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Abstract

A possibility of confinement of photons in a microcavity and excitons in quantum
wells opens a way to the achievement of the strong light-matter coupling regime for
which the elementary excitations appear, known as polaritons (exciton polaritons,
plasmon polaritons, etc). Obviously, they have hybrid half light half matter nature.
The current Thesis is devoted to theoretical investigation of several aspects of the
polariton physics. They include:

1. description of the relaxation dynamics of polaritons in real space and time using
the density matrix formalism;
2. investigation of nonlinear effects in terahertz emission from microvavities;
3. investigation of the emission spectrum of a quantum dot with broken inversion
symmetry embedded in a single-mode microcavity;
4. investigation of the coupling between a giant plasmonic resonance of a metallic
cluster and a cavity mode.

The density matrix approach can be applied to two- and one-dimensional systems.
Quantum dots and clusters represent zero-dimensional objects. Thus, two-, one-
and zero-dimensional objects are considered in the framework of this Thesis.
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Útdráttur

Möguleikinn að loka ljóseindum inn í örgeislaholi og exitónum (e. excitons) inn í
skammtabrunni gerir okkur kleift að ná fram sterkri kúplun milli ljóss og efnis, í
hverju koma fram nýjar grunnörvanir. Þær eru þekktar sem ljósskautseindir (e. po-
laritons) og sem dæmi má nefna exitónu-ljósskautseindir, plasmónu-ljósskautseindur
o.fl.. Þessar nýju eindir hafa greinilega blandaða ljós- og efniseiginleika. Ritgerðin
er tileinkuð fræðilegri rannsókn á nokkrum sviðum af ljósskautseindaeðlisfræði. Þær
eru:

1. Lýsing á slökunarhreyfifræði ljósskautseinda í raunrúmi og rauntíma með notkun
formalisma þéttleikafylkis.

2. Rannsókn á ólínulegum áhrifum í terahertsgeislun örgeislahola.

3. Rannsókn á geislarófi skammtadepils (e. quantum dot) með brotna speglu-
narsamhverfu í einshátta geislaholi.

4. Rannsókn á víxlverkun milli plasmónurisaómun (e. giant plasmonic resonance)
málmþyrpingu og geislahátts geislahols.

Þéttleikafylkisaðferðinni getur verið beitt á einvíddar- og tvívíddarkerfi en skamm-
tadeplar og þyrpingar svara til núllvíddarkerfa, þannig að þrí-,tví- og núllvíddarkerfi
eru innan ramma þessarar ritgerðar.
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1. Introduction.

Light-matter coupling phenomena belong to an area of research emerging at the
boundary between the Condensed Matter physics, Semiconductor science and Op-
tics, and has both fundamental and applied directions1. A possibility to reach the
regime of strong coupling, for which confined cavity photons and matter excitations
are strongly mixed, is of particular interest. In this case a new type of elementary
excitations, known as polaritons, appear in the system. Having a hybrid nature,
they combine properties of both light and matter. The interaction of a cavity pho-
ton mode with a two-level system which mimics optical transitions in an individual
atom or single quantum dot (QD) is the origin of cavity quantum electrodynamics
(cQED). One should note that the achievement of strong coupling is a nontrivial
task due to a rather small light-matter interaction constant. However, recent ad-
vances in nanotechnology have led to the possibility of creating high-finesse optical
cavities and have resulted in the observation of many interesting phenomena.

In order to increase the light-matter coupling strength, quantum wells (QWs) can
be used instead of individual QDs. In this case, coupling occurs between a two-
dimensional (2D) QW exciton, associated with a sharp absorption peak slightly be-
low the bandgap energy, and a photonic mode of a planar cavity tuned in resonance
with it. Observed the first time two decades ago, exciton-polariton physics is now ex-
periencing increased interest connected to the possible realization of polariton lasing
with an extremely low threshold, and the achievement of the Bose-Einstein conden-
sate (BEC) and superfluid states for temperatures much higher than for atomic
systems and cold excitons in solids. This is a consequence of the small effective
mass of polaritons which allows a pronounced manifestation of quantum collective
phenomena for a critical temperature around 20 K in AlGaAs structures and even
at room temperatures in wide bandgap alloys with large exciton binding energy and
strong light-matter interaction (GaN, ZnO). Additionally, polaritons have been pro-
posed as basic ingredients for spinoptronic devices and all-optical logical elements
and integrated circuits.

While most attention in the field of exciton polaritons is drawn to two-dimensional
structures, the strong light-matter interaction of excitons in one-dimensional nanowires

1The citations of the literature sources start in the 1st subsection of the current section below.
In here I skip them for a while.
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1. Introduction.

with a confined cavity mode has also been studied. Their properties were shown
to be improved over the exciton polaritons analogs in quantum wells due to their
larger exciton binding energy. However, the physics of light-matter coupling remains
essentially the same.

Current thesis is devoted to theoretical investigation of the light-matter strong cou-
pling regime in 0D, 1D and 2D systems. Nonlinear effects are especially focused.
The outline of the thesis is as follows. The first chapter ‘Introduction’ describes the
scientific formulation of the strong coupling regime and main properties of exciton
polaritons and surface plasmon polaritons. The light-matter interaction Hamilto-
nian and the Rabi splitting are introduced. Different geometries and designs of
microcavities and active medium are reviewed.

The second chapter is devoted to the density matrix approach and exciton-polariton
condensate formation. Currently, there exist two ways to describe a system of in-
teracting polaritons. Assuming full coherence of the polariton system, polariton-
polariton interactions can be accounted for using a nonlinear Gross-Pitaevskii equa-
tion (GPe), satisfactorily describing the dynamics of inhomogeneous polariton droplets
in real space and time. The approach, however, does not include interactions with
a phonon bath, responsible for the thermalization of the system and leading to de-
phasing. In the opposite limit, when a polariton system is supposed to be fully
incoherent, its dynamics can be described using a system of semiclassical Boltz-
mann equations. It provides information about the time dependence of the occu-
pation numbers in reciprocal space but fails to describe real-space dynamics in the
inhomogeneous system.

Recently, there appeared theoretical attempts to combine the two mentioned ap-
proaches introducing dissipation terms into a GP equation in a phenomenological
way. To our mind, however, these attempts, although being interesting and leading
to a rich phenomenology, are not fully satisfactory, as they lack any microscopic
justification. In the present thesis we describe an alternative way of describing the
dynamics of an inhomogeneous polariton system in real space and time account-
ing for dissipation effects. The consideration is based on the Lindblad approach
for density matrix dynamics. It should be noted, that the method we developed is
rather general and can, in principle, be applied to any system of interacting bosons
in contact with a phonon reservoir (for example, indirect excitons). The similar
formalism was previously applied to model Josephson oscillations between a two
spatially separated condensates, but in that context the spatial dependence was
trivial.

The third chapter describes application of the developed formalism to polariton dy-
namics in a microwire put in a planar microcavity. Although free polaritons are
two-dimensional (2D) particles, it was recently noted that it can be interesting to
consider one-dimensional (1D) polariton wires provided by a lateral confinement of
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the polaritons in one of the directions. Such wires have a potential to become basic
building blocks in future spinoptronic devices, including polariton Berry-phase in-
terferometers and polariton Datta and Das spin transistors. In the nonlinear regime,
bistability effects in 1D polariton channels allow for the realization of logical circuits
based on polariton neurons, in which a local switching between states propagates
throughout the wire.

The above-mentioned phenomena require a proper theoretical basis for a description
of all relevant processes, which is a nontrivial task. A successful theoretical consid-
eration should include the effects of interaction with a reservoir of acoustic phonons
which leads to polariton thermalization, and the effects of polariton-polariton scat-
tering leading to blueshifts and nonlinearities. Additionally, it should be taken into
account that polaritons have a finite lifetime, and the correct description of their
dynamics should necessarily include the effects of pump and decay.

In the fourth chapter a proposal for a terahertz (THz) radiation source is suggested.
The realization of efficient THz radiation sources and detectors is one of the impor-
tant objectives of the modern applied physics. None of the existing THz emitters
universally satisfies the application requirements.

In the strong coupling regime in a microcavity, the dispersion of the exciton polari-
tons is described by two bands both having minima at zero in-plane wave vector
k. At k = 0, the energy splitting between the two branches approximately equals
ΩR, where ΩR is the optical Rabi frequency, the measure of the light-matter cou-
pling strength in a microcavity. Typically, ΩR is of the order of several meV, which
makes this system attractive for THz applications. Stimulated scattering of exciton
polaritons into the lowest energy state leads to polariton lasing. If the scattering
from the upper to the lower polariton branch was accompanied by the emission of
THz photons, polariton lasers would emit THz radiation, and this emission would
be stimulated by the population of the lowest energy polariton state.

However, at the first glance, this process is forbidden since an optical dipole operator
cannot directly couple the polariton states formed by the same exciton state. This
obstacle can be overcome if one of the polariton states of interest is mixed with
an exciton state of a different parity. This state is typically a few meV above the
exciton ground state. Nevertheless, by an appropriate choice of the QW width and
exciton-photon detuning in the microcavity, the state can be brought into resonance
with the lowest energy upper polariton state. Being resonant, the two states can
be easily hybridized by any weak perturbation, such as, e.g., a built-in or applied
electric field. The optical transition between such a hybridized state and the lowest
exciton-polariton state is allowed.

In the present thesis we consider the nonlinear THz emission by the system of cavity
polaritons in the regime of polariton lasing. To account for the quantum nature of
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1. Introduction.

terahertz-polariton coupling, we use the Lindblad master equation approach and
demonstrate that quantum microcavities reveal a rich variety of nonlinear phenom-
ena in the THz range, including bistability, short THz pulse generation, and THz
switching.

We have investigated theoretically the interaction between individual quantum dot
(QD) with broken inversion symmetry and an electromagnetic field of a single-mode
quantum microcavity. Depending on the size of the QD, its elementary excitations
can behave as fermions (small QDs whose size is comparable with exciton radius in
the bulk material), bosons (large QDs whose size is much larger than exciton radius
in the bulk material), or particles with intermediate statistics (medium size QDs). In
the current thesis, we consider a small single QD in a microcavity that corresponds
to the case of fermions. For symmetric QDs such system can be described by the
well-known Jaynes-Cummings Hamiltonian, which predicts transformation of the
Rabi doublet to the Mollow triplet in the emission spectrum as intensity of the
external pump growth for both coherent and incoherent excitation schemes. On the
other hand, incorporation of the asymmetry into the quantum system can radically
change its emission pattern and lead to the opening of optical transitions which were
forbidden in the symmetric case. In particular, the breaking of inversion symmetry
opens optical transitions at the Rabi frequency at QDs placed in a strong external
laser field and thus allows using the system as novel source of single photon THz
emitter.

In the sixth chapter we investigate theoretically a photoabsorbtion of the cluster
of alkali atoms embedded into a single mode quantum microcavity. The collective
motion of electrons in the cluster against the positively charged ionic background
leads to formation of a surface plasmonic mode responsible for the appearance of
a giant resonance in the photoabsorbtion spectra. If the energy of the plasmon is
close to that of the photonic mode of the cavity, the processes of multiple reso-
nant emissions and absorptions of photons by the cluster can take place and hybrid
plasmon-photon modes be formed. They are characterized by mode anticrossing and
observation of the doublet structure in ptotoabsorbtion. The characteristic values of
the Rabi splitting are expected to be several orders of magnitude larger then those
observed in single quantum dot- cavity systems.

1.1. Semiconductor heterojunctions — “Man-made
crystals”

The science of semiconductor microcavities finds its origin in 1970s when semicon-
ductor heterostructures were developed enough to be implemented in practice, thus
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1.1. Semiconductor heterojunctions — “Man-made crystals”

Figure 1.1: Semiconductor heterostructure in the growth direction. The simplest
construction of a laser heterojunction with the active region based on QW with
typical sizes.

a couple of words should be devoted to the heterojunctions themselves2. It is hard
to imagine modern solid-state physics and even modern World without them. Semi-
conductor heterojunction-based structures, namely, quantum wells, wires, and dots,
are the building blocks of most of the modern devices. Particularly one should
mention their application in telecommunication systems, coherent and incoherent
light-sources, bipolar and high-electron-mobility transistors, used in satellite televi-
sion, and solar cells.

The idea to use heterojunctions in semiconductor electronics was put forward at the
very beginning of the electronic era. In the first patent concerned with p-n junction
transistors, Shockley proposed a wide-gap emitter to obtain unidirectional injection
in 1951 [2]. A. I. Gubanov first theoretically analyzed current-voltage characteristics
of isotype and anisotype heterojunctions [3, 4]. However, the most significant theo-
retical considerations at this early stage of heterostructure research were done by H.
Kroemer, who introduced the concept of quasielectric and quasimagnetic fields in a
graded heterojunction and proposed that heterojunctions might exhibit extremely
high injection efficiencies in contrast to homojunctions [5, 6].

Semiconductor optoelectronics started to grow from the proposal of p-n junction
semiconductor lasers [7], the experimental observation of effective radiative recom-
bination in GaAs p-n structure with a possible stimulated emission [8], and the
creation of p-n junction light emitting diods and laser diods [9, 10, 11]. However,
lasers were not efficient because of high optical and electrical losses. These losses
resulted in high threshold currents, and therefore low temperature was required for
lasing. The efficiency of LED’s was very low, as well, due to high internal losses.

An important breakthrough happend with the creation of p-n junction lasers when

2Emergence of semiconductor science is described e.i. in the Zh. I. Alferov Nobel lecture [1].
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1. Introduction.

the concept of the double heterostructure was formulated independently by Alferov
and Kroemer [12, 13]. In his article Kroemer proposed to use the double heterostruc-
tures for carrier confinement in the active region. He proposed that laser light should
be possible in many of the indirect gap semiconductors and improved in the direct
gap ones, if [it] is possible to supply them with a pair of heterojunction injectors.
The example of semiconductor heterostructure is presented in Fig. 1.1.

In the early stages, the theoretical progress was much faster than experimental
realization. In 1966 the superjunction effect was predicted by the group of Alferov
[14]: the density of injected carriers could exceed the carrier density in a wide-gap
emitter by several orders of magnitude. The same year there were summarized the
main advantages of the double heterostructure for different devices, especially for
lasers and highpower rectifiers: the recombination, light-emitting, and population
inversion zones coincide and are concentrated in the middle layer. Due to potential
barriers at the boundaries of semiconductors (with the forbidden bands of different
width), the currents of electrons and holes are completely absent, even under strong
forward voltages, and there is no recombination in the emitters (in contrast to p-i-
n, p-n-n+, n-p-p+ homostructures, in which the recombination plays the dominant
role). Because of a considerable difference between the permittivities, the light is
completely concentrated in the middle layer, which acts as a high-grade waveguide,
and thus there are no light losses in the passive regions [15].

Soon, first experiments started to demonstrate successful and desired results and
a laser source working at the room temperature appeared. It was a stripe edge-
emitting laser, a grandfather of all the existing stripe, VCSEL and pLasers. L. Isaki
precisely called semiconductor heterostructures the “Man-made crystals”, opposing
them to the “God-made crystals” exsisting in nature.

Conventional semiconductor laser emission relies on stimulated emission of photons,
which sets stringent requirements on the minimum amount of energy for its oper-
ation. In comparison, polariton lasers have orders of magnitude lower thresholds
and can operate at extremely small pumping powers. The concept of a polariton
laser was proposed theoretically back in the nineties [1] and relies on the idea of
formation of a macroscopically coherent state of excition-polaritons.

In the recent Nature paper [A7] the evidence of such an electrically pumped polariton
laser was presented. To unambiguously prove polariton lasing a magnetic field was
exploited to observe stimulated polariton scattering and probe the hybrid light-
matter nature of polaritons. In particular, full paramagnetic screening of the Zeeman
splitting, which is a smoking gun of polariton condensation was reported. The
work represents a major step towards the practical implementation of polaritonic
light sources and electrically injected condensates, and can be extended to room
temperature operation based on wide bandgap materials such as GaN and ZnO.
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1.2. Planar semiconductor microcavities — light and matter confinement

1.2. Planar semiconductor microcavities — light
and matter confinement

There exist two different schemes to confine light in a structure. The first one
is based on the single interface reflection or on the total internal reflection at the
boundary between two dielectrics (simple common examples of these two possibilities
are a metallic surface and a regular mirror). The second scheme is based on the
microstructures periodically modulated on the scale of some fixed resonant optical
wavelength. As an example of this scheme one can mention, for instance, widely
known and used the distributed Bragg reflectors (DBRs) with high reflectivity or
photonic crystals, or nanoantennas. In general, these structures can confine light
in all three spatial dimensions, while the simplest structures has one-dimensional
confinement3.

A semiconductor microcavity is a monolithic planar device that can be fabricated
by standard layer-by-layer growth techniques, such as MBE and CVD. One of the
assignments during fabrication is to grow the plane parallel mirrors of the cavity.
They represent sets of layers with the refractive index modulation along the growth
axis. This procedure allows to create highly reflective interferometric mirrors, known
as distributed Bragg reflectors (DBRs). A microcavity is formed by these two DBRs
and an appropriately chosen and calculated “defect layer” between the two DBRs,
which contains the active medium, typically formed by one or several (usually not
more than 16) embedded quantum wells (QWs) (see Fig. 1.2).

Planar semiconductor microcavity (MC) consists of a set of layers (N∼100) of semi-
conductor alloys with periodically-modulated composition4, see Fig. 1.2. The word
“microcavity” is used as a name for the optical cavity (resonator) with a typical
length equal to one or several λ/2, where λ is the wavelength of the optical mode
in the cavity. Typical wavelengths in semiconductor microcavities lie in micrometer
and submicrometer diapason.

The resonant optical modes of each cavity realization have their own properties
which govern their possible applications. One of the main measures of the quality of
microcavities is the quality factor Q. It is simply defined as the ratio of the resonant
cavity frequency ωc and its linewidth δωc, the latter being nothing but the full width
at half maximum (FWHM) of the cavity mode,

Q =
ωc
δωc

. (1.1)

The second measure is the finesse F , which is defined as the ratio of the free spec-
3Simplest in this contest means straightforward and easiest in implementation.
4In the middel of the structure there embedded a defect(s), – a layer that breaks the periodicity.
Electrons and holes are usually confined in this layer.
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1. Introduction.

Figure 1.2: Semiconductor microcavity geometry: excitons are localized in the QW;
two DBRs confine electromagnetic mode which resonantly interacts with the exci-
ton (or quasi-resonantly if the energy detuning between the light and matter modes
is non-zero).

tral range (the frequency separation between neighboring longitudinal modes of the
cavity) to the linewidth (FWHM) of the cavity mode,

F =
∆ωc
δωc

. (1.2)

The Q-factor defines the rate at which the optical energy decays from within the
cavity. Decay processes can be absorption, scattering, or leakage through imperfect
cavity mirrors. Quantity Q−1 can be interpreted as the fraction of energy lost in
a single round-trip around the cavity. The quality factor is connected with the
lifetime of the cavity photons, τ = Q/ωc. The quality factor plays an important
role, because the strong coupling regime can only be achieved if the coupling between
light and excitons is larger than all the losses. Therefore, low quality microcavities
do not suit for the investigation of the strong coupling regime. The quality factor
and the lifetime of polaritons are also important for the polariton relaxation and
their condensation. For example, room temperature polariton lasing from ZnO
microcavities has not yet been observed due to the poor quality of the microcavity
structure, even though the strong coupling has already been observed (which is in
this case related to the problems to grow well adapted Bragg mirrors and the huge
number of impurities in ZnO).

The rate of spontaneous emission depends on the environment of the light source and
can be modified by the environment. Enhancement of spontaneous emission rate of
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1.2. Planar semiconductor microcavities — light and matter confinement

a two-level system when it is embedded in a resonant cavity, is called the Purcell
effect. The Purcell factor FP (the enhancement coefficient) is inversely proportional
to the volume of the confined mode

FP ∼
λc
n
· Q

Veff
(1.3)

Thus, another parameter, which is important for various applications, is the effective
mode volume Veff . Therefore, it is crucial to fabricate cavities with a small mode
volume. The separation of longitudinal modes ∆ωc in a microcavity is inversely
proportional to the cavity length. Also transverse optical modes scale as the cavity
length. It follows that microcavities have fewer modes than macroscopic cavities and
the tuning of modes to a particular emission wavelength can become more important.
The tuning is a big problem for planar microcavities. In case of photonic crystal
structures very advanced techniques have been developed [8] which are discussed
more in detail in Chapter IV.

Finally the main important points, which should be kept in mind when consider-
ing microcavities, are opticall losses (quality factor or finesse), coupling intensity,
fabrication complexity, good contacts fabrication and some others.

Optoelectronic devices based on optical microresonators that strongly confine pho-
tons and electrons form a basis for next-generation compact-size, low-power, and
high-speed photonic circuits. By tailoring the resonator shape, size or material
composition, the microresonator can be tuned to support a spectrum of optical
modes with required polarization, frequency, and emission patterns. This offers the
potential for developing new types of photonic devices such as light emitting diodes,
low threshold lasers, polariton lasers etc.

Furthermore, novel designs of microresonators open up very challenging fundamen-
talscience applications beyond optoelectronic device technologies. The interaction
of active or reactive material with the modal fields of optical microresonators pro-
vides key physical models for basic research such as cavity quantum electrodynamics
(QED) experiments, spontaneous emission control, nonlinear optics, and quantum
information processing. However, high-Q microresonators of optical-wavelength size
are difficult to fabricate, as the Q-factor decreases exponentially with the cavity
size, and thus in general the demands for a high Q-factor and compactness are con-
tradictory. A very wide range of microresonator shapes has been explored over the
years for various applications. However, planar microcavities with distributed Bragg
reflectors are the most widely used for polariton lasing devices and photonic crystal
cavities with their application to low dimensional active emitters like quantum dots.

Microcavity, being for the first glance a primitive object, manifests itself a plenty
of various effects, which can be briefly summarized here. On the one hand, bosonic
statistics gives rise to stimulated scattering [16, 17, 18, 19, 20, 21]. The stimulated
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scattering is the main mechanism of the polariton laser in work, as an opposite to
stimulated emission mechanism process. Moreover, condensation [22, 23, 24] and
superfluidity [25, 26] has also been investigated. On the other hand, effective mag-
netic fields together with the selection rules and microscopic interactions describe a
rich variety of spin effects [27] and the behaviour of spin currents [28, 29]. It is also
unfair not to mention such effects as the quantum squeezing [30], and antibunching
and entanglement [31, 32], as a consequencies of quantum nature of the elementary
excitations in semiconductor microcavities.

This construction, comparing to the widely known stripe edge-emitting laser, allows
low threshold laser operation embodied in a device called a Vertical Cavity Surface
Emitting Laser (VCSEL). The low threshold is provided by the high quality of the
DBRs opposing them to the cleavage mirrors of the stripe lasers. Nowadays, VCSEL
is a product of massive production and consumption since it has a broad spectrum
of applications in science, technologies and in everyday life.

Usually VCSEL operates in the “weak coupling regime”, that is, a photon emitted
by the active medium leaves the cavity through the mirrors much faster than the
typical reabsorption time by the electron-hole pair in the QW.

In 1992 there was experimentally demonstrated the other limit known as “the strong
coupling regime” [33]. This regime gives rise to a qualitively different physics. The
key difference opposing this limit from the weak coupling regime is as following. A
photon emitted by the exciton in QW is kept confined in the cavity long enough to be
multiply reabsorbed and reemitted by the QW before it leaves the heterostructure.
As a consequence, the eigenmodes of the system become intermixed. As a result,
a new type of compound quasi-particles appears, that is described by the linear
combination of excitonic and cavity-photonic modes. These quasi-particles are called
“cavity exciton-polaritons” [34, 35, 36, 37]. As the current thesis is devoted only to
this type of polaritons, we will call them simply “polaritons” hereinafter5.

There exists a relatively simple model which adequately describes the formation
of polaritons. It is called “the model of two oscillators” and mathematically im-
plemented in the (two) coupled oscillator Hamiltonian. Excitons are presented as
bosons in the framework of this model. This approximation holds as long as particles
concentration is low enough thus the Coulomb repulsion between the electrons and
holes is weak, and the carriers binding is strong. Thus, one can speak about excitons
as a composite particles. If, instead, the concentration of particles (electrons, holes
and excitons) becomes high, the excitons of polaritons being destroyed due to the
Coulomb interaction, and the approximation in question is no longer valid6.

5In fact, a part of the thesis is devoted to another kind of polaritons, namely “surface plasmon
polaritons”. However, we will call them “plasmons” in what follows, and thus no misleading
must occur.

6Usually, this switch-over from bind e-h pairs to the e-h plasma is called the Mott transition.
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1.2. Planar semiconductor microcavities — light and matter confinement

In terms of the secondary quantisation creation-annihilation operators the Hamilto-
nian reads

H =
∑
~k

EX(~k)a†~ka~k +
∑
~k

EC(~k)c†~kc~k + i
∑
~k

~ΩR

2

(
c†~ka~k + c~ka

†
~k

)
. (1.4)

The operators a†~k, a~k, c
†
~k
, c~k are creation and annihilation operators for excitons and

photons with the in-plane momenta ~k, respectively. The first term is the superposi-
tion of free excitons energies, the second term describes the cavity photons and the
last one accounts for the exciton-photon modes coupling. Both kinds of particles
are characterised by a quasi-parabolic dispersion. The in-plane dispersion relation
for excitons reads (k = |~k|)

EX(~k) = EX(0) +
~2k2

2mX

− i~ΓX(~k)

2
, (1.5)

where mX is the free in-plane exciton mass and ΓX is the non-radiative decay rate (a
phenomenological parameter, which accounts for the finite linewidth of the exciton
resonance).

Further, the in-plane dispersion for the cavity mode reads:

EC(~k) =

√
EC(0)2 +

~2c2k2

n2
C

− i~ΓC(~k)

2
(1.6)

≈ EC(0) +
~2k2

2mC

− i~ΓC(~k)

2
,

where the notation nC stand for the effective refractive index of the cavity mode.
In the case of quasi-1D microcavity (1D photonic crystal) it reads:

nC =

∫ L
0
n(z)E2(z)dz∫ L
0
E2(z)dz

(1.7)

with E(z) being the amplitude of the electric field of the optical mode in the lateral
direction, z the coordinate along the heterostructure growth axis and L the cavity
length7.

The resonant energy of the cavity is denoted as EC(0) = hvc/λ0, where λ0 is the
resonant wavelength of the cavity. The decay rate ΓC(k) accounts for the radiative
decay (escape of photons from the cavity through the DBRs). There also introduced
an “effective mass” of the cavity photon:

mC = EC(0)
n2
C

v2
c

=
hnC
vcλ

. (1.8)

7The boundary condition here is E(0) = E(z) = 0.
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Thus, a photon obtains the effective mass in the cavity8. The exciton-photon cou-
pling part of the Hamiltonian (the last term in the full Hamiltonian) we estimate as
a linear by the secondary quantization operators term with the interaction constant

ΩR =
d

2πa2D
B

√
NEX
~2nCλ0

, (1.9)

where d is the dipole matrix element of the radiative excitonic transition in the QW,
a2D
B is the 2D exciton Bohr radius, and N is the number of QWs within the cavity.

To summarize, the interaction constant is proportional to the oscillator strength and
number of QW.

The eigenenergies of the system can be found by means of the solution of the eigen-
value problem for the Hamiltonian (1.4). Thus we come to the matrix equation∣∣∣∣∣ ~2k2

2mX
− E(~k) ~ΩR

2
~ΩR

2
~2k2
2mC

+ δ − E(~k)

∣∣∣∣∣ = 0, (1.10)

where δ is the detuning between the light and exciton modes9. The energies of the
upper and lower polariton branches read:

EU(L)(~k) =
1

2

(
~2k2

2mex

+
~2k2

2mph

− i~ΓC(~k)

2
+ δ

±

√√√√[ ~2k2

2mex

− ~2k2

2mph

+ i
~ΓC(~k)

2
− δ

]2

+ (~ΩR)2

 , (1.11)

where in the symbol “±” in the formula above “+” corresponds to the upper branch
(EU) and “−” corresponds to the lower one (EL). The illustration of the dispersions
of upper and lower polaritons in a semiconductor microcavity is depicted in Fig. 1.3.
The bare exciton and photon dispersions are also presented there for clarity reasons.

It follows from the formula above, that if we start to decrease the exciton-photon
coupling strength (and put it zero finally), the two eigen modes of the system (the
solutions) would start to coincide with the bare exciton and photon dispersions. This
transition is called the cross-over from the strong- to the weak coupling regime.

If we conduct the sufficient estimation, we immediately find that the exciton mass
mX = meff

e + meff
h , which is of the order of the free electron mass, is four-five

orders of magnitude larger than the photon effective mass. Thus, the exciton dis-
persion seems flat on the characteristic scale of the polariton dispersion. Due to

8It is clear that the mass mC comes from the Hamiltonian, and only localized photons have this
property. Free photons are massless particles.

9It is legitimate in case of absent magnetic field.
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1.2. Planar semiconductor microcavities — light and matter confinement

Figure 1.3: a) Dispersion of polaritons in a CdTe cavity [22, 38] for a negative
exciton-photon detuning, δ. The lower polariton branch is deep and sharp, which
favours a low condensation density in the thermodynamic limit, but a long kinetic
relaxation time. b) Dispersion of polaritons in the CdTe cavity [22, 38] for a
positive exciton-photon detuning. The lower polariton branch is shallow which
provokes a high condensation density in the thermodynamic limit, but a short
kinetic relaxation time.

the momentum conservation law, exciton-photon interaction conserves the in-plane
wave-vector (~k). It confirms that polariton states for a given ~k can be found from
the eigen problem solution of the 2× 2 Hamiltonian, as in Eq. (1.10). It is sufficient
to underline in this vein the most important properties of the dispersion we have
just obtained.

