmetries,

wab,cd = wba,cd = wab,dc . (4.69)

The Hamiltonian for the system is

H =
ÿ

a
Eac:aca +

1
2

ÿ

abcd

rVab,cdc:ac:bcdcc +
u0

2η

ÿ

abcd

wab,cdc:ac:bcdcc , (4.70)

using Equations (4.67), (4.68) and (4.69) we have
ÿ

abcd

wab,cdc:ac:bcdcc = ´
ÿ

abcd

wab,cdc:ac:bcccd = ´
ÿ

abcd

wab,dcc:ac:bcdcc = 0 . (4.71)

In the above we start by using the anti-commutator relation tcc, cdu = 0 and
then swap the names of the dummy indices. We can then see that the term
wab,dc does not contribute to the Hamiltonian. We therefore skip this term in
the sum and set η = 0,

Vab,cd =
ÿ1

ij
i1 j1

φ:a(i, j)φ:b(i
1, j1) u0

a

(i´ i1)2 + (j´ j1)2
φc(i, j)φd(i1, j1) , (4.72)

where
ÿ1

is a sum over all cases except (i = i1, j = j1).

4.4 Tight-Binding Model in Two Dimensions

To calculate the SES needed in Equation (4.60) we use a Tight-Binding model.
We start by creating a lattice, an example 4ˆ 4 lattice is shown in Figure 4.3.
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Figure 4.3: A two dimensional lattice model is used to describe the sample of the system.
Points in the lattice are labeled according to Table 4.1, i.e. in increasing
order from left to right.

We label the sites in the lattice according to the mapping shown in Figure 4.3
and Table 4.1,

n = (j, i) , j = 1, . . . , J , i = 1, . . . , I . (4.73)

The Hamiltonian in the Tight-Binding model is given by

H =
ÿ

n
εn|nyxn|+

ÿ

xn,my

(
tnm|nyxm|+ t:mn|myxn|

)
, (4.74)

where xn, my denotes nearest neighbours. εn is the n-site energy and tnm is
the hopping energy between site n and m. Now that we have the Hamiltonian
we want to solve the Schrödinger equation

Hψk = Enψk . (4.75)

The wave-function

ψk =
ÿ

n
φkn|ny , (4.76)

is a sum over the basis set

|ny = |0, 0, . . . , 1, . . . , 0, 0y ,

N

position n

(4.77)

which denotes which site is occupied in the lattice. The index n is the occupied
lattice point according to the mapping in Table 4.1, and k is an index for the
SES. The matrix elements for Hamiltonian are given by
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(j, i) n

(1, 1) 1

(1, 2) 2

(1, 3) 3
...

...
(1, I) I
(2, 1) I + 1
...

...
(2, I) 2I
...

...
(J, I) N = J ˆ I

Table 4.1: The mapping used to map the x (i) and y (j) coordinates of the lattice to a
single index. The total number of lattice points is N = J ˆ I.

xn|H|n1y = εnδnn1 + tnn1δxn,n1y + t:n1nδxn1,ny , (4.78)

where

δxn,n1y =
#

1 if n, n1 are nearest neighbours,
0 otherwise .

(4.79)

The matrix for the Hamiltonian is calculated using Equation 4.78 and the
eigenvalues and eigenvectors found by diagonalization.

4.5 Observables

The density matrix formalism allows us to easily calculate the observables in
the system. The mean value of an observable A is simply

x A y(t) = Tr
!

ρ(t)A
)

. (4.80)

That is we take the trace over the operator corresponding to the observable
A multiplied with the density matrix. Using this we can easily calculate the
number of particles in the system by using the number operator N =

ř

n c:ncn,

xN y(t) = Tr
!

ρN
)

=
ÿ

n

ÿ

ν

xν|ρc:ncn|νy =
ÿ

n

ÿ

ν

iν
nρνν(t) . (4.81)
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Here iν
n is 0 or 1 depending on whether the SES n is included in the state ν (See

Equation (4.53)). The diagonal elements of the RDO (ρνν) give the occupation
of the MBS ν. The total charge in the system is then easy to obtain as it is just
the number particles multiplied with the electron charge e,

xQ y(t) = e xN y(t) . (4.82)

The current can then be found by taking the time derivative of the charge

x j y(t) = d
dt
xQ y(t) = e

d
dt
xN y(t)

= e Trtρ̇(t)Nu = e
ÿ

n

ÿ

ν

xν|ρ̇(t)c:ncn|νy

= e
ÿ

n

ÿ

ν

iν
nρ̇νν(t) . (4.83)

We could now write out the difference quotient for the derivative of ρ and
calculate the current. An alternative is to use Equation (4.38) for the RDO,

ρ̇(t) = ´ i
h̄
[HS, ρ(t)]´ 1

h̄2

ÿ

l=L,R

ż

dq χl(t)
(
[Tlq, Ωlq(t)] + [Tlq, Ωlq(t)]:

)
.

(4.84)

It is easy to see that expression for the diagonal elements reduces to

ρ̇νν(t) = ´ 2
h̄2

ÿ

l=L,R

ż

dq χl(t)Re
!

[Tlq, Ωlq(t)]νν

)

, (4.85)

and by insertion into Equation (4.83) we obtain the following expression for
the current

xjy(t) = ´2e
h̄2

ÿ

n

ÿ

ν

ÿ

`=L,R

iν
n

ż

dq χ`(t)Re
!

[T`q, Ω`q(t)]νν

)

. (4.86)

The advantage of this approach is the we can now separate the currents in
each lead `,

xjy(t) =
ÿ

`=L,R

xj`y(t) . (4.87)

After turning the integral into a sum we can numerically calculate the current
by use of,

xj`y(t) = ´2e
h̄2

ÿ

n

ÿ

ν

ÿ

q
iν
nωqχ`(t)Re

!

[T`q, Ω`q(t)]νν

)

. (4.88)
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We can also define the average current

j`k =
1
T

ż tk

tk´1

dt xj`(t)y , (4.89)

where k is the k-th period covering the interval [tk´1, tk].

4.5.1 Charge density

We shall examine the charge density in the system. The starting point for
calculating it is the number-density operator in first quantization [17]

n(x) =
N
ÿ

i

δ(x´ xi) , (4.90)

which in second quantization has the form

pn(x) =
ÿ

rs
ψ:r (x)ψs(x)c:r cs . (4.91)

The mean-value of the charge density is obtained by taking the trace

xpn(x)y = Tr
!

ρpn(x)
)

=
ÿ

µ

xµ|ρpn(x)|µy

=
ÿ

µν

xµ|ρ|νy xν|pn(x)|µy .
(4.92)

The states |µy and |νy are states in the interacting basis. We do not know how
the creation and destruction operators act on the interacting basis. Therefore
we rewrite the expression in terms of the non-interacting basis by using
Equation (4.61)

|µy =
ÿ

α

Aµα|α) . (4.93)

We then have the final equation for calculating the charge density

xpn(x)y =
ÿ

µν

ρµν

ÿ

rs
ψ:r (x)ψs(x)

ÿ

αβ

A:να Aβµ(α|c:r cs|β) . (4.94)

4.6 Thermoelectric Effect

The thermoelectric effect is the generation of an electrical current using a
temperature gradient. This temperature difference creates a voltage which
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can drive an electrical current. The charge carriers diffuse from the hot side to
the cold side due to difference in energy. In the GME a temperature difference
can be created through the Fermi functions that appeared in Equation (4.37).
The Fermi functions came into the GME through the correlation functions of
the leads and therefore describe the characteristics of the leads connected
to the system. The term Thermoelectric effect usually encompasses three
distinct effects, the Peltier, Thomson and Seebeck effect. Each of them was
discovered independently and named after their discoverer.

4.6.1 Seebeck Effect

The Seebeck effect is named after Thomas Johann Seebeck, who, in 1821
discovered the effect. The effect is the conversion of a temperature difference
into voltage, and vice versa. When one end of a semiconductor is heated
and the other one kept at a constant temperature the velocity and density
of charge carriers change at the hot side. Charge carriers will diffuse from
the hot side to the colder side. This in turn creates an electric field inside the
semiconductor. The voltage ∆Vth due to a temperature difference ∆T is given
by

∆Vth = ´S∆T , (4.95)

where S is the Seebeck coefficient [19]. S is also known as the Thermopower
and is a material parameter that indicates how effective the material is as a
thermoelectric device.
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The control of transient transport properties of open nanodevices subjected
to time-dependent signals is nowadays considered as the main tool for charge
and spin manipulation. Pump-and-probe techniques allow an indirect mea-
surement of tunneling rates and relaxation times of quantum dots in the
Coulomb blockade [20]. Quantum point contacts and quantum dots sub-
mitted to pulses applied only to the input lead generate specific output cur-
rents [21, 22, 23]. Single electrons pumping through a double quantum dot
defined in an InAs nanowire by periodic modulation of the wire potential
has been observed [24], as well as non-adiabatic monoparametric pumping
in AlGaAs/GaAs gated nanowires [25].

Modeling such short-time processes is a serious task because even if the
charge dynamics is imposed by the time-dependent driving fields, the geome-
try of the sample itself and theCoulomb interaction play also an important role.
A well-established approach to time-dependent transport relies on the non-
equilibrium Greens’ function formalism, the Coulomb effects being treated
either via density-functional methods [26] or within many-body perturbation
theory [27]. Alternatively, equation of motion methods were used for study-
ing pumping in finite and infinite-U Anderson single-level models [28]. The
numerical implementation of these formal methods in the interacting case re-
quires extensive and costly computational work if the sample accommodates
more than few electrons; as a consequence, accurate simulations for systems
having a more complex geometry and/or complex spectral structure are not
easily obtained.

RecentlyCosmin et al. reported transport calculations for a two-dimensional
parabolic quantumwire in the turnstile setup [29], neglecting the Coulomb in-
teraction between electrons in the wire. The latter is connected to semi-infinite
leads seen as particle reservoirs. The turnstile setup was experimentally re-
alized by Kouwenhoven et al. [30]. It essentially involves a time-dependent
modulation (pumping) of the tunneling barriers between the finite sample
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and drain and source leads, respectively. During the first half of the pumping
cycle the system opens only to the source lead whereas during the second
half of the cycle the drain contact opens. At certain values of the relevant
parameters an integer number of electrons is transferred across the sample
in a complete cycle. More complex turnstile pumps have been studied by
numerical simulations, like one-dimensional arrays of junctions [31] or two-
dimensional multidot systems [32].

In this thesis a similar study is performed for an interacting one-dimensional
quantum wire coupled to an input (source) lead at one end, while the out-
put (drain) lead can be plugged at any point along its length. Both contacts
are modulated by periodic pulses (sinusoidal or square shaped). This study
is motivated by the possibility to control the transient currents through the
variation of the drain contact. It turns out that the flexibility of the drain
contact allows one to capture different responses of the sample to local time-
dependent perturbations which can lead to transient currents with specific
shapes. In some sense, this system works like a ‘quantum flute’, this fact
being revealed when analyzing the distribution of charge within the wire.
In particular, calculating and discussing the deviation of the charge density
from the mean value for each site of the quantum wire and observe the onset
of standing waves.

5.1 Quantum Flute

The first system under study is short quantum wire. The number of lattice
points used is 10. A sketch of this system can be seen in Figure 5.1. The left lead
is connected to the left endof the systemwhile the position of the right lead can
be varied. The relative Coulomb energy was chosen to be uC = 1.0. For GaAs
this would correspond to a sample length of 9a « 45 nm. The lead sample
coupling is V0/ts = 1.0 and the time unit is h̄/ts « 0.029 picoseconds. The
parameters were chosen because they are optimal for the numerical approach.
The set of our parameters is restricted by the computational time spent in
solving the GME. A typical calculation took several days on a supercomputer.

Figure 5.2 shows the chemical potential diagram for the system under
study. The MBS’s of the sample are characterized by the chemical potentials

µ
(i)
N := ε

(i)
N ´ ε

(0)
N´1 , (5.1)

where ε
(i)
N is the energy of the interactingMBS number i containing N particles.
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χL

χR

1 2 3 4 5 6 7 8 9 10
µL

µR

Figure 5.1: A sketch of the system under study. A one dimensional lattice with ten sites
(“the sample”) is connected to two semi-infinite leads via tunneling. The left
lead is connected to the left end of lattice, while the position of the right
lead can be changed. The contacts (χL, χR) are modulated in time.

1 2 3 4
2.0

2.5

3.0

3.5

4.0

N

µ
(i
)

N
[t

s]

µL = 3.37

µR = 3.15

Figure 5.2: Chemical potential diagram for a system with ten lattice points. The blue
circles ( ) correspond to single-particle states, the red squares ( ) to
two-particle states and the brown diamonds ( ) to three-particle states.
The horizontal lines represent the bias windows. The bias windows ( ) is
µ = µL ´ µR = 3.37´ 3.15 = 0.22.
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With i = 0 indicating the ground state and i ą 0 the excited states. The size
of the bias window is µ = µL ´ µR = 3.37´ 3.15 = 0.22. This bias window is
used in the calculations presented. Included in the bias windows are excited
one and two-particles states and the three-particle ground state. The expected
number of electrons in the steady state is therefore slightly below three.

The switching-function χ`(t) in Equation (4.29) acts on the contact regions
between the sample and leads, shaded blue in Figure 5.1. These functions are
used to mimic potential barriers with a time dependent height. Two kinds of
switching-functions are used in the present study. The first switching-function
used is a sine function,

χ`(t) = A
!

1 + sin(ω(t´ s) + φ`)
)

, (5.2)

where A = 0.5 controls the amplitude and ω = 0.105 the frequency. The
phase shift between the leads is π, φL = 0 and φR = π. The last parameter
s = 15 is used to shift the functions as needed. The second switching-function
corresponds to quasi-square pulses, and it is made by combining two quasi

0

0.5

1

χ
`
(t
)

Left lead Right lead

(a)

10 40 70 100 130 160 190 220 250
0

0.5

1

t [h̄/ts]

χ
`
(t
)

(b)

Figure 5.3: The periodic contact function χ`(t) between the leads and sample. (a) Sine
function in Equation (5.3). (b) Square pulses in Equation (5.2).
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Fermi functions that are shifted relatively to each other,

χ`(t) = 1´ 1

et´γ`
s´δ + 1

´ 1

e´(t´γ`
s )+(T`

p+δ) + 1
, t P [0, 2T`

p] , (5.3)

where γ`
s = t0, TL

p u defines the phase shift between the leads (` = L, R)
and T`

p = 30 is the pulse length, the same in the two leads. The pulses are
not built with perfect rectangles for reasons related to numerical stability.
The parameter δ controls the shape of the pulse and is fixed at the value
δ = 10. The shape of the functions in Equations (5.2) and (5.3) can be seen in
Figure 5.3.

5.1.1 Sinusoidal Pulses

The first results can be seen in Figures 5.4 and 5.5. The contacts are pulsed
with the sinusoidal pulses given in Equation (5.2). Initially the system has
the three-particle ground state occupied before the coupling is turned on.
The left lead of the system is fixed at the left end of the sample, i.e. site 1.
While the right lead is placed at various other sites. In Figure 5.4 the results
for the placement of the right lead at site 10 is shown. Figure 5.4(a) shows the
charging of the sample. Initially the charge is 3, because the three-particle
state is initially occupied while other states are unoccupied. After the contacts
begin to operate a part of the charge flows into the leads, and the average
charge drops until a periodic regime is established. The total charge has a
minimum or a maximum at the points were the contacts functions in the
leads are equal. In between the charge increases when the left contact opens
and the right one closes and decreases in the opposite case. The populations
of the three-particle and two-particle states are also shown. They oscillate
in antiphase, i.e. the gain in one is partly compensated by a loss in the other
one.

Figure 5.4(b) show the currents through the sample. The currents have a
similar shape as the contacts functions, except in the initial transient phase.
In the first cycle the current in the left lead is negative. The sign rule is that
positive currents correspond to charge flow to the right and negative currents
in the opposite direction. This negative current in the first cycle indicates a
charge flow out of the sample into the lead.

Figure 5.5 shows the charge and current when the right lead is placed
at site 3. The charge and current oscillations are weaker is this case. The
current in the left lead does not have a sinusoidal shape as in the previous
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Figure 5.4: Charge and current for µL = 3.37, µR = 3.15, uC = 1.0 and χ`(t)9 sin(ωt).
Left lead connect to site 1 and right lead to site 10. (a) Total charge brown
solid line ( ), charge for two-particle states black dashed ( ), for
three-particle states violet dotted ( ). (b) Current for the left lead blue
dotted ( ), for the right lead red solid ( ).

case. And the negative currents in the left lead seem to persist beyond the
first cycle. This is somewhat surprising since this current, although small, is
driven against the bias. Some sort of standing waves are created in the sample
and the right contact creates a local perturbation of the charge fluctuations at
that point.

5.1.2 Charge Distribution

The charge distribution inside the sample is shown in Figure 5.6. The charge
was averaged in time over one period of the switching functions when the
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Figure 5.5: Charge and current for µL = 3.37, µR = 3.15, uC = 1.0 and χ`(t)9 sin(ωt).
Left lead connect to site 1 and right lead to site 3. (a) Total charge brown
solid line ( ), charge for two-particle states black dashed ( ), for
three-particle states violet dotted ( ). (b) Current for the left lead blue
dotted ( ), for the right lead red solid ( ).

system is in the periodic regime. The case show is when the right lead is
placed at site 10. Other placements of the the right leads give qualitatively the
same distribution. The distribution is not homogeneous inside the sample.
It is however symmetric along the sample, despite the presence of the bias.
This is not surprising since the contacts between the sample and leads are
weak. The charge distribution follows the geometrical extend of those SES

that contribute to the active two- and three-particle MBS.
Next, Figures 5.8 and 5.7 show the deviation of the charge density from

the mean value, on each lattice site. Selected time moments are shown during
half a cycle. For the other half cycle the reverse motion occurs. The two
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Figure 5.6: The charge distribution along the sample averaged in time over the whole
period t = 310 to t = 370, when the periodic regime is established. The
right contact is placed on site 10 (marked in red). The main parameters are
µL = 3.37, µR = 3.15 and uC = 1.0.

placements of the right lead are again used, site 3 and 10. Standing waves
are clearly seen. When the right lead is placed at site 10 in Figure 5.7 the
standing wave pattern shows between two and three wavelength. Nodes and
antinodes can be distinguished, and also a global up and down motion mode
seems to occur.

When the right contact is placed at site 3 as in Figure 5.8 only about
two wavelengths are seen. The charge also seems to oscillate with different
amplitudes at the two contacts. Larger at the right right than the left lead. This
explains the different amplitudes of the currents in Figures 5.4 and 5.5. That
is, the amplitude of the currents in the leads is related to the amplitude of the
charge fluctuations at the contact. In addition the finer structure of the current
pulses reflects the existence of higher harmonics in the charge oscillations.
This is suggested in the top panel in Figure 5.8, where a higher-order pattern
at t = T/2 is seen.

For a better visual description of the time dependent charge oscillate a
number of video files can be accessed online, see Referance 33. The time-
dependent charge fluctuations and the current profiles are shown in the
videos for three placements of the right lead at sites 2, 8 and 10. The behavior
of the system shows the same symmetry as the charge distribution. The
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Figure 5.7: Snapshots of the deviation of charge from the mean value over the half
period t = 340 to 370 and for ω = 0.105 and χ`(t)9 sin(ωt) with the right
contact at site 10. See also Referance 33 for a video.
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Figure 5.8: Snapshots of the deviation of charge from the mean value over the half
period t = 340 to 370 and for ω = 0.105 and χ`(t)9 sin(ωt) with the right
contact at site 3. See also Referance 33 for a video.
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Figure 5.9: Charge and current for µL = 3.37, µR = 3.15, uC = 1.0 and
χ`(t)9 square pulses. Left lead connected to site 1 and right lead to site 10.
(a) Total charge brown solid line ( ), charge for two-particle states black
dashed ( ), for three-particle states violet dotted ( ). (b) Current for
the left lead blue dotted ( ), for the right lead red solid ( ).

current pulses are pulses are similar when the right contact is placed on the
right or on the left of the center sample, but at the same distance. For example,
sites 3 and 8, or sites 4 and 7, etc., are similar.