The first outstanding feature is that the lower branch of the compound mode dis-
persion is strongly non-parabolic and demonstrates an inflexion point (see Fig. 1.3).
The shape of the dispersion also depends on the detuning between the bare photon
and exciton modes.

The second significant property is that the composition (percentage of the excitonic
and photonic fractions) of polaritons changes dramatically along the dispersion. Let
us assume the case of perfect resonance (at zero detuning). In the ground state
(k = 0) polaritons are composed of 50% photons and 50% excitons. Thus, their
effective mass and lifetime are about twice larger than those of bare cavity photons.
Besides, as described further in the current work, the interaction between them
depends on the superposition of exciton and photon in the quasiparticles. The higher
the wave-vector, the more the excitonic fraction. Finally it saturates to the bare
exciton peoperties at some high k. The creation-annihilation operators of polaritons
represent superpositions of the corresponding excitonic and photonic operators and
read

pU,~k = CUc~k +XUa~k, (1.12)
pL,~k = CLc~k +XLa~k, (1.13)
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1. Introduction.

Figure 1.4: Schematic illustration of thresholdless pLaser physical principles. Non-
resonant pumping is carried out by a coherent light source (laser) with high pump-
ing energy. It can also be an incoherent source like electric current. Then, after
multiple scattering excitons appear on the lower “polariton” branch (its excitonic
part) and then go on scattering with the crystall lattice phonons and other po-
laritons to the ground state k‖ = 0. From the BEC polaritons escape due to
finite lifetime which ammounts to several ps, thus providing coherent spontaneous
emission.

where

CU = XL =
EU − EX√

~2Ω2 + (EU − EX)2
, (1.14)

XU = −CL =
~Ω√

~2Ω2 + (EU − EX)2
. (1.15)

are the Hopfield coefficients. The square of the absolute values of the coefficients CU
and CL give the percentage of the photonic fraction in the upper and lower polariton
wavefunction correspondingly; XU and XL give the excitonic fractions.

Polaritons as composite particles inherit most of their properties from the properties
of their constituents. Lets summarize them. On the one hand, due to their photonic
nature, polaritons propagate rapidly in space and have long decoherence times. They
can be, as photons can, optically excited and their signal can be optically measured
by means of spectroscopy. On the other hand, due to their excitonic part, polaritons,
differently from photons, can interact with each other.

The nonlinear phenomena caused by the Coulomb interaction between excitons in
polaritons make microcavity in strong coupling regime the nonlinear optical medium.
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1.2. Planar semiconductor microcavities — light and matter confinement

Moreover, the strength of nonlinearity is dramatic comparing to the other optical
crystals. Besides, the interaction of polaritons with the crystall lattice allows them
to lose energy (in this incoherent process) and, as a consequence, thermalise. This
is impossible for a purely photonic system. Photons can exchange their energy with
optical phonons due to energy and momentum concervation, but the energy scale
of these processes ammounts to dozens of meV (typical energy of an optical phonon
is 35-40 meV). However, photons do not interact with the acoustic phonons due to
the violation of one of the conservation laws (either energy or momentum is not
conserved) in this process. It happense since the speed of light is many orders of
magnitude higher than the speed of sound. Polaritons, in the opposite, interact with
acoustic phonons, especially, at high k (on the excitonic part of the dispersion). And
this interaction, together with the polariton-polaritons interactions and other kinds
of scatterings, lead the system to its ground state, thus accumulating particles at
k = 0.

On this occasion, Imamoǧlu, Ram and co-workers proposed a fundamentally new
principle of lasing in 1996, based on the polariton Bose-Einstein condensation (BEC) [39,
40]. The principle can be formulated in several sentences. The system is excited
non-resonantly by means of incoherent optical source or electric current. This re-
sults in appearance of a cloud of free charges, electrons and holes on the dispersion
at high energies (50-100 meV above the exciton dispersion), which suffer multiple
scattering (e.g. on optical phonons) and finally thermalize on the lower polariton
branch at higk-k states. Further due to polariton-acoustic phonon and polariton-
polariton scattering polaritons go to the ground state, reducing their kinetic energy
and momentum. Polaritonic BEC is defined as accumulation of polaritons in the
same quantum state (ground state with ~k = 0) from the incoherent exciton reservoir.
It can be considered as an analog of a phase transition since polariton concentration
in the ground state can achieve macroscopic values.

On the other hand, due to finite and very short lifetime (∼ 1 − 20 ps) polaritons
decompose into excitons and photons permanently and photons escape from the
cavity forming laser beam (all they start from the same quantum state providing
coherence). The key mechanism of lasing here is spontaneous emission based on
the stimulated scattering of polaritons, in contrast to the stimulated emission like
in usual edge-emitting stripe lasers and VCSELs. It should be noted, that pLaser
(sometimes called Boser) is theoretically threshold-less since no inversion of popula-
tion is required and the only condition is initial presence of at least one ground state
polariton. Besides, due to the small effective mass, polariton BEC can be formed at
300 K and higher, since the crytical temperature of BEC is inversely proportional
to the mass.
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1.3. Polariton Bose-Einstein condensation

Bose-Einstein condensates are formed when multiple bosonic particles relax their
energy through interaction with other particles (for example, acoustic phonons), to
collect into a low energy state. For instance, the case of cold atoms [41, 42, 43] is
well known and examples in solid-state systems include condensates of magnons [44,
45] in quantum spin gases, indirect excitons [46] in coupled quantum wells, and
exciton polaritons [47, 23, 24] in semiconductor microcavities. While Bose-Einstein
condensation is conventionally thought of as a macroscopic occupation of the ground
state in thermal equilibrium, several theoretical works have proposed the generation
of non-ground-state condensates via resonant excitation of a ground state of cold
atoms [48, 49, 50]. This is expected to allow the study of dynamical energy relaxation
processes back to the ground state. It is important in the case of exciton-polaritons
also. However, before we discuss polaritons, let us explain the difference between
the Fermi and Bose partiles and denote several introductory details.

Let us consider a quantum system consisting of N particles at temperature T and
described by a state vector ψ(r1, ..., rN). From the principle of indistinguishability
(see e.g. [51]) of particles in quantum mechanics it follows that if one interchanges
any two particles, the final state of the system can differ from the initial one only by
a prefactor. If to return the particles back to their initial positions, one immediately
comes to the same amplitude of probability

ψ(r1, ..., rj, ..., rk, ..., rN) = ξ · ψ(r1, ..., rk, ..., rj, ..., rN)

= ξ2 · ψ(r1, ..., rj, ..., rk, ..., rN). (1.16)

It is obvious that ξ = ±1. Thus, two definitiones come: the particles whose
wave function transforms symmetrically under interchange of coordinates are called
bosons (for them ξ = 1) whereas anti-symmetric wave function describes fermions
(ξ = −1):

ψ(r1, ..., rj, ..., rk, ..., rN) = +ψ(r1, ..., rk, ..., rj, ..., rN) (bosons), (1.17)
ψ(r1, ..., rj, ..., rk, ..., rN) = −ψ(r1, ..., rk, ..., rj, ..., rN) (fermions). (1.18)

Bosons are dispersed in energy following the Bose-Einstein distribution function,
fermions obey the Fermi-Dirac statistics

n
B(F )
i (T, µ) =

1

exp (Ei−µ)
kBT

∓ 1
(1.19)

where nB(F )
i stands for the particles occupation number. Signe ∓ in the formula

above means “−” for bosons and “+” for fermions. Ei are the eigenvalues of the
system and µ is the chemical potential, which in fact determins the concentration of
particles. This only difference in one sign in the formula above has dramatic impact
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1.3. Polariton Bose-Einstein condensation

and results in that fermions and bosons demonstrate oppositely different properties.
For instance, it is well known that for fermions the Pauli exclusion principle works:
two identical fermions are not allowed to occupy the same quantum state. In con-
trast, bosons tend to condense in the same quantum state and accumulate there
undergoing the Bose-Einstein phase transition. We are more interested in bosons
rather than fermions in the framework of current thesis, since polaritons demon-
strate boson-like behavior, therefore we forget about fermions on this stage and skip
the symbols F (B) over the distribution function n.

Let us illustrate the phenomenon of condensation. Consider the case of non-interacting
Bose-particles obeying the parabolic dispersion E(~k) = ~2k2/2m placed in a square
box with volume V = L3 in 3D space. The total number of particles

N = NC +NT =
1

e
− µ
kBT − 1

+
∑
~k 6=0

1

exp E(~k)−µ
kBT

− 1
, (1.20)

where we separated the ground state occupancy NC from the total occupancy of the
rest of the states NT . We assume that the wavefunction obeys the cyclic boundary
conditions ψ(x, y, z) = ψ(x+L, y, z) etc. Thus the explicit form of the wavefunctions
reads

ψ~k =
1√
V
ei
~k~r. (1.21)

In these plane waves the wavevector becomes discretized, |~k| = 2π/L. Further we
want to evaluate NT . We go to the continuous limit and replace the sum by the
integral ∑

~k

→ V

(2π)3

∫
d~k, (1.22)

and the number of non-condensed particles can be found as

NT =
V

λ3
T

g3/2

(
e

µ
kBT

)
, (1.23)

where

λT =

√
2π~2

mkBT
(1.24)

is the thermal wavelength and

gn(z) =
∞∑
l=1

zl

ln
=

1

Γ(n)

∫ ∞
0

xn−1

z−1ex − 1
dx (1.25)

is a special functions with Γ(n) = (n− 1)! being the gamma-function and z = e
µ

kBT

in our case. Important to note that the results are suitable for the 3D system and
do not correspond to the lower dimensions.
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Figure 1.5: Distribution of particles in the ~k-space. Temperatures of the experiment
were 400, 200, and 50 nK (from the left-hand side to the right-hand side) [52].
Macroscopic ground state occupation occurs for T < TC.

The series in (1.25) converge if z ≤ 1, and thus the maximum value is g3/2(z = 1) =
ζ(3/2) ≈ 2.61, where ζ(z) is the Riemann zeta function.

Thus we obtained a significant result: the condition that there is a solution of
Eq. (1.23) is

NTλ
3
T ≤ ζ(3/2). (1.26)

Obviously, this condition can be violated either by the increase of NT or the decrease
of T and then particles tend to condense into the k = 0 state, and this state becomes
macroscopically occupied. Indeed, when the series starts to diverge, the lowest
energy state occupancy becomes increasingly large, since if it was not so, it would
result in negative values of the occupation numbers for some energy states (see e.g.
[53] for details). This is the definition of the Bose-Einstein condensation.

At the fixed density n = N/V we can define the critical point TC of BEC

TC =
2π~2

kBm

(
n

ζ(3/2)

)2/3

, (1.27)

or at fixed temperature we can find the crytical density

nC = ζ(3/2)

(
mkBT

2π~2

)2/3

. (1.28)

Using this definitions, we find the fraction of particles in BEC,

NC

N
=

(
1−

(
T

TC

)3/2
)
. (1.29)
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1.3. Polariton Bose-Einstein condensation

Below TC the condensate occupancy is zero. The lower the temperature, the smaller
the thermal occupation fraction NT/N = 1 − NC/N , and finally at T = 0 K all
the particles belong to the BEC state. To summarize, the phase transition to BEC
occurs as soon as the atomic de Broglie wavelength λT becomes comparable to the
interatomic spacing aat.

Seventy years past after the Einsteins proposal [54], when BEC was firstly experi-
mentally observed by E. Cornell, C. Wieman and co-authors [52]. The experiment
was based on cooling of Rb87 atoms below the critical temperature TC = 170 nK.
Figure 1.5 demonstrates the particles destribution for three different temperatures.
It is apparent that even at the temperatures far below TC , most of the particles
occupy the ground state ~k = 0.

We have considered the simplest case of non-interacting particles of massm confined
in a hard-wall 3D continuum of volume V and found that in this case the thermal
part of total particle concentration reads

nT =
1

(2π)3

∫
k

d3k

z−1e
~2k2

2mkBT − 1
. (1.30)

To keep closer to the case of cavity polaritons, which are 2D particles, it is reasonable
to investigate BEC dependence on the dimensionality of the system. Progress in
experemtal techniques aimed at cooling gaseous atoms up to sub-millikelvin range
of temperatures gave birth to possibility of BEC investigation in trapped gases [55].

Rudimentary analysis shows that nT converges to some definite value n(0)
T in 3D case

(in the limit z → 1), and suffers divergence in 1D and 2D: the integral (1.30) is
infinite due to contributions at ~k near 0. It prevents the system from the conden-
sation at finite temperature in 1D and 2D cases according to the “no-go” theorem
[56] proved by Mermin and Wagner [57]. As this theorem is of utmost importance,
let us spend some time on its results. (Note, that the theorem is applied to systems
with interactions only.)

The meaning of this theorem is as following. The continuous symmetry could not
be spontaneously broken in system of the dimension less than three. The word
combination “spontaneous symmetry breaking” means (in this context and usually)
that there was a physical observable, called the order parameter, with zero value
before BEC transition began to occur. And it acquires non-zero value when BEC is
formed. BEC belongs to the second type of order phase transitions. By definition,
it means that at T = TC the U(1) group of symmetry, (the phase freedom of the
Bose gas), spontaneously breaks at the critical temperature. It is not possible in
1D and 2D cases. However, important to note, that this refers exclusively to the
spontaneous symmetry breaking of a continuous symmetry but not to the phase
transitions in general.
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Beside “normal phase - BEC phase”, there exists another type of thermodynamic
phase transition — the transition to the BKT10 superfluid phase, that occurs in
1D and 2D systems [58, 59]. The theoretical investigation and grounding of this
phenomenon is based on the x− y-model consequencies and thermally excited vor-
tices behavior in 2D quantum systems. BKT phase transition does not refer to
any exsisting before phase transitions since there cannot be determined the order
parameter undergoing abrupt jump at the transition. Instead of vanishing of the
order parameter, as it happens during the formation of BEC, here alteration of the
state is only a qualitative effect, resulting in formation of the “quasi-condensate”.
This type of transitions corresponds to the so-called “topological phase transitions”
which establish topological or local long range order in the system.

Further, Hohenberg showed that BEC can not occur in an ideal 2D system [60].
Indeed, applying the Bogoliubov inequality and Schwarz inequality to a Bose super-
fluid [60], and then using the continuity equation [61], one comes to the inequality,
derived by Hohenberg for the boson occupation number

n~k ≥ −
1

2
+

T

(k2/m)

nC
n
, (1.31)

with k being the absolute value of the momentum. In the meantime,

1

V

∑
~k 6=0

n~k =

∫
dd~k

(2π)d
n~k = n− nC , (1.32)

where d is the dimensionality of the system. Obviously, n−nC must be finite, which
is incompatible with (1.31) in 1D and 2D cases for T > 0 unless n0 = 0. Thus,
the conclusion is that there is no broken theory in this case, which is equivalent to
absence of the long-range order.

However, this statement remains valid only for systems, which are confined by rigid
boundaries. In work [62] by Bagnato and Kleppner it is shown that if a system is
confined by a spatially varying potential (a “trapping” potential), BEC can occur.
And this is true for both one- and two-dimensional systems. The authors of the latter
paper offer a semiclassical method to consider power-law potentials. The choice of
potentials is motivated by the fact that these potentials allow to describe most traps
in the vicinity of their minimum (and also they allow for analytical solutions).

First, consider the 1D case. The power-law potential reads

U(x) = U0

(
|x|
L

)η
10BKT is an abbreviation for the “Berezinskii-Kosterlitz-Thouless”, by the names of the pioneers

who proposed it.
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One can write the function of density of states,

℘(E) =

√
2m

2π~

∫ l(E)/2

−l(E)/2

dξ√
E − U(ξ)

, (1.33)

where l(E) = 2L(E/U0)1/η is the available length for particles with energy E. Fur-
ther we simplify the equation for the density of states,

℘(E) =

√
2m

2π~
L
E

2−η
η

U
1/η
0

∫ ∞
0

y
1−η
η dy√
1− y

. (1.34)

The total number of particles, as usual, reads

N = NC +

∫ ∞
0

nB℘(E)dE. (1.35)

(All the notations in the formula have been introduced above in the thesis.) By
definition, BEC can occur in the system is the integral in Eq. (1.35) has a finite
value at the chemical potential µ = 0 for some T = Tc. After we put Eq. (1.34) into
Eq. (1.35) and have

N = NC +

√
2m

2π~U1/η
0

∫ ∞
0

y
1−η
η dy√
1− y

(kBT )
2+η
2η g1D(η,

µ

kBT
), (1.36)

where

g1D(η, x) =

∫ ∞
0

y−
2−η
2η dy

ey−x − 1
(1.37)

is called “one-dimensional Bose function”. At high temperatures, Eq. (1.36) is sat-
isfied only by some negative value of µ and NC ∼ 0. As T being decreased, µ
increases, reaching µ = 0 at some value of T = Tc. For T ≤ Tc, µ remains zero and
the NT (the last term in Eq. (1.36)) decreases. Due to the conservation of particles,
NC increases.

Further, the Bose function g1D(η, 0) can be represented in terms of the Γ function
and Riemann ζ function:

g1D(η, 0) = Γ(
η + 1

2η
)ζ(

η + 1

2η
). (1.38)

From the properties of the Riemann ζ function, g1D(η, 0) remains finite only if η < 2,
since ζ(x) diverges for x < 1. Thus, the one-dimensional gas will display BEC only
if the power of the potential is less than 2: η < 2, i.e. only if the external potential
is more confining than a parabolic potential. The critical temperature is obtained
by definition, setting Nc = 0 in Eq. (1.36),

T 1D
c =

1

kB

2π~N√
2m

√
U0

g1D(η, 0)

(∫ ∞
0

y
1−η
η dy√
1− y

)−1


2η
η+2

(1.39)
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Figure 1.6: Critical temperature dependence on the potential power η for one- and
two-dimensional cases from [62].

The dependence of of kBT 1D
c with η is shown in Fig. 1.6. The critical temperature

increases monotonically with η being decreased below 2.

Second, let us switch to the 2D case (2D Bose gas, confined in a potential subjected to
the power-law), which seems to be more interesting from the experimental viewpoint.
The general form of the potential reads (we assume it isotropic)

U(r) = U0

(r
a

)η
,

Analogically to the 1D case one has

℘(E) =
m

~

∫ R

0

2πrdr =
ma2

2~2

(
E

U0

) 2
η

, (1.40)

where R = a(E/U0)1/η, and

N = NC +

√
ma2

2~2U
2/η
0

(kBT )
2+η
η g2D(η,

µ

kBT
), (1.41)

where the “two-dimensional Bose function” reads

g2D(η, x) =

∫ ∞
0

y
2
η dy

ey−x − 1
. (1.42)

For µ = 0, g2D(η, 0) again can be represented in terms of the Γ function and Riemann
ζ function:

g2D(η, 0) = Γ(
η + 2

η
)ζ(

η + 2

η
). (1.43)
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1.4. Spin and polarization of microcavity exciton-polaritons

In contrast to the 1D case, g2D(η, 0) remains finite for all η > 0. Hence, a gas in a 2D
trap can always transfer into the BEC state, thus condensation is always possible.
On the other hand, if we switch to the rigid-box limit (η → ∞), the function
g2D(∞, 0) diverges, thus BEC is not possible, which is absolutely consistent with
the Hohenberg’s statement. If the 2D potential is anisotropic,

U(x, y) = U1

(x
b

)m
+ U2

(y
c

)n
,

the condition of BEC transforms into the geenral form: n−1 + m−1 must be finite.
The critical temperature reads

T 2D
c =

1

kB

(
2N~2U

2/η
0

ma2g2D(η, 0)

) η
η+2

. (1.44)

This formula is illustrated in Fig. 1.6, where the dependence T 2D
c (η) is presented.

Note, that these results are legitimate only for the non-interacting gas of particles
placed in a trapping potential. In the general case (no trapping potential), there
goes the Mermin-Wagner theorem, mentioned above. To summarize, by now we
have considered the non-interacting systems. The interactions are introduced and
considered in the next Chapter devoted to the dynamical models, used to describe
evolution of the polariton system.

1.4. Spin and polarization of microcavity
exciton-polaritons

The term spin in quantum physics corresponds to an intrinsic angular momentum of
an elementary or composite particle. Each particle of a given kind possesses a certain
spin quantum number with a predetemined magnitude. However, the sign of the spin
projection can be positive or negative. Thus, electrons and holes in semiconductors
can have spin ±1/2. Beside the spin part of the full angular momentum, there
exists another term, called the orbital angular momentum, which is the quantum
mechanical counterpart of the classical angular momentum. Together, both spin and
orbital angular momenta contribute to the full angular momentum of the particle.

In semiconductor heterostructures, the conduction band electron has the following
projection of the angular momenta on a given axis: Jez = Sez = ±1/2; it has S-
symmetry. For the valence band hole we have: Jhz = Shz +Nh

z = ±1/2, ±3/2; it has
the P-symmetry. The holes with ±1/2 spin component are called the light holes,
the holes with ±3/2 are called the heavy holes. An exciton is an electron-hole pair.
Thus, its spin is the combination of spins of the two fermions. In bulk samples both
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Figure 1.7: Microcavity allocation with respect to the Poincaré sphere. The sphere
serves as an illustration of different possible polarizations of the pumping light
wave. The DBRs of the microcavity are parallel to the xy plane. By definition,
in the coherent state the pseudospin vector of light begins in the centrum of the
sphere and ends on its surface (solid thick arrow). The direction of this vector
determines the polarization of the incoming light. In particular, if the vector lies
in the xy plane, the light is linearly polarized. Otherwise, if it is parallel to the
z-axes, one deals with the circularly polarized light. The general case is referred to
the elliptical polarization. Red arrow shows the direction of the effective magnetic
field due to longitudinal-transverse splitting.

types of holes states are degenerate. In QWs the confinement leads to the break of
degeneracy, thus the heavy hole states are higher in energy than the levels of the
light holes. Thus the ground-state exciton consists of an electron and a heavy hole.

The total exciton spin equals to ±1 and ±2. Bearing in mind that the photon
spin equals to ±1 and that the spin is conserved in the process of photoabsorption,
excitons with spin projection ±2 can not be optically excited, thus they do not
take part in the photoabsorption and formation of polaritons. They are called dark
excitons. In contrast, excitons with spin projection ±1 represent bright states 11.
11Important to note, despite the fact that dark states do not take part in the polariton formation,

they cannot be neglected since these states can come into play at some conditions. One of the
situations is described in Chapter 5.
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1.4. Spin and polarization of microcavity exciton-polaritons

In this section the main optical properties connected with the spin structure of cav-
ity exciton-polaritons are summarized. As was mentioned in Secs. 1.2-1.3, polaritons
can be created either optically (optical pump through the DBRs) or electronically
(electric current through the heterostructure). If created optically, polaritons inherit
their spin and dipole moment from the exciting light, thus acquiring a “pseudospin”
[63]. The pseudospin is subject to rotation while suffering different effects which oc-
cur in the microcavity. In fact, various phenomena are in charge of the pseudospin
rotation, such as effective magnetic fields and scattering with the other polaritons,
free electrons and disorder. Fairly speaking, the dynamics of the polariton pseu-
dospin is an object of complex study due to combination of different effects leading
to the spin state alteration. As a result, the polarization of the emitting by the
microcavity light becomes not only time-dependent, but also a function of multiple
variables, such as intensity and energy of pump, as shown in Fig. 1.7.

Excitation laser with polarization σ+ or σ− excite J = 1 and J = −1 excitons,
respectively. Linear polarized light excites a linear combination of +1 and−1 exciton
states, so that the total exciton spin projection on the structure growth axis is zero
in this case. However, excitons can not refrain the polarization of exciting light
ever or for long time since the unavoidable processes of spin and dipole moment
relaxation come into play. There exist three most significant mechanisms of spin
relaxation for the free carriers in semiconductors. the Elliot-Yaffet mechanism, the
D’yakonov-Perel mechanism and the Bir-Aronov-Pikus mechanism.

1. The Elliott-Yaffet mechanism [64] involves the mixing of the different spin wave-
functions as a result of the ~k · ~p interaction with other bands. In quantum wells
this effect plays a major role in the spin relaxation of holes and thus for coupled
electron-hole pairs leads to transitions between the optically active and dark exciton
states, Jz = ±1 � Jz = ∓2.

2. The Dyakonov-Perel’ [65] mechanism is caused by the spin-orbit interaction in-
duced spin splitting of the conduction band in crystals lacking an inversion symme-
try (e.g., III-V semiconductors, the Dresselhaus term [66]) and asymmetric quantum
wells (the Rashba term [67]). This mechanism is usually predominant for free elec-
trons. It also leads to transitions between the optically active and dark exciton
states, Jz = ±1 � Jz = ±2.

3. The Bir-Aronov-Pikus (BAP) mechanism [68] involves the spin-flip exchange
interaction of electrons and holes. In excitons the efficiency of this mechanism is
sufficiently enhanced, as an electron and a hole form a bound state. The exchange
interaction consists of two parts: the so-called long range and short range part of
the Coloumb interaction. The short range part leads to the coupling between heavy
hole (hhe) and light hole excitons (lhe). It is reduced in quantum wells where the
degeneracy of lhe and hhe is lifted. The long range part leads to the transitions
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within the optically active exciton doublet Jz = +1 � Jz = −1. It may induce the
inversion of the circular polarization in time-resolved polarization measurements [69].

In the famous paper by Maialle et al. [54] it has been shown that the third mecha-
nism is predominant for the QW excitons in non-magnetic semiconductors. The long
range electron-hole interaction leads to the longitudinal-traverse splitting of exciton
states. This splitting is responsible for rapid spin relaxation of excitons in quantum
wells. This has an important consequence for the description of exciton-polaritons
in quantum wells: the dark states can be neglected in some sense, which allows us
to consider the exciton-polariton as a two level system and use the well-developed
pseudospin formalism for its description 12.

The pseudospin formalism is appropriate for the description of exciton-polariton
modes in microcavities. From the formal point of view, lower (or upper) branch
cavity polaritons at a given point in reciprocal space can be described by means of
a 2 × 2 density matrix which can be decomposed using an identity matrix Î and a
set of three Pauli matrices σj:

χ~k = N~k

[
Î

2
+ ~s~k · ~σ~k

]
. (1.45)

In Eq. (1.45) the vector ~s~k corresponds to the pseudospin of polaritons with wavevec-
tor ~k. It describes both the spin projection of the polariton state on the structure
growth axis and the in-plane orientation of its in-plane dipole moment. The pseu-
dospin components correspond directly to the Stokes parameters of light emitted
from the microcavity in the strong coupling regime [69], and are always less than or
equal to one, that is, |~s| ≤ 1/2; the equality holds only for the case of completely
polarized (coherent) light. The general convention is to associate the states with
pseudospin sz = ±1/2 with right- or left- circular polarizations, the states sx = ±1/2
with X- and Y- linearly polarized light, the states sy = ±1/2 with linear diagonal
polarizations. Other points on the pseudospin sphere correspond to the general case
of elliptical polarization (see Fig. 1.7).

The occupation numbers and pseudospins of polariton states can be calculated as
mean values of the correlators containing pairs of creation and annihilation operators
12 Both the cavity modes and higher energy exciton modes are sufficiently well spaced in energy

such that it is only necessary to consider the coupling between the (spin degenerate) 1s excitons
and the one (spin degenerate) cavity mode that has a near resonant energy (this condition is
purposely arranged for in the structure design). It should however be noted that for very large
in-plane wavevectors, the exciton mode can couple to lower order modes. In particular, a 0λ
interface mode can appear. Although this mode cannot couple to the external light used in
experiments, it can provide a decay mechanism as the polaritons may populate it via polariton-
polariton or polariton-phonon interactions. However, most likely, no coherent memory effects
exist in the coupling to this mode, so it can be considered as a part of an incoherent reservoir
of exciton-polaritons in most cases.
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1.4. Spin and polarization of microcavity exciton-polaritons

for polaritons with different polarization [63]. This is important for derivation of
the quantum kinetic equations for polarization. In the basis of circularly polarized
states one has:

N~k = N~k↑ +N~k↓ = 〈a†~k↑a~k↑〉+ 〈a†~k↓a~k↓〉,

~Sz,~k = ~sz,~kN~k =
1

2

(
〈a†~k↑a~k↑〉 − 〈a

†
~k↓
a~k↓〉

)
,

~Sx,~k = ~sx,~kN~k = Re〈a†~k↓a~k↑〉,
~Sy,~k = ~sy,~kN~k = Im〈a†~k↓a~k↑〉, (1.46)

where a~k,↑, a~k,↓ are annihilation operators of right- and left- circularly polarized
polaritons and 〈...〉 correspond to the mean values; 〈A〉 = Tr(χA) with χ being the
density matrix of the system.

In cylindrically symmetric quantum wells and microcavities in the linear regime the
effective magnetic field acting upon the exciton (polariton) pseudospin is provided
by the longitudinal-transverse splitting, which is equal to the TE-TM splitting of
the optical eigenmodes for the planar structures. It is well known that due to the
long-range exchange interaction between the electron and hole (compare with the
Bir-Aronov-Pikus mechanism of spin relaxation) for excitons having non-zero in-
plane wave-vectors the states with dipole moment oriented along and perpendicular
to the wavevector are slightly different in energy [70]. The absolute value of this
splitting strongly depends on the in-plane wavevector and increases with the in-plane
wave-vector ~k [71]. This splitting is extremely small inside the light-cone and can
hardly exceed a few µeV. In microcavities, the TE-TM splitting of exciton- polariton
states is greatly amplified due to the exciton coupling with the cavity mode, which
is also split in TE- and TM- light polarizations [72]. Another strong contribution to
the exciton-polariton TE-TM splitting is the k-dependance of the exciton oscillator
strength. The oscillator strength of the TE excitons varies as the cosine of the
angle of the light propagating in the cavity whereas the oscillator strength of the
TM excitons varies as 1/cosine. If one neglects this last contribution, the TE-TM
polariton splitting can be estimated as:

Ωeff (k) = |Xk|2Ωex(k) + |Ck|2Ωph(k). (1.47)

where Xk and Ck are excitonic and photonic Hopfield coefficients, Ωex and Ωph are
the TE-TM splitting corresponding to exciton [70] and cavity photon [72] modes,
respectively.