5.1.3 Square Pulses

Next the quasi-square switching functions described in Equation (5.3) and
Figure 5.3(b) are examined. The left lead is again fixed at the left end of the
sample, and the right lead placed on other sites. Results for the right lead
placed at sites 10, 7, 3 and 2 are shown in Figures 5.9, 5.10, 5.11 and 5.12 re-
spectively. The time evolution of the charge is very different from the case of
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Figure 5.10: Charge and current for µL = 3.37, µR = 3.15, uC = 1.0 and
χ`(t)9 square pulses. Left lead connected to site 1 and right lead to
site 7. (a) Total charge brown solid line ( ), charge for two-particle
states black dashed ( ), for three-particle states violet dotted ( ).
(b) Current for the left lead blue dotted ( ), for the right lead red
solid ( ).

the sinusoidal pulses. The populations of the two-particle and three-particle
states have opposite variations in time, i.e. the gain in one is partly compen-
sated by the loss of the other one. The shape of these oscillations is different
from the case of the sinusoidal pulses. In Figure 5.4(a) the charge oscillations
have a sinus like shape. While in Figures 5.9(a), 5.10(a), 5.11(a) and 5.12(a)
they have a more triangular shape. In the case of step-like switching function
the oscillations become even more triangular in shape [29]. The current oscil-
lations in Figures 5.9(b) and 5.12(b) have however almost a rectangular shape,
qualitatively reproducing the shape of the switching function.

In Figures 5.10(b) and 5.11(b) the current profile is qualitatively different
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Figure 5.11: Charge and current for µL = 3.37, µR = 3.15, uC = 1.0 and
χ`(t)9 square pulses. Left lead connected to site 1 and right lead to
site 3. (a) Total charge brown solid line ( ), charge for two-particle
states black dashed ( ), for three-particle states violet dotted ( ).
(b) Current for the left lead blue dotted ( ), for the right lead red
solid ( ).

than in the other cases. Sharp and multiple oscillations are now visible in
the currents. These are produced by higher harmonics of the charge motion.
Negative currents can also be seen in both leads. This indicates again charge
propagation against the bias. Although weak they do not seem to vanish in
the periodic regime. The placement of the right lead is therefore qualitatively
important for the current profiles for a finite bias window. If the bias window
is increased the negative currents still persist, but only in one lead. A further
increase makes them vanish and the current pulses take on more and more
the shape of the contact functions.

The current profile of the square pulses also obey the symmetry of the
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Figure 5.12: Charge and current for µL = 3.37, µR = 3.15, uC = 1.0 and
χ`(t)9 square pulses. Left lead connected to site 1 and right lead to
site 2. (a) Total charge brown solid line ( ), charge for two-particle
states black dashed ( ), for three-particle states violet dotted ( ).
(b) Current for the left lead blue dotted ( ), for the right lead red
solid ( ).

charge distribution like the sine pulses. Results for the right contact at
sites 10 and 1 (Figure 5.9), 9 and 2 (Figure 5.12), 8 and 3 (Figure 5.11), 4 and 7
(Figure 5.10), and 5 and 6 look the same. The case of 5 and 6 are not shown
here but look qualitatively similar to 10 and 1 with sharper peaks.

In order to better observe the effects of the higher harmonics of the charge
oscillations a discrete Fourier analysis is shown in Figures 5.13 and 5.14. A
single period in the periodic regime was chosen for the analysis with the
right lead at sites 3 and 10. Figures 5.13(a) and 5.14(a) show the Fourier com-
ponents of the switching function χ`(t) in Equations (5.2) and (5.3). In both
cases the largest contribution to the charge comes from the first component,
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Figure 5.13: µL = 3.37, µR = 3.15, uC = 1.0, and χ`(t) a square pulse with the
right lead connected at site 10. Fourier analysis of (a) the switching-
function χ`(t), (b) total charge, (c) current in the left lead, (d) current in
the right lead.
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Figure 5.14: µL = 3.37, µR = 3.15, uC = 1.0, and χ`(t) a square pulse with the right
lead connected at site 3. Fourier analysis of (a) the switching-function χ`(t),
(b) total charge, (c) current in the left lead, (d) current in the right lead.
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Figure 5.15: Charge transferred vs placement of the right lead. µL = 3.37, µR = 3.15,
uC = 1.0. The blue dashed ( ) line is for χ`(t) as square pulses and
red solid ( ) is for χ`(t)9 sin(ωt).

Figures 5.13(b) and 5.14(b). This is not surprising since the charge oscillations
have a sinus like shape. The current approximately follows the pulse shape
in the left lead when the right contact is placed at site 10. The shape is not as
strong in the right lead (Figures 5.13(d)). When the right contact is at site 3,
this behavior is not seen (Figures 5.14(c-d)).

Figure 5.15 show the charge transferred through the system as a function
of the placement of the right lead. That is Qk = TIk where k is the contact site
of the right lead and Ik is the average current over one period, from t « 280
to t « 340. The two types of pulses are compared in Figure 5.15. The pumped
charged is higher in the case of the square pulses. This is especially true for
those contact locations which produce quasi-square current profiles. This can
be attributed to the higher harmonics in the charge oscillations.

5.2 Thermal Currents

The electrical conduction of open nanoelectronic devices driven by electric
potentials or fields generated in various ways is a major topic in mesoscopic
physics. Outside this area complementary research on thermoelectric cur-
rents, thermopower, and related thermal properties in the quantum regime,
for systems like quantum dots, has been more difficult, but on a growing
trend in the last two decades. Temperature control down to milli-kelvin and
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temperature gradients at nanoscale are attainable in the laboratories and
generate new scientific opportunities [34].

The thermopower of quantum dots was initially studied theoretically by
Beenakker and Staring [35]. They calculated the Seebeck coefficient

S = ´ lim
∆TÑ0

∆Vth
∆T

, (5.4)

where V is the voltage generated across the quantum dot weakly connected
to electron reservoirs at a temperature bias ∆T, under the condition that
the current between the two reservoirs is zero. They obtained saw-tooth
like oscillations of S around S = 0 (with symmetric positive and negative
values), as function of the Fermi energy in the reservoirs. The Coulomb
electron-electron interaction in the quantum dot was included in the charging
("orthodox") model, the result of it was a positive slope smaller than the
negative slope of the oscillations. The predicted results were confirmed in
subsequent experimental work by the same team [36] and also by Dzurak
et al. [37]. Fewyears laterDzurak et al. published a new series ofmeasurements
which show that at temperatures below 100 mK the saw-tooth oscillations
of the thermopower vs. the Fermi energy alternate with plateaus of zero
thermopower [38].

While the saw-teeth were attributed to sequential tunneling and high
temperatures [35], the zero plateaus were initially attributed to many-body
effects. Later on Turek and Matveev derived a theory of the thermopower
of quantum dots in which the zero plateau at low temperature is a result of
cotunneling [39]. A more complex cotunneling theory, in higher orders, and
including quantum fluctuations, was proposed by Kubala andKönig [40], and
later by Billings et al. who also included exchange effects [41]. Further experi-
mental results were interpreted in terms of sequential-tunneling dominated
thermopower at high temperatures, with saw-tooth profile, and cotunneling
onset at low temperatures, leading to zero plateaus [42]. In a recent exper-
imental paper by Svensson et al. [43] the thermopower of quantum dots is
systematically investigated and the lineshape is carefully analyzed in various
conditions. Alternating sequences of negative peak - positive peak - zero
interval are clearly seen over large intervals of Fermi energy. The interpre-
tation of these results is done using a Landauer formula with an empirical
transmission function.

In this thesis the GME is used as a tool to understand the electric currents
generated in an open quantum dot due to a temperature bias. The dot is
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connected to external leads seen as electron reservoirs and kept at the same
chemical potential. Instead of calculating the voltage generated across the
dot due to the temperature bias the currents in the leads are calculated, in
the steady state. To the authors knowledge the Master Equation has not
been commonly used for the thermoelectric response of an open systems.
One approach was performed by Koch et al. who used in fact rate equations,
neglecting the off-diagonal elements of the reduced density operator. but
including cotunneling [44]. The GME method is not restricted to the linear
response to a small temperature gradient. A similar line shape of the cur-
rents vs. the chemical potential is obtained as shown in experiments for the
thermopower [38, 42, 43]. Our method however does not include cotunneling
effects, but only sequential tunneling. Instead the coulomb interaction in the
dot is completely incorporated using the method of exact diagonalization.
Time dependent and transient currents in the system and the effect of a third
terminal attached to the quantum dot are also discussed. This setup was
proposed in order to create a phase-breaking mechanism in the dot [45].

5.2.1 GME With One Energy Level

To better understand the thermal effects in the GMEwe solve the GME for single
level system. To simplify Equation (4.38) we start by inserting

ρ(s) = U:S(t´ s)ρ(t)US(t´ s) = eiHS(t´s)/h̄ρ(t)e´iHS(t´s)/h̄ , (5.5)

into the GME. The density matrix is propagated backwards in time and taken
outside the time integral. This gives a Time-Convolution less GME

ρ̇(t) = ´ i
h̄
[HS, ρ(t)]´ 1

h̄2

ÿ

`

ż

dq χ`(t)
(
[Tq`, Ωq`(t)] + [Tq`, Ωq`(t)]:

)
, (5.6)

with

Ωq`(t) = e´itHS/h̄Πq`(t)e´itε`(q)eitHS/h̄ ,

Πq`(t) =
ż

dt1 χ`(t1)
(
rT :q`(t

1)rρ(t)(1´ f`)´ rρ(t) rT :q`(t
1) f`
)

eit1ε`(q) ,
(5.7a)

and

rT :q`(t
1) = eit1HS/h̄ T :q` e´it1HS/h̄ (5.8a)

rρ(t) = eitHS/h̄ ρ(t) e´itHS/h̄ . (5.8b)

51



5.2. Thermal Currents

Kristinn Torfason

The Fock space contains two states, the vacuum state with E/ts = 0 and a
single particle states with E/ts = 2. The goal is to find the occupations of
these states, i.e. the diagonal elements of the RDO. The first step is to calculate
the transfer matrix elements in Equation (4.30). Only one element is non-zero

x1|Tq`|0y = T`
q1 , x0|T :q`|1y = T`:

q1 . (5.9)

This simplifies the commutator in Equation (4.38) and the matrix element
x0|ρ|0y reduces to

B
Bt
x0|ρ|0y = ´ 2

h̄2

ÿ

`

ż

dq Re
!

x0|[Tq`, Ωq`]|0y
)

= ´ 2
h̄2

ÿ

`

ż

dq Re
!

x0|Ωq`|1yx1|Tq`|0y
)

.
(5.10)

Only one matrix element for Ω is needed to find the diagonal elements of the
RDO. The matrix elements of Ω are also greatly simplified knowing that only
one Transfer matrix element is non-zero

x0|Ωq`|1y = e´it(ε`(q)´E)x0|Πq`|1y

=
x0|T :q`|1y
ε`(q)´ E

i
!

e´it(ε`(q)´E) ´ 1
)

ˆ
(
x1|ρ|1y( 1´ f`

(
ε`(q)

)
)´ x0|ρ|0y f`

(
ε`(q)

))
.

(5.11)

The q-integral can be evaluated in the steady-state limit. The real part of
x0|Ω|1y turns into a delta function in the limit t Ñ8, giving π

2 δ
(
ε`(q)´ E

)
.

Also in the steady-state limit the diagonal elements of the density matrix ρ

approach a constant value. Using this and assuming that hopping energy
in the leads is the same tL = tR = τ one obtains the occupations in the
steady-state

x0|ρ|0y = 1´
ř

` V2
` f`(E)

ř

` V2
`

, x1|ρ|1y = 1´ x0|ρ|0y . (5.12)

Using Equation (4.83) and the same method used to obtain Equation (4.86)
the current in the steady state becomes

J` =
V2
`

τ2

!

x0|ρ|0y f`(E)´ x1|ρ|1y(1´ f`(E)
))

. (5.13)

It might seem from the above equation that the currents in the left and right
lead are different. However, the equation for the occupation and the currents
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in the leads was derived using the fact that in the steady-state the derivative
of ρ is zero. This implies that the currents in the left and right leads are equal.
In fact using Equation (5.12) to eliminate ρ from Equation (5.13) yields

JL =
1
τ2

VLVR

V2
L + V2

R

fL(E)´ fR(E)
2

, JR =
1
τ2

VLVR

V2
L + V2

R

fR(E)´ fL(E)
2

. (5.14)

Which makes it clear that in the steady-state the currents are equal with
opposite signs (JL = ´JR).
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Figure 5.16: Numerical calculations for a system with one state compared with the
analytical solution. Blue solid lines are the numerically calculated currents
in the left lead, for a thermal bias ( ) and an electrochemical bias ( ).
While the red dashed is calculated with Equation (5.13), for a thermal
bias ( ) and a electrochemical bias ( ). Thermal bias used in the
calculations was kBTL = 0.25, kBTR = 0.10 and The electrochemical bias
was ∆µ = 0.15. (a) The current in the left lead. (b) The total charge in
the system.

A comparison of the numerical and the analytical calculations can be
seen in Figures 5.16(a-b). Figure 5.16(a) shows the current in the left lead
calculated numerically, blue lines, and analytically using Equation (5.13), red
lines. The calculations are done for both a thermal bias and a electrochemical
bias of the same size. Figure 5.16(b) shows the charge in the system calculated
numerically and analytically using Equation (5.12). A transition occurs when
the chemical potential is equal to the energy of the single level µL,R = E. At
this point the state is half filled. In the case of the thermal bias the current
is zero. The probability of a transition to/from the energy level to/from the
left and right lead is equal. When the energy level is less than half filled a
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Figure 5.17: The Fermi functions plotted as a function of energy. (a) Thermal bias.
(b) Chemical potential bias.

transition from the energy level to the right lead has a higher probability than
to the left lead. This can be seen in Figure 5.17(a) where the Fermi functions
are plotted as a function of the energy. This gives a positive current flowing
from the left to the right. Once the energy level is more than half filled a
transition from the energy level to the left lead is more probable, giving a
negative current flowing from the right to the left. This difference in transition
probability is due to different temperatures at the left and right lead.

For an electrochemical bias the current has its maximum value when the
energy lies in the middle of the bias window (µL + µR)/2 = E. The current
is proportional to the difference of the Fermi functions for the leads. It can be
seen in Figure 5.17(b) that this difference is at its maximum in the middle of
the two functions. The effect of the electrochemical bias in the Fermi functions
is to shift them relative to each other. Whereas the different temperatures in
Figure 5.17(a) change the shape of the functions.

5.2.2 Many-Body System

When a system has more energy levels things get a little more complicated.
However, the simple picture described in the previous section can still be
of value. Figure 5.18 show the current in the left lead in the steady-state for
a system with three energy levels. This system is made up of two lattice
points. The current is shown for system with and without the Coulomb
interaction. The energy spectrum of the system is composed of two single
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Figure 5.18: Current in the left lead in the steady-state for a three level system. The blue
solid line ( ) shows the current without the Coulomb interaction. While
the red dashed line ( ) shows the current with the Coulomb interaction,
uc = 2.0. The green vertical lines represent the electrochemical energies
for the system with Coulomb interaction. Thermal bias in both systems is
kBTL = 0.25 and kBTR = 0.10.
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Figure 5.19: Charging for a three level system as a function of the electrochemical energy
for uc = 2.0. The blue line ( ) shows the charging of the two single
particle states, and the red line ( ) of the two particle state. While the
brown line ( ) shows the total charge in the system.
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particle sites with energies E0
1 = 1, E1

1 = 3 and a two particle state with energy
E0

2 = 4 in the case of Coulomb and E0
2 = 6 with Coulomb when uC = 2.0. As

has been mentioned before the relevant energy scale is the electrochemical
energy given in Equation 5.1. In the case of the single particle states the
electrochemical energy is just the energies of the states. For the two particle
states the electrochemical energy is µ0

2 = 3 without Coulomb and µ0
2 = 4 with

Coulomb interaction. The electrochemical energy is plotted in Figure 5.18 as
the green vertical lines for case with Coulomb interaction.

The current profile in Figure 5.18 again exhibits the sign change of the
current and has a sawtooth like shape. Such a shape has been measured
before for the conductance through a quantum dot by Staring et al. [36]. In the
case of no Coulomb interaction there are two points where the current is zero.
These two points correspond to half filling of the sates, the same as for the
single level system in the previous section. When the Coulomb interaction is
turned on a plateau forms where the excited single particle states lies. The
point in the plateau where the current is zero corresponds to an integer filling
of the states. This can be seen more clearly in Figure 5.19 where the charging
of the system is plotted as a function of the electrochemical energy. The zeros
in the current in Figure 5.18 at µ = 1 and µ = 5 are the points where the states
are half filled in Figure 5.19. But the zero at µ = 3 is where the state is single
particle states are completely filled. As was mentioned before these plateaus
have been measured experimentally [42] and calculated [44]. However in
those cases the plateaus were attributed to cotunneling.

The electrochemical potential diagram for a system made using three
lattice points is shown in Figure 5.20. The system has three single particle
states with energies E0

1 = 2´?2 « 0.59, E1
1 = 2, E2

1 = 2 +
?

2 « 3.42, three
two particle states with energies E0

2 = 4, E1
2 = 6, E2

2 = 6 and one three particle
state with energy E0

3 = 11. For the single particle states the chemical potential
energy is just the single particle energies. The effects of the Coulomb interac-
tion on the two and three particle states is to shift themupwards. The charging
of this system is shown in Figure 5.21 for two different temperatures of the
leads. The first case shown the charging for kBTL = 0.25 and kBTR = 0.10,
blue line ( ), while the other one for kBTL = 0.55 and kBTR = 0.40, red
line ( ). The temperature difference between the leads is the same in both
cases ∆kBT = 0.15 but the temperature has been raised by kBT = 0.30 in both
leads in the latter case. The green vertical lines represent the electrochemical
potentials show in Figure 5.20. Figure 5.21 shows plateaus in the charging be-
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Figure 5.20: The electrochemical potential diagram for a system with three lattice points.
Blue circles ( ) are single particle states. Red squares ( ) two particle
states and the brown diamond ( ) is a three particle state. Coulomb
strength is uc = 2.0.
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Figure 5.21: Charging of a system with three lattice points using a thermal bias. Shown
are two different temperature of the left and right lead. The size of the
temperature difference is the same in both cases ∆kBT = 0.15 The blue solid
line ( ) is for kBTL = 0.25 and kBTR = 0.10, while the red dashed ( )
for kBTL = 0.55 and kBTR = 0.40.
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tween states due to Coulomb blockade. The charging of the system becomes
smoother as the temperature is increased.

Figure 5.22 shows the current in the left lead the same two temperature as
before. The left lead is connected to the point at the left end, and the right
lead to the other end. The current is again zero at points of half filling µ « 0.5
and µ « 3.5. In between such points the current is again zero when integer
filling occurs µ = 2 and µ « 5.5. The filling can be seen in Figure 5.21. One of
the effects of the increased temperature is to increase the current magnitude.
The zeros in the current due to half filling are not affected but the plateaus
due to integer filling are raised or lowered and reduced. This results suggests
that for even higher temperatures the plateaus are vanishing, which is in
agreement with the known results for the thermopower.
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Figure 5.22: Current in the left lead for a system with three lattice points for two different
temperatures. Shown are two different temperature of the left and right
lead. The size of the temperature difference is the same in both cases
∆kBT = 0.15 The blue line ( ) shows the current for a system with
kBTL = 0.25 and kBTL = 0.10, while the red line ( ) is for kBTL = 0.55
and kBTL = 0.40.