An important feature of the effective magnetic field generated by the TE-TM split-
ting is its directional dependence on the wavevector: it is oriented in the plane
of the microcavity and makes a double angle with the x-axis with respect to the
wavevector:

~Ωeff (k) ∼ ~excos(2φ) + ~eysin(2φ). (1.48)
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This peculiar link between the orientation of the effective magnetic field and polari-
ton wavevector leads to remarkable effects in the real-space dynamics of the polar-
ization in quantum microcavities, including the optical spin Hall effect [29], possible
formation of polarization patterns [73], and creation of polarization vortices [74].

In microcavities with a lower symmetry than the cylindrical symmetry an addi-
tional in-plane effective magnetic field may appear. Its physical origin depends on
the mechanism of the in-plane symmetry breaking in the system. One of the most
likely mechanisms is due to weak in-plane uniaxial strains, which result in a slight
birefringence of the cavity media. Another possible reason for the polarization split-
ting is in the asymmetry of the QW in the direction of the structure growth axis
which leads to the difference of light-heavy hole mixing constants at the opposite in-
terfaces of the QW. This asymmetry has a twofold effect. First, the exciton doublet
becomes split in the linear polarizations corresponding to the two in-plane crystalline
axes by Ωex [75].

Contrary to the effective magnetic field provided by TE-TM splitting, the effective
magnetic field arising from cavity asymmetry has a fixed direction independent
on the polariton wavevector (usually, it is oriented along one of the crystal axes).
Furthermore, it is different from zero at k = 0. This can result in the pinning of the
linear polarization of a polariton condensate in asymmetric microcavities [76, 77, 78].

The mechanisms of spin relaxation discussed above play an important role in the
linear regime (i.e., at low optical pumping). In the nonlinear regime, the exciton-
exciton interactions come into play. As the pseudospins of polaritons can be changed
during polariton-polariton collisions [63], new mechanisms of spin-relaxation appear,
such as: transformation of a pair of exciton-polaritons into a pair of “dark” excitons
uncoupled to light and vice versa; self-induced Larmor precession of the in-plane
pseudospin vector of an elliptically polarized polariton condensate; and inversion of
the linear polarization resulting from polariton-polariton collisions [79]. The rea-
son for the above mentioned nonlinear mechanisms of polariton spin relaxation is
the spin dependence of exciton-exciton (and as a consequence, polariton-polariton)
interactions in two dimensional systems. Indeed, the exchange interaction plays a
major role in this case [80], which makes the interaction of polaritons in triplet
configuration (parallel spin projections on the structure growth axis) more efficient
than their interaction in the singlet configuration (antiparallel spin projections on
the structure growth axis). The exchange between single electrons or holes in the
latter case leads to transitions between polaritons and dark exciton states which is
rather inefficient due to the huge energy splitting of the latter [81].

From the scientific viewpoint, the spin structure of polaritons leads to a number
of interesting and expressive effects, such as the optical spin Hall effect, an analog
of the Aharonov-Bohm effect [55], the spin Meissner effect [56] and others. The
spin of polaritons is not only the fundamentally interesting object of study. It is

38



1.5. Zero-dimensional objects in microcavities

the main character in a number of possible applications of polaritons in devices.
First, scientists have succeeded in research aimed at the control of the spin degree of
freedom of polaritons. Theoretically (and in certain range of experiments) it seems
possible to monitor and manipulate the polarisation of light in a microcavity. If
managed, it can be applied in short-range optical communication. However, a certain
element base must be developed and worked out. Namely, there should appear stable
and reliable switches, converters, amplifiers etc. It seems to be straightforward idea
to produce this equipment based on the idea of polariton. This park of devices is
the main reserach object in modern science called Spinoptronics.

1.5. Zero-dimensional objects in microcavities

The last two chapters of the current thesis are devoted to zero-dimensional (0D)
objects embedded in a microcavity ant put in the strong coupling regime with this
cavity. Coupling of a 0D quantum system with a single photon mode, which forms
the subject of modern science called cavity Quantum Electrodynamics (cQED),
is of particular importance because of potential application of cQED to quantum
information processing [82, 83, 84]. In the domain of the Condensed Matter, there
is one exhaustively studied system, which recently attracted special interest of the
scientific community: QD coupled to a single-mode microcavity [85, 86, 87, 88, 89].

In full analogy with the QWs, material excitations in semiconductor QDs represent
excitons. How do excitons appear? Excitation of a semiconductor gives birth to an
electron-hole pair. Electron and hole can be bound by the Coulomb interaction and
they form the Wannier-Mott exciton (which is of hydrogen-type state). The exciton
field operator is usually written in a simle form: σ+. The initial structure of the
exciton is neglected in this case and exciton represents a “black box” with particular
external properties. Besides, an exciton is commonly regarded as a boson. It follows
from consideration of the angular momentum addition rules and the spin-statistics
theorem. And it usually has reasonable arguments. The Rabi doublet is obtained
in the spectrum, as observed experimentally [88] for low strength of pump.

In point of fact, indeed, exciton as a particle is constituted of two fermions. At
higher excitation power, the problem (to investigate the system behavior) becomes
complex but fundamentaly important. Until recently we considered the ground state
exciton. At the next higher excitation with one more electron, hole or electron-hole
pair added to the system, one deals with rich phenomena both in weak and strong
coupling regimes. In the Introduction and Chapter 5 the case of the resonant opti-
cal pumping is considered: excitations are created in pairs and the system always
remains electrically neutral. We shall describe as an exciton any state of an electron-
hole pair, whether it is an atom-like 1s state or has both particles independently
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quantised. Indeed, an excitonic phase with more than one pair requires more accu-
rate theoretical description, since the Coulomb interaction links all charge carriers
together. Besides, the wavefunction of a fermion is antisymmetric, that leads to the
sign change whenever two identical fermions (electrons or holes) are swapped.

Moreover, the bosonic model application for the description of excitons remains
the matter of argument. For instance, Combescot and co-workers investigated the
possibility of Bose-Einstein condensation of excitons and concluded that it seems
impossible [90, 91, 92, 93]. The crucial reason of the authors is the internal incon-
sistency of such consideration: the same interaction binds the underlying fermions,
and therefore defines the exciton, while also being responsible for the exciton-exciton
scattering. If legitimate, this statement is opposed to the indistinguishability of the
particles. Comberscot introduces a new notation, the “proteon”, as the paradigm
for the Bose-like composite particle, and proposes a “commutation technique” which
essentially relies on evaluating quantum correlators in the fermion basis with opera-
tors linked through the single exciton wavefunction. The composite “boson” creation
operator reads

B† =
∑
~k

c~kσ
+
~k
ζ†~k (1.49)

where σ~k and ζ~k are operators for electrons and holes with momentum ~k. This
operator creates excitons with the center-of-mass momentum ~K = 0 in a system
with translational invariance. The operators B† and B are no-longer exact bosonic
operators,

[
B;B†

]
6= 1 in general case. Instead, they satisfy[

B;B†
]

= 1−D, (1.50)

where D is a nonzero operator. Obviously, it has small matrix elements at low
exciton densities, when the “boson” approximation is legitimate.

As was discussed in previous Sections of this Chapter, excitons can be brought in
strong coupling with a single mode of a microcavity, such as that offered by a pillar
(etched planar cavity)[86], the defect of a photonic crystal [87] or the whispering
gallery mode of a microdisk [88, 89], among others. In Refs. [86, 87, 88] it was shown
that such structures demonstrate the Rabi doublet in their optical spectra, with the
corresponding modes anticrossing as a manifestation of the strong coupling regime,
when the energy of modes interaction is higher than the effective damping.

Technically, in QDs Excitons are confined by a 3D potential resulting in the discrete
energy spectrum. Let us assume, that this localizing potential is much stronger than
the bulk (3D) exciton binding energy (V � Eb). Also we assume that the size of
the QD is smaller than the corresponding exciton Bohr radius dQD � aB. Then
the Coulomb interaction between electrons and holes can be considered as a small
perturbation. This assumption corresponds to the “fermionic limit”, and the Pauli
exclusion principle works here. There is also the opposite “bosonic limit”: when the
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1.5. Zero-dimensional objects in microcavities

confining potential is weak or the size of the QD is much greater than the exciton
Bohr radius. Then one can say that the exciton is quantized as a whole particle,
since the Coulomb interaction can no longer be neglected and the binding energy is
relatively sufficient. In this latter case one deals with the compound electron-hole
pairs, hence the bosonic nature of excitons is expected to prevail over fermionic
nature of individual electrons and holes, at least at the small nuber of excitations.

Usually, the geometry of the QD implies the choice of the limit. And this choice is
of utmost importance for the operation of the system and, of course, its theoretical
description. In particular, in optical measurements one analyses the emission from
QDs embedded into microcavities in the strong coupling regime. The spectral shape
depends dramatically on the properties of the dots: Do the QD excitations coupled to
the light mode behave like fermions or bosons? From the theoretical point of view,
we face a more specific question: which statistics (Bose-Einstein, Fermi-Dirac or
“anyonic” intermediate) one should use to describe excitons in QDs? This question
is crucial, for instance, from the point of view of Bose-Einstein condensation of
excitons and polaritons.

Let us consider the coupling of two quantized oscillators a and b (with the interaction
strength ~g) both obeying the Bose algebra for the creation-annihilation operators,[

a; a†
]

= 1,
[
b; b†

]
= 1. (1.51)

In fact, this well-known and rudimentary case of two modes coupling, which we
consider, provides the foundation for most of what follows. Neglecting off-resonant
terms like ab and a†b† in the framework of the rotating wave approximation, the
Hamiltonian reads [94]:

H = ~ω(a†a+ b†b) + ~g(a†b+ ab†). (1.52)

Here we assumed equal energies ~ω for the two oscillators (resonant interaction).
However, this assumption is only for the simplification reasons and it does not influ-
ence the qualitive results we present. The first oscillator a describes the light field
(for determinence), while the other oscillator b describes another subsystem (exci-
tations in QD). The analysis of (1.52) can be made directly in the bare state basis
|i, j〉 with i excitations in the matter field and j in the photonic field, i, j = 1..N .
Besides interaction between the subsystems, the system interacts with the outside
World. Thus, matter excitations can be created by an external source (electrical
or optical pumping) and light excitations (photons) can escape from the system by
transmission through the cavity mirrors. This physics is best expressed in the bare
states basis, introduced above.

On the other hand, (1.52) can also be straightforwardly rewritten in the basis of
so-called “dressed” states. One of the main properties of these states is that they
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diagonalise the Hamiltonian and it can be rewritten in the form:

H = ~(ω − g)p†p+ ~(ω + g)q†q, (1.53)

where p† and q† create a coherent superposition of bare states, respectively in and
out of phase:

p =
a+ b√

2
, q =

a− b√
2
. (1.54)

We shall note ‖i, j〉〉 the dressed states (to distinguish them from the bare ones),
i.e., the eigenstates of (1.53) with i dressed particles of energy ~ω − ~g and j of
energy ~ω+~g. The manifold of states with n excitations thus reads, in the dressed
states basis:

Mn = {‖i, j〉〉 : i+ j = N ; i, j ∈ N}. (1.55)

The energy diagram is presented on the left-hand side of Fig. 1.8 for manifolds
with zero (vacuum), one, two and seven excitations. When an excitation from the
manifold Mn escapes from the system, there occurs the transition from Mn to
the neighbouring manifold Mn−1. The energy difference is carried away either by
the leaking out with a cavity photon, or by the exciton emission into a radiative
mode different from that of the cavity. Some non-radiative process is also possible.
Detailed analysis of such processes requires a dynamical study (which is presented in
current thesis partly in different chapters). However, a lot of information about the
system radiation spectrum can be obtained with the knowledge of only the energy
level diagrams.

Important to note, though the real processes in the coupled system involve a and b
(rather than p or q), they nevertheless still result in removing one excitation out of
one of the oscillators. Hence only transitions from ||i, j〉〉 to ||i, j − 1〉〉 or ||i− 1, j〉〉
are allowed, bringing away, respectively, ~ω+ ~g and ~ω− ~g of energy, accounting
for the Rabi doublet (provided the initial i and j are nonzero in which case only
one transition is allowed). From the algebraic point of view, this, of course, follows
straightforwardly from (1.58) and orthogonality of the basis states. Physically it
comes from the fact that, as in the classical case, the coupled system acts as two
independent oscillators vibrating with frequencies ω±g. In the case of vacuum field
Rabi splitting, two oscillators share one excitation between each other. Hence, in
this case there is no possibility but a doublet.

Now we switch to the case, when the excitations in material obey fermionic rather
than bosonic statistics. Let us consider the simplest situation: dilute atomic gas,
where each single atom represents a two-level system and coupled with a Fock state
|n〉 of light with a large number of photons (n � 1). This model system can
be described theoretically by the Jaynes-Cummings model [96], in which a (the
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Figure 1.8: (from [95]) Energy diagrams of the two limiting cases: dressed bosons
(left) and fermions (right). In the first case, the nth manifold has constant energy
splitting of 2~g between all states and couples to the (n−1)th manifold by removal
of a quantum of excitation with energy ~ω ± ~g. It leads to the Rabi doublet,
Fig. (a), with splitting 2~g. In the second case, each manifold is two-fold with
a splitting which increases like a square root. All four transitions are allowed,
leading to the Mollow triplet, Fig. (b), for high values of n when the two middle
transitions are close in energy. The distance from the central peak goes like 2~g

√
n

and the ratio of peaks is 1 : 2. The two lowest manifolds (in blue) are the same
in both cases, making the vacuum field Rabi splitting insensitive to the statistics.

radiation field) is a Bose operator but b (the atomic 2-level system) becomes a
fermionic operator, b† → σ+, where σ+ is a Pauli matrix.

Thus, we consider QD as a two-level quantum system with the ground state |g〉
and excited state |e〉 with energies Eg and Ee, respectively. QD interacts resonantly
(detuning is considered zero) with confined electromagnetic mode of the frequency
ωc. Since electromagnetic field can transfer an electron in the QD from the valence
band into the conduction band, the ground state |g〉 corresponds to the absence
of free carriers while the first excited state |e〉 is the state with an electron in the
conduction band and a hole in the valence band. Therefore, the energy difference
∆ = Eg − Ee is approximately equal to the band gap of the QD minus excitonic
correction accounting for the Coulomb attraction between the electron and the hole.
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The Coulomb interaction is neglected in the “linear regime”.

The full Hamiltonian of the system can be represented as a sum of three parts,

H = HX +HC +Hint , (1.56)

where
HX =

∆

2
σz (1.57)

is the Hamiltonian of the single QD, and σx,y,z are the Pauli matrices acting in the
space of |e〉 and |g〉 states. The Hamiltonian of the free electromagnetic field reads

ĤC = ~ωca†a, (1.58)

where a, a† are the annihilation and creation operators for cavity photons, respec-
tively. The Hamiltonian Hint describes interaction of the QD with the electromag-
netic field and can be constructed as following. The interaction of a classical dipole
~d with a classical external electric field ~E is given by the expression Hint = − ~E~d.
Within the quantum-field approach, we have to replace the classical quantities ~d

Figure 1.9: Two-level quantum dot with the bandgap ∆ in a single-mode microcavity
with the frequency ωc.

and ~E with the corresponding operators:

~E =

√
~ωc

2ε0V
(~ea+ ~e∗a†), (1.59)

~d =

(
~dee ~deg
~dge ~dgg

)
=
~dee + ~dgg

2
I +

~dee − ~dgg
2

σz

+ (~degσ
+ + ~dgeσ

−),
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1.5. Zero-dimensional objects in microcavities

where ~e is the polarization vector of the cavity mode, ε0 is the vacuum dielectric
permittivity, ~dij = 〈i| ~̂d|j〉 are dipole matrix elements of the QD, I is the unity
matrix, σ± = (σx± iσy)/2. In usual case of symmetric QD, the matrix elements ~dee
and ~dgg are zero. The interaction Hamiltonian can be written as

Ĥint = − ~̂d ~̂E
= gR

(
a+ a†

)
(σ+ + σ−)

≈ gR
(
aσ+ + a†σ−

)
, (1.60)

where the coupling parameter gR = −(~deg · ~e)
√

~ωc/2ε0V describes the excitation-
exchange interaction. For definiteness, we assume it to be real. The parameter
V in the expressions above is the quantization volume. It can be estimated as
V ≈ (λc/2)3, where λc = c/2πωc is the characteristic wavelength corresponding to
the cavity mode. To pass from the second line to the third line in Eq. (4.7), the
rotating-wave approximation [97, 98] was applied and we dropped the anti- resonant
terms proportional to a†σ+ and aσ−.

The full Hamiltonian of the system reads

H = ~ωca†a+
∆

2
σz + gR

(
aσ+ + a†σ−

)
. (1.61)

Derived by us Eq. (4.8) resembles the Hamiltonian of the fully solvable Jaynes-
Cummings model. Its eigenstates correspond to electronic excitations dressed by
the cavity photons and can be expressed as

|ψ±(0)
n 〉 = A±n |g, n〉+B±n |e, n− 1〉, (1.62)

where

A±n =
E
±(0)
n − ~ωc(n− 1)−∆/2√

[E
±(0)
n − ~ωc(n− 1)−∆/2]2 + g2

Rn
, (1.63)

B±n =
gR
√
n√

[E
±(0)
n − ~ωc(n− 1)−∆/2]2 + g2

Rn
, (1.64)

and the composite electron-photon states |g, n〉 = |g〉
⊗
|n〉 and |e, n〉 = |e〉

⊗
|n〉

describe both the QD state (the ground state g or the excited state e) and the
field state with n cavity photons. It should be noted that the Jaynes-Cummings
Hamiltonian commutes with the excitation number operator

N = a†a+ σz/2, (1.65)

whose eigenstates correspond to the conserved number of total electron-photon ex-
citations in the system counted as number of the excitations in QD (zero for the
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state |g〉, one for the state |e〉) plus number of the photons in the cavity mode. The
eigenenergies corresponding to the states (1.62) are given by

E±(0)
n = ~ωc

(
n− 1

2

)
±
√

(~ωc −∆)2

4
+ g2

Rn. (1.66)

In order to obtain the emission spectrum of the system, we need to analyze optical
transitions between the eigenstates (1.62). An emitted photon goes outside the
system, and a pumped photon appears in the system. Thus, there is an exchange of
photons between the coupled QD-microcavity system and some external reservoir.
Therefore, we can introduce the Hamiltonian of the exchange of photons between
the cavity and outside world,

Hex = ~(Γ?ar† + Γa†r), (1.67)

where r†, r are creation and annihilation operators for the external photons, Γ is the
system-reservoir coupling constant.

The probabilities (intensities) of transitions with emission of photon from the cavity
are proportional to the corresponding matrix elements,

Iif ∼ |〈ψf , 1R|Hex|ψi, 0R〉|2, (1.68)

where the symbols ψf , ψi denote the final and initial eigenstates of the Hamiltonian
(1.62), 0R and 1R describe zero- and one-photon states of the reservoir. Substituting
Eq. (1.67) into Eq. (1.68), one gets

Iif ∼ |〈ψf |a|ψi〉|2 =
(√

niA
±
nf
A±ni +

√
nfB

±
nf
B±ni

)2

δnf ,ni−1, (1.69)

where the states |ψi,f〉 are defined by Eq. (1.62), and integers ni, nf are initial
and final numbers of electron-photon excitations in the system, defined earlier (see
Eq. (1.65)).

The Kronecker delta in Eq. (1.69) means that only transitions changing number
of excitations by one are allowed in a system described by the Jaynes-Cummings
Hamiltonian. It follows from Eq. (1.66) that in the case of resonance (~ωc = ∆) the
optical spectrum contains peaks at the energies ~ωc± gR(

√
n+ 1±

√
n), where n =

0, 1, 2, .... The accounting of the peaks broadening leads to the emission spectrum
in the form of the Rabi doublet (for n = 0), and the Mollow triplet (for n� 1) [99].
In the intermediate regime more complicated multiplet structure can be observed
[100].

It should be noted that in symmetric QDs (considered here) transitions at the Rabi
frequency ΩR = 2gR/~ are forbidden. Indeed, the transitions would occur between
electron-photon states with the same number of excitations, nf = ni, that is not
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1.5. Zero-dimensional objects in microcavities

allowed by Eq. (1.69). Since for realistic microcavities the Rabi frequency ΩR lies in
the THz range, such transitions are interesting from the point of view of applications.
If open, these transitions would allow to use the considered system as a tunable
source of THz radiation. We will consider this case in more details in the penultimate
section.

The atom (or the QD) has two possibilities: it can be either in the ground or in its
excited state. We can build the manifolds:

Mn = {|0, n〉, |1, n− 1〉}. (1.70)

The corresponding energy diagrams appear on the right-hand side of Fig. 1.8, with
two states in each manifold. Here |0, n〉 refers to the bare states with atom in the
ground state and n photons in the system, while |1, n−1〉 corresponds to atom being
in the excited state and n − 1 photons. In the case of resonant interaction, when
the energy of the two-level transition ∆ matches the cavity photon energy ~ωc, the
dressed states for this manifold become split in energy, and the value of this splitting
ammounts to

√
n~g. In general case, all the four transitions between the states in

manifolds Mn and Mn−1 are possible (see figure), which results in a “quadruplet”
on the spectral characteristics.

Usually, it is hard to resolve this quadruplet (two middle peaks), though experi-
mentalists succeeded in it by means of the time-resolved experiments. There also
possible a more simple sketch of the experiment: measuring the photoluminescence
directly under continuous excitation at high intensity. Then the particle number
fluctuations have little effect. In this case, with n � 1, the two intermediate en-
ergies (lines in spectrum) are almost degenerate, and a triplet is obtained with its
central peak being about twice time higher as the two satellites (side peaks). This
spectral shape is called the Mollow triplet of resonance fluorescence [101].

To summarize, we have considered two limiting cases, one is a pure bosonic limit
with equally spaced dressed states resulting in the linear Rabi doublet, the other
one is pure fermionic limit with pairs of dressed states of increasing splitting within
a manifold but decreasing energy difference between two successive manifolds, giv-
ing rise to the Mollow triplet. In many of the experiments, devoted to the strong
coupling, only one single excitation is exchanged coherently, so that the states are
dressed by the vacuum of the electromagnetic field, resulting in the Rabi doublet.
At this level of excitation, there is complete agreement between the bosonic and
fermionic models, both providing a good description of the experimental data. One
should increase the pumping strength, leading to appearing more than one excita-
tion, shared between the light and matter fields. Then one can resolve and find the
type of the QD: whether it is bosonic or fermionic, or, may be, it possesses both
properties and obeys intermediate statistics.

The characteristic values of the Rabi splitting for QDs are typically of the order

47
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of 10-100 µeV , which is 3-4 orders of magnitude smaller than that for the planar
microcavities with quantum wells. The small value of the Rabi splitting makes the
achievement of the regime of strong coupling in 0D systems technically complicated
task and limits the possibilities of its practical implementations.

The natural question arises: can strong coupling regime be observed for material ex-
citations other than excitons? One of the natural candidates is collective plasmonic
excitation in metals.

For planar metallic structures the dispersion of the surface plasmon lies outside the
light cone, which makes its direct optical excitation impossible [102] and rules out
the possibility of the observation of any strong coupling effects. This is not true,
however, for more complicated structures containing metallic nanowire arrays [103]
and metallic nanorods [104], for which the effects of strong coupling were shown to
be extremely pronounced and experimentally observed Rabi splitting can be as big
as 250 µeV [103]. This number exceeds by the order of magnitude the values of
Rabi splitting for exciton-photon coupling in planar inorganic microcavities [35] and
is comparable to Rabi splittings observed in organic structures [105].

Let us consider another type of hybrid metal-dielectric structure, consisting of the
single metallic cluster embedded inside a single mode photonic cavity. The collective
motion of electrons in the cluster against the positively charged ionic background
leads to formation of a surface plasmonic mode responsible for the appearance of
a giant resonance in the photoabsorbtion spectra [106, 107, 108, 109, 110]. If the
energy of the plasmon is close to that of the photonic mode of the cavity, the
processes of multiple resonant emissions and absorptions of photons by the cluster
can take place and hybrid plasmon-photon modes be formed.

To illustrate the onset of the strong coupling regime in cluster- cavity system we will
focus on the metallic clusters formed by alkali atoms (Li, Na, K), as they are the
most exhaustively studied from both theoretical and experimental points of view.
The geometry of the system is shown in Fig. 1.10

Let us consider an alkali-metal cluster with transition frequencies ωαj = ωj − ωα =
~−1(Ej−Eα) where the indices α and j correspond to the occupied and unoccupied
single electron states respectively. In the case when electron-electron interactions
are neglected or treated within the Hartree-Fock approximation, each single elec-
tron transition is coupled to the external photons independently. The key spectral-
determining quantity, called photoabsorption cross-ssection reads

σ(ω) =
4πω

c
Im [α(ω)] , (1.71)

where
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1.5. Zero-dimensional objects in microcavities

Figure 1.10: Metallic cluster formed by alkali atoms Na-8 in microcavity. The cavity
photons of the frequency ω0 undergo multiple reemissions and reabsorbtions by a
collective excitation of the cluster forming light- matter hybrid polariton eigen-
modes of the system.

Figure 1.11: Oscillator strength distribution over excitation energies for closed-shell
Na∗ cluster, calculated in the framework of RPAE (Random Phase approxima-
tion with exchange), from [111]. The oscillator strength united in percentage of
the Thonas-Reiche-Kuhn sum rule. Illustration of giant plasmon resonance in
metallic cluster.
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α(ω) = −e2
∑
αj

[
|〈k|

∑
i zi|0〉|2

~ω − (εk − ε0) + iΓ
− |〈k|

∑
i zi|0〉|2

~ω + (εk − ε0) + iΓ

]
(1.72)

is the dipole polarizability, which arise from the induced charge displacement in the
system. Here we assumed the electric field be parallel to z-axis and used the dipole
moment operator in its length form. One can express the photoabsorption cross
section as

σ(ω) =
2π2e2~
mc

∑
k

fkδ(ε− εk − ε0) (1.73)

in terms of the oscillator strengths fk accounting for the transitions ground state→
kth excited state

fk =
2mω

~
|〈k|z|0〉|2 (1.74)

As oscillator strengthes of individual transitions are small, their coupling with cavity
mode will result in low values of Rabi splitting (of the order of magnitude of those
observed in QD-cavity systems).

However, the account of the many-body corrections can change the picture dramat-
ically. Coulomb interaction can lead to the formation of the collective excitation of
the cluster known as giant plazmonic resonance and having huge oscillator strength
(several orders of magnitude bigger then oscillator strengthes of individual transi-
tions) [106, 107, 108, 109, 110]. Consequently, one can expect high values of the
Rabi splitting in coupled cluster- cavity system.
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2. Evolution of polaritons and
kinetic equations

This chapter is devoted to the currently exsisting theoretical approaches used to
describe evolution of polaritons. We will concentrate on planar cavities and one-
and two-dimensional polaritons. These polaritons are a mixture of cavity photons
and QW excitons. QW excitons are expected to behave as weakly interacting bosons
in the low density limit, which is, therefore, also the case for polaritons. Therefore,
one expects them to exhibit a bosonic phase transition known as Bose-Einstein
condensation (BEC), discussed in the previous Chapter.

2.1. The semiclassical Boltzmann equations

As mentioned before, in the case of a polariton laser the microcavity is excited non-
resonantly and the injected carriers (photons or electrons and holes) relax to the
lower polariton branch with the formation of high-k (k = |~k|) excitons and then
to the ground state ~k = 0 to form the condensate. In order to describe the latter
relaxation process (polaritons transition from the excitonic part of their dispersion
to the ground state), the rate equations can be used, also called the semiclassical
Boltzmann equation(s).

The word semiclassical here is not accidental. Initially, there existed the classical
Boltzmann equations. They describe the dynamics of classical particles. It was first
proposed by Uhlenbeck and Gropper [112] to use the Boltzmann equation in descrip-
tion of quantum particles and implement the quantum properties in the equations.
In particular, they proposed to take into account the fermionic and bosonic nature
of the particles and their spin. In this section presented the derivation of the spin-
less kinetic Boltzmann equation for bosons and fermions. Besides, main scattering
mechanisms in a semiconductor microcavity are summarized and the corresponding
scattering rates given.