It is interesting to compare the current created by a temperature bias with
that due to an electrochemical bias. This is shown in Figure 5.23. The thermal
current is that same as in Figure 5.22 for kBTL = 0.25 and kBTR = 0.10. The
temperature and chemical potential difference between the left and right leads
are identical on the energy scale ∆kBT = 0.15 and ∆µ = 0.15. The current in
the latter case is always positive due to electrical bias, with peaks indicating
the half filling of the ground state with N electrons, and with zero values
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Figure 5.23: A comparison of the current created by a temperature bias with the current
created by a chemical potential bias. The blue solid line ( ) shows the
thermal current with kBTL = 0.25, kBTR = 0.10 vs. the chemical potential
µ = µL = µR. The red dashed line ( ) shows the electrical current with
no temperature bias, kBTL = kBTR = 0.10, but ∆µ = µL ´ µR = 0.15, i. e.
energetically identical to the the previous thermal bias. On the x-axis we use
the mean value of the left and right chemical potentials µ = (µL + µR)/2.

in between those peaks indicating the Coulomb blocking of the transport.
A small peak is seen at µ = 2 which corresponds to a small current going
through the first excited single-particle state. The magnitude of the Coulomb
interaction is incorporated in the energetic separation between themain peaks
and may be estimated from the energetic length of the zero plateau of the
thermoelectric current.

Another comparison is between the complete Coulomb effects, which are
described via the exact diagonalization of the sample Hamiltonian, and the
charging model which is usually invoked in problems related to the Coulomb
blockade. The later is known as the “orthodox” model and it assumes that
the energy of a two-particle state is the sum of the energy of the first two
single-particle states plus some charging energy estimated as the electron
charge divided by the capacitance of the quantum dot. This is essentially a
mean field assumption. In order to compare the two approaches the current
generated by the temperature bias is calculated by using the non-interacting
eigenvectors in the many-body sample Hamiltonian (i.e. the basis in the Fock
space), and the ground state energy of the sample for 2 electrons as given
by the exact treatment. With this ansatz we describe uncorrelated particles
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Figure 5.24: The red dashed line ( ) shows the current in the left lead calculated
using the GME with uc = 2.0. While the blue solid line ( ) shows
the current calculated with the GME using eigenvectors corresponding to
non-interacting electrons, but with an energy spectrum forced to be that
of the system with uc = 2.0.

with the energies of the exact states. The results are shown in Figure 5.24. In
the “orthodox” model the plateau of the thermoelectric current, at least for
a number of electrons between one and two, softens and vanishes, possibly
depending on the strength of the Coulomb interaction. The interpretation of
this results is that the zero plateaus of the thermoelectric currents are at least
partially an effect of the electron-electron correlations, not captured by the
“orthodox” model of the Coulomb blockade.

In Figure 5.25 a third lead has been added which is connected to the mid-
dle point in the system. This setup was proposed recently [45] in a different
context, where the third terminal was used as a phase breaking mechanism
of the ballistic electron propagation between the other two terminals. This
lead has the same electrochemical bias as the left and right lead. The tem-
perature of the left lead is kBTL = 0.25 while the right and middle one have
kBTM = kBTR = 0.10. The Coulomb strength is uc = 2.0. The Figure shows
the comparison of the current in the left lead of the system with three leads
and a system with two leads. The most noticeable effect of the third lead is
on the plateaus at around µ = 2.0 and µ = 5.5. These plateaus were formed
due to the Coulomb interaction as in Figure 5.18. The effects is to soften the
Coulomb blocking of the current by allowing electrons entering the sample
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Figure 5.25: Comparison of the current in the left lead for a system with three and two
leads. The red line ( ) shows the current for the system with three
leads. While the blue line ( ) is the the system with two leads.

to diffuse into the third terminal. The vanishing of the plateaus indicates this
additional degree of freedom offered to the electrons injected into the sample.

5.2.3 Time-Dependent

The GME offers the advantage to examine the transient regime in the system.
Until now only the current in the steady state obtained in the asymptotic time
limit have been discussed. The time-dependent charging and currents for a
thermal bias can be seen in Figure 5.26 for a system with three lattice points.
The switching function χ`(t) is in this case a simple function that start at zero
a gradually goes to one. The electrochemical potential diagram for this system
is that same as in Figure 5.20 with uc = 2.0. The left and right electrochemical
potential has been set to µL,R = 7.25, or slightly above the electrochemical
potential of the three particle state. The expected number of electrons in the
system is therefore slightly below three. The temperature of the left lead
is kBTL = 0.25 and the right lead kBTR = 0.10. Figure 5.26(a) shows the
charging. The charging with the thermal bias does not look qualitatively
different from the charging of a system with an electrochemical bias. First
the single particle states ( ) start to charge, and there after the two particle
states ( ), and finally the three particle state ( ). Figure 5.26(b) shows
the time-dependent currents in the left and right lead. Again the currents do
not look qualitatively different from a system driven by an electrochemical
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Figure 5.26: Charge and current for µL,R = 7.25 and uC = 2.0 with a thermal bias,
kBTL = 0.25 and kBTR = 0.10. Left lead connect to site 1 and right lead to
site 3. (a) Total charge brown solid line ( ), charge for one-particle states
black dashed ( ), charge for two-particle states violet dashed ( ),
for the three-particle state olive dotted ( ). (b) Current for the left lead
blue dotted ( ), for the right lead red solid ( ).

bias, except that the steady-state current is negative. The electrochemical
potential of the three particle states is at µ = 7.00 and that points the state is
half filled. As was explained in 5.2.1 a signed change is expected after a half
filling when working with a thermal bias.

Figure 5.27 shows the transient currents of a turnstile with a thermal bias.
The system is the same as before except the switching function χ`(t) is now
the sinusoidal function in Equation (5.2). The current is shown for two cases
for µL,R = 3.25 and µL,R = 3.75. The currents in Figure 5.27 look qualitatively
the same as for an electrochemical bias, which is shown for comparison. As
before the current follows the shape of the pulses applied to the contacts.
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Figure 5.27: Currents for the left and right lead for a turnstile with a thermal bias. The
blue line ( ) show the current in the left lead and the red line ( ) in
the right lead. The black dashed line ( ) shows the same system except
with an electrochemical potential. (a) µL,R = 3.25. (b) µL,R = 3.75.

Initially the pulses are large because the system starts out empty. After the
initial charging of the system has finished the steady states regime is approach
the height of the pulses stabilizes. In Figure 5.27(a) the current pumped in
each cycle is positive. But in Figure 5.27(b) the current pumped each cycle is
negative. This is in agreement with Figure 5.22, were it can seen that a two
particle state is around µ « 3.5. The current has a different sign on each side
because of the half filling of the state. This is different than in the case of the
electrochemical bias where only a positive current can be pumped as in was
seen in Section 5.1.
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In summary, numerical calculations for a coherent magnetotransport using
the Lippmann-Schwinger formalism for a time-modulated DQPC system were
presented. Dynamical control of the magnetic-field induced Fano interfer-
ence by manipulation of the applied magnetic field. It was reported that ac
split gate voltage can be utilized to induce the Fano resonance [46]. Here
it is demonstrated that by tuning an appropriate magnetic field in a DQPC

system with symmetric ac split-gate a Fano resonance can be induced that
becomes non-resonant by switching of the applied magnetic field. This ro-
bust magnetic field induced dynamic Fano resonance feature may be useful
for the magneto-control of quantum switching in arbitrary time-modulated
mesoscopic systems.

Also simulations for time-dependent transport through a one-dimensional
interacting quantum wire attached to two leads were shown. Out of phase
time-periodic signal was applied at the contacts generating a turnstile opera-
tion, similar to the system studied earlier. The calculations were performed by
solving the Generalized Master Equation of the Reduced Density Operator in
the Fock space of the many-body states of the electrons in the sample, which
were calculated via the exact diagonalization. The time periodic contacts gen-
erate standing waves of charge along the length of the wire with finer details
depending on the location of the contacts. The amplitude of the currents
depend on the contact site not only through the tunneling constants but also
through the amplitude of the charge fluctuations at the given contact.

The charge oscillations occur both due to the finite length of the sample
and due to the Coulomb interaction. Both the boundaries of the sample and
the Coulomb repulsion create a restoring (“elastic”) forces. The Coulomb
interaction has also an important role in the charge distribution, though the
well-known blocking and correlations effects, and therefore the inclusion of
the Coulomb effects is necessary for consistent description.

Finally an exploratory study of the current driven through an open quan-
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tum dot in a thermopower setup using the Generalized Master Equation was
performed. A quantum dot was connected to two leads having different tem-
peratures and the same chemical potential. The GME allowed the description
of time-dependent, transient, and also steady states. The electron-electron
interaction in the sample was included using the exact diagonalization pro-
cedure. The obtained currents generated by the temperature bias between
the two leads was in qualitative agreement with experimental results for
the thermopower of quantum dots at low temperatures [43], with saw tooth
alternating with zero plateaus. The plateaus of the thermopower have been
explained by other authors with the cotunneling processes across the leads
through the dot [39]. The formulations presented here included only sequen-
tial tunneling but not cotunneling. Therefore in the model the zero plateaus
of the current can be explained using the level spacing, the Coulomb blocking,
and electron-electron interaction.

In future work several elements can be considered in the transport for-
malism based on the GME. Spin-orbit interacting would be an interesting
addition for the study of spintronic and thermo-spintronic devices. Cotunnel-
ing may indeed contribute to the transport. Including higher order terms in
the coupling is however a computational challenge. Cotunneling in addition
with the spin and temperature effects is known to lead to Kondo effect. A
time-dependent approach combining spin, temperature gradient, Coulomb
interaction and higher order effects of the coupling (like cotunneling) is in
progress in our research group.
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In this chapter it is shown how the numerical methods used in solving the
GME are applied to it. The GME is not an ordinary differential equation, it is an
integro-differential equation. A numerical method of second order in time is
therefore needed to solve it. The method chosen for the task was the Crank-
Nicolson method [47, 15]. The equation for the Crank-Nicolson method is the
average of the forward and backward Euler methods. The method itself is
though not simply the average of the two as the method depends implicitly on
the solution. More accuracy is obtainedwith the Crank-Nicolson scheme than
with the Euler methods without much loss in speed. The procedure is simple,
we begin by discretizing the time and write the derivative on the left hand
side as a difference quotient, which is taken both forward and backwards and
then averaged to eliminate bias.

A.1 Crank-Nicolson Method for Solving the Master Equation

The equation we want to solve is of the form

ρ̇(t) = L(t, ρ(t)) , (A.1)

with L a functional of ρ(t). We start by discretizing the time t which leads to

ρ̇(tn) = L(tn, ρ(tn)) . (A.2)

The forward derivative is

ρ̇(tn) =
ρ(tn+1)´ ρ(tn)

θ
, (A.3)

and the backwards one is

ρ̇(tn) =
ρ(tn)´ ρ(tn´1)

θ
ñ ρ̇(tn+1) =

ρ(tn+1)´ ρ(tn)

θ
. (A.4)

Using one of the two approximations above would lead to the forward or
backward Euler method, respectively. In order to eliminate bias we sum and
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average the two and obtain the Crank-Nicolson equation

ρ(tn+1) = ρ(tn) +
θ

2
[ρ̇(tn) + ρ̇(tn+1)] , (A.5)

or by inserting Equation (A.1)

ρ(tn+1) = ρ(tn) +
θ

2
[L(tn, ρ(tn)) + L(tn+1, ρ(tn+1))] . (A.6)

The Crank-Nicolson method is implicit as can be seen in Equation (A.6).
Which means that the solutions must be obtained iteratively.

If we assume that before time t0 our system is disconnected and that
we know the initial value ρ(t0) = ρ0. Then if we know ρ(tn) we can find
ρ(tn+1) by solving Equation (A.6) using iterations with ρ(tn+1) = ρ(tn) as
the first choice on the right hand side. If we now insert the right hand side of
Equation (4.38) for L we obtain

ρ(tn+1) = ρ(tn)´ iθ
2h̄

[HS, ρ(tn)]

´ θ

2h̄2

ż

dk
ÿ

`

χ`(tn)
!

[Tk`, Ωk`(tn)] + [Tk`, Ωk`(tn)]
:)

´ iθ
2h̄

[HS, ρ(tn+1)]

´ θ

2h̄2

ż

dk
ÿ

`

χ`(tn+1)
!

[Tk`, Ωk`(tn+1)] + [Tk`, Ωk`(tn+1)]
:) ,

(A.7)

where

Ωk`(tn) = e´itn Hs Πk`(tn)eitn Hs e´itnEk , (A.8)

and

Πk`(tn+1) = Πk`(tn) + θχ(tn+1)eitn+1 Hs G(tn+1)e´itn+1 Hs eitn+1Ek ,
(A.9a)

G(tn+1) = T :k`ρ(tn+1)(1´ fk`)´ ρ(tn+1)T :k` fk` . (A.9b)

Equation (A.7) for the RDO still has an integral over k in it that has to be taken
care of before it can be solved numerically. By turning this integral into a sum
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with weights wk we obtain

ρ(tn+1) = ρ(tn)´ iθ
2h̄

[HS, ρ(tn)]

´ θ

2h̄2

ÿ

`

χ`(tn)

Ng
ÿ

k=1

ωk

!

[Tk`, Ωk`(tn)] + [Tk`, Ωk`(tn)]
:)

´ iθ
2h̄

[HS, ρ(tn+1)]

´ θ

2h̄2

ÿ

`

χ`(tn+1)

Ng
ÿ

k=1

ωk

!

[Tk`, Ωk`(tn+1)] + [Tk`, Ωk`(tn+1)]
:) .

(A.10)

An imaginary number plus its conjugate is equal to two times its real part

ρ(tn+1) = ρ(tn)´ iθ
2h̄

[HS, ρ(tn)]

´ θ

h̄2

ÿ

`

χ`(tn)

Ng
ÿ

k=1

ωk Re t[Tk`, Ωk`(tn)]u

´ iθ
2h̄

[HS, ρ(tn+1)]

´ θ

h̄2

ÿ

`

χ`(tn+1)

Ng
ÿ

k=1

ωk Re t[Tk`, Ωk`(tn+1)]u .

(A.11)

The only thing left to do now is write out explicitly thematrix elements. Doing
so gives

x|ρ(tn+1)|βy = x|ρ(tn)|βy ´ iθ
2h̄
xα|[HS, ρ(tn)]|βy

´ θ

h̄2

ÿ

`

χ`(tn)

Ng
ÿ

k=1

ωk Re txα|[Tk`, Ωk`(tn)]|βyu

´ iθ
2h̄
xα|[HS, ρ(tn+1)]|βy

´ θ

h̄2

ÿ

`

χ`(tn+1)

Ng
ÿ

k=1

ωk Re txα|[Tk`, Ωk`(tn+1)]|βyu ,

(A.12)
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or

x|ρ(tn+1)|βy = x|ρ(tn)|βy ´ iθ
2h̄

(Eα ´ Eβ)xα|ρ(tn)|βy

´ θ

h̄2

ÿ

`

χ`(tn)

Ng
ÿ

k=1

ωk
ÿ

γ

Re txα|Tk`|γyxγ|Ωk`(tn)|βy ´ xα|Ωk`(tn)|γyxγ|Tk`|βyu

´ iθ
2h̄

(Eα ´ Eβ)xα|ρ(tn+1)|βy

´ θ

h̄2

ÿ

`

χ`(tn+1)

Ng
ÿ

k=1

ωk
ÿ

γ

Re txα|Tk`|γyxγ|Ωk`(tn+1)|βy ´ xα|Ωk`(tn+1)|γyxγ|Tk`|βyu ,

(A.13)

where

xα|Ωk`(tn)|βy = e´itnEα/h̄xα|Πk`(tn)|βyeitnEβ/h̄e´itnε`(k) , (A.14a)

xα|Πk`(tn+1)|βy = xα|Πk`(tn)|βy+ θχ`(tn+1)eitn+1Eα

ˆ
ÿ

γ

(
xα|T :k`|γyxγ|ρ(tn+1)|βy(1´ f`)´ xα|ρ(tn+1)|γyxγ|T :k`|βy f`

)
ˆ

ˆ e´itn+1Eβ/h̄eitn+1ε`(k) .

(A.14b)

74



References

Kristinn Torfason

[1] Kristinn Torfason, Chi-ShungTang, andVidarGudmundsson, “Coherent
magnetotransport and time-dependent transport through split-gated
quantum constrictions,” Phys. Rev. B 80, 195322 (Nov 2009),
http://link.aps.org/doi/10.1103/PhysRevB.80.195322
[Two citations on pages 1 and 7.]

[2] Chi-Shung Tang, Kristinn Torfason, and Vidar Gudmundsson, “Magne-
totransport in a time-modulated double quantum point contact system,”
Computer Physics Communications 182, 65 – 67 (2011), ISSN 0010-4655,
http://dx.doi.org/10.1016/j.cpc.2010.06.023
[Two citations on pages 1 and 7.]

[3] Kristinn Torfason,Quantum Transport in the Presence of a Local Time-Periodic
Potential in a Magnetic Field, Master’s thesis, University of Iceland (2009),
http://hdl.handle.net/1946/2876
[Two citations on pages 1 and 7.]

[4] Kristinn Torfason, Andrei Manolescu, Valeriu Molodoveanu, and Vidar
Gudmundsson, “Generalized master equation approach to mesoscopic
time-dependent transport,” Journal of Physics: Conference Series 338,
012017 (2012),
http://stacks.iop.org/1742-6596/338/i=1/a=012017
[Two citations on pages 1 and 17.]

[5] Kristinn Torfason, Andrei Manolescu, Valeriu Molodoveanu, and Vidar
Gudmundsson, “Excitation of collectivemodes in a quantumflute,” Phys.
Rev. B 85, 245114 (Jun 2012),
http://link.aps.org/doi/10.1103/PhysRevB.85.245114
[Two citations on pages 1 and 17.]

[6] S. A. Gurvitz, “Resonant scattering on impurities in the quantum hall
effect,” Phys. Rev. B 51, 7123–7138 (Mar 1995),
http://link.aps.org/doi/10.1103/PhysRevB.51.7123
[One citation on page 7.]

75

http://dx.doi.org/10.1103/PhysRevB.80.195322
http://link.aps.org/doi/10.1103/PhysRevB.80.195322
http://dx.doi.org/10.1016/j.cpc.2010.06.023
http://dx.doi.org/10.1016/j.cpc.2010.06.023
http://hdl.handle.net/1946/2876
http://dx.doi.org/10.1088/1742-6596/338/1/012017
http://stacks.iop.org/1742-6596/338/i=1/a=012017
http://dx.doi.org/10.1103/PhysRevB.85.245114
http://dx.doi.org/10.1103/PhysRevB.85.245114
http://link.aps.org/doi/10.1103/PhysRevB.85.245114
http://dx.doi.org/10.1103/PhysRevB.51.7123
http://link.aps.org/doi/10.1103/PhysRevB.51.7123


References

Kristinn Torfason

[7] George B. Arfken and Hans J. Weber, Mathematical Methods for Physicists
(Elsevier Academic Press, 2005) ISBN 978-0-12-059876-2,
http://books.google.is/books?vid=ISBN978-0-12-059876-2
[No citations.]

[8] H. Bruus and K. Flensberg, Many-Body Quantum Theory in Condensed
Matter Physics, An Introduction (Oxford University Press, 2004) ISBN 978-
0-19-856633-5,
http://books.google.is/books?vid=ISBN978-0-19-856633-5
[No citations.]

[9] Thomas Ihn, Semiconductor Nanostructures: Quantum States and Electronic
Transport (Oxford University Press, 2010) ISBN 978-0-19-953443-2,
http://books.google.is/books?vid=ISBN978-0-19-953443-2
[No citations.]

[10] Marlan O. Scully and M. Suhail Zubairy, Quantum Optics (Cambridge
University Press, 1997) ISBN 978-0-52-143595-9,
http://books.google.is/books?vid=ISBN0521435951
[One citation on page 17.]