As usual, the equation that goes first is the Liouville-von Neumann equation for the
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density matrix of the quantum system,

i~
dχ

dt
=
[
Ĥ(t);χ

]
, (2.1)

where χ is the density operator of the system in the Dirac representation and Ĥ(t)
is the time-dependent Hamiltonian describing the interactions. In particular, the
Hamiltonian describes the polariton-phonon and polariton-polariton interactions,
as long as polariton-free charges an disorder interaction,

Ĥ = Ĥphon + Ĥpol + Ĥel + Ĥdis + .... (2.2)

Note, that the Boltzmann equation can be applied to model dynamics of any system
of interactiong fremions and bosons. Let’s consider the particular case when only
polariton-phonon scattering matters and all the other mechanisms are negligible,
hence Ĥ = Ĥphon. This case corresponds to, for example, high-temperature oper-
ation, when scattering on the acoustic phonons is enhanced. The time-dependent
Hamiltonian reads

Ĥ(t) =
∑
~k,~k′

D~k,~k′e
i(ω~k′−ω~k−ω

ph
~q )ta~ka

†
~k′
bq + c.c. (2.3)

In this equation a and a† are the annihilation and creation operators for polaritons
and b and b† are the annihilation and creation operators for phonons with respect
to the wavevector k. Energy ~ω~k is the energy of noninteracting polaritons, ~ωph~q is
the energy of the phonon which takes part in the scattering process. Both energies
are given by the dispersion relations. The polariton dispersion relation has been ex-
haustively discussed in Sec. 2 of Chap. 1. It is obvious that here in the equations the
lower polariton branch dispersion should be used. The phonons can be considered
linearly dispersed, at least for not very big values of momenta,

~ωph~q = vs |~q| , (2.4)

where vs is the sound velocity in the material. The coefficient D~k,~k′ is the transition
matrix element. Using simple substitutions the Liouville equation (2.1) can be
rewritten in its integro-differential form:

dχ

dt
= − 1

~2

∫ t

−∞

[
Ĥ(t);

[
Ĥ(τ);χ(τ)

]]
dτ. (2.5)

Further, one should use the Markov approximation, that means (physically) that
the system has no phase memory and we replace the time variable in χ: τ → t.
Then Eq (2.5) can be analytically integrated and this yields:
dχ

dt
(2.6)

=
1

2

∑
~k,~k′ 6=~k

W~k→~k′

(
2a†~ka~k′χa

†
~k′
a~k − a~ka

†
ka
†
~k′
a~k′χ− χa~ka

†
~k
a†~k′a~k′

)
(0, 1 + n~q)

+
1

2

∑
~k,~k′ 6=~k

W~k′→~k

(
2a†~k′a~kχa~k′a

†
~k
− a~k′a

†
~k′
a†~ka~kχ− χa~k′a

†
~k′
a†~ka~k

)
(0, 1 + n~q) ,
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where ~q = ~k′ − ~k and the scattering rate

W~k→~k′ =
2π

~
∑
~k,~k′

∣∣∣D~k,~k′

∣∣∣2 δ (ε(~k′)− ε(~k)± ~ωph~q
)
. (2.7)

More rigorously, the scattering rate should be written in form W~k,~k′,~q. Its explicit
form can be obtained for the corresponding parameters of the 2D excitons by mul-
tiplication by the Hopfield coefficients [113, 114, 115, 116]:

W~k,~k′,~q =
4π

~
wQW
2π

~
2ρmV cs

(
|~k − ~k′|2 + q2

z

)
|~csqz|

(2.8)

·
[
deIe(|~k − ~k′|, qz)− dhIh(|~k − ~k′|, qz)

]2

X2
~k
X2
~k′
,

where X~k are the excitonic Hopfield coefficients (excitonic fractions in polaritons for
the given wavevector ~k), qz is perpendicular to the plane of the QW component of
the wavevector, wQW is the QW width, ρm is the density of the material of the QW,
V = Ldw is the quantization volume, cs is the sound velocity in the corresponding
material. Parameters de and dg are the deformation potentials for electrons and
holes. The formulas for the superposition integrals of the excitonic and phononic
wavefunctions in the QW read:

Ie(h)(|~k − ~k′|, qz) = I
‖
e(h)(|~k − ~k′|)I⊥e(h)(qz),

where

I
‖
e(h)(|~q‖|) =

∫ ∞
0

e−
2r
aB

∫ 2π

0

ei
mh(e)
me+mh

|~q‖|r·cosφ
rdφdr

=

[
1 +

(
mh(e)

me +mh

|~q‖|aB
)2
]−3/2

; (2.9)

I⊥e(h)(qz) =

∫ wQW

0

|ψe(h)(z)|2eiqzz ≈ 2

wQW

∫ wQW

0

sin2(
πz

wQW
)eiqzzdz

=
eiqzwQW − 1

iqzwQW
· 1

1−
( qzwQW

2π

)2 . (2.10)

The use of the Markov approximation makes it impossible to describe the coherent
processes in the system, namely polariton-polariton Coulomb interaction and, for
example, coherent pump. Indeed, coherent processes imply time coherence and
memory in the system that contradicts the Markov approximation. To allow for the
processes of the coherent nature, the density matrix should be factorized into the
product of phonon density matrix and polariton density matrix corresponding to
the different states in the reciprocal space by means of the Born approximation,

χ = χph ⊗
∏
k

χk (2.11)
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The populations of polariton states with the wave vector ~k can be found from the
diagonal elements of the density matrix:

n~k = 〈a†~ka~k〉 = Tr(a†~ka~kχ~k). (2.12)

The same can be applied to the phonon density matrix. The population of phonons
is assumed to be given by an equilibrium distribution. With addition of the pump
and decay terms one obtains:

dn~k
dt

= P~k −
n~k
τ~k

(2.13)

+
∑

~k′,E~k<E~k′

W~k,~k′,~q

[(
n~k + 1

)
n~k′
(
nph~q + 1

)
− n~k

(
n~k′ + 1

)
nph~q

]
+

∑
~k′,E~k>E~k′

W~k,~k′,~q

[(
n~k + 1

)
n~k′n

ph
~q − n~k

(
n~k′ + 1

) (
nph~q + 1

)]
,

where P~k is the pump generation term, τ~k is the particle lifetime (inverse decay
rate). This equation is fritten for bosons. For the case of fermions in the Boltzmann
equaiton one should change the signs in (round) bolds on the opposite ones.

A similar procedure, however mathematically slightly more heavy, can be used to
describe the polariton-polariton scattering process, which has been performed by
Porras et al. in 2002 [117]. The part of the Boltzmann equation responsible for the
polariton-polariton scattering reads

dn~k
dt

(2.14)

=
∑
~k′,~p

U~k,~k′,~p

[(
n~k + 1

) (
n~k′ + 1

)
n~k−~pn~k′+~p − n~kn~k′

(
n~k−~p + 1

)(
n~k′+~p + 1

)]
.

Here we face a new scientific problem. In order to describe the relaxation kinetics
of particles due to the Coulomb interaction of electrons and holes in polaritons, we
need to find expressions for the scattering rates. First, one should determine the
physical processes that is responsible for the scattering of polariton. Second, the
scattering rates can be calculated using the Fermi golden rule. The latter is ligitimate
only if the scattering processes are weak and can be treated in a perturbative way.
Interactions should provoke scattering of particles within their dispersion relation
and should not provoke the energy renormalization.

In general, this cannot be assumed for a strongly coupled microcavity. One should
treat non-perturbatively the exciton-photon coupling giving rise to a polariton basis.
Then, the polaritons indeed can be said to weakly interact with their environment,
which provokes the scattering of polaritons within their dispersion relation and the
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2.1. The semiclassical Boltzmann equations

Boltzmann equations can be used. The scattering rates can then be calculated in a
perturbative way, because they are induced by weak interactions1.

The resulting fromula for the polariton-polariton scattering rate reads [35]

U~k,~k′,~p =
2π

~

∣∣∣∣6Eba2
B

S

∣∣∣∣2 γ(
E~k + E~k′ − E~k−~q − E~k′+~q

)2

+ γ2

χ~kχ~k′χ~k−~pχ~k′+p, (2.15)

where Eb is the exciton binding energy.

Beside the above mentioned, the main scattering mechanisms in a semiconductor mi-
crocavity are polariton radiative decay (due to the escaping of the photons through
the mirrors of the cavity), polariton-free-carrier interaction and polariton-disorder
scattering. Many physical phenomena linked with polaritons come from their dy-
namical properties caused by interactions.

One more interesting issue should be mentioned. A restriction blocking the way
towards the polariton lasing is the speed of the relaxation of the injected carriers,
which is limited by the shape of the polariton dispersion. And the problem, which
arise, is called the “bottleneck effect”, introduced by Tassone et al. [114] and observed
experimentally by Tartakovskii et al. [17].

The bottleneck results from the peculiarities of interaction with the acoustic phonons.
The dispersion curve consists of two regions: shallow (excitonic) and steep (pho-
tonic) parts. In the excitonic part polaritons relax to the lower-energy states via
scattering mediated by phonons. This relaxation is a faster process comparing to
the particle decay. Once the inflection point (the edge of the strongly coupled part
of the dispersion) is reached, polaritons still want to loose other 5 − 10 meV of
their energy to reach the ground state of the trap. This process, if assisted only
by acoustic phonons, may take time longer than the polariton lifetime. Therefore,
polaritons can not strongly populate the ground state and they accumulate at the
inflection point.

There are several ways to decrease the impact of the bottleneck effect. First, the
increase of the number of QWs in a microcavity increases the number of polaritons,
and the scattering processes (including polariton-phonon and polariton-polariton
interactions) become more efficient (more stimulated). Second, the increase of the
number of QWs results in larger Rabi splitting, which is also favorable for the relax-
ation process [35]. And, finally, high Q factors increase the polariton lifetime, which
also helps to overcome the bottleneck effect.

In recent years, wide bandgap semiconductors (such as GaN and ZnO) has become
1Nevertheless, the blueshift of the polariton dispersion can not be described within the Boltzmann
equations and further theoretical treatment is necessary.
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the objects of intense atudy and close attention, as they are predicted to be good
candidates to become materials for a polarition lasers working at room temperature.
In theory, it would be devices with an almost invisible bottleneck effect due to the
higher Rabi splitting (∼ 100 meV).

2.2. The Gross-Pitaevskii equation

Once a polariton condensate is formed, the semiclassical Boltzmann equations are
no longer suitable to describe the properties of the system: since we deal with the
properties of a condensate, the coherence should not be lost in the description, and
therefore a new mathematical treatment is necessary.

Let us now consider a finite-size 1D or 2D system. Hence, the series (1.30) again
converges. However, in a finite system the fugacity z, the parameter responsible
for the number of particles in the condensate, never reaches unity. Thus, the par-
ticle number in condensate NC remains low even after the transition occurs and
never approaches macroscopic values. On the other hand, NC becomes dramati-
cally increased comparing with the thermal part NT , and thus manifests the quasi-
condensation.

Let us now add the interaction between the particles in the system. Accounting for
the interaction is important for us, as it results in the BEC2 in the polaritonic case.
As will be shown later, their condensation is impossible without accounting for the
interaction between particles. To illustrate this, we use the formalism, based on the
single-particle density matrix3:

χ(~r, ~r
′
) = 〈Ψ̂†(~r)Ψ̂(~r

′
)〉, (2.16)

where Ψ̂†(~r), Ψ̂(~r
′
) are the operators of the Bose field satisfying

Ψ̂(~r) = φ0(~r)â0(~r) +
∑
i

φi(~r)âi(~r). (2.17)

The field operator is expanded over single particle states defined by the eigen-
problem of density matrix (2.16):∫

d~r
′
χ(~r, ~r

′
)φi(~r

′) = Niφi(~r). (2.18)

2BEC of polaritons is better to be called pBEC, since it is not the BEC in regular sence, since
BEC is a thermodynamically equilibrium system, whereas polaritons have ps-scale lifetime and
thus never reaches the equilibrium.

3This is not the “density matrix” in its standard sence, it is more the occupation number matrix
with the correlators between them occupying off-diagonal elements.
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2.2. The Gross-Pitaevskii equation

The single-particle density matrix describes correlations of the Bose field in two
spatial points ~r and ~r′ . Equation (2.17) allows one to write the density matrix in
the form

χ(~r, ~r
′
) = χ0(~r, ~r

′
) + χ̃(~r, ~r

′
) = N0φ

∗
0(~r)φ0(~r′) +

∑
i 6=0

Niφ
∗
i (~r)φi(

~r′). (2.19)

The first term represents occupation of BEC and the second one occupation of ther-
mal reservoir. The density matrix of the latter decays exponentially with distance
s = |~r′ − ~r|, and the characteristic length is λT =

√
2π~/mkBT . Correlations are

present only on this scale whereas for s > λT thermal part of the system is uncorre-
lated, independent of the temperature. However, the single-particle density-matrix
χ0(~r, ~r

′
) below the critical temperature T < TC shows finite correlations in the

limit s→∞ contributing to the finite correlations of total density matrix. Particle
distribution below T < TC has the form

χ(~k) = χ0δ(~k) + χ̃(~k). (2.20)

The above distribution recovers the condition of the macroscopical occupation of the
ground state for finite systems. Finite correlations in the long-range limit (s→∞)
or off-diagonal long-range is called Penrose-Osanger criterion of BEC [53] which is
a well-defined criterion not only in an ideal Bose gas, but also in a weakly inter-
acting nonuniform system. We will assume that interaction between particles can
be characterized by the scattering length l which enables witting the condition of
diluteness in the form: l << n1/3 and apply the Bogoliubov approach.

The approximation consists of replacing the creation and annihilation operators, â
and â†, in the Hamiltonian of weakly-interacting bosons:

H =
∑
k

E
(0)
~k
a†~ka~k +

U

2V

∑
~k,~k′ ,~q

a†~k+~q
a†~k′−~qa~ka~k′ . (2.21)

by the complex numbers:

a, a† → a0, a
?
0 =

√
N0, (2.22)

which is applicable always when the density of a ground state remains finite and
depletion is not very strong N − N0 << N , in the thermodynamic limit. The
interaction constant U ≈ 4π~2l/m. For a fixed number of particles, the number
operator N̂ is:

N̂ =
∑
~k

a†ka~k ≈ N0 +
1

2

∑
~k 6=0

(a†~ka~k + a†
−~k
a−~k). (2.23)

can be replaced by its eigenvalue N . After some straightforward calculation, which
includes keeping the terms of order N and N2 only, one obtains:

H ≈ UN2

2V
+

1

2

∑
~k 6=0

(E
(0)
~k

+ nU)(a†~ka~k + a†
−~k
a−~k) + nU(a†~ka

†
−~k

+ a~ka−~k), (2.24)
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2. Evolution of polaritons and kinetic equations

which is reasonable as has been pointed out in the case of small depletion. Using
the Bogoliubov transformation of operators

a~k → u~kα~k − v~kα
†
−~k
, (2.25)

a†
−~k
→ u~kα

†
−~k
− v~kα~k, (2.26)

where coefficients u~k and v~k satisfy:

v2
~k

= u2
~k
− 1 =

1

2

(
E

(0)
~k

+ nU

E~k
− 1

)
. (2.27)

The Hamiltonian (2.24) in terms of new quasi-particle operators reads:

H =
1

2
Un2V − 1

2

∑
~k 6=0

(E
(0)
~k

+ nU − E~k) +
1

2

∑
~k 6=0

E~k(α
†
~k
α~k + α†

−~k
α−~k), (2.28)

where

E~k =

√(
E

(0)
~k

)2

+ 2nUE
(0)
~k

(2.29)

is the famous Bogoliubov dispersion law of elementary excitations of the system as
it refers to states with ~k 6= 0.

The obtained Hamiltonian makes it possible to describe the excited states of an in-
teracting Bose gas as a non-interacting gas of the Bogoliubov quanta. The dispersion
law in the long-wavelength and short-wavelength limits is:

E~k =

{
vs~k (k → 0)
E0
~k

+ gn (k →∞).
(2.30)

The former corresponds to sound waves – phonons with velocity ṽs =
√
Un/m

and the latter gives the dispersion of free particles. Transition from phonon to free
particle dispersion occurs when E0

~k
≈ Un.

The first observation of the BEC phase transition of Cornell group was performed
for a trapped atoms, which represent a non-uniform system. In the terms of the
Bogoliubov approximation, we can replace the field operator of the spatial coordinate
~r in time instant t with a classical field

ψ̂(~r) = ψ0(~r) + δψ̂(~r). (2.31)

In the framework of the mean-field approximation, ψ0(~r) = 〈ψ̂(~r)〉 and as 〈δψ̂(~r)〉 =
0, we can neglect all the terms ∼ 〈δψ̂(~r)〉. The wavefunction ψ0(~r) plays the role of
the order parameter for the condensate state. For a weakly interacting dilute Bose
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2.2. The Gross-Pitaevskii equation

(a)

(b)

Figure 2.1: Bose-Einstein condensation of microcavity polaritons [22]: (a) Emission
pattern vs excitation powers at 5 K (form the left to the right). (b) Energy resolved
spectra of panel (a)

gas placed in an external potential Vext(~r) we can write the second quantization
Hamiltonian in real space:

H =

∫
d3~r(

~2

2m
∇ψ̂†∇ψ̂ + ψ̂†Vext(~r)ψ̂) +

∫ ∫
d3~rd3~r

′
(ψ̂†ψ̂

′†V (~r − ~r′)ψ̂ψ̂′). (2.32)

As the interaction is constant in ~k-representation (U = 4π~/m), in r-representation
it acquires a form of the contact interaction: V (r − r′) = Uδ(r − r′). Further, we
write the energy functional:

E =

∫
d3~r(

~2

2m
|∇ψ0|2 + Vext(~r)|ψ0|2 +

U

2
|ψ0|4), (2.33)

bearing in mind that we neglected the ‘fluctuations’ by performing the mean-field
approximation. Variational procedure with the above energy functional gives an
equation for the order parameter:

i~
∂

∂t
ψ0(~r, t) = (

~2∇2

2m
+ Vext(~r) + U |ψ0(~r, t)|2)ψ0(~r, t). (2.34)

The obtained equation is called the Gross-Pitaevskii equation or a non-linear Schrödinger-
type equation. As ψ0(~r, t) is no longer an operator but rather a complex number,
in each ~r and t one has:

ψ0 = |ψ0|exp(iξ); N0 = |ψ0|2; ~v =
~
m
∇ξ. (2.35)

The last two expressions describe number of particles in BEC (in a dilute system
N0 ≈ N) and velocity.
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2. Evolution of polaritons and kinetic equations

The time-dependence of the ground state is given by: ψ0(~r, t) = ψ0(~r)exp(−iµt),
where µ is the chemical potential and the GPe reads

(
~2∇2

2m
+ Vext(~r)− µ+ U |ψ0(~r)|2)ψ0(~r) = 0 (2.36)

In the case of 2D exciton-polaritons the interaction constant has been found numer-
ically [115]. It reads:

U = 6Eb
a2
B

S
χ2
ex, (2.37)

where Eb is the exciton binding energy, aB is the 2D exciton Bohr-radius, χex is the
exciton fraction and S is the quantization area.

The Gross-Pitaevskii equation4 was derived independently by Gross and Pitaevskii
in 1961. Soon it became the main theoretical tool for investigating non-uniform
dilute Bose gases dynamics and properties at low temperatures. Indeed, an impor-
tant assumption about the GPe is the negligence of any dephasing processes. This
means that the system must be by definition coherent, opposing this approach to
one based on the semiclassical Boltzmann equations. Thus, low temperatures is the
main condition of legitimity of the GPe.

One of the fascinating properties of the model condensates described by the GPe
is superfluidity. It follows directly from the Landau criterion: if the spectrum of
elementary excitations of particles satisfies the linear law at low values of momenta,
the fluid cannot give rise to dissipation and thus becomes a superfluid. Indeed,
let us consider a uniform fluid at zero temperature flowing along a capillary with
a constant velocity v. Dissipation may come only from the scattering with the
walls. The basic idea of the Landau’s derivation was to calculate the energy and
momentum in, on the one hand, a frame, moving with the fluid, and, on the other
hand, the static case. The two frames demonstrate different behavior: if a single
excitation with momentum ~k appears, the total energy in the moving frame reads
E+E0 +E(k), where E0 is the energy of the ground state and E(k) is the dispersion
of the fluid excitations; in the static frame, however, the energy and momentum of
the fluid read:

E ′ = E0 + E(k) + ~kv +
1

2
Mv2; (2.38)

P ′ = p−Mv, (2.39)

where M is the total mass of the fluid. The energy of the elementary excitations
in the static case is E(k) = ~kv. Dissipation is possible only if the creation of
elementary excitations is profitable energetically, which mathematically means:

E(k) + ~kv < 0. (2.40)
4It is also often called “the nonlinear Schrödinger equation”.
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2.2. The Gross-Pitaevskii equation

Therefore, the dissipation can take place only if v > E(k)/~k. In other words, the
flow becomes superfluid if its velocity is smaller than the critical velocity vc,

vc = min
(
E(k)

~k

)
. (2.41)

This is the Landau criterion. In the case of the parabolic dispersion (which is usually
the case for any traps at low momenta), vc is zero and there is no superfluidity.
However, in case of the Bogoliubov dispersion, vc is the speed of sound, and the
fluid becomes superfluid for all velocities smaller than vc.

Bose-Einstein condensation and superfluidity are closely related. If Ψ(~r, t) is a so-
lution of the GPe for the field operator in Heisenberg representation, then

Ψ′(~r, t) = Ψ(~r − ~vt)e
i
~(m~v~r− 1

2
mv2t), (2.42)

where ~v is a constant vector, is also a solution of the same equation. In the moving
coordinate system the condensate wavefunction of a uniform fluid is given by Ψ0 =√
n0e

−iµt/~, where n0 is a constant. In the other case (the coordinate systems is
static), the order parameter takes the form Ψ =

√
n0e

iS, where

S =
1

~

(
mvr −

(
1

2
mv2 + µ

)
t

)
(2.43)

is the new phase, while the amplitude n0 has not changed. It follows that the velocity
is proportional to the gradient of the phase:

~vs =
~
m
5 S. (2.44)

This velocity is often called the superfluid velocity. The phase of the order parameter
is playing the role of a velocity potential.

In contrast to the theory described above, the observation of the quasi Bose-Einstein
condensation of polaritons [22] did not support the superfluidity. Strong spatial
patterns and a flat dispersion around k = 0 provoked a controversial discussion.
Various works tried to describe this effect theoretically. Recently, different groups
claimed the observation of superfluidity of cavity polaritons [26, 118].

Besides, under a resonant excitation, Utsunomiya et al. [118] reported the first
observation of the interaction effects on the exciton-polariton condensate and the
excitation spectra, which are in quantitative agreement with the Bogoliubov theory.
The sound velocity deduced from their experiments is of the order of 108 cms−1.
This value is eight orders of magnitude larger than that of atomic BECs, that results
from the fact that the polariton mass is eight orders of magnitude smaller than the
atomic mass, and the polariton interaction energy is seven orders of magnitude larger
than the atomic interaction energy.
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2. Evolution of polaritons and kinetic equations

According to the Landau criterion (see above), the observation of this linear disper-
sion in the low-momentum regime is an indication of superfluidity in the exciton-
polariton system. However, the polariton system is a dynamical system with a finite
lifetime, so the Landau criterion might be modified on a quantitative level. What-
ever it is, the superfluidy of cavity polaritons is waiting for future theoretical and
experimental explanation. In particular, the coherent propagation, which is associ-
ated with superfluidity under non-resonant pumping, is currently one of the giant
experimental challenges.

2.3. The density matrix approach

To summarize the two previous Secs., currently, there have existed two approaches
used to describe a system of interacting polaritons. First, assuming full coherence of
the polariton system, polariton-polariton interaction can be accounted for using the
nonlinear Gross - Pitaevskii equation, which describes the dynamics of inhomoge-
neous polariton droplets in real space and time [119, 120]. This approach, however,
does not include interaction with a phonon bath, responsible for thermalization of
the system and leading to dephasing. Second, in the opposite limit: the polariton
system is supposed to be fully incoherent, its dynamics has been described by the
system of semiclassical Boltzmann equations [38, 117, 121], which provides informa-
tion about time dependence of the occupation numbers in reciprocal space but fails
to describe real space dynamics in the inhomogeneous system and no longer valid if
the condensate has been formed.

On the theoretical side, transport properties of exciton-polaritons in real space have
not yet been studied in detail. Early works [28, 122, 123] treated the case of polari-
tons interacting with external potentials only, neglecting both polariton-polariton
and polariton-phonon interactions. However, in the most interesting regime of po-
lariton BEC neither of the two interactions can in principle be neglected. Indeed,
coupling of the polaritons with a reservoir of acoustic phonons leads to thermal-
ization of the polariton subsystem, which is dramatically enhanced by polariton –
polariton interactions which are known to be responsible for overcoming the “bot-
tleneck effect” [114]. Besides, in the regime of polariton BEC polariton-polariton
interactions are responsible for the onset of superfluidity [26].

Recently, there appeared theoretical attempts to combine the two mentioned ap-
proaches introducing dissipation terms into the GP equation in a phenomenological
way [124]. However, these attempts, although being interesting and leading to a rich
phenomenology [125, 126], are not fully satisfactory, as they lack any microscopic
justification. In the papers [A1,A2,A3] we give an alternative way of describing the
dynamics of an inhomogeneous polariton system in real space and time accounting
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2.3. The density matrix approach

for the dissipation effects. Our consideration is based on the Lindblad approach for
the density matrix dynamics. We use our results for modeling the propagation of
polariton droplets in 1D channels. It should be noted, that the method we develop
is rather general and can in principle be applied to any system of interacting bosons
in contact with a phonon reservoir (for example, indirect excitons [127]).

The state of the system (polaritons plus phonons) is described by its density matrix
χ, for which the Born approximation is applied factorizing it into the phonon part
which is supposed to be time-independent and corresponds to the thermal distri-
bution of acoustic phonons χph = exp {−βHph} and the polariton part χpol whose
time dependence should be determined, χ = χph ⊗ χpol. Our aim now is to find
the dynamic equations for the time evolution of the single-particle polariton density
matrix in real space,

ρ(~r, ~r′, t) = Tr
{
ψ̂†(~r, t)ψ̂(~r′, t)χ

}
≡ 〈ψ̂†(~r, t)ψ̂(~r′, t)〉, (2.45)

where ψ̂†(~r, t), ψ̂(~r, t) are operators of the polariton field, and the trace is performed
by all the degrees of freedom of the system. The particularly interesting quantities
are the diagonal matrix elements which give the density of the polariton field in real
space and time n(~r, t) = ρ(~r, ~r, t). In current consideration let us neglect the spin of
the cavity polaritons for a while, as our main goal now is to account for the dissipative
dynamics coming from interaction with phonons, and spin degree of freedom is not
expected to introduce any qualitatively new physics from this point of view. It should
be noted, however, that introduction of spin into the model is straightforward and
we describe the spin-dependent properties of the system hereinafter.

It is convenient to switch to the reciprocal space, making a Fourier transform of the
one-particle5 density matrix,

ρ(~k,~k′, t) = (2π)d/Ld
∫
ei(

~k~r−~k′~r′)ρ(~r, ~r′, t)d~rd~r′ (2.46)

= Tr
{
a+
~k
a~k+~qχ

}
≡ 〈a+

~k
a~k′〉,

where d is the dimensionality of the system (d = 2 for non-confined polaritons, d = 1
for the polariton channel), L is its linear size, a†~k, a~k are creation and annihilation
operators of the polaritons with momentum ~k. Note, that the prefactor in the Fourier
transform is chosen in such a way, that the values of ρ(~k,~k′, t) are dimensionless,
and diagonal matrix elements give occupation numbers of the states in discretized
reciprocal space. Knowing the density matrix in reciprocal space, we can find the
density matrix in real space straightforwardly applying the inverse Fourier transform.

The total Hamiltonian of the system can be represented as a sum of two parts:

H = H1 +H2 (2.47)
5The terms ‘single-particle’ and ‘one-particle’ density matrix are equivalent.
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2. Evolution of polaritons and kinetic equations

where the first term H1 describes the “coherent” part of the evolution, corresponding
to free polariton propagation and polariton-polariton interactions and the second
term H2 corresponds to the dissipative interaction with acoustic phonons. The two
terms affect the polariton density matrix in a qualitatively different way.

The part of the evolution corresponding to H1 is given by the following expression:

H1 =
∑
~k

E~ka
†
~k
a~k +

U

2

∑
~k1,~k2,~p

a†~k1
a†~k2
a~k1+~pa~k2−~p, (2.48)

where E~k is the energy dispersion of the polaritons, U is the matrix element of the
polariton-polariton interactions. Its effect on the evolution of the density matrix is
described by the Liouville-von Neumann equation:

i~ (∂tχ)(1) = [H1;χ] , (2.49)

which after the use of the mean field approximation leads to the following dynamic
equations for the elements of the single-particle density matrix in reciprocal space:{

∂tρ(~k,~k)
}(1)

=
2

~
U
∑
~k1,~p

Im
{
ρ(~k1, ~k1 − ~p)ρ(~k,~k + ~p)

}
, (2.50)

{
∂tρ(~k,~k′)

}(1)

=
i

~
(E~k − E~k′)ρ(~k,~k′) (2.51)

+
i

~
U
∑
~k1,~p

ρ(~k1, ~k1 − ~p)
[
ρ(~k − ~p,~k′)− ρ(~k,~k′ + ~p)

]
.

These expressions represent an analog of the Gross-Pitaevskii equation written for
the density matrix.

Polariton-phonon scattering corresponds to the interaction of the quantum polari-
ton system with a classical phonon reservoir. It is of dissipative nature, and thus
straightforward application of the Liouville-von Neumann equation is impossible.
Introduction of dissipation into quantum systems is an old problem, for which there
is no single well established solution. In the domain of quantum optics, however,
there are standard methods based on the master equation techniques [94]. In the
following we give a brief outline of this approach applied for a dissipative polariton
system. The Hamiltonian of interaction of polaritons with acoustic phonons in Dirac
representation can be written as:

H2 = H−(t) +H†(t) (2.52)

=
∑
~k,~q

D(~q)e
i
~ (E~k+~q−E~k)ta†~k+~q

a~k(b~qe
−iω~qt + b†−~qe

iω~qt),

where b~q are the operators for phonons, E~k and ω~q are the dispersion relations for
polaritons and acoustic phonons, respectively, D(~q) is the polariton-phonon coupling
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2.3. The density matrix approach

constant. In the last equality we separated the terms H† where a phonon is created,
containing the operators b†, from the terms H− in which it is destroyed, containing
operators b.

Now, one can consider a hypothetical situation when polariton-polariton interac-
tions are absent, and all redistribution of the polaritons in reciprocal space is due
to the scattering with a thermal reservoir of acoustic phonons. One can rewrite
the Liouville-von Neumann equation in its integro-differential form and apply the
Markov approximation, corresponding to the situation of fast phase memory loss6.

(∂tχ)(2) = − i

~2

∫ t

−∞
[H2(t); [H2(ξ);χ(t)]] dξ (2.53)

= δ∆E

{
2
(
H†χH− +H−χ H†

)
−
(
H†H− +H−H†

)
χ− χ

(
H†H− +H−H†

)}
,

where the coefficient δ∆E denotes energy conservation and has dimensionality of
inverse energy. For time evolution of the mean value of any arbitrary operator
〈Â〉 = Tr(ρÂ) due to scattering with phonons one thus has:{

∂t〈Â〉
}(2)

= δ∆E

(
〈[H−; [Â;H†]]〉+ 〈[H†; [Â;H−]]〉

)
. (2.54)

Putting Â = a†~ka~k′ in this equation we get the contributions to the dynamic equations
for the elements of the single-particle density matrix coming from polariton-phonon
interaction:{

∂tρ(~k,~k)
}(2)

(2.55)

=
∑

~q′,E~k<E~k+~q′

2W (~q′)
[
ρ(~k + ~q′, ~k + ~q′)(nph~q′ + 1)(ρ(~k,~k) + 1)

−ρ(~k,~k)nph~q′ (ρ(~k + ~q′, ~k + ~q′) + 1)
]

+
∑

~q′,E~k>E~k+~q′

2W (~q′)
[
ρ(~k + ~q′, ~k + ~q′)nph−~q′(ρ(~k,~k) + 1)

−ρ(~k,~k)(nph−~q′ + 1)(ρ( ~k + q
′
, ~k + q

′
) + 1)

]
,

6see Ref. [94] for the details and discussion of limits of validity of the approximation
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and {
∂tρ(~k,~k′)

}(2)

= ρ(~k,~k′)× (2.56)

×

 ∑
~q′,E~k<E ~k+q

′

W (~q′)
[
ρ(~k + ~q′, ~k + ~q′)− nph~q′

]
+

∑
~q′,E~k>E~k+~q′

W (~q′)
[
−ρ(~k + ~q′, ~k + ~q′)− nph~q′ − 1

]
+

∑
~q′,E~k′<E~k′+~q′

W (~q′)
[
ρ(~k′ + ~q′, ~k′ + ~q′)− nph~q′

]

+
∑

~q′,E~k′>E~k′+~q′

W (~q′)
[
−ρ(~k′ + ~q′, ~k′ + ~q′)− nph~q′ − 1

] ,

where the transition rates are given by W (~q) = D2(~q)δ∆E~q and nph~q denote the
occupation numbers of phonons with wavevector ~q given by the Bose distribution.

Eq. (2.55) is nothing but the standard Boltzmann equation for the phonon-assisted
polariton relaxation, while Eq. (2.56) describes the decay of the off-diagonal matrix
elements of a single-particle density matrix due to interaction with classical phonon
reservoir. Together these equations thus describe thermalization of the polariton
system.

To account for the effects of free polariton propagation, polariton-polariton and
polariton-phonon interactions one should combine together expressions (2.50), (2.52),
(2.55) and (2.56). After finding the single-particle density matrix in reciprocal space
by solving the corresponding dynamic equations, one can determine the dynamic of
the system in real space simply performing a Fourier transformation by ~k and ~k′
variables.

Actually, the formalism is suitable for the description of both 2D polaritons and
polaritons confined within 1D channels. Now let us imagine the case of no pump
and lifetime in a 1D system (P = 0, τ = ∞). The results of numerical modeling
for the latter case go here. (The 2D case is computationally difficult) The results of
modeling are shown in Figs. 2.2 – 2.4. We consider a 2-µm wide polariton channel
in GaAs microcavity with Rabi splitting 15 meV at temperature T = 1 K. The
polaritons are created by a short coherent localized laser pulse. We account for the
finite lifetime of cavity polaritons τ = 5 ps adding the term −ρ(~k,~k′)/τ into the
dynamic equations.

Figure 2.2 shows the dynamics of the polariton system in reciprocal space and
demonstrates the roles of the polariton-phonon and polariton-polariton interac-
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2.3. The density matrix approach

Figure 2.2: Time evolution of polariton distribution in k-space. The vertical plane
denotes k = 0 state. a) Only polariton-phonon scattering is accounted for. The
relaxation towards k = 0 state is blocked due to the bottleneck effect. b) Both
polariton-phonon and polariton-polariton scattering are accounted for. The max-
imum of the polariton concentration is developed at k = 0, signifying the over-
coming of the bottleneck effect. Another maximum appears at higher k, due to the
energy-conserving nature of the polariton-polariton interactions.
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Figure 2.3: Polariton distribution in real space at times t = 0.5 ps (inset) and t = 1.5
ps after creating the package by a localized laser pulse centered around k = 0. Black
solid line corresponds to ballistic propagation, red dashed line - to polariton-phonon
interactions, blue dotted line - to polariton-polariton interactions and green dashed
line - to both polariton-phonon and polariton-polariton interactions.

tions. If only the former are included, the system demonstrates the bottleneck
effect shown in Fig. 2.2a. Due to the energy relaxation coming from the interactions
with phonons, polaritons have a tendency to move towards the ground state in k-
space. However, this process is dramatically slowed down in the inflection region
of the polariton dispersion, where polariton-phonon interaction becomes inefficient.
Consequently, there is no remarkable increase of the population of k = 0 state [113].
The bottleneck effect can be overcome by the polariton-polariton interactions, as
shown in Fig. 2.2b. One sees that in this case the particles accumulate quickly in
k = 0 state. At the same time, the second maximum of the polariton distibution
appears at higher k due to the energy conservative nature of the polariton-polariton
interaction (analogically to the formation of the idler mode in polariton parametric
oscillator [129]).

Our results for the dynamics of the polariton distribution in reciprocal space are in
good agreement with those obtained by the using the Boltzmann equations. In addi-
tion, our approach allows consideration of the dynamics of the dissipative polariton
system in real space. This is illustrated in Figs. 2.3 and 2.4.

Figure 2.3 shows the effect of the various types of interactions on the real space
dynamics of the localized polariton wavepackage. We compare the cases of the bal-
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Figure 2.4: Polariton distribution in real space at times t = 0.5 ps (inset) and
t = 1.5 ps after creating the package by a localized laser pulse centered around
k = 3 · 106 m−1. Scattering on phonons and polaritons are both accounted for.
The temperatures are: 1 K (red/solid), 4 K (green/dash-dot), 8 K (blue/dotted),
15 K (magenta/dotted) and 20 K (black/solid).

listic propagation with those where only polariton-phonon interactions are included,
only polariton-polariton interactions are included and both polariton-polariton and
polariton-phonon interactions are included. As one sees, the dynamics are very dif-
ferent for these four cases. Polariton-polariton interactions lead to splitting of the
wavepackage into two soliton- like peaks, which is in good qualitative agreement
with the results given by the Gross-Pitaevskii equation [120]. On the other hand,
polariton-phonon interactions lead to damping of the package, contributing to the
recovering of the homogenious distribution of the polaritons in real space as it is
expected from the classical equation of diffusion.

Naturally, the effect of the phonon damping strongly depends on temperature, as
shown in Fig. 2.4. One sees, that at low temperatures the propagating package is
split into two due to the polariton-polariton interactions. Increasing the temperature
smoothes down the polariton distibution and at T = 20 K one has just a single peak.

By now we have considered the case when there is no pumping and decay during
the evolution, but only exists an initially created non-zero population of particles,
distributed as a Gaussian in k-space at the moment t = 0. Further we want to intro-
duce the universal pumping term. Let us begin with the coherent pump. Physically
it means the coupling of the system with a driving electric field with a well-defined
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2. Evolution of polaritons and kinetic equations

phase, provided e.g. by an external laser beam with energy close to the steep (pho-
tonic) part of the lower branch of the polariton dispersion. Mathematically, the
corresponding Hamiltonian can be introduced as

Hcp =
∑
~k′

p~k′a
†
~k′

+ c.c. (2.57)

The coefficients p~k are the Fourier transforms of the pumping amplitudes in a real
space p(~x, t) which in the case of cw pump can be cast as

p(~x, t) = P (~x)ei
~kp~xe−iωpt, (2.58)

where P (~x) is the pumping spot profile in real space, ~kp is an in-plane pumping
vector resulting from the inclination of the laser beam as respect to the vertical and
ωp is the pumping frequency of the single-mode laser.

Let us now check the effect of Hcp on the evolution of the polariton density matrix.
Insertion of the Hamiltonian (2.57) into the Liouville-von Neumann equation yields
the following result,

∂t〈a†~ka~k〉 = −2

~
Im{p∗~k〈a~k〉} (2.59)

∂t〈a†~ka~k′〉 =
i

~
(p∗~k〈a~k′〉 − p~k′〈a~k〉

∗).

One sees that the equations for the matrix elements contain a new quantity – an
average value of the annihilation operator of the polariton field, which is nothing
but the order parameter (also called a macroscopic wavefunction) of the system.
One thus needs to obtain the expression for this quantity to close the system of the
equations. Straightforward derivation gives:

∂t〈a~k〉 =− i

~
p~k −

i

~
E~k〈a~k〉 −

i

~
U
∑
~k2,~p

ρ(~k2, ~k2 − ~p)〈a~k+~p〉

+

 ∑
~q,E~k<E~k+~q

W (~q)(ρ(~k + ~q,~k + ~q)− nph~q )

+
∑

~q,E~k>E~k+~q

W (~q)(−ρ(~k + ~q,~k + ~q)− nph~q − 1)

 〈a~k〉, (2.60)

where nph~q is the number of phonons with momentum ~q, given by the Boltzmann dis-
tribution, and W (~q) are the transition rates of phonon-assisted processes connected
with the matrix elements of the polariton-phonon interaction,W (~q) = 2πD2(~q)δ∆E/~.

By incoherent pump one usually means the exchange of particles between the po-
lariton system and some incoherent bosonic reservoir whose nature depends on the
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2.3. The density matrix approach

pumping scheme. Usually, this will be an ensemble of incoherent excitons created
either by an electrical pump or by an incoherent optical excitation or by a reservoir
of external photonic modes providing leakage of the photons from the cavity. The
corresponding Hamiltonian written, as before, in the Dirac representation reads

Hicp =
∑
~k,~k′

K(~k,~k′)e
i
~ (E~k−ER,~k)ta†~kb~k′ + H.c.

= H†icp +H−icp (2.61)

where b~k is a secondary quantization operator corresponding to the bosonic reservoir
in question, K(~k,~k′) are constants characterizing the coupling between the polariton
system and the reservoir. The introduction of this Hamiltonian into the Lindblad
equation leads to the standard terms whose derivation can be found elsewhere[94,
128]:

∂t〈a†~ka~k′〉 = I~kδ~k~k′ −
1

2~
(γ~k + γ~k′)〈a

†
~k
a~k′〉, (2.62)

where the terms I~k and γ~k denote the intensity of the incoherent pump and broad-
ening of the polaritonic levels connected with the lifetimes of the polariton states,
γ~k = ~τ−1

~k
. They are usually taken as phenomenological parameters but can be

connected with the quantities entering the Hamiltonian (2.61),

I~k =
∑
~k′

|K(~k,~k′)|2δ(E(~k)− E(~k′))
n~k′

~
, (2.63)

γ~k =
∑
~k′

|K(~k,~k′)|2δ(E(~k)− E(~k′)) (2.64)

where n~k′ are the occupancies of the states in the bosonic reservoir.

In our further consideration we will consider only the case of the coherent pump,
thus putting all I~k = 0 and retaining in the resulting equations only the terms cor-
responding to the lifetime which corresponds to the case of empty bosonic reservoir,
n~k = 0 for all the ~k.

To get the full system of equations for the dynamics of the polariton system with
pump and decay one should combine the equations. For the occupancies (diagonal
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2. Evolution of polaritons and kinetic equations

elements of the density matrix) one obtains,

∂tn~k = ∂tρ(~k,~k) = −2

~
Im{p∗~k〈a~k〉} −

ρ(~k,~k)

τ~k

+ 2U
∑
~k1,~p

Im
{
ρ(~k1, ~k1 − ~p)ρ(~k,~k + ~p)

}
+

∑
~q′,E~k<E~k+~q′

2W (~q′)
{
ρ(~k + ~q′, ~k + ~q′)(nph~q′ + 1)(ρ(~k,~k) + 1)

−ρ(~k,~k)nph~q′ (ρ(~k + ~q′, ~k + ~q′) + 1)
}

+
∑

~q′,E~k>E~k+~q′

2W (~q′)
{
ρ(~k + ~q′, ~k + ~q′)nph−~q′(ρ(~k,~k) + 1)

−ρ(~k,~k)(nph−~q′ + 1)(ρ(~k + ~q′, ~k + ~q′) + 1)
}
,

where the first line corresponds to the coherent pumping and finite lifetime, second
one describes polariton-polariton interaction and the other lines refere to polaritons
scattering with accoustic phonons.

For the off-diagonal part one has:{
∂tρ(~k,~k′)

}
=

i

~
(E~k − E~k′)ρ(~k,~k′) (2.65)

+
i

~

(
p∗~k1〈a~k2〉 − p~k2〈a~k1〉

∗
)
−
(

1

2τ~k
− 1

2τ~k′

)
ρ(~k,~k′)

+
i

~
U
∑
~k1,~p

ρ(~k1, ~k1 − ~p)
[
ρ(~k − ~p,~k′)− ρ(~k,~k′ + ~p)

]

+ ρ(~k,~k′)

 ∑
~q′,E~k<E~k+~q′

W (~q′)
[
ρ(~k + ~q′, ~k + ~q′)− nph~q′

]
+

∑
~q′,E~k>E~k+~q′

W (~q′)
[
−ρ(~k + ~q′, ~k + ~q′)− nph~q′ − 1

]
+

∑
~q′,E′

~k
<E~k′+~q′

W (~q′)
[
ρ(~k′ + ~q′, ~k′ + ~q′)− nph~q′

]

+
∑

~q′,E′
~k
>E~k′+~q′

W (~q′)
[
−ρ(~k′ + ~q′, ~k′ + ~q′)− nph~q′ − 1

] .

The first phenomenon which can be modeled is the effect of thermalization in the
polariton system provided by the polariton-phonon interaction on its bistable be-
havior. It is well known that if the polariton ensemble is fully coherent and its
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2.3. The density matrix approach

dynamics is described by the Gross-Pitaevskii equation containing coherent pump-
ing and lifetime terms, and if the energy of the pumping laser lies slightly above
the bottom of the lower polariton branch, the dependence of the concentration of
the polaritons on pump intensity is described by an S-shaped curve, characteristic
for systems revealing the effects of bistability and hysteresis [130]. Such a behavior
is due to the polariton-polariton interactions which introduce nonlinearity into the
system.

On the other hand, in the approach based on the semiclassical Boltzmann equations
corresponding to the limit of strong decoherence the bistability is absent and the
dependence of the occupancy of the ground state on the pump intensity is described
by a single defined threshold function [38]. One can expect that a transition between
these two regimes should occur if one raises the temperature in the system which
leads to the intensification of the polariton- phonon interactions and decoherence in
the system. This was indeed observed in our calculations.

The computational results are presented in Fig. 2.5. The system is pumped with a
spatially homogenious laser beam oriented perpendicular to the QW (i.e. at k = 0
in k-space) at a slightly higher frequency than the k = 0 polariton frequency (0.5
meV detuning). At low pump intensity, the pump frequency is not in resonance
with the condensate. Consequently, the condensate occupation remains fairly low.
As the pumping is increased, the polariton energy is blueshifted into resonance with
the pump and there is a sudden jump in the occupation of the k = 0 polariton
state at some characteristic pump intensity I0. If one then decreases the pump,
the polariton occupancy jumps down at different value I1 < I0 which corresponds
to the hysteresis behavior. However, the increase of the temperature leads to the
intensification of the phonon scattering, and bistable behavior becomes less and less
pronounced: the hysteresis area narrows and is quenched completely above some
critical temperature about Tc ≈ 70 K. This corresponds to the transition between
the Gross-Pitaevskii and Boltzmann regimes in the polariton system.

A similar phenomenon was earlier predicted for microcavity - based THz emitting
device [131]. The effect of bistability can form a basis for creation of a variety
of devices based on nonlinear polariton transport [132]. Among them are polari-
ton neurons [133] and polariton based optical integrated circuits [134] utilizing the
phenomenon of domain wall propagation in bistable systems.

The underlying idea is the following. Imagine, that the polariton system is driven
by a spatially homogeneous background cw pump with intensity corresponding to
the bistable regime and the steady state occupancy of the system corresponds to the
lower branch of the S - shaped curve. Then a short localized pulse is applied in the
middle of the wire. Its intensity should be enough to send the condensate locally to
the upper branch of the S-shaped curve. Due to diffusion, the polariton wavepacket
spreads to the neighboring regions and switches them to the upper branch. This
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Figure 2.5: The dependence of the polariton concentration on spatially homogeneous
cw pumping intensity for various temperatures. At 10K, the hysteresis curve is
quite wide (black). At 50K (blue), the hysteresis curve is much narrower, while
at 100K (red) it has disappeared completely. The unit of pumping is the rate of
incoming photons.

way, the area of high occupancy steadily expands. This phenomenon is analogous
to the propagation of the domain wall in ferromagnetic materials. It should be noted
that although the polaritons have finite lifetime, this does not limit the length of
signal propagation in a polariton neuron, and the signal keeps propagating as long
as the background cw pumping persists.

Temperature should have a strong effect on neuron behavior. Indeed, bistability
switching strongly depends on it, as we have shown above. Moreover, the increase
of the temperature affects the dynamics of the poalritons in the real space, which
have a strong impact on the velocity of bistability switching as we show below.
Fig. 2.6 represents the results of our calculations. At 0 K, the switching is clear
and one can easily see the propagation of a sharp well defined domain wall. At 6
K and 12 K (using the same pump intensity as before) the switching is still clearly
visible although features are a bit smeared out. More importantly, the domain wall
propagation speed clearly increases with temperature as it is shown at the bottom
plot of Fig. 2.6. This can be explained by the polaritons diffusing faster in space
at higher temperature and could have positive effect of fonctioning of the realistic
poalriton devices. Note, however, that increasing of the temperature makes the
domain wall less sharp and at some critical temperature the switching behaviour
abruptly disappears.

Finally, the effect of phonon scattering on pure dephasing in the system was con-
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2.3. The density matrix approach

Figure 2.6: Neuron behavior and domain wall propagation for (top to bottom) T=0
K, 6 K and 12 K. The plots show the polariton in units µm−2. The system
is pumped near-resonantly by spatially homogenious cw laser, at t=25-35 ps a
switching pulse arrives. At 0 K one sees the propagation of a distinct domain
wall. It is still well visible at 6 K and 12 K although features are a bit smeared
out. In fact, the propagation speed of the domain wall increases with temperature,
since the polaritons diffuse faster. Bottom plot: domain wall propagation speed
as function of temperature. Above some critical temperature there is no bistability
and therefore no population switching.
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Figure 2.7: Coherent fraction at (top to bottom) T=1 K, 10 K and 50 K. Pumping
at k = 0, no detuning. The solid lines show the total population, the dashed lines
the coherent population and the dotted ones the incoherent population.
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sidered. We pumped the system with a coherent pulse having Gaussian profile in
the real space. For various temperatures of the system we investigated in the steady
state the spatial profiles of both total polariton density and its coherent part deter-
mined as |ψ(x)|2, where

ψ(x) =

∫ +∞

−∞
〈ak〉eikxdk

The results are shown in Fig. 2.7 for temperatures 1 K, 10 K and 50 K. Solid lines
are total population, dashed lines — coherent fraction and dotted — the incoherent
fraction. One can see that at low temperatures the coherent fraction is quite large
at the center of the coherent pumping spot, but it dramatically decays outside it.
However, as temperature is increased, the density profile gets more spread out over
the wire, forming an almost constant background density made up of the decoherent
population.

2.4. Introduction of the spin

The next logical step in the development of the full density matrix model is introduc-
tion of the spin. Our aim again is to find dynamic equations for the time evolution of
the spin-dependent single-particle polariton density matrix in real space and time,

ρσ,σ′(~r, ~r
′, t) = Tr

{
ψ̂†σ(~r, t)ψ̂σ′(~r

′, t)ρ
}

(2.66)

= 〈ψ̂†σ(~r, t)ψ̂σ′(~r
′, t)〉,

where ψ̂†σ(~r, t), ψ̂σ′(~r, t) are operators of the spinor polariton field, the subscripts
σ, σ′ = ±1 denote the z-projection of the spin of cavity polaritons and correspond to
right-and left-circular polarized states and the trace is performed by all the degrees
of freedom of the system. The particularly interesting quantities are matrix elements
with ~r = ~r′ which give the density and polarization of the polariton field,

n(~r, t) =
∑
σ=±1

ρσ,σ(~r, ~r, t); (2.67)

sz(~r, t) =
1

2
[ρ+1,+1(~r, ~r, t)− ρ−1,−1(~r, ~r, t)] ; (2.68)

sx(~r, t) + isy(~r, t) = ρ+1,−1(~r, ~r, t). (2.69)

The off-diagonal matrix elements with ~r 6= ~r′ also have physical meaning and de-
scribe spatial coherence in the system.

To obtain the expressions for the temporal dynamics of the components of single par-
ticle density matrix we again go to the reciprocal space, making a Fourier transform
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of the one-particle density matrix,

ρσ,σ′(~k,~k
′, t) = (2π)d/Ld

∫
ei(

~kr−~k′~r′)ρσ,σ′(~r, ~r
′, t)d~rd~r′

= Tr
{
a+

σ,~k
aσ′,~k′χ

}
≡ 〈a+

σ,~k
aσ′,~k′〉, (2.70)

where d is the dimensionality of the system (d = 2 for non-confined polaritons, d = 1
for the polariton channel), L is its linear size, a+

σ~k
, aσ~k are creation and annihilation

operators of the polaritons with circular polarization σ and momentum ~k. Note,
that we have chosen the prefactor in a Fourier transform in such a way, that the
values of ρ(~k,~k′, t) are dimensionless, and diagonal matrix elements give occupation
numbers of the states in discretized reciprocal space. Knowing the density matrix
in reciprocal space, we can find the density matrix in real space straightforwardly
applying the inverse Fourier transform.

The total Hamiltonian of the system can be represented as a sum of two parts:

H = H1 +H2, (2.71)

where the first term H1 describes the “coherent” part of the evolution, corresponding
to free polariton propagation, polariton-polariton interactions and the effect of TE-
TM splitting, and the second term H2 corresponds to the dissipative interaction
with acoustic phonons. The two terms affect the polariton density matrix in a
qualitatively different way.

2.4.1. Polariton-polariton interactions

The part of the evolution corresponding to H1 is given by the following expression:

H1 =
∑
~kσ

E~ka
+
~kσ
a~k,σ +

∑
~k,σ

Ω(~k)a+
~k,σ
a~k,−σ (2.72)

+ U1

∑
~k1, ~k2,~p,σ

a+
~k1,σ
a+
~k2,σ
a ~k1+~p,σa ~k2−~p,σ

+ U2

∑
~k1, ~k2,~p,σ

a+
~k1,σ
a+
~k2,−σ

a ~k1+~p,σa ~k2−~p,−σ,

where E~k gives the dispersion of the polaritons, Ω(~k) is the TE-TM splitting cor-
responding to the in-plane effective magnetic field leading to the rotation of the
pseudospin of cavity polaritons, U1 is the matrix element of the interaction between
polaritons of the same circular polarization, U2-matrix element of the interaction
between polaritons of opposite circular polarizations. In the current paper we ne-
glect the ~p-dependence of the polariton-polariton interaction constant coming from
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Hopfield coefficients for simplicity. As well, we will suppose Ω(~k) = const which
corresponds well to the situation of the polariton channel (but not for 2D polariton
system).

The effect of H1 on the evolution of the density matrix is described by the Liouville-
von Neumann equation,

i~ (∂tχ)(1) = [H1;χ] , (2.73)

which after the use of the mean field approximation leads to the following dynamic
equations for the elements of the single-particle density matrix in the reciprocal
space (the derivation is completely analogical to those presented in the previous
sections, see also Ref. [A1]):

−i~{∂tρσ,σ′(~k,~k′)}(1) (2.74)

= (E~k − E~k′)ρσ,σ′(~k,~k
′) + Ω

[
ρ−σ,σ′(~k,~k

′)− ρσ,−σ′(~k,~k′)
]

+ U1

∑
~k1,~p

[
ρσ,σ(~k1, ~k1 − ~p)ρσ,σ′(~k − ~p,~k′, )− ρσ′,σ′(~k1, ~k1 − ~p)ρσ,σ′(~k,~k′ + ~p)

]
+ U2

∑
~k1,~p

[
ρ−σ,−σ(~k1, ~k1 − ~p)ρσ,σ′(~k − ~p,~k′)− ρ−σ′,−σ′(~k1, ~k1 − ~p)ρσ,σ′(~k,~k′ + ~p)

]
.

2.4.2. Scattering with acoustic phonons

As was discussed before, polariton-phonon scattering corresponds to the interaction
of the quantum polariton system with a classical phonon reservoir. It is of dissipative
nature, and thus straightforward application of the Liouville-von Neumann equation
is impossible. One should rather use the approach based on the Lindblad formalism,
which is standard in quantum optics and results in the master equation for the full
density matrix of the system [94].

The spin-dependent Hamiltonian of the interaction of polaritons with acoustic phonons
in Dirac picture can be represented as:

H2(t) =
∑
σ,k,q

D(q)ei(Ek+q−Ek)ta+
σ,k+qaσ,k(bqe

−iωqt + b+
−qe

iωqt)

= H−(t) +H+(t). (2.75)

(The notations have been introduced above.) One can rewrite the Liouville-von Neu-
mann equation in an integro-differential form and apply the Markov approximation,
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corresponding to the situation of fast phase memory loss7:

(∂tχ)(2) = − 1

~2

∫ t

−∞
dt′ [H2(t); [H2(t′);χ(t)]] (2.76)

= δ∆E

[
2
(
H+χH− +H−χ H+

)
−
(
H+H− +H−H+

)
χ− χ

(
H+H− +H−H+

)]
,

where the coefficient δ∆E denotes energy conservation and has dimensionality of
inverse energy and in the calculation taken to be equal to the broadening of the
polariton state [135]. For time evolution of the mean value of any arbitrary operator
〈Â〉 = Tr(χÂ) due to scattering with phonons one thus has (the derivation of this
formula is represented in [A1]):{

∂t〈Â〉
}(2)

= δ∆E

(
〈[H−; [Â;H+]]〉+ 〈[H+; [Â;H−]]〉

)
. (2.77)

Putting Â = a+

σ,~k
aσ′,~k′ in this equation, we get the contributions to the dynamic equa-

tions for the elements of the single-particle density matrix coming from polariton-
phonon interaction:

{∂tn~k,σ}
(2) (2.78)

=
∑

~q,E~k<E~k+~q

2W (~q)
[
(n~k,σ + 1)n~k+~q,σ(nph~q + 1)− n~k,σ(n~k+~q,σ + 1)nph~q

+
1

2
(ρσ,−σ(~k,~k)ρ−σ,σ(~k + ~q,~k + ~q) + ρ−σ,σ(~k,~k)ρσ,−σ(~k + ~q,~k + ~q))

]
+

∑
~q,E~k>E~k+~q

2W (~q)
[
(n~k,σ + 1)n~k+~q,σn

ph
−~q − n~k,σ(n~k+~q,σ + 1)(nph−~q + 1)

+
1

2
(ρσ,−σ(~k,~k)ρ−σ,σ(~k + ~q,~k + ~q) + ρ−σ,σ(~k,~k)ρσ,−σ(~k + ~q,~k + ~q))

]
;

{∂tρσ,−σ(~k,~k)}(2) (2.79)

=
∑

~q,E~k<E~k+~q

2W (~q)

[
ρσ,−σ(~k,~k)

(
1

2
(n~k+~q,σ + n~k+~q,σ′)− n

ph
~q

)

+ρσ,−σ(~k + ~q,~k + ~q)

(
1

2
(n~k,σ + n~k,σ′) + nph~q + 1

)]
−

∑
~q,E~k>E~k+~q

2W (~q)

[
ρσ,−σ(~k,~k)

(
1

2
(n~k+~q,σ + n~k+~q,σ′) + nph−~q + 1

)

+ρσ,−σ(~k + ~q,~k + ~q)

(
1

2
(n~k,σ + n~k,σ′)− n

ph
−~q

)]
;

7See [94] for the details and discussion of limits of validity of the approximation.
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{∂tρσ,σ(~k,~k′)}(2) (2.80)

=
∑

~q,E~k<E~k+~q

W (~q)
[
ρσ,σ(~k,~k′)(n~k+~q,σ − n

ph
~q ) + ρ−σ,σ(~k,~k′)ρσ,−σ(~k + ~q,~k + ~q)

]
−

∑
~q,E~k>E~k+~q

W (~q)
[
ρσ,σ(~k,~k′)(n~k+~q,σ + nph~q + 1) + ρ−σ,σ(~k,~k′)ρσ,−σ(~k + ~q,~k + ~q)

]
+

∑
~q,E~k′<E~k′+~q

W (~q)
[
ρσ,σ(~k,~k′)(n~k′+~q,σ − n

ph
~q ) + ρσ,−σ(~k,~k′)ρ−σ,σ(~k′ + ~q,~k′ + ~q)

]
−

∑
~q,E~k′>E~k′+~q

W (~q)
[
ρσ,σ(~k,~k′)(n~k′+~q,σ + nph~q + 1) + ρσ,−σ(~k,~k′)ρ−σ,σ(~k′ + ~q,~k′ + ~q)

]
;

{∂tρσ,−σ(~k,~k′)}(2) (2.81)

=
∑

~q,E~k<E~k+~q

W (~q)
[
ρσ,−σ(~k,~k′)(n~k+~q,σ − n

ph
~q ) + ρ−σ,−σ(~k, ;~k′)ρσ,−σ(~k + ~q,~k + ~q)

]
−

∑
~q,E~k>E~k+~q

W (~q)
[
ρσ,−σ(~k,~k′)(n~k+~q,σ + nph~q + 1) + ρ−σ,−σ(~k,~k′)ρσ,−σ(~k + ~q,~k + ~q)

]
+

∑
~q,E~k′<E~k′+~q

W (~q)
[
ρσ,−σ(~k,~k′)(n~k′+~q,σ′ − n

ph
~q ) + ρσ,σ(~k,~k′)ρσ,−σ(~k′ + ~q,~k′ + ~q)

]
−

∑
~q,E~k′>E~k′+~q

W (~q)
[
ρσ,−σ(~k,~k′)(n~k′+~q,σ′ + nph~q + 1) + ρσ,σ(~k,~k′)ρσ,−σ(~k′ + ~q,~k′ + ~q)

]
,

where, n~k,σ = ρσ,σ(~k,~k), ρ+1;−1(~k) = sx(~k)+isy(~k) andW (q) denote spin-independent
scattering rates with acoustic phonons . The first two equations corresponding to
~k = ~k′ are nothing but the spinor Boltzmann equations for polariton-phonon scat-
tering. They describe redistribution of polaritons in the reciprocal space. It was
obtained hereinbefore using another technique. The equations for the off-diagonal
matrix elements with ~k 6= ~k′ describe their decay which physically corresponds to
the decay of the coherence in the system coming from polariton-phonon interactions.