[11] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum Systems
(Oxford University Press, 2006) ISBN 978-0-19-921390-0,
http://books.google.is/books?vid=ISBN978-0-19-921390-0
[Two citations on pages 17 and 19.]

[12] Upendra Harbola, Massimiliano Esposito, and Shaul Mukamel, “Quan-
tum master equation for electron transport through quantum dots and
single molecules,” Phys. Rev. B 74, 235309 (Dec 2006),
http://link.aps.org/doi/10.1103/PhysRevB.74.235309
[One citation on page 17.]

[13] J. Rammer, A. L. Shelankov, and J. Wabnig, “Quantum measurement in
charge representation,” Phys. Rev. B 70, 115327 (Sep 2004),
http://link.aps.org/doi/10.1103/PhysRevB.70.115327
[One citation on page 17.]

[14] Valeriu Moldoveanu, Andrei Manolescu, Chi-Shung Tang, and Vidar
Gudmundsson, “Coulomb interaction and transient charging of excited
states in open nanosystems,” Phys. Rev. B 81, 155442 (Apr 2010),
http://link.aps.org/doi/10.1103/PhysRevB.81.155442
[One citation on page 17.]

76

http://books.google.is/books?vid=ISBN978-0-12-059876-2
http://books.google.is/books?vid=ISBN978-0-19-856633-5
http://books.google.is/books?vid=ISBN978-0-19-953443-2
http://books.google.is/books?vid=ISBN0521435951
http://books.google.is/books?vid=ISBN978-0-19-921390-0
http://dx.doi.org/10.1103/PhysRevB.74.235309
http://link.aps.org/doi/10.1103/PhysRevB.74.235309
http://dx.doi.org/10.1103/PhysRevB.70.115327
http://link.aps.org/doi/10.1103/PhysRevB.70.115327
http://dx.doi.org/10.1103/PhysRevB.81.155442
http://link.aps.org/doi/10.1103/PhysRevB.81.155442


References

Kristinn Torfason

[15] J. Crank and P. Nicolson, “A practical method for numerical evaluation
of solutions of partial differential equations of the heat-conduction type,”
Mathematical Proceedings of the Cambridge Philosophical Society 43,
50–67 (0 1947), ISSN 1469-8064,
http://journals.cambridge.org/article_S0305004100023197
[Two citations on pages 18 and 71.]

[16] Carsten Timm, “Tunneling through molecules and quantum dots:
Master-equation approaches,” Phys. Rev. B 77, 195416 (May 2008),
http://link.aps.org/doi/10.1103/PhysRevB.77.195416
[One citation on page 19.]

[17] A. L. Fetter and J. D. Walecka, Quantum Theory of Many-Particle Systems
(Dover Publications, INC., 1971) ISBN 978-0-48-642827-7,
http://books.google.is/books?vid=ISBN978-0-48-642827-7
[Four citations on pages 21, 23, 26, and 33.]

[18] Supriyo Datta, Electronic Transport in Mesoscopic Systems (Cambridge
University Press, 1997) ISBN 978-0-52-159943-6,
http://books.google.is/books?vid=ISBN978-0-52-159943-6
[One citation on page 25.]

[19] W. Jones and N.H. March, Theoretical solid state physics: Non-equilibrium
and Disorder, Vol. 2 (Dover Publications, 1985) ISBN 978-0-48-665016-6,
http://books.google.is/books?vid=ISBN978-0-48-665016-6
[One citation on page 34.]

[20] T Fujisawa, D G Austing, Y Tokura, Y Hirayama, and S Tarucha, “Electri-
cal pulse measurement, inelastic relaxation, and non-equilibrium trans-
port in a quantum dot,” Journal of Physics: Condensed Matter 15, R1395
(2003),
http://stacks.iop.org/0953-8984/15/i=33/a=201
[One citation on page 35.]

[21] B. Naser, D. K. Ferry, J. Heeren, J. L. Reno, and J. P. Bird, “Large
capacitance in the nanosecond-scale transient response of quantumpoint
contacts,” Applied Physics Letters 89, 083103 (2006),
http://link.aip.org/link/?APL/89/083103/1
[One citation on page 35.]

[22] B. Naser, D. K. Ferry, J. Heeren, J. L. Reno, and J. P. Bird, “Pulsed
measurements of the nonlinear conductance of quantum point contacts,”
Applied physics letters 90, 043103 (2007), ISSN 00036951,
http://dx.doi.org/doi/10.1063/1.2433038
[One citation on page 35.]

77

http://dx.doi.org/10.1017/S0305004100023197
http://journals.cambridge.org/article_S0305004100023197
http://dx.doi.org/10.1103/PhysRevB.77.195416
http://link.aps.org/doi/10.1103/PhysRevB.77.195416
http://books.google.is/books?vid=ISBN978-0-48-642827-7
http://books.google.is/books?vid=ISBN978-0-52-159943-6
http://books.google.is/books?vid=ISBN978-0-48-665016-6
http://dx.doi.org/10.1088/0953-8984/15/33/201
http://stacks.iop.org/0953-8984/15/i=33/a=201
http://dx.doi.org/10.1063/1.2337865
http://link.aip.org/link/?APL/89/083103/1
http://dx.doi.org/DOI:10.1063/1.2433038
http://dx.doi.org/doi/10.1063/1.2433038


References

Kristinn Torfason

[23] Wei-Ting Lai, David M.T. Kuo, and Pei-Wen Li, “Transient current
through a single germanium quantum dot,” Physica E 41, 886 – 889
(2009), ISSN 1386-9477,
http://dx.doi.org/10.1016/j.physe.2008.12.023
[One citation on page 35.]

[24] A. Fuhrer, C. Fasth, and L. Samuelson, “Single electron pumping in InAs
nanowire double quantum dots,” Applied Physics Letters 91, 052109
(2007),
http://link.aip.org/link/?APL/91/052109/1
[One citation on page 35.]

[25] B. Kaestner, V. Kashcheyevs, S. Amakawa, M. D. Blumenthal, L. Li,
T. J. B. M. Janssen, G. Hein, K. Pierz, T. Weimann, U. Siegner, and
H. W. Schumacher, “Single-parameter nonadiabatic quantized charge
pumping,” Phys. Rev. B 77, 153301 (Apr 2008),
http://link.aps.org/doi/10.1103/PhysRevB.77.153301
[One citation on page 35.]

[26] S. Kurth, G. Stefanucci, C.-O. Almbladh, A. Rubio, and E. K. U. Gross,
“Time-dependent quantum transport: A practical scheme using density
functional theory,” Phys. Rev. B 72, 035308 (Jul 2005),
http://link.aps.org/doi/10.1103/PhysRevB.72.035308
[One citation on page 35.]

[27] Petri Myöhänen, Adrian Stan, Gianluca Stefanucci, and Robert van
Leeuwen, “Kadanoff-baym approach to quantum transport through
interacting nanoscale systems: From the transient to the steady-state
regime,” Phys. Rev. B 80, 115107 (Sep 2009),
http://link.aps.org/doi/10.1103/PhysRevB.80.115107
[One citation on page 35.]

[28] A. R. Hernández, F. A. Pinheiro, C. H. Lewenkopf, and E. R. Mucciolo,
“Adiabatic charge pumping through quantum dots in the coulomb block-
ade regime,” Phys. Rev. B 80, 115311 (Sep 2009),
http://link.aps.org/doi/10.1103/PhysRevB.80.115311
[One citation on page 35.]

[29] Cosmin Mihai Gainar, Valeriu Moldoveanu, Andrei Manolescu, and
Vidar Gudmundsson, “Turnstile pumping through an open quantum
wire,” New Journal of Physics 13, 013014 (2011),
http://stacks.iop.org/1367-2630/13/i=1/a=013014
[Two citations on pages 35 and 45.]

78

http://dx.doi.org/DOI: 10.1016/j.physe.2008.12.023
http://dx.doi.org/10.1016/j.physe.2008.12.023
http://dx.doi.org/10.1063/1.2767197
http://link.aip.org/link/?APL/91/052109/1
http://dx.doi.org/10.1103/PhysRevB.77.153301
http://link.aps.org/doi/10.1103/PhysRevB.77.153301
http://dx.doi.org/10.1103/PhysRevB.72.035308
http://link.aps.org/doi/10.1103/PhysRevB.72.035308
http://dx.doi.org/10.1103/PhysRevB.80.115107
http://link.aps.org/doi/10.1103/PhysRevB.80.115107
http://dx.doi.org/10.1103/PhysRevB.80.115311
http://link.aps.org/doi/10.1103/PhysRevB.80.115311
http://dx.doi.org/10.1088/1367-2630/13/1/013014
http://stacks.iop.org/1367-2630/13/i=1/a=013014


References

Kristinn Torfason

[30] L. P. Kouwenhoven, A. T. Johnson, N. C. van der Vaart, C. J. P. M. Har-
mans, and C. T. Foxon, “Quantized current in a quantum-dot turnstile
using oscillating tunnel barriers,” Phys. Rev. Lett. 67, 1626–1629 (Sep
1991),
http://link.aps.org/doi/10.1103/PhysRevLett.67.1626
[One citation on page 35.]

[31] YoshinaoMizugaki, “Numerical investigation on the currentmirror effect
in a single-electron turnstile capacitively coupled to a one-dimensional
array of small junctions,” Journal of applied physics 94, 4480–4484 (2003),
ISSN 00218979,
http://dx.doi.org/doi/10.1063/1.1606113
[One citation on page 36.]

[32] Hiroya Ikeda and Michiharu Tabe, “Numerical study of turnstile op-
eration in random-multidot-channel field-effect transistor,” Journal of
applied physics 99, 073705 (2006), ISSN 00218979,
http://dx.doi.org/doi/10.1063/1.2189214
[One citation on page 36.]

[33] Kristinn Torfason, “Charge oscillations,” (Oct 2011), see video files at
http://arxiv.org/src/1202.0566v2/anc.
[Two citations on pages 42 and 43.]

[34] Francesco Giazotto, Tero T. Heikkilä, Arttu Luukanen, Alexander M.
Savin, and Jukka P. Pekola, “Opportunities for mesoscopics in thermom-
etry and refrigeration: Physics and applications,” Rev. Mod. Phys. 78,
217–274 (Mar 2006),
http://link.aps.org/doi/10.1103/RevModPhys.78.217
[One citation on page 50.]