2.4.3. Pumping terms

We concentrate on the case of pumping by an external coherent laser beam. The
corresponding Hamiltonian can be introduced as

Hcp =
∑
~k,σ

p~k,σ(t)a+
~k,σ

+ h.c. (2.82)
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2. Evolution of polaritons and kinetic equations

Here p~k is the Fourier transform of the pumping amplitude in real space:

pσ(~x, t) = Pσ(~x)ei
~kp~xe−iωpt, (2.83)

where Pσ(~x) is the pumping spot profile in real space, ~kp is an in-plane pumping
vector resulting from the inclination of the laser beam as respect to the vertical,
and ωp is the pumping frequency of the single-mode laser. Time evolution of the
arbitrary element of density matrix is given by [A1]:

{∂tρσ,σ′(~k,~k′)}(cp) =
i

~
(p∗~k,σ(t)〈a~k′,σ′〉 − p~k′,σ′(t)〈a~k,σ〉

∗), (2.84)

where the time evolution of the mean values of the annihilation operator reads:

∂t〈a~k,σ〉 = − i
~
p~k,σ(t)− i

~
E~k〈a~k,σ〉 −

i

~
Ω~k〈a~k,−σ〉 (2.85)

− i

~
∑
~k2,p

(U1ρσ,σ(~k2, ~k2 − ~p) + U2ρ−σ,−σ(~k2, ~k2 − ~p))〈a~k+~p,σ〉

+
∑

~q,E~k<E~k+~q

W (~q)
[
(n~k+~q,σ − n

ph
~q )〈a~k,σ〉+ ρ−σ,σ(~k + ~q,~k + ~q)〈a~k,−σ〉

]
−

∑
~q,E~k>E~k+~q

W (~q)
[
(n~k+~q,σ + nph~q + 1)〈a~k,σ〉+ ρ−σ,σ(~k + ~q,~k + ~q)〈a~k,−σ〉

]
.

2.4.4. Dynamics of the polarization

The dynamics of the circular polarization degree ℘c of the light emission from the
ground state (~k = 0) can be defined as

℘c =
n+
~k=0
− n−~k=0

n+
~k=0

+ n−~k=0

, (2.86)

where n+
~k=0

(t) and n−~k=0
(t) stand for the populations of polaritons with pseudospin

±1 correspondingly in the ground state of the dispersion.

One should mention the effect of the longitudinal-transverse splitting ~Ω on the polar-
ization degree dynamics, since it couples σ+ and σ− modes together. Its role becomes
more evident if one switches to the pseudospin formalism which is described in the
introductory part of the Thesis. From the formal point of view, the TE-TM split-
ting is equivalent to the effective magnetic field in +x direction: ~Ω = ~exΩ (along
the quantum wire). In the same time, the polariton-polariton interaction gives rise
to another effective magnetic field oriented in z direction (structure growth axes):
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2.4. Introduction of the spin

~Ωp−p ∝ ~ez(U1 − U2)(n+ − n−) (see Ref. [27]). Therefore, the total effective mag-
netic field represents superposition: ~Ωtot = ~Ωp−p + ~Ω. Accordingly, it is possible
to rewrite the kinetic equations as a coupled equations for the occupation number
nσ and in-plane pseudospin ~S⊥. Considering only the effect of effective magnetic
fields (assuming infinite lifetime and absence of interaction with phonons), coupled
equations are given as

∂tn
+
~k=0
∝ ~ez · (~S⊥ × ~Ω), (2.87)

∂t~S⊥ ∝ (~S⊥ × ~Ωp−p) +
1

2
(n+

~k=0
− n−~k=0

)~Ω. (2.88)

This corresponds to the precession of the pseudospin along time dependent magnetic
field, which leads to its non-trivial dynamics.

2.4.5. Results and discussion

We have considered a microcavity based on InAlGaAs family of alloys and used
the following parameters. The Rabi splitting was taken equal to 15 meV, polari-
ton effective mass 3×10−4 of the free electron mass and detuning between the pure
photonic and excitonic modes 3 meV. The polaritonic quantum wire is 50 µm long
and 2 µm wide. Further, we use typical polariton lifetime in a medium Q-factor mi-
crocavity, τ = 2 ps. The polariton-polariton and polariton-phonon scattering rates
have been taken independent on the wavevector for simplicity. The matrix element
of polariton-polariton interaction was estimated using expression U ≈ 3Eba

2
B/S,

where Eb is the exciton binding energy, aB is its Bohr radius and S is the area of the
wire, which gives U ≈ 20 neV. The polariton-phonon scattering rate W = 108 s−1.
Pump laser is detuned above the energy of the lower polariton branch by δ = 1 meV.
We consider the case of spatially homogeneous cw pump of different polarizations.

The bistable (for spinless condensate) and multistable (if one accounts for the spin)
behavior of a polariton system in 1D and 2D quantum systems has been investi-
gated theoretically in a number of works (see, for instance, Ref. [130]) and was
reported experimentally [136, 137]. Most of the theoretical approaches are based
on solution of the GPe. Unfortunately, this technique does not allow to account
for the dissipation dynamics of polaritons due to interaction with the crystal lattice
(phonon-mediated processes). The density-matrix approach does. In the limiting
case of zero temperature it immediately reproduces the results obtained by the GPe,
as expected.

The multistability (with multi-hysteresis) characteristic is shown in Fig. 2.8 for
different temperatures in range 1-100 K, in the absence of TE-TM splitting. In
this case, since there is no mechanism of the transition between σ+ and σ− modes,
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Figure 2.8: Dependence of the circular polarization degree of the driven polariton
mode on the circular polarization degree of the driving pump in the absence of
TE-TM splitting for different temperatures. Hysteresis loops, the signatures of the
multistability behavior, shrink with the increase of temperature (T=0, 20, 60 K)
and finally disappear at T≈100 K. Inset: dependence of polariton population ver-
sus pumping intensity for single component system demonstrating the phenomenon
of bistability (T=0 K).

this effect can be understood in terms of independent bistable dynamics of σ+ and
σ− modes. Accordingly, in inset we present the population hysteresis curve of a
spinless polaritons to clarify the forthcoming discussion. Let’s begin with inset. In
the certain range of pumps the polariton population can take two different values
depending on the history of the pumping process. If we slowly increase the intensity
of pump, at some threshold value P (→)

th the population of the ground state jumps up
abruptly due to the resonance of the blue shifted polariton energy with the energy of
the laser mode. The system keeps staying at this high-populated state with further
increase of the pump intensity. In the backward direction, when we decrease the
intensity of pump, the bistable transition to the low-populated state appears at the
lower pump intensity (P (←)

th < P
(→)
th ) and hysteresis curve appears.

With account for spin, polariton-polariton interaction becomes polarization-dependent,
which leads to multistability of the polariton circular polarization (see Ref. [130] for
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Figure 2.9: Internal versus external circular polarization degree for different xy-
plane projections of the pseudospin of the pump (different azimuthal angles θ) for
Ω = 0.08 meV, and T=0 K. Due to the finite value of the TE-TM coupling, the
equivalency between x and y linear polarizations is broken. Therefore, the choice
of meridian line of Poincaré sphere along which the pump laser evolves from σ−

to σ+ state becomes crucial for the polarization dynamics of the polariton system.

the detailed discussion of the situation at T = 0). This effect is illustrated in main
plot of Fig. 2.8 for different temperatures, where the pump intensity is fixed and its
circular polarization degree ℘p is being changed. Let us explain this phenomenon
with the help of above discussion for spinless case. Keeping the total pump intensity,
lets change its circular polarization from σ− (φ = π, and ℘p = −1) to σ+ (φ = 0, and
℘p = 1), see Fig. 1.7). Initially, there exists only σ− polaritons in the ground state,
thus ℘c = −1. As ℘p is increased, σ+ component starts to become more populated,
and at certain threshold value of ℘p the first bistable jump up in ℘c occurs that im-
plies the abrupt increase of the σ+ component. Further increase of ℘p leads to the
second jump up of the polarization degree ℘c due to the bistability jump down of σ−
component from high population state to low population state. Finally the system
reaches the state with only σ+ component and ℘c = 1. In the backward direction
(decrease pump polarization degree from +1 to -1) the first jump down is due to
the abrupt increase of σ− component, while the second jump down is explained by
the abrupt decrease of σ+ component occupancy.
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Figure 2.10: Circular polarization degree of the driven mode versus the circular po-
larization degree of pump for different values of the longitudinal-transverse split-
ting Ω for T=100 K. Thus TE-TM splitting revives the bistability behavior even
at high temperature values. At strong TE-TM splittings, i. e., Ω = 1.5 meV,
the circular polarizability diminishes due to strong mixing of σ± modes, and the
hysteresis loop disappears.

With an increase of temperature, the multistability loops start to shrink and be-
come totally destroyed at about T ≈ 100 K. It occurs due to the dissipation pro-
cesses coming from interaction with acoustic phonons. At higher temperature the
spin-independent polariton-phonon interaction makes the dependence ℘c(℘p) quasi-
linear, as it should be expected. Indeed, in the case coherent nonlinearities play
negligible role, there is no transition between circular polarized components and the
polarization degree of the system should coincide with that of the pump.

Now let us account for the TE-TM splitting to see its effect on the polarization
multistability. The corresponding term removes the isotropy in the xy plane since
it acts as an effective magnetic field in +x direction. Consequently, the population
of each component n±~k becomes dependent not only on circular polarization of the
pump, but also on its in-plane component as can be seen from Eq. (2.87).

In Fig. 2.9, the dependence of the internal circular polarization degree of the system
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℘c is plotted as a function of the circular polarization degree of the pump ℘p for
three different in-plane angles θ between the in- plane pseudospin of the pump and
direction along the wire: axis Ox (see Fig. 1.7). Azimuthal angle θ comes in the
pumping Hamiltonian as the relative phase factor between the pumping amplitudes,
i. e. p+ = eiθp−. It is observed that relative phase drastically modifies the profile of
the ℘c(℘p) plot.

First, we note that a finite y-component of the pump pseudospin (θ 6= 0, π) destroys
the symmetry of the multistability curve with respect to the change of the sign
of circular polarization of the pump (see dotted green line). Also, comparing the
results for θ = 0 (+x direction) and θ = π (-x direction) cases, we see two quite
different polarization behaviors. This difference can be understood from the first
term of the kinetic equation (2.88) for ~S⊥, where the two cases (θ = 0 and θ = π)
give contributions with opposite signs. Therefore, the internal circular polarization
degree becomes highly sensitive to the choice of meridian on the surface of the
Poincaré sphere along which the circular polarization of the laser is changed between
σ+ and σ−. It should be noted, that for circularly polarized pump the effect of
rotation of pseudospin due to TE-TM splitting is invisible: for the used value Ω =
0.08 meV and circular polarized pump the effect of macroscopic self-trapping plays
major role [138, 139, 140, 141] and rotation of pseudospin is blocked. For reduced
values of circular polarization self-trapping regime is lost and effects of TE-TM
splitting become visible.

Let us finally analyze the combined effect of the TE-TM splitting and scattering
on phonons (in the rest of the calculations the in-plane component of the pump
pseudospin is taken along the +x direction, i.e., θ = 0). As it was shown before
in Fig. 2.8, in the absence of TE-TM splitting due to the dissipative nature of
polariton-phonon interactions the hysteresis behavior is washed out at 100 K. On
the other hand, if Ω 6= 0, as in Fig. 2.10, the bistable behavior can be recovered
and bistability phenomena can survive up to higher temperatures as compare to the
case Ω = 0. However, instead of two-stepped hysteresis loop shown in Fig. 2.9, we
observe only one-stepped behavior. This result suggests the transition from two-
independent modes dynamics (the two modes are the mode with σ+ and the mode
with σ− polarizations) to a single collective mode dynamics.

In fact, at some critical value of the TE-TM splitting, (around 0.1 meV in our
parameter regime), transition from high population state to low population state
of the one mode is always accompanied by the simultaneous transition from low
population state to high population state of the other mode and crossover from the
multistable behavior to the bistable occurs.

If one increases the value of the TE-TM splitting field even further, polaritons would
prefer to stay in quasi-linearly polarized state due to strong mixing of σ± modes,
even for pumping by the fully circularly polarized laser. This situation occurs at
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Ω = 1.5 meV in Fig. 2.10, where polaritons become highly linearly polarized even
at the values of ℘f = ±1 due to high value of the effective magnetic field in the +x
direction. The last term in Eq. (2.88) is responsible for this behavior. The particles
align their pseudospin parallel to the strong effective magnetic field to minimize the
total energy in the system. Meanwhile, the hysteresis behavior vanishes, and the
difference between the backward and forward swappings disappears.
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3. Microcavity as a source of THz
radiation

In the work [A4] we consider a nonlinear THz emission by the system of cavity
polaritons in the regime of polariton lasing. In order to account for the quantum
nature of THz-polariton coupling, we use the Lindblad master equation approach
and demonstrate that quantum microcavities reveal rich variety of nonlinear phe-
nomena in THz range, including bistability, short THz pulse generation and THz
switching. This chapter is mostly based on the result of this paper ([A4]), together
with the paper [131], where the idea to use semiconductor microcavities as a source
of THz radiation was initially formulated.

THz band remains the last region of electromagnetic spectrum which does not have
wide application in modern technology due to lack of solid state source of THz
radiation [142]. On the other hand, the search for an effective THz radiation source
and detector is one of the important challenges of modern applied physics [143]. In
fact, THz frequencies can easily overcome glass, wood or some sorts of ceramcs but
can be stopped by water ot metal only. Thus, medical and biochemical investigations
and security control applications can be organizad, which seems utmostly appealing.

Unfortunately, none of the existing THz emitters universally satisfies the application
requirements. For example, the emitters based on nonlinear-optic frequency down-
conversion are bulky, expensive, power consuming. Various semiconductor [144]
and carbon-based [145, 146] devices based upon intraband optical transitions are
compact but have a limited wavelength adjustment range and have a low quantum
efficiency.

The fundamental objection preventing creation of such source is small rate of spon-
taneous emission of the THz photons: according to the Fermi golden rule, this rate
is about tens of inverse milliseconds, while lifetime of the photoexcited carrier in the
solid typically lies in picosecond range due to the efficient interaction with phonons
[147, 148]. The attempted ways to improve this ratio is the use of the Purcell effect
[149, 150, 151, 152] in the THz cavities or the cascade effect in quantum cascade
lasers (QCL) [153, 154, 155]. However, till now the QCL in the spectral region
about 1 THz remain costly, short-living and, besides, even in this case cryogenic
temperatures are required to provide quantum efficiency of the order of one percent.
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3. Microcavity as a source of THz radiation

3.1. Terahertz frequency in a cavity. The Purcell
factor

Recently, it was proposed that the rate of spontaneous emission of THz photons
can be additionally increased by a bosonic stimulation, when the radiative transi-
tion occurs into a condensate state [131]. The example is a transition between the
upper and lower polariton branches in semiconductor microcavity in the regime of
polariton lasing. Radiative transition accompanied by emission of THz photon be-
tween upper and lower polariton modes originated from exciton and cavity modes
is forbidden, since initial and final exciton states of this transition are the same.
Nevertheless, such radiative transition become possible if upper polariton state is
mixed with exciton state of different parity. Amplification of spontaneous emission
by the Purcell effect together with bosonic stimulation increase the rate of spon-
taneous emission by many orders of magnitude, making it comparable with rate of
scattering by phonon which results in effective emission of THz radiation.

As was discussed in the previous chapters, in the strong coupling regime in a mi-
crocavity [35] the dispersion of the exciton-polaritons is composed of two bands
both having minima at zero in-plane wave vector ~k. At ~k = 0, the energy splitting
between the two branches approximately equals to ~ΩR, where ΩR is the optical
Rabi frequency, the measure of the light-matter coupling strength in a microcavity.
Typically, ~ΩR is of the order of several meV, which makes this system attractive for
THz applications. Stimulated scattering of exciton polaritons into the lowest energy
state leads to polariton lasing, recently observed in GaAs, CdTe and GaN based
microcavities [156, 157]. If the scattering from upper to lower polariton branch was
accompanied by emisson of THz photons, polariton lasers would emit THz radia-
tion, and this emission would be stimulated by the population of the lowest energy
polariton state. However, at the first glance, this process is forbidden: an opti-
cal dipole operator cannot directly couple the polariton states formed by the same
exciton state.

This obstacle can be overcome if one of the polariton states of interest is mixed
with an exciton state of a different parity, say, the e1-hh2 exciton state formed by
an electron at the lowest energy level in a QW and a heavy hole at the second
energy level in the QW. This state is typically a few meV above the exciton ground
state e1-hh1. By a proper choice of the QW width and exciton-photon detuning
in the microcavity it can be brought into resonance with the lowest energy upper
polariton state. Being resonant, the two states can be easily hybridised by any weak
perturbation, such as e.g. a built in or external electric field. The optical transition
between such a hybridised state and the lowest e1-hh1 exciton polariton state is
allowed.
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Figure 3.1: Scheme of the polariton THz emitter (shown not in scale). A planar
microcavity is embedded in the lateral THz cavity (from [131]).

We consider a model system shown in Fig. 3.1. It consists of a planar microcavity
in the strong coupling regime, placed inside a planar THz cavity, which additionally
enhances the rate of the emission of the THz photons. Together with the waveg-
uiding effect of microcavity structure, adding the lateral THz cavity would realize
an effective 3d confinement of the THz mode, giving rise to enhancement of spon-
taneous emission rate via the Purcell effect [149, 151, 152]. The eigenstates of the
system can be obtained from diaginalization of the Hamiltonian matrix, written in
the basis of the bright exciton, dark exciton and cavity photon:

H =

 E1,ex δε/2 ~ΩR/2
δε/2 E2,ex 0

~ΩR/2 0 Eph

 , (3.1)

where E1,ex, E2,ex and Eph are the energies of bright and dark excitons and the
cavity photon mode respectively, δε is a parameter describing the mixture between
the bright and dark exciton states due to the electric field ε normal to the QW
plane, δε ≈ eε

∫ +∞
−∞ uhh1(z)zuhh2(z)dz with uhh1(z) and uhh2(z) being the confined

wavefunctions of the ground and first excited states of the heavy hole in the QW.
One can easily estimate that in order to have δε larger than the upper polariton
linewidth, which is typically of the order of 0.1 meV, it is enough to apply an electric
(piezoelectric) field of 3 kV/cm in a 10 nm-wide quantum well. The diagonalization
of the Hamiltonian 3.1 allows finding the eigenenergies and eigenstates of the system.
In the case of ~ΩR, |Eex,2 −E1 − ~ΩR/2| � ~ΩR and zero detuning between bright
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exciton and photon modes (E1,ex = Eph = E1) the latter reads:

|L〉 ≈ 1√
2

(|1, ex〉+ |ph〉) ; (3.2)

|U+〉 ≈ 1√
1 + b2

−

[
1√
2

(|1, ex〉 − |ph〉) + b−|2, ex〉
]

; (3.3)

|U−〉 ≈ 1√
1 + b2

+

[
1√
2

(|1, ex〉 − |ph〉) + b+|2, ex〉
]

(3.4)

with

b± = δ−1
ε

[
E2 −

~ΩR

2
− E1 ±

√
(E1 +

~ΩR

2
− E2)2 + δ2

ε

]
. (3.5)

The indices L,U+, U− correspond to the lower polariton branch and two upper
branches formed due to the mixture between the upper polaritons |U〉 = (|1, ex〉 −
|ph〉)/

√
2 and dark excitons |2, ex〉. We underline that if δε 6= 0 both upper polariton

eigenstates |U−〉 and |U+〉 contain fractions of the bright exciton and photon and
of the dark exciton. This allows for their direct optical excitation as well as for
the radiative transition between the states |U1,2〉 and the lower polariton state |L〉
accompanied by emission of the THz photon.

The rate of the spontaneous emission, or the probability of radiative transition with
the emission of a photon, to the mode with the wavevector k and polarization,
determined by the unit vector eα, can be estimated from the Fermi golden rule:

WT =
2π

~

∫
|〈f |Êd̂|i〉|2ρ(Ei)ρ(Ef )ρ(Eph)δ(Ei − Ef − Eph)dEidEfdEph, (3.6)

where Ei, Ef and Eph are the energies of the initial and final states and the photon,
ρ-s are the energetic densities of states, Ê is the electric field operator in the place
where the dipole is located and d̂ is the dipole matrix element of the transition.
In case of the dipole in a homogenious medium, the electromagnetic field with the
wavevector k can be written in form:

Ê =

(
2π~ωk
V

)1/2

~eα

(
a~k,αe

−i~k~r + a†~k,αe
i~k~r
)
, (3.7)

where the spatial distribution of the field is determined by the factor ei~k~r and V is
the volume of quantization of the field. In the 3D case,

ρ3D ∼
ω2V

2π2~c3
, (3.8)

and the probability of spontaneous emission equals to

P =
2π

~
ω2

2π2~c3
V

2π~ω
V

e2|〈f |x|i〉|2 1

2π

∫ π

−π
sin3θdθ

=
4

3

e2ω3

~c3
|〈f |x|i〉|2, (3.9)
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where x is the coordinate and the same expressions can be found for y and z. If one
puts a microcavity in the quantization box, the function of density of states remains
unchanged, but the electric field operator would contain function u(r, Eph) instead of
the exponence. If ~r corresponds to the middle of the cavity, this function approaches√
Q in the diapason of frequencies ∆ω = ω0/Q close to the central frequency ω0,

and approaches zero beyound this diapason. Then,
∫
u2(r0, ω)dω ≈ ω0, and the

multiplication ρph(ω)u2(r0, ω) can be considered as the effective density of photon
states in the cavity. If the cavity is tuned at the transition energy, the density of
states is effectively increased for the chosen transition frequency. One can take the
function |〈f |Ê(Eph)d̂|i〉|2ρ(Eph) out of the integral as a slowlly-varying function and
finally obtain that the rate of the spontaneous emission of THz radiation can be
estimated from the Planck’s formula:

W±
T ≈

ω3|d±|2n
3πε0~c3

FP = W0Fp, (3.10)

where n is the refrective index of the cavity, and the dipole matrix element of the
optical transition with emission of a THz photon in plane of the cavity reads:

d± = e〈U ± |z|L〉 ≈ 16b±eLz

9π2
√

2 (1 + b2
±)
, (3.11)

where the last equality holds for a QW of width Lz with infinite barriers. The
term FP is the Purcell factor, which describes the enhancement of the rate of the
spontaneous emission of THz photons due to the presence of the THz cavity. The
principal effect of the cavity is to increase the electric field operator by the factor of√
Q within the frequency band ∆ω ≈ ω0/Q around the cavity resonance frequency

ω0, where Q is the quality factor of the cavity [151]. In the case of a narrow spectral
width of the electronic oscillator coupled to the cavity, this results in the Purcell
formula [149]:

Fp = ξQ, (3.12)

where ξ is a geometric factor inversely proportional to the cavity volume V (ξ ≈ 1
for V ≈ (λ/2)3, where λ is the radiation wavelength). In our case, the electronic
resonance is broadened due to short lifetimes of the initial (UP) and final (LP) states.
Applying the Fermi golden rule to the cavity tuned in resonance with a transition
between homogeneously broadened levels characterized by lifetimes τUand τL yields
the following generalization of the Purcell formula:

Fp = ξ

[
1

Q
+

1

ω0τU
+

1

ω0τL

]−1

. (3.13)

One can easily find that, for lifetimes of the electronic states of the order of 10−11

s, Fp cannot be greater than approximately 50, whatever high is Q. This estimate
agrees with experimental results of [152].
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3. Microcavity as a source of THz radiation

3.2. Kinetic equations for the occupation numbers

Generation of the THz emission by a microcavity in the polariton lasing regime can
in principle be described by a system of kinetic equations for the upper and lower
polariton states and the THz mode. Thus, we consider the following situation (see
Fig. 3.1): the hybridised upper states are resonantly optically excited. Created in
this way polaritons relax to the lower polariton states either directly, emitting THz
photons, or via a cascade of k 6= 0 states of the lower polariton mode (acoustic
phonon assisted relaxation). Considering the degenerate states |U+〉 and |U−〉 as
a single upper polariton state |U〉, as well as all ~k 6= 0 states as a single reservoir
[160], the rate equations read

∂tNU = P −
(

1

τU
+

1

τR

)
NU (3.14)

+W [NLN(NU + 1)−NU(NL + 1)(N + 1)] ;

∂tNL = − 1

τL
NL +

1

τLR
NR (3.15)

+W [NU(NL + 1)(N + 1)−NLN(NU + 1)] ;

∂tNT = − 1

τT
N (3.16)

+W [NU(NL + 1)(N + 1)−NLN(NU + 1)] ;

∂tNR = − 1

τR
NR −

1

τLR
NR(NL + 1) +

1

τUR
NU . (3.17)

where NU , NL, NR, NT are the populations of the upper polariton modes, lower po-
lariton mode, the reservoir of ~k 6= 0 states of the lower polariton mode and the THz
photon mode, respectively, τU , τL, τR, τT are the lifetimes of these states, τUR and
τLR are the rates of acoustic phonon assisted transitions between the upper polariton
mode and the reservoir and between the reservoir and the lowest energy polariton
state, respectively, P is the rate of polariton generation in the upper mode due to
the optical pump, W is a rate of THz emission given by Eq. 3.10. In the stationary
regime, the occupation number of the THz mode can be found from the solution of
the above set of equations putting ∂tNU = ∂tNL = ∂tN = ∂tNR = 0.

Figure 3.2 shows the dependence of the quantum efficiency parameter β = N/PτT
on the pumping rate P . The parameters used in this calculation are: τU = τL = 20
ps, τR = 100 ps, τUR = τLR = 10 ps, τT/Q = 10 ps, W0 = 10−9 ps−1. One can see
that for the realistic choice of parameters corresponding to the existing polariton
lasers [156, 157] the quantum efficiency achieves β = 1− 1.5%.

Finally we note, that the mechanism of THz emission considered here is qualitatively
different from one used in quantum cascade lasers embedded in THz cavities [158].
Effectively, here the THz emission is stimulated by the population of the lowest
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3.2. Kinetic equations for the occupation numbers

Figure 3.2: Quantum efficiency of the THz emitter as a function of the pump inten-
sity P and a quality factor of the THz cavity Q. Black line shows the dependence
of the optimum value of Q on pump intensity.

energy polariton state, which provides quite high quantum efficiency compared with
the best commercially available quantum cascade lasers. Semiconductor microcav-
ities in the regime of polariton lasing may be used as efficient sources of the THz
radiation having a quantum efficiency exceeding 1% according to the estimations.

Using the semiclassical Boltzmann equations approach, described above, it is pos-
sible to describe some of the properties of the system. However, the approach
cannot provide us with the correct description of coherent interaction of polaritons
with THz photons, and hence development of a more exact quantum formalism is
needed. The most substantial drawback is that we ignored the Coulomb interaction
between the electrons and holes, (in exciton-polaritons) and ignored the correla-
tions between different quantum states. In other words, we ignored the interaction
between polaritons themselves.
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3. Microcavity as a source of THz radiation

3.3. Quantum description of dynamics. Correlators
between states.

It is well known that strong polariton-polariton interaction in microcavities makes
it possible to observe the pronounced nonlinear effects even for relatively weak in-
tensities of the pump (orders of magnitude smaller then in other optical nonlinear
systems). Among them are polariton superfluidity [26], bistability and multistabil-
ity [136, 130], soliton formation [159] and others. One can expect that polariton-
polariton interactions will as well strongly affect the process of the THz emission.

Thus, now we are aimed at building such a formalism, accounting for the following
physical processes: coherent polariton-THz photon interaction, polariton-polariton
interaction leading to the blueshift of the polariton modes and coupling of the po-
laritons with acoustic phonons. Development of such description is timely in light
of intensive studies of ultrastrong light-matter coupling [161, 162], single cycle THz
generation [163, 164], intersubband cavity polariton [164, 158] and control of the
phase of THz radiation [165, 166] in both inorganic and organic structures.

We consider a model system consisting of a lower polariton state with energy EL,
an upper hybrid state with energy EU , a THz cavity mode with energy ET and
an incoherent polariton reservoir coupled with upper and lower polariton states
via phonon-assisted process (see Fig. 3.3). The Hamiltonial of the system written in
terms of the operators of secondary quantization for upper polaritons (aU , a†U), lower
polaritons (aL, a†L), THz photons (c, c+), reservoir states (aR~k, a

+

R~k
) and acoustic

phonons (b~k, b
+
~k
) can be represented as a sum of four terms,

H = H0 +HP +HT +HR. (3.18)

The first term

H0 = ELa
+
LaL + EUa

+
UaU + ET c

+c+
∑
~k

E~ka
+

R~k
aR~k (3.19)

corresponds to the energy of uncoupled upper and lower polaritonic states, THz
mode and polariton reservoir.

The second term

HP = ULLa
+
La

+
LaLaL + UUUa

+
Ua

+
UaUaU + (3.20)

+2UULa
+
UaUa

+
LaL +

∑
~k

(
ULRa

+
LaL + UURa

+
UaU

)
a+

R~k
aR~k

describes polariton-polariton interaction. The interaction constants can be esti-
mated as Uij = X2

iX
2
jU0, where Xi are the Hopfield coefficients giving the percent-

age of the exciton fraction in the polariton states. XU and XL are determined by
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Figure 3.3: The scheme of the transitions in the THz emitting cavity. The upper
polariton is mixed with dark exciton state due to the application of the gate voltage
Vg. The radiative transition between this upper hybrid state |U〉 and lower polari-
ton state |L〉 thus becomes possible. Upper hybrid and lower polariton states are
also connected with an incoherent reservoir of the polaritons via phonon- assisted
process.

cavity geometry, and we took XR = 1 supposing that the reservoir is purely exci-
tonic. The matrix element of the exciton- exciton scattering can be estimated as
U0 ≈ 6EBa

2
B/S with EB and aB being the exciton binding energy and Bohr radius

respectively, and S is the area of the system [167].

The third term

HT = VT (a+
UaLc+ aUa

+
Lc

+) (3.21)

describes radiative THz transion between the upper and lower polariton states. The
matrix element of the THz emission can be estimated using a standard formula for
the coupling constant of the dipole transition with confined electromagnetic mode,
VT = ω2d

√
~n/2π3ε0c3, where d is a dipole matrix element of the radiative transition

and n is a refrective index of the THz cavity (See e.g. [97]).

Interaction between the upper and lower polariton states and the incoherent reservoir
is described by the fourth term,

HR = H†R +H−R (3.22)

= D1

∑
~k

(
aUa

+

R~k
b+
~k

+ a+
UaR~kb~k

)
+D2

∑
~k

(
aLa

+

R~k
b~k + a+

LaR~kb
+
~k

)
where b+

~k
and b~k denote operators of creation and annihilation of phonons with the

wavevector ~k, D1 and D2 are the polariton-phonon interaction constants.
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Figure 3.4: Time evolution of THz photons number at zero temperature for different
pumps: 4500 ps−1 (red), 5000 ps−1 (green), 5500 ps−1 (blue) and 6000 ps−1 (black).
Inset shows evolution of THz photons number for the constant pump P = 6 103

ps−1 for different temperatures: 1 K (red), 10 K (green) and 20 K (blue/dash-
dotted).

Keeping in mind that interactions described by H0,HP , HT are of coherent nature,
while phonon assisted interactions HR with reservoir destroy coherences, the dy-
namics of the density matrix of the system χ is described by the Lindblad master
equation, analogical to those obtained in A1,A2 (see also Appendix II).

∂χ

∂t
=

i

~
[χ;H0 +HP +HT ] (3.23)

+
δ∆E

~
{

2
(
H+
RχH

−
R +H−RχH

+
R

)
−

(
H+
RH

−
R +H−RH

+
R

)
χ− χ

(
H+
RH

−
R +H−RH

+
R

)}
+

1

2τL
L̂aL +

1

2τD
L̂aD +

1

2τR
L̂aR +

1

2τ
L̂c +

P

2
L̂a+U

+
I

2
L̂c+ ,

where L̂A is the Lindblad operator defined by the formula L̂A = 2AρA− − A+Aρ−
ρA+A and τL, τU , τR and τ are lifetimes of lower polaritons, upper polaritons,
polaritons in the reservoir and THz photons, and P and I are pumping intensities
of the upper polariton state and THz mode. The delta function δ∆E denotes the
conservation of energy in the process of the phonon scattering. The first line accounts
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3.3. Quantum description of dynamics. Correlators between states.

for the coherent processes in the system, the second and third lines correspond to
the phonon-assisted coupling to the incoherent reservoir of the polaritons, the last
line accounts for pump and decay.

150
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)

Figure 3.5: Dependence of occupancy of the THz mode on pump in equilibrium state
for different temperatures: 1 K (red), 10 K (green) and 20 K (blue). Illustration
of the bistability and hysteresis.

The equations for the populations of the polariton states and THz photons can be
obtained by taking traces of equation (6)

∂tni = Tr

(
n̂i
∂ρ

∂t

)
(3.24)

Using the mean field approximation, one gets the closed system of dynamic equations
for the occupancies nL = 〈a+

LaL〉, nU = 〈a+
UaU〉, nR~k = 〈a+

R~k
aR~k〉 and n = 〈c+c〉

connected by the correlators αLU = 〈a+
LaUc

+〉, αUL = 〈aLa+
Uc〉 = α∗LU ,

∂tnL = −2
VT
~
Im (αUL)− nL

τL

+ W2

∑
~k

{(nL + 1)nR~k

(
nph~k + 1

)
− nL

(
nR~k + 1

)
nph~k }; (3.25)
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3. Microcavity as a source of THz radiation

∂tnU = 2
VT
~
Im (αUL)− nU

τU
+ P

+ W1

∑
~k

{(nU + 1)nR~kn
ph
~k
− nU

(
nR~k + 1

) (
nph~k + 1

)
}; (3.26)

∂tnR~q = −nR~q
τR

+ W1

∑
~k

{nU
(
nR~k + 1

) (
nph~k + 1

)
− (nU + 1)nR~kn

ph
~k
}

+ W2

∑
~k

{nL
(
nR~k + 1

)
nph~k − (nL + 1)nR~k

(
nph~k + 1

)
}; (3.27)

∂tn = −2
VT
~
Im (aUL)− n

τ
+ I; (3.28)

∂tαUL =
i

~

(
ẼU − ẼL − ET

)
αUL −

aUL
τcorr

+ i
VT
~
{(nU + 1)nLn− nU (nL + 1) (n+ 1)}+

+ {W1

∑
~k

(
−nR~k − n

ph
~k
− 1
)

+W2

∑
~k

(
nR~k − n

ph
~k

)
}aUL. (3.29)

In the above expressions τ−1
corr = τ−1

L + τ−1
U + τ−1

R + τ−1, VT ≈ 1 µeV is a coupling
constant between polaritons and THz photons andW1,2 ≈ 2 ps−1 are transition rates
between the reservoir and upper/lower polariton states determined by the polariton-
phonon interaction constants using Fermi golden rule, W1,2 ∼ |D1,2|2. Note, that
chatracteristic time of the THz photon emission is about three orders of magnitude
smaller than characheteristic time of the scattering with an acoustic phonon.

However, THz emission rate is dramatically inhanced by a bosonic stimulation for
sufficiently strong pumps. nph~k gives the occupancies of the phonon mode determined
by the Bose distribution function. For simplicity of the calculations, let us consider
the reservoir consisting on N identical states (N = 3 · 105). Note, that if coherent
interaction is switched off by equating corelators dαUL/dt = 0 the system of the
equations we use transforms into the system of the Boltzmann equations considered
above.

The corrected energies of the upper and lower polariton states accounting for their
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3.3. Quantum description of dynamics. Correlators between states.

blueshifts arising from the polariton-polariton interactions read

ẼU = EU + 2

UUUnU + UULnL + UUR
∑
~k

nR~k

 ; (3.30)

ẼL = EL + 2

ULLnL + UULnU + ULR
∑
~k

nR~k

 . (3.31)

Due to the difference in the Hopfield coefficients for the upper and lower polariton
states, the difference ẼU − ẼL depends on the polariton concentrations and thus
is determined by the intensity of pump P . This dependence can have important
consequencies, allowing for the onset of the bistability in the system (see below).

Consider a planar GaAs microcavity operating in strong coupling regime with Rabi
splitting ΩR between the upper and lower polariton modes equal to 16 meV (which
corresponds to 4 THz) and embedded into a THz cavity with eigen frequency slightly
detuned from ΩR and quality factor Q = 100 [168, 169]. Let us assume, that initially
the system is characterized by zero population of polaritons and THz photons. When
the constant non-resonant pumping of the upper polariton state is switched on, the
number of THz photons n starts to increase until it reaches some equilibrium level,
defined by the decay of polaritons and escape of THz radiation as shown in Fig. 3.4.
Inset illustrates temperature dependance of n (t) for temperatures in range 1-20 K.

Equilibrium value of the THz population n demonstrates threshold-like behaviour
as a function of pumping P . For high enough temperatures, below the threshold the
dependence of n on P is very weak. When pumping reaches the certain threshold
value, polariton condensate is being formed in the lower polariton state, radiative
THz transition is being amplified by bosonic stimulation, and the occupancy of
the THz mode increases superlinearly together with the occupancy of the lower
polariton state nL (Fig. 3.4, blue curve). This behavior is qualitatively the same
as in the approach operating with the semiclassical Boltzmann equations. However,
lowering of the temperature leads to the onset of the bistability and hysteresis in the
dependence n(P ). The bistable jump appears when the intensity of the pump tunes
ẼU − ẼL into resonance with the cavity mode ET . The parameters of the hysteresis
loop strongly depend on temperature (Fig. 3.5). For 1K, it is very pronounced and
broad. The increase of the temperature leads to the narrowing of the hysteresis
loop, until it disappears completely at T ≈ 20K.

Coherent nature of the interaction beween excitons and THz photons make possible
the periodic exchange of the energy between polaritonic and photonic modes and
oscillatory dependence of the THz signal on time. Fig. 3.5 shows temporal evolution
of the occupancy of the THz mode after excitation of the upper polariton state by
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Figure 3.6: Terahertz photons number dynamics after a short pumping pulse at about
t = t0 for different temperatures: 1 K (red line), 10 K (green) and 20 K (blue),
background pump is switched off. Lifetime τ = 50 ps (main plot) and different on
the inset: 15 ps (red), 20 ps(green) and 25 ps(blue).

a short pulse with duration of 2 ps. It is seen that the occupancy of the THz modes
reveals a sequence of short pulses having duration of dozens of ps with amplitude
decaying in time due to escape of the THz photons from the cavity and radiative
decay of polaritons. The period of the oscillations is sensitive to the number of
injected polaritons N0 and decreases with the increas of N0. If the lifetime of po-
laritons is less than the period of the oscillations, single pulse behaviour can be
observed as shown in the inset of Fig. 3.6. Appropriate choice of parameters can
ultimately lead to generation of the THz wavelets composed of one or several THz
cycles, which make polariton-THz system suitable for application in a sort pulse
THz spectroscopy.

If the system of coupled THz photons and cavity polaritons is in the state corre-
sponding to the lower branch of theS-shaped curve in the bistability region, illu-
mination of the system by a short THz impulse I(t) can induce its switching to
the upper branch, as it is demonstrated in Fig. 3.7. One sees, that the response
of the system is qualitatively different depending on the value of the pumping P .
If P lies outside the bistablity area, the application of THz pulse leads to a short
increase of n but subsequently the system experiences relaxation and returns to its
original state (red and blue curves). However, when the system is in the bistability
regime switching occurs. Note that this effect is of quantum nature and cannot
be describes using the approach based on the semiclassical Boltzmann equations
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Figure 3.7: System response on a short single impuls (FWHM= 40 ps, black/dotted
curve) for different values of the background pump: 4600 ps−1 (red), 5750 ps−1

(green), 6500 ps−1 (blue). Switching occurs only when the background pump cor-
responds to the bistable region (compare with Fig. 2).

developed in Ref.[131].
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microcavity

Let us assume that one has a QD embedded in a microcavity and switches on inco-
herent pumping of the photonic mode. After some time an equilibrium is established
and a steady state (SS) is reached. It means that the increase of photon number
provided by external pumping is balanced by escape of photons from the cavity. In
this regime, one can measure the emission spectrum, i.e. the intensity of the flux of
the photons going out from the cavity as a function of their frequency.

4.1. Dissipative evolution of the two-level system

In quantum optics, the standard way to consider the processes involving external
pumping and decay is based on using the master equation for the full density matrix
of the system ρ (see, e.g., Ref.[35]) which can be represented in the following form:

∂tχ =
1

i~
[H;χ] + Lχ. (4.1)

In the first term on the right-hand side of the equation, H stands for the Hamiltonian
describing coherent processes in the system, and the symbol L denotes the Lindblad
superoperator accounting for pump and decay. In the case we consider, Ĥ is given
by the expression (4.8), while the Lindblad term reads:

Lχ = P
(
aχa† + a†χa− a†aχ− χaa†

)
+

γph
2

(
2aχa† − χa†a− a†aχ

)
+

γQD
2

(
2σχσ+ − χσ+σ − σ+σχ

)
. (4.2)

Here P is the intensity of the incoherent pump of the cavity mode, γph and γQD
are broadenings of photonic and excitonic modes, respectively (the latter is taken
zero in all calculations below). Equation (4.1) represents a set of linear ordinary
differential equations for matrix elements of the density matrix ρ. In our numerical
analysis we will use the basis

|g, n〉, |e, n〉 (4.3)
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that gives us a following system of equations, which can be written in short matrix
notation as

∂tχ
ab
ij =

∑
k,l;c,d

Mabcd
ijkl χ

cd
kl . (4.4)

Here the superscripts a, b, c, d read either g or e (ground or excited state of the QD)
and subscripts i, j, k, l correspond to the number of the photons in a cavity.

4.2. Spectrum of the atom-microcavity system

Numerical solution of the system of equations (4.4) allows to find the full density
matrix of the system in stationary state, χSSij , which allows to determine the prob-
abilities of the occupancies of different quantum states of the coupled QD - cavity
system as functions of the intensity of the external pump. As well, it allows to find
the shape of the emission spectrum of the system. This possibility is considered in
Chapter 5.

Here we start with the relatively simple model based on the modified Fermi golden
rule, considering the isolated QD - cavity system. Its eigenstates can be found by
diagonalization of the Hamiltonian (4.8). This procedure can in pronciple be per-
formed analytically for the cases of weak asymmetry and large photonic occupation
numbers. However, in the general case ,a numerical analysis is needed. Let the
system is in a pure state corresponding to one of its eigenstates. Then, according to
the Fermi golden rule, we can estimate the emission spectrum as:

S(ω) ∼
∑
f

|〈ψf , 1R|Ĥex|ψi, 0R〉|2℘(ω)
γ2
ph

(Ef − Ei − ~ω)2 + γ2
ph

(4.5)

∼ |aif |2℘(ω)
γ2
ph

(Ef − Ei − ~ω)2 + γ2
ph

,

where the symbols ψf , ψi denote the final and initial eigenstates of the Hamiltonian
(4.8), 0R and 1R describe zero- and one-photon states of the reservoir, Ĥex is the
Hamiltonian of the coupling between the cavity and reservoir [see Eq. (1.67)], ℘(ω)
is the density of states in the reservoir, aif = 〈ψi|a|ψf〉. The Lorentzian factor
accounts for the broadening of the state (γph), provided by finite lifetime of cavity
photons.

If the system is in the mixed state, the spectrum (4.5) can be estimated as a sum
over all possible initial states taken with corresponding probabilities Pi,

S(ω) ∼ 2π

~
∑
if

Pi|afi|2℘(ω)
γ2
ph

(Ef − Ei − ~ω)2 + γ2
ph

. (4.6)
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Parameters Pi entering into the above expression are nothing but diagonal matrix
elements of the density matrix in the stationary state written in the basis of eigen-
states of the Hamiltonian (4.8), Pi = ρ̃SSii . The matrix ρ̃SS can be found by an
unitary transformation of the stationary density matrix in the basis (|g, n〉, |e, n〉)
obtained from solution of Eqs. (4.4).

4.3. Hamiltonian of the system and the dipole
interaction

As was discussed in the Introduction, one can model a QD as a two-level quan-
tum system with the ground state |g〉 and excited state |e〉 with energies Eg and
Ee, respectively. The QD is placed inside a cavity and interacts resonantly with
confined electromagnetic mode of the frequency ωc. We derived the Hamiltonian
of interaction between the cavity mode and the quantum dot Ĥint in the case of a
symmetric QD, when the matrix elements ~dee and ~dgg are zero. Due to the breaking
of inversion symmetry in asymmetric QDs, the dipole matrix elements appear to be
nonequivalent, ~dee 6= ~dgg. This leads to new physical effects discussed hereafter.

In more general form (with account for possible asymmetry) the interaction Hamil-
tonian can be written as

Hint = −~d ~E
= gR

(
a+ a†

)
(σ+ + σ−) + gS

(
a+ a†

)
(σz + I)

≈ gR
(
aσ+ + a†σ−

)
+ gS

(
a+ a†

)
(σz + I) . (4.7)

The coupling parameter gS = −(dee·e)
√

~ωc/4ε0V , describes the symmetry-dependent
interaction. For definiteness, we assume it to be real. We put dgg = 0, which can
be justified for nonferroelectric QDs. Indeed, asymmetry of such QDs is provided
by peculiar shape and/or an external electric field. Due to it, the matrix element
dgg is proportional to the size of the elementary cell of the crystal lattice, while the
matrix element dee is proportional to the size of the QD. As a result, in realistic QDs
one has dee � dgg. To pass from the second line to the third line in Eq. (4.7), the
rotating-wave approximation [97, 98] was applied and we dropped the anti-resonant
terms proportional to a†σ+ and aσ−.

The full Hamiltonian of the system reads

H = ~ωca†a+
∆

2
σz + gR

(
aσ+ + a†σ−

)
+ gS

(
a+ a†

)
(σz + I) . (4.8)

In the case of a symmetric QD, the coupling parameter gS equals zero. Then
Eq. (4.8) reduces to the Hamiltonian of the fully solvable Jaynes-Cummings model,
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4. Asymmetric quantum dot in a microcavity

discussed in details in the Introduction in Section, devoted to the 0D objects in
microcavities. We will use the results from there in order to omit repetitions in
equations and text. It should be noted, that in symmetric case (gS = 0) the tran-

Figure 4.1: Schematics of the light scattering in a two-level system with broken
inversion symmetry in the vicinity of one of the possible resonances ω0. (Figure
is taken from [170])

sitions at the Rabi frequency ΩR = 2gR/~ are forbidden. Indeed, the transitions
would occur between electron-photon states with the same number of excitations,
nf = ni, that is not allowed by Eq. (4.7). However, these transitions become pos-
sible for asymmetric QDs, i.e. when the full Hamiltonian (4.8) contains the term
gS
(
a+ a†

)
(σz + 1) [170]. Since for realistic microcavities the Rabi frequency ΩR lies

in the THz range, such transitions form the physical basis for using the considered
system as a tunable source of THz radiation.

4.4. Analytical solutions

4.4.1. Analytical solution I: weak asymetry

First of all, let us consider analytically the case of weak asymmetry. Then the
Hamiltonian (4.8) can be represented as a sum of two parts

H = HJC + V̂ , (4.9)

where
HJC = ~ωca†a+

∆

2
σz + gR(aσ+ + a†σ−) (4.10)

is the Jaynes-Cummings Hamiltonian, and

V̂ = gS(a+ a†)(σz + I) (4.11)
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4.4. Analytical solutions

is the term arising from the asymmetry of the QD. Considering the term (4.11)
as a small perturbation and using the standard first-order perturbation theory, the
corrected wavefunctions of the system can be written as

|ψ±n 〉 = |ψ±(0)
n 〉+

∑
m

∑
α=±

V ±αnm

ε
±(0)
n − εα(0)

m

|ψα(0)
m 〉, (4.12)

where |ψ±(0)
n 〉 are the unperturbed eigenfunctions (1.62), ε±(0)

n are the corresponding
eigenenergies (1.66), and V ±αnm = 〈ψ±(0)

n |V̂ |ψα(0)
m 〉 are the matrix elements of the

perturbation (4.11).

It is easy to see that these matrix elements are different from zero only if m =
n ± 1, and thus states with n, n − 1 and n + 1 excitations become mixed by the
asymmetry of QD. This mixture leads to the opening of the optical transitions
|ψ+
n 〉 → |ψ−n 〉 at the frequencies ΩR

√
n. As well, transitions at double frequencies

of the cavity 2ωc ± ΩR(
√
n+ 1 ±

√
n)/2 become opened. The allowed transitions

are shown schematically in Fig. 4.2. Since Rabi frequency ΩR lies typically in the

Figure 4.2: Optical transitions in the asymmetrical QD coupled with the cavity mode.

THz range, asymmetric QD-cavity system can be used as a nonlinear THz emitter.
Using Eqs. (1.69) and (4.12), we obtain the intensity of THz transitions as follows:

Iif ∼ |〈ψ−n |a|ψ+
n 〉|2,

where

〈ψ−n |a|ψ+
n 〉 =

=
V −+
n−1,n

ε
−(0)
n − ε+(0)

n−1

(√
nA+

n−1A
+
n +
√
n− 1B+

n−1B
+
n

)
+

V +−
n+1,n

ε
+(0)
n − ε−(0)

n+1

(√
n+ 1A−nA

−
n+1 +

√
nB−nB

−
n+1

)
,
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4. Asymmetric quantum dot in a microcavity

with coefficients A±n and B±n given by expressions (1.63) and (1.64), respectively.

4.4.2. Analytical solution II: big photon numbers

One can also consider analytically another physical situation: the asymmetry is
no longer assumed to be a weak perturbation, but photon occupation numbers are
supposed to be large, n � 1 . This limiting case corresponds to the classical
electromagnetic field in the cavity. Let us represent the full Hamiltonian (4.8) as a
sum of the “diagonal” part,

Hd = ~ωca†a+
∆

2
σz + gS

(
a+ a†

)
(σz + I) , (4.13)

and the “off-diagonal” part,

Hod = gR
(
aσ+ + a†σ−

)
. (4.14)

The Hamiltonian (4.13) does not commute with the excitation number operator
(1.65), but commutes with the Pauli matrix σz. This means that eigenstates of the
Hamiltonian (4.13) can be represented as:

|ψgn〉 =
∞∑
k=0

Cg
nk|g, k〉, (4.15)

|ψen〉 =
∞∑
k=0

Ce
nk|e, k〉. (4.16)

After substituting the expressions (4.15), (4.16) into the Schrödinger equation Ĥd|ψg,en 〉 =
εg,en |ψg,en 〉 with the Hamiltonian (4.13), we obtain the system of algebraic equations
for coefficients Cg,e

nk :
[~ωck −∆/2− εgn]Cg

nk = 0 (4.17)

for k = 0, 1, 2, ..,

[~ωck + ∆/2− εen]Ce
nk + 2gS

√
k + 1Ce

n,k+1 = 0 (4.18)

for k = 0, 1,

[~ωck + ∆/2− εen]Ce
nk

+2gS

(√
k + 1Ce

n,k+1 +
√
kCe

n,k−1

)
= 0 (4.19)

for k = 2, 3, 4, ...
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4.4. Analytical solutions

The solutions of Eqs. (4.17) are evident:

εgn = ~ωcn−
∆

2
,

Cg
nk = δnk. (4.20)

As for Eqs. (4.19), in the limiting case k � 1 they are similar to the well-known
recurrent expression for the Bessel function of the first kind:

2mJm(x) = xJm−1(x) + xJm+1(x), (4.21)

where m is an integer and x is the argument of the Bessel function of the first kind,
Jm(x). Therefore, we can write the solutions of Eqs. (4.19) for k � 1 as:

εen = ~ωcn+
∆

2
;

Ce
nk = Jk−n(xk) , (4.22)

where xk = −4gS
√
k/~ωc. It should be noted that the solutions (4.22) satisfy

Eqs. (4.18)–(4.19) for small integers k ∼ 1 as well, since

lim
n→±∞

Jn(x) = 0.

As a result, for large photon occupation numbers n the eigenfunctions (4.15)–(4.16)
take the form

|ψgn〉 = |g, n〉, (4.23)

|ψen〉 =
∞∑
k=0

Jk−n(xk)|e, k〉. (4.24)

Let us make n and V tend to infinity while keeping n/V constant. This limiting
case corresponds to the conventional model of an intense laser-generated field [171].
Then xn = (dee · e)En/~ωc, where En =

√
2n~ωc/ε0V is the classical amplitude of

the field. Therefore, in the case of the most relevant physical situation with xn � 1,
the eigenfunctions (4.24) can be estimated as |ψen〉 ≈ |e, n〉 since Jk−n(0) = δk,n.
This allows to seek eigenfunctions of the full Hamiltonian Ĥ = Ĥd + Ĥod as a
superposition (linear combination) of the functions (4.23) and (4.24). Substituting
this superposition ψ±n into the Schrödinger equation Ĥ|ψ±n 〉 = ε±n |ψ±n 〉, we can find
the energy spectrum ε±n of the coupled electron-photon system. Particularly, for the
resonance case (∆ = ~ωc) this linear combination is:

|ψ±n 〉 =
1√
2

(|ψen〉 ± |ψ
g
n+1〉), (4.25)

and the corresponding energies are:

ε±n = ~ωcn+ εe ±
~Ω′R

2
, (4.26)
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4. Asymmetric quantum dot in a microcavity

where Ω′R = (deg · e)En/~ is the Rabi frequency for the classically strong elec-
tromagnetic field. It follows from the expressions (4.23)–(4.25) that the states
with all possible numbers of excitations become intermixed. This means that all
transitions |ψ±n 〉 → |ψ±m〉 are allowed and emission spectrum contains frequencies
(n−m)~ωc±Ω′R. However, the intensity of the transitions decreases with increasing
(n − m) because of decreasing the Bessel functions Jk(x) with increasing k [170].
Therefore, most intensive ones correspond to those depicted at Fig. 4.2. This agrees
with the results obtained above in the frameworks of perturbation theory for the
weak asymmetry case.

It should be noted, that there is no analytical solution for arbitrary photon occu-
pation numbers of the cavity mode and arbitrary asymmetry strength. To study
physically relevant situations outside the obtained analytical solutions as well as
to calculate the shape of the emission spectrum, we need to apply the numerical
approach discussed in the next Section.

4.5. Numerical approach and the Quantum
regression formula

The discussion above was dedicated to the analytical calculation of the energy spec-
trum of the system. In two limiting cases corresponding to weak asymmetry and
large photon occupation numbers we were able to find the emission frequencies. How-
ever, even in these cases our treatment did not allow the calculation of the shape
of the emission spectrum as a function of the intensity of the external pump. Now
we shall calculate it numerically, using the approach based on the master equation
techniques.

As was discussed, the processes involving external pumping and decay can be cast
using the master equation for the full density matrix of the system. χ:

∂tχ =
1

i~
[H;χ] + Lχ

with Ĥ being the Hamiltonian describing coherent processes in the system, and L
denotes the Lindblad superoperator accounting for pump and decay. Finally, we
obtain the system of linear equations in matrix form:

∂tχ
ab
ij = Mabcd

ijkl χ
cd
kl ,
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4.5. Numerical approach and the Quantum regression formula

or, in the explicit form:

∂tχ
ab
ij = ~ωc(i− j)χabij +

∆

2

[
(−1)δag − (−1)δbg

]
χabij (4.27)

+ gR

(√
i+ 1δaeχ

ab
i+1,j +

√
iδagχ

ab
i−1,j −

√
jδbgχ

ab
i,j−1 −

√
j + 1δbeχ

ab
i,j+1

)
+ gS

(√
i+ 1δaeχ

ab
i+1,j +

√
iδaeχ

ab
i−1,j −

√
jδbeχ

ab
i,j−1 −

√
j + 1δbeχ

ab
i,j+1

)
· 2

+
P

2

(
2
√

(i+ 1)(j + 1)χabi+1,j+1 + 2
√
ijχabi−1,j−1 − (2i+ 2j + 2)χabi,j

)
+

γph
2

(
2
√

(i+ 1)(j + 1)χabi+1,j+1 − (i+ j)χabi,j

)
+
γQD

2

(
2χabi,jδagδbg − ρabi,jδae − χabi,jδbe

)
.

(Here the superscripts a, b, c, d are either g or e - ground or excited state of the
QD - and subscripts i, j, k, l correspond to the number of the photons in a cavity.)
In principle, they can take values from zero to infinity, but for numerical analysis
truncation of the matrix is needed. The stronger the pump, the more states should
be taken into account. The natural way to control the accuracy of the truncation is
to check the conservation of the trace of the truncated density matrix.

Once we know χSSij , further we can determine the probabilities of the occupancies
of different quantum states of the coupled QD - cavity system as functions of the
intensity of the external pump. As well, χ allows to find the shape of the emission
spectrum of the system. To pursue this latter task, we used two approaches [A5]. A
relatively simple model based on the modified Fermi golden rule has been considered
in the Introduction. The described phenomenological approach for calculating the
emission spectrum has one substantial drawback. Namely, we assume the peaks
in the spectrum to be Lorentzians which is not always guaranteed [97, 172, 173].
In general, according to the Wiener-Khintchine theorem [94], the spectrum of the
emission from the system can be calculated as a Fourier transform of two-time
correlator,

S(ω) ∼ lim
t→∞
R
∫ ∞

0

〈a†(t+ τ)a(τ)〉eiωτdτ. (4.28)

Generally, the calculation of two-time correlators is a complicated task which cannot
be solved exactly. However, it is well-known from literature [97, 94] that the using
of certain general assumptions about the behavior of the system allows to reduce
the calculation of two-time correlators to calculation of one-time correlators within
the framework of the the quantum regression theorem (QRT) [174]. This means
that the spectrum can be calculated straightforwardly from the density matrix of
the system in stationary state. For the system we consider in the present paper, the
approach based on the QRT results in the formula:

S(ω) =
1

π
R

∑
i,j,k,l;a,b

[(M + i~ωI)−1]a,bij,kl(χ
ab(SS)
km )almaji, (4.29)

where M is the matrix defined in Eqs. (4.4), (4.27), I is the unity matrix. It should
be noted, that the expression above is valid for any choice of the basis.
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4. Asymmetric quantum dot in a microcavity
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Figure 4.3: Emission spectrum of the asymmetric QD-cavity system calculated using
the Fermi golden rule. In optical diapason close to the eigenfrequency of the cavity
standard quadruplet structure is revealed. In the range of frequencies close to the
Rabi frequency additional set of emission peaks appears. They are provided by
asymmetry of the QD and are absent in a symmetric case. The parameters of
the calculation are: γph = γQD = 0.1 meV; P ≈ 0.15 meV; ~ωc = ∆ = 1 eV;
gR ≈ gS ≈ 1 meV.