[35] C. W. J. Beenakker and A. A. M. Staring, “Theory of the thermopower of
a quantum dot,” Phys. Rev. B 46, 9667–9676 (Oct 1992),
http://link.aps.org/doi/10.1103/PhysRevB.46.9667
[One citation on page 50.]

[36] A. A. M. Staring, L. W. Molenkamp, B. W. Alphenaar, H. van Houten,
O. J. A. Buyk, M. A. A. Mabesoone, C. W. J. Beenakker, and C. T. Foxon,
“Coulomb-blockade oscillations in the thermopower of a quantum dot,”
EPL (Europhysics Letters) 22, 57 (1993),
http://stacks.iop.org/0295-5075/22/i=1/a=011
[Two citations on pages 50 and 56.]

79

http://dx.doi.org/10.1103/PhysRevLett.67.1626
http://link.aps.org/doi/10.1103/PhysRevLett.67.1626
http://dx.doi.org/DOI:10.1063/1.1606113
http://dx.doi.org/doi/10.1063/1.1606113
http://dx.doi.org/DOI:10.1063/1.2189214
http://dx.doi.org/DOI:10.1063/1.2189214
http://dx.doi.org/doi/10.1063/1.2189214
http://arxiv.org/src/1202.0566v2/anc
http://dx.doi.org/10.1103/RevModPhys.78.217
http://link.aps.org/doi/10.1103/RevModPhys.78.217
http://dx.doi.org/10.1103/PhysRevB.46.9667
http://link.aps.org/doi/10.1103/PhysRevB.46.9667
http://dx.doi.org/10.1209/0295-5075/22/1/011
http://stacks.iop.org/0295-5075/22/i=1/a=011


References

Kristinn Torfason

[37] A.S. Dzurak, C.G. Smith, M. Pepper, D.A. Ritchie, J.E.F. Frost, G.A.C.
Jones, and D.G. Hasko, “Observation of coulomb blockade oscillations
in the thermopower of a quantum dot,” Solid State Communications 87,
1145 – 1149 (1993), ISSN 0038-1098,
http://dx.doi.org/10.1016/0038-1098(93)90819-9
[One citation on page 50.]

[38] A. S. Dzurak, C. G. Smith, C. H.W. Barnes, M. Pepper, L.Martín-Moreno,
C. T. Liang, D. A. Ritchie, and G. A. C. Jones, “Thermoelectric signature
of the excitation spectrum of a quantum dot,” Phys. Rev. B 55, R10197–
R10200 (Apr 1997),
http://link.aps.org/doi/10.1103/PhysRevB.55.R10197
[Two citations on pages 50 and 51.]

[39] M. Turek and K. A. Matveev, “Cotunneling thermopower of single elec-
tron transistors,” Phys. Rev. B 65, 115332 (Mar 2002),
http://link.aps.org/doi/10.1103/PhysRevB.65.115332
[Two citations on pages 50 and 66.]

[40] Björn Kubala and Jürgen König, “Quantum-fluctuation effects on the
thermopower of a single-electron transistor,” Phys. Rev. B 73, 195316
(May 2006),
http://link.aps.org/doi/10.1103/PhysRevB.73.195316
[One citation on page 50.]

[41] Gabriel Billings, A. Douglas Stone, and Y. Alhassid, “Signatures of ex-
change correlations in the thermopower of quantum dots,” Phys. Rev. B
81, 205303 (May 2010),
http://link.aps.org/doi/10.1103/PhysRevB.81.205303
[One citation on page 50.]

[42] R. Scheibner, E. G. Novik, T. Borzenko, M. König, D. Reuter, A. D. Wieck,
H. Buhmann, and L.W. Molenkamp, “Sequential and cotunneling behav-
ior in the temperature-dependent thermopower of few-electron quantum
dots,” Phys. Rev. B 75, 041301 (Jan 2007),
http://link.aps.org/doi/10.1103/PhysRevB.75.041301
[Three citations on pages 50, 51, and 56.]

[43] S Fahlvik Svensson, A I Persson, E A Hoffmann, N Nakpathomkun,
H A Nilsson, H Q Xu, L Samuelson, and H Linke, “Lineshape of the
thermopower of quantum dots,” New Journal of Physics 14, 033041
(2012),
http://stacks.iop.org/1367-2630/14/i=3/a=033041
[Three citations on pages 50, 51, and 66.]

80

http://dx.doi.org/10.1016/0038-1098(93)90819-9
http://dx.doi.org/10.1016/0038-1098(93)90819-9
http://dx.doi.org/10.1103/PhysRevB.55.R10197
http://link.aps.org/doi/10.1103/PhysRevB.55.R10197
http://dx.doi.org/10.1103/PhysRevB.65.115332
http://link.aps.org/doi/10.1103/PhysRevB.65.115332
http://dx.doi.org/10.1103/PhysRevB.73.195316
http://link.aps.org/doi/10.1103/PhysRevB.73.195316
http://dx.doi.org/10.1103/PhysRevB.81.205303
http://link.aps.org/doi/10.1103/PhysRevB.81.205303
http://dx.doi.org/10.1103/PhysRevB.75.041301
http://link.aps.org/doi/10.1103/PhysRevB.75.041301
http://dx.doi.org/10.1088/1367-2630/14/3/033041
http://stacks.iop.org/1367-2630/14/i=3/a=033041


References

Kristinn Torfason

[44] Jens Koch, Felix von Oppen, Yuval Oreg, and Eran Sela, “Thermopower
of single-molecule devices,” Phys. Rev. B 70, 195107 (Nov 2004),
http://link.aps.org/doi/10.1103/PhysRevB.70.195107
[Two citations on pages 51 and 56.]

[45] David Sánchez and Lloren ç Serra, “Thermoelectric transport of meso-
scopic conductors coupled to voltage and thermal probes,” Phys. Rev. B
84, 201307 (Nov 2011),
http://link.aps.org/doi/10.1103/PhysRevB.84.201307
[Two citations on pages 51 and 60.]

[46] Mou Yang and Shu-Shen Li, “ac gate-induced fano resonance and peak
splitting of conductance in a quantum dot,” Phys. Rev. B 70, 045318 (Jul
2004),
http://link.aps.org/doi/10.1103/PhysRevB.70.045318
[One citation on page 65.]

[47] Brian Bradie, A Friendly Introduction to Numerical Analysis (Pearson Edu-
cation, Inc., 2006) ISBN 978-0-13-191171-0,
http://books.google.is/books?vid=ISBN978-0-13-191171-0
[One citation on page 71.]

81

http://dx.doi.org/10.1103/PhysRevB.70.195107
http://link.aps.org/doi/10.1103/PhysRevB.70.195107
http://dx.doi.org/10.1103/PhysRevB.84.201307
http://link.aps.org/doi/10.1103/PhysRevB.84.201307
http://dx.doi.org/10.1103/PhysRevB.70.045318
http://link.aps.org/doi/10.1103/PhysRevB.70.045318
http://books.google.is/books?vid=ISBN978-0-13-191171-0




Index

Kristinn Torfason

T-matrix, 8
Projection operator

technique, 19

Coulomb
Potential, 26

Crank-Nicolson
equation, 72
method, 71–74

Double Quantum Point Contact
DQPC, 10

Fano antiresonance, 12

Hopping energy
Lattice, 30
Leads, 25

Landauer-Büttiker framework, 8
Liouville

equation, 17–19
operator, see Liouvillian

Liouville-von Neumann equation,
see Liouville-equation

Liouvillian, 18
Lippmann-Schwinger, 7

Magnetic length, 7
Many-Body state

MBS, 26

Nakajima-Zwanzig, 19

Orthodox model, 50

Reduced Density Operator
RDO, 32

Screening factor, 28
Seebeck

coefficient, 34, 50
effect, 34

Single Electron States
SES, 26

Statistical operator, 18
Super-operator, 19
Switching function, 23, 38

Sinusoidal, 38, 39
Square pulses, 38, 44

Thermopower, 34, 50
Tight-Binding

Hamiltonian, 30
model, 26, 29

Time-evolution
operator, 22

Transfer matrix, 22

83



Colophon
This thesis was typeset using pdfLATEX an extension of the LATEX2ε

typesetting system created by Leslie Lamport and the memoir class by
Peter Wilson. Many of the internal commands were rewritten to acquire the
desired look and feel of the thesis. Illustration figures were drawn using
PGF/TikZ LATEX package written by Till Tantau, and plots graphed with
PGFPlots LATEX package by Christian Feuersänger. The body of the text is

typeset in 10pt TEX Gyre Pagella (Palatino), math with
URW Palladio (Palatino), chapter and section headings with

URW Classico (Optima) and TEX Gyre Chorus (Zapf Chancery) for authors name.

http://www.ctan.org/pkg/memoir
http://sourceforge.net/projects/pgf/
http://pgfplots.sourceforge.net/
http://www.tug.dk/FontCatalogue/tgpagella/
http://www.tug.dk/FontCatalogue/palatino/
http://www.ctan.org/tex-archive/fonts/urw/classico
http://www.tug.dk/FontCatalogue/tgchorus/


9 789935 914002

ISBN 978-9935-9140-0-2


	Abstract / Ágrib
	Contents
	List of Publications
	List of Figures
	List of Tables
	Preface and Acknowledgment
	Introduction and Motivation
	Lippmann-Schwinger
	Theory
	Lippmann-Schwinger Equation

	Results

	Generalized Master Equation
	Theory
	The Generalized Master Equation
	Leads
	Many-Body Hamiltonian
	Coulomb Potential

	Tight-Binding Model in Two Dimensions
	Observables
	Charge density

	Thermoelectric Effect
	Seebeck Effect


	Results
	Quantum Flute
	Sinusoidal Pulses
	Charge Distribution
	Square Pulses

	Thermal Currents
	GME With One Energy Level
	Many-Body System
	Time-Dependent



	Summary
	Appendices
	Numerical Calculations
	Crank–Nicolson Method

	References
	Index