4.6. Discussions: emission spectra and terahertz
frequencies

The emission spectrum of the system, calculated using the phenomenological ap-
proach based on the Fermi golden rule, is presented in Fig. 4.3. One sees that in the
region of the frequencies close to the eigen frequency of the cavity (coinciding with
the frequency of optical transition in QD, ~ωc = ∆) the spectrum reveals a quadru-
plet pattern. The appearance of the additional multiplets is not visible in the linear
scale, but becomes apparent in logarithmic scale as it is seen in Fig. 4.4. These re-
sults are in good qualitative agreement with those obtained earlier for the symmetric
QDs in strong coupling regime [100]. This is not surprising, since main difference
in the emission from symmetric and asymmetric QDs appears at the regions around
the Rabi frequency and the double frequency 2ωc.

The insets in Figs. 4.3, 4.4 show the emission pattern at THz range about ΩR. In
full agreement with results of the Sec. II, one sees the appearance of the peaks in
the emission at frequencies ω = ΩR

√
n with n = 1, 2, 3, .... It should be noted that

one should expect very low intensities of THz emission as compared to the emission
in the optical diapason, since density of states of the photon reservoir scales as ω3.
However, the situation can be improved if the coupled QD-cavity system is placed
inside a bigger cavity tuned at the THz range. In this case the density of states has
a sharp peak around the eigenfrequency of THz cavity and the rate of spontaneous

114



4.6. Discussions: emission spectra and terahertz frequencies

980 985 990 995 1000 1005 1010

0.2

0.4

0.6

0.8

1.0

Energy, meV

In
te

ns
ity

, l
og

.a
rb

.u
ni

ts

0 5 10 15

0.8

0.85

0.9

0.95

1

THz frequences

Figure 4.4: Emission spectrum of the asymmetric QD- cavity system calculated using
Fermi golden rule in logarithmic scale. Multiplet structure of the emission around
eigenfrequency of the cavity becomes more visible then in the linear scale. In the
range of the frequencies close to Rabi frequency additional set of emission peaks
appears. Parameters of the system are the same as for Fig. 4.3

emission is dramatically increased due to the Purcell effect [149]. Current state of
technology allows the increasing of the emission rates in the THz regime by a factor
of 100 in high-quality cavities [152].

The results of the calculation of the spectrum based on using the quantum regression
theorem are presented in Fig. 4.5. The part of the spectrum corresponding to the
optical diapason for the frequencies about ω ≈ ωc is in good agreement with results
obtained by using the Fermi golden rule (Figs. 4.3, 4.4). The differences are that the
side peaks in the QRT plots have lower intensities, and the shape of the spectrum
is more smooth, so that multiplet pattern becomes invisible.

The changes in the THz part are more dramatic. Instead of series of the narrow
peaks shown at the inset of Fig. 4.5 one sees a formation of a single broad strongly
assymmetric peak centered at a frequency ω ≈ ΩR. However, qualitative result re-
mains the same: new optical transitions at THz range are opened by the asymmetry
of the QD.

An important question is statistical properties of the emitted THz light. As emis-
sion spectrum we obtain is quite large, and efficiency of THz emission is normally
suppressed as compare to the emission at optical frequencies, one can expect that
emitted radiation will have thermal statistics with second order coherence g(2) ≈ 2.
On the other hand, placing of the sample into high quality THz cavity can lead to
selection of more narrow region of the frequencies of the emission. In this case one
can expect the possibility to achieve THz lasing regime with g(2) ≈ 1. As to detec-
tion of the emitted THz radiation, it can be achieved by standard THz detectors
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Figure 4.5: Emission spectrum of the asymmetric QD- cavity system calculated us-
ing QRT. In optical diapason close to the eigenfrequancy of the cavity standard
quadruplet structure is revealed. In the range of the frequencies close to Rabi fre-
quency a single broad asymmetric emission peak appears. The parameters of the
calculation are the same as in Fig. 4.3

(see, e.g., the review [175]).
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5. Metallic cluster as a
zero-dimensional object in a
microcavity

In the introductory part of this Thesis the necessity of coupling between a metallic
cluster and a microcavity was briefly discussed. This chapter is devoted to original
results of the cluster-cavity interaction, proposed in [A6].

5.1. The jellium model

Optical modes of a microcavity were discussed in the Introduction. Before we put
the system cluster-cavity in coupling, let us now consider the cluster alone. The
theoretical basis of studying the collective phenomena in clusters is provided by
the jellium model, in which N electrons (one per each alkali atom) are moving in
the spherically symmetric electrostatic potential Vb(r) formed by the uniform back-
ground of the positive ions, calculated as convolution of the Coulomb electrostatic
potential with the smooth charge distribution:

Vb(r) =

{
− Ne2

8πε0R

[
3−

(
r
R

)2
]
, r ≤ R,

− Ne2

4πε0r
, r > R

, (5.1)

where Z is the charge of the core (Z equals to the number of delocalized valence

electrons in a neutral cluster); R is the core radius, R = rsN
1/3, rs =

(
3

4π℘core

)1/3

is the mean distance between atoms in the bulk material and ℘core is the density of
the positive charge. The cluster stability is defined by its total energy, being the
sum of the energy of the positively charged ionic core and the energy of the electron
subsystem equals

E = Ecore + Ee, (5.2)

where the electrostatic energy of the ionic core is equal to

Ecore =
1

2

∫
Ucore(~r)℘core(~r)d~r, (5.3)

117



5. Metallic cluster as a zero-dimensional object in a microcavity

and for the uniformly charged volume, as in our case, one has [176]:

Ecore =
6Z2

5R
. (5.4)

The electronic subsystem can be treated quantum mechanically within both the
Hartree-Fock approximation and the density-functional theory. The wave function
of a single electron moving in a spherically symmetric field is characterized by the
ordinary set of quantum numbers: the radial quantum number nr, the orbital mo-
mentum l, its projection m, and the spin σ. The jellium model applicability is
generally believed to be well justified for the clusters with closed shells [176], i.e. for

N = 8, 18, 20, 34, 40, 58, 92, ... (5.5)

These numbers correspond to the electronic shell closures in the cluster:

1s2, 1p6, 1d10, 2s2, 1f 14, 2p6, 1g18, 2d10, 3s2.1h22, ...

Let us assume that this condition is satisfied. In fact, many characteristics and quan-
tum properties of metallic clusters can be treated quite satisfactorily on the basis
of the jellium model. Note, however, that the results presented in this Thesis are
of general character and should be qualitatively the same for clusters with partially
filled shells and for clusters consisting of the non-alkali atoms. The computation
procedure will become more tricky in these latter cases1.

For the discription of a cluster two approximations are used: the Hartree-Fock
approximation and the local density approximation are needed.

The total Hartree-Fock (HF) wave function ΨHF of an electronic subsystem can be
represented in a form of the Slater determinant composed of single-electron wave
functions ψi(~r), which are the solutions of the Schrodinger equation which in our
case represents the system of the integro-differential equations:

− ~2

2m
∇2ψi(~r) +

Ne∑
j=1

∫
ψ?j (~r

′)Ve(|~r − ~r′|)
[
ψj(~r′)ψi(~r)− ψi(~r′)ψj(~r)

]
d~r′

+ Vcore(~r)ψi(~r) = Eiψi(~r), (5.6)

where Ei is the energy of an electron i and ~r = (x, y, z), where we ignore the spin
degree of freedom. In a spherically-symmetreic field, the wavefunctions ψi(r) can

1The difficulty of the consideration of the clusters with partially filled shells comes from the
necessity to account for great number of the transitions between various thermes with different
orbital momenta, which becomes a technically complicated task even for N=8. The standard
way to overcome this difficulty consists in using the so- called “average therm approximation”,
which becomes exact for the clusters with completely filled shells. From the point of view of
qualitative results, there is of course no difference between the clusters with fully and partially
filled shells.
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5.1. The jellium model

be written as a product of radial- and angular- (and spin- if it is not neglected)
wavefunctions:

φnlm(r) =
1

r
Pnl(r)Ylm(θ, φ). (5.7)

Then the energy of electronic subsystem can be calculated using formula:

EHF
e =

∑
i

Ei −
1

2

∑
ij

{〈ij|Ve(~r, ~r′)|ij〉 − 〈ij|Ve(~r, ~r′)|ji〉}, (5.8)

where we used the notation |i〉 ≡ ψi.

The local-density approximation (LDA) is based on the assumption that the single-
electron wavefunctions ψi(r) as long as energies Ei are determined by the Kohn-Sham
equations [177]:

− ~2

2m
∇2ψi(~r) + Veff (~r)ψi(~r) = Eiψi(~r), (5.9)

where

Veff (~r) = Vcore(~r) +

∫
n(~r′)d~r

|~r − ~r′|
+ V LDA(~r), (5.10)

n(~r) =
Ne∑
i=1

|ψi(~r)|2. (5.11)

Here V LDA(~r) is the so-called exchange-correlation potential,

V LDA(~r) = Vex + Vcor, (5.12)

where

Vex = −
(

9

4π2

)1/3

rWS(~r)−1 (5.13)

is the exchange Dirac term, rWS =
(

3
4πn(~r)

)1/3

being the local Wigner-Seitz radius
of the electronic subsystem, and

Vcor = Ecor(rWS)
1 + 7

6
1.158

√
rWS + 4

3
0.344rWS

1 + 1.158
√
rWS + 0.344rWS

; (5.14)

Ecor(rWS) = − 0.147

1 + 1.158
√
rWS + 0.344rWS

, (5.15)

where I used the results of the work [178].
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5. Metallic cluster as a zero-dimensional object in a microcavity

Figure 5.1: Diagrammatic representation of the equation for the renormalized dipole
matrix element of the transition. The straight lines with arrows correspond to
the electrons in the cluster at vacant and filled orbitals j, α, the wave lines to the
Coulomb interaction, the doted lines - to the cavity photons of frequency ω0.

5.2. Interaction of an electromagnetic field with
the cluster

The interaction of the electromagnetic field with material objects is described by the
dipole matrix elements of the transitions dαj. The account of many electron pro-
cesses results in renormalization of dipole matrix elements which become frequency-
dependent and are denoted as D(0)

αj (ω) in our further discussion. The account of
atom-light field interaction results in further renormalization of the matrix elements,
we will denote them as Dαj(ω).

In diagrammatic representation, the equations for Dαj(ω) for the system we consider
are shown in Fig. 5.1, and graphical representations of renormalized and bare dipole
matrix elements of photoabsorbtion Dαj(ω) and dαj in Fig. 5.2. At the right hand
side of Fig. 5.1, the first diagram corresponds to the direct photoabsorbtion, the sec-
ond two diagrams account for the influence of dynamical polarizability in random
phase approximation with exchange (RPAE) and give rise to giant plasmon reso-
nance, and the last one accounts for the multiple re-emissions and re-absorptions of
the cavity photon. The straight lines with arrows correspond to the electrons in the
cluster at vacant and filled orbitals j, α, the wave lines to the Coulomb interaction,
the dotted lines - to the cavity photons of frequency ω0.
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Figure 5.2: Diagrammatic representation of renormalized and bare dipole matrix
elements of the transition

Before we write the mathematical equations from the diagrams, let us discuss the
RPAE, mentioned above, as one of the main techniques used to compose the Feyn-
man diagrams. RPAE is the particular case of the HF approximation, when the atom
is put in weak external alternating field or in an excited state, that resulted from,
e.g., a collision with some bambarding particle. As a foundation stone goes the fol-
lowing assumption. If there is no external field, or the field is a time-dependent and
alterating, the wavefunction represents the Slater determinant built on the single-
electron wavefunctions at any moment of time. It is also assumed that under the
influence of the field the single-electron wavefunctions are changed insignificantly,
comparing to their values, ψi(r, t) − ψi(r, 0) << ψi(r, 0). By means of this we de-
rive the RPAE equation from the HF equation. The main difference between them
is that the external field influences not only a partucular electron, resulting in its
energy transition, but also on the rest of the electrons in the system, resulting in
virtual transitions in them. This leads to the change of the mean field of the atom
in the whole.

Using diagramatic language, one can say that RPAE accounts for the interaction of
one electron and one hole between themselves. Several excitons can exist simultane-
ously in this case, but in every single act of interaction only two electron-hole pairs
can exchange energy. As a result, one obtains an infinite diagrammatic series of in-
teractions. Fortunately, this sequence usually can be self-represented and calculated
by means of the recurrence.

Using the standard rules of the evaluation of the Feynmann diagrams, one can easily
find that renormalized dipole matrix elements can be found from the following set
of non-linear algebraic equations:

Dαj(ω) = dαj(ω) +
∑
α′,j′

Mα,α′;j,j′(D(ω))Dα′j′(ω), (5.16)

where

Mα,α′;j,j′(D(ω)) =
〈α′, j′|VC |α, j〉 − 〈α, j′|VC |α′, j〉

ω − ωα′j′ + iΓ
(5.17)

+
2ω0g

∗
α′j′(Dα′j′(ω))gαj(Dαj(ω))

(ω2 − ω2
0 + 2iω0γ) (ω − ωα′j′ + iΓ)

.
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5. Metallic cluster as a zero-dimensional object in a microcavity

In the above formula 〈α′, j′|VC |α, j〉 denotes the matrix element of the Coulomb
interaction between the electrons, the linewidths Γ and γ correspond to the finite
lifetime of the one-electron excitations and cavity photons, gαj are the matrix ele-
ments of the interaction between the transition α → j and cavity mode, which are
proportional to the renormalized dipole matrix elements of the transitions and can
be estimated as [97]:

gαj ≈ ωαj

√
~

2ε0ω0V
Dαj(ω) ≈ ωαjω0

√
~

2π3ε0c3
Dαj(ω), (5.18)

where V ≈ (λ0/2)3 denotes the cavity volume.

Note, that solving the system of equations (5.16) is equivalent to accounting the
Coulomb RPAE diagrams and coupling between transitions in cluster and cavity
mode up to the infinite order. Together, they describe the formation of the hybrid
plasmon-photon excitations in cluster-cavity system.

5.3. Green’s function of a photon in the
cluster-cavity system

There is another powerful technique used to find the spectrum of the system, based
on the Green’s functions. Green’s functions are important objects in physics. Many
observables can be derived from them if they are known [51]. There are different
kinds of Green’s functions for an arbitrary system of particles:

GR(rσt, r′σ′t′) =− iθ(t− t′)〈{Ψσ(rt),Ψ†σ′(r
′t′)}〉; (5.19)

GA(rσt, r′σ′t′) =iθ(t′ − t)〈{Ψσ(rt),Ψ†σ′(r
′t′)}〉; (5.20)

G>(rσt, r′σ′t′) =− i〈Ψσ(rt),Ψ†σ′(r
′t′)〉; (5.21)

G<(rσt, r′σ′t′) =i〈Ψ†σ′(r
′t′)Ψσ(rt)〉, (5.22)

where σ refers to the spin index, θ is the Heaviside step function, Ψ are fermionic field
operators and 〈...〉 denotes the expectation value. The functions GR, GA, G> and
G< are referred to as the retarded, advanced, greater and lesser Green’s functions.
The field operator can be expressed in an arbitrary basis of states ν:

Ψ(r) =
∑
ν

ψν(r)cν , (5.23)

where ψν(r) is the wave function of the state ν and cν is the corresponding annihi-
lation operator. Using this, we can express GR in the following way:

GR(rσt, r′σ′t′) =
∑
νν′

ψν(σr)G
r(νσt, ν ′σ′t′)ψ∗ν′(σ

′r′) (5.24)
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5.3. Green’s function of a photon in the cluster-cavity system

with

GR(νσt, ν ′σ′t′) = −iθ(t− t′)〈{cνσ(t), c†ν′σ′(t
′)}〉, (5.25)

and similarly for the other Green’s functions. In our considerations, the Hamiltonian
is time-independent and the Green’s function can therefore only depend on the time
difference (t− t′), so we can perform the Fourier transform to look at the frequency
space (function GR(νσ, ν ′σ′, ω)).

For instance, in a system of free electrons the Hamiltonian reads:

H0 =
∑
ν

Eνc
†
νcν . (5.26)

The Green’s function is easily calculated in this case. The equation of motion of the
annihilation operator is:

ċν(t) =
i

~
[H, cν(t)] =

i

~
eiHt/~[H, cν ]e−iHt/~ (5.27)

=
i

~
eiHt/~

∑
ν′

Eν′ [c
†
ν′cν′ , cν ]ie

−iHt/~ =
i

~
eiHt/~

∑
ν′

Eν′(−δνν′cν)ie−iHt/~

=− i

~
Eνe

iHt/~cνe
−iHt/~ = − i

~
Eνcν(t).

The solution of the resulted equation reads:

cν(t) = e−iEνt/~cν . (5.28)

Using this result, we can proceed,

GR
0 (ν, t− t′) =− iθ(t− t′)〈{cν(t), c†ν(t′)}〉 (5.29)

=− iθ(t− t′)e−iEν(t−t′)/~.

In the frequency domain,

GR
0 (ν, ω) =− i

∫ ∞
−∞

dtθ(t− t′)ei(ω+iη)(t−t′)e−iEν(t−t′)/~

=
1

ω − Eν/~ + iη
, (5.30)

where η > 0 is an infinitesimal term added for convergence of the integral.

The energies of the eigenstates of the system can be found from the poles of the
dressed Green’s function for the cavity photon, represented diagramatically in Fig. 5.3.
The double dashed line corresponds to the renormalized Green’s function of the pho-
ton, the single dot line- to the Green’s photon of the bare photon G0 = 2ω0/(ω

2 −
ω2

0+2iω0γ). The dot on the diagram corresponds to the renormalized matrix element
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5. Metallic cluster as a zero-dimensional object in a microcavity

Figure 5.3: Diagrammatic representation of Dyson equation for the Green’s function
of the cavity photon.The double dashed line corresponds to the renormalized Green
function of the photon, the single dot line- to the Green photon of the bare photon.
The dot on the diagram corresponds to the renormalized matrix element of the
cluster- cavity coupling accounting for many- body interactions in the cluster but
neglecting multiple re-emissions and re-absorbtions.

of the cluster-cavity coupling gαj(D
(0)
αj (ω)), accounting for many- body interactions

in the cluster but neglecting multiple re-emissions and re-absorbtions of the cavity
photon, as latter processes are already accounted for in the diagram for in the Dyson
equation for the dressed photon (Fig. 5.3) and should not be counted twice.

Mathematically, the values of D(0)
αj (ω) can be found from the system of the equations

analogical to those represented in diagrammatic form at Fig. 5.1, but with last
diagram in the right hand side being absent. The Green’s function of the dressed
photon reads:

Gph =
1

(G0
ph)
−1 − Σ(ω)

, (5.31)

where

Σ(ω) =
∑
αj

g∗αj(d)gαj[D
(0)(ω)]

ω − ωαj + iδ
. (5.32)

The eigenfrequancies of the hybrid eigenmodes can be found from the poles of the
expression (5.31) giving the following transcendent equation:

ω2 − ω2
0 + 2iω0γ − 2ω0Σ (ω) = 0. (5.33)

How is the Green’s function connected with the spectrum? Some further insight
into the theory and use of the Green’s functions can be done by the following con-
siderations (we consider the system in occupation-number representation with {|n〉}
being the set of eigenstates of the Hamiltonian H with corresponding eigenenergies

124



5.3. Green’s function of a photon in the cluster-cavity system

En, and β = it/~):

G>(ν, t, t′) = −i〈cν(t)c†ν(t′) = −i 1

Z

∑
n

〈n|e−βHcν(t)c†ν(t′)|n〉

= −i 1

Z

∑
nn′

e−βEn〈n|cν |n′〉〈n′|c†ν |n〉ei(En−En′ )(t−t
′)/~, (5.34)

since cν(t) = eiHtcνe
−iHt. Now we move to the frequency domain:

G>(ν, ω) = −2πi

Z

∑
n,n′

e−βEn〈n|cν |n′〉〈n′|c†ν |n〉δ(En − En′ + ~ω), (5.35)

and doing the same for the lesser Green’s function, we get:

G<(ν, ω) = G>(ν, ω)e−β~ω. (5.36)

Working with the retarded Green’s function,

GR(ν, ω) = −i
∫ ∞

0

dt ei(ω+iη)t 1

Z

∑
nn′

e−βEn
(
〈n|cν |n′〉〈n′|c†ν |n〉ei(En−En′ )t/~

+〈n|c†ν |n′〉〈n′|cν |n〉e−i(En−En′ )t/~
)

=
1

Z

∑
nn′

e−βEn
(

〈n|cν |n′〉〈n′|c†ν |n〉
ω + (En − En′)/~ + iη

+
〈n|c†ν |n′〉〈n′|cν |n〉

ω − (En + En′)/~ + iη

)
=

1

Z

∑
nn′

〈n|cν |n′〉〈n′|c†ν |n〉
ω + (En − En′)/~ + iη

(e−βEn + e−βEn′ ), (5.37)

leads to

2 ImGR(ν, ω) = −2π

Z

∑
nn′

〈n|cν |n′〉〈n′|c†ν |n〉(e−βEn + e−βEn′ )δ(~ω + En − En′)

= −i(1 + e−βω)G>(ν, ω) = −A(ν, ω), (5.38)

where we defined the spectral function A(ν, ω), and developed an important result,
known as the fluctuation-dissipation theorem:

iG>(ν, ω) = A(ν, ω)[1− nF (ω)]; (5.39)
−iG<(ν, ω) = A(ν, ω)nF (ω), (5.40)

where nF (ω) is the Fermi distribution. A very practical relation can now be shown.
With n̄ν being the average occupation of the state ν,

n̄ν = 〈c†νcν〉 = −iG<(ν, t = 0)

= −i
∫ ∞
−∞

dω

2π
G<(ν, ω)

=

∫ ∞
−∞

dω

2π
A(ν, ω)nF (ω). (5.41)
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5. Metallic cluster as a zero-dimensional object in a microcavity

The meaning of the spectral function now becomes clea: it corresponds to the energy
distribution of the state ν. For non-interacting particles, using Eq. (5.30) we get the
spectral function A(ν, ω) = 2πδ(~ω − Eν). The spectral function is a probability
distribution, as it is always positive and satisfies the equation:∫ ∞

−∞

dω

2π
A(ν, ω) = 1. (5.42)

To summarize, the spectral functions of free particles represent sharp delta-functions
at the energies of the eigenstates. obviously, the interactions broaden these delta-
peaks. Imagine, for instance, that some black-box mechanism scatters electrons out
of the state ν and that we can approximate the retarded Green’s function by

GR
0 (ν, t) ' −iθ(t)e−iEνt/~e−t/τ (5.43)

with the characteristic decay time τ . The spectral function is then:

A(ν, ω) ' 2Im
{
i

∫ ∞
0

dteiωte−iEνt/~e−t/τ
}

=
2/τ

(ω − E/~)2 + (1/τ)2
. (5.44)

The distribution is thus the Lorentzian with width 1/τ , which in the limit of infinite
lifetime τ gives the delta function.

5.4. Analytical estimation and results of modeling

Before we proceed with presenting the results of the numerical modelling of our
system, let us also analyze some simple limiting cases.

On the one hand, if the cavity is absent, electron-electron interactions renormalize
dipole matrix elements of the transitionsD(0)

αj (ω) which become frequency dependent
and form sharp peaks at the frequency ω = ωpl corresponding to the characteristic
frequency of giant plasmon resonance [106, 107, 108, 109, 110] (also see Fig. 1.10).

On the other hand, if one neglects the Coulomb interaction (which corresponds
to the retaining of the first and last diagrams only in the diagrammatic equation
presented in Fig. 5.1) and considers the coupling of the individual single transition to
the cavity mode, the equations for renormalized dipole matrix element and dressed
photonic Green’s function can be easily solved and read:

Dαj(ω) =
dαj (ω2 − ω2

0 + 2iω0γ) (ω − ωαj + iΓ)

(ω2 − ω2
0 + 2iω0γ) (ω − ωαj + iΓ)− 2g2ω0

; (5.45)

Gph =
2ω0 (ω − ωαj + iΓ)

(ω2 − ω2
0 + 2iω0γ) (ω − ωαj + iΓ)− 2g2ω0

. (5.46)
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The poles of these expressions determine the energies of the new hybrid eigenstates
of the system. The condition of achievement of the strong coupling regime character-
ized by the mode anticrossing at the resonance (ω0 = ωαj) is given by the standard
expression 4g2 > (Γ− γ)2 [128].

Now, let us present the results of numerical modelling of the realistic cluster- cavity
system. We consider a Na-8 cluster embedded in a photonic cavity in the position
where the electric field of the cavity mode reaches its maximum. The energy of the
cavity mode ω0 is supposed to be close to the energy of the giant plasmon resonance
ωpl. The energies of the single electron states in the cluster were calculated within
jellium model using Hartree- Fock approximation. The non-radiative linewidths of
all individual transitions in the cluster were taken to be the same and correspond to
Γ = 0.8 meV. The nonlinear system of equations (5.16) and 5.33 for the dipole matrix
elements and eigenfrequencies of the system were solved using iterative procedure
of succesive approximations.

Figure 5.4 shows the absorbtion of the cavity cluster system as a function of fre-
quency of the external laser excitation for the case when the energy of the giant
plasmon is tuned in resonance with the energy of the photonic mode, ω0 = ωpl. If
the lifetime of the photons in microcavity τ is low (γ ≈ ~/τ is high) we can ob-
serve one peak on the photoabsorption spectrum (see Fig. 5.4, note, all the plots
are normalized to unity). However, the situation qualitatively changes if lifetime
increases. In this case the strong coupling regime is established and two peaks are
observed in photoabsorbtion. The distance between the peaks corresponding to the
Rabi splitting increases with increase of the lifetime of the cavity mode and can
reach the values of about 20 meV. This is several orders of magnitude bigger then
the numbers observed in single QD- cavity systems [85, 86, 87, 88, 89].

Figure 5.5 shows the dependence of the real parts of the eigen frequencies on the
cavity energy ω0 for different linewidths of the cavity (in meV). The Rabi split-
ting can be found as distance between the two branches at the anticrossing point
corresponding to ω = ω0 and ω = ωpl and it varies from ≈ 0 meV (γ = 8 meV)
to 17 meV (for γ = 0.1 meV). The inset illustrates dependence of splitting on γ.
Note that the results presented on Fig. 5.4 and 5.5 are in good agreement with each
other. Figure 5.6 illustrates Rabi splitting dependence on the number of atoms in
the cluster. For Na-8 we have small splitting of about 1 meV, notwithstanding for
Na-42++ cluster the splitting reaches the value of about 7 meV. It is clear that in
this manuscript we dealed with the simplest Na clusters. Further theoretical and ex-
perimental investigation can be done, and we expect Rabi splitting which ammount
to dozens of meV for substantial, big clusters.
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Figure 5.4: Photoabsorption crossection spectrum - system response on the exciting
emittion of light for different lifetimes of the photons (in meV): 0.1 (red/solid),
2 (green/dashed), 4 (blue/dotted) and 8 (black/dash-dotted). Rabi splitting ΩR

decreases at the photons lifetime being decreased and finally desappears at γ ≈ 8
meV. Inset shows spectral characteristic of the renormalized dipole matrix element
of the cluster Na-8 (without a cavity). See text for the details.
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(the numerical solutions of the Dyson equation for the photon Green’s function,
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6. Conclusions

In conclusion, in the current Thesis I have considered various aspects of the exciton-
polariton behavior is systems of different dimensionality.

Was developed a formalism for the description of the dissipative dynamics of an in-
homogeneous polariton system in real space and time, accounting for both polariton-
polariton interactions and polariton-phonon scattering (other interaction processes,
e.g. scattering on free charges or a disorder can be also accounted for). The formal-
ism was applied for numerical modeling of the propagation of a polariton droplet in
a 1D channel (quantum microwire). The developed approach can also be used for
modeling the dissipative dynamics of other bosonic systems (e.g. indirect excitons).

Besides, there were considered the effects of coherent pumping and finite lifetime in
a polaritonic system. The theory was applied to consider the nonlinear polariton
propagation in a 1D polariton wire, where it was shown that the increase of tem-
perature dramatically affects such processes as bistability (and hysteresis) switching
and domain wall propagation in polariton neurons.

Further, the formalism was extended to the description of the dissipative dynamics
of an inhomogeneous spinor polariton system in real space and time, accounting
for the effect of the TE-TM effective magnetic field. In particular, we applied the
approach to the one-dimensional polariton condensate at different temperatures to
investigate the dynamics of the circular polarization of the system when it is driven
by the external homogeneous laser pump. It was shown that the polarization of
the condensate is highly sensitive not only to the history of the strength of the
pump, but also to the phase of the elliptical polarization degree of this pump. In
the presence of TE-TM field we observe the survival of this phenomena up to very
high temperatures.

There is also another application of the approach to an absolutely different quantum
object. We considered a system of coupled cavity polaritons and THz photons, using
the approach based on the generalized Lindblad equation for the density matrix. It
was shown, that such system demonstrates a variety of intriguing nonlinear effects,
including bistability, THz swithching and generation of short THz wavelets.

Finally, 0D quantum objects have been considered. We investigated the dynamics
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6. Conclusions

and the spectrum of an asymmetric two-level quantum system, corresponding to
small asymmetric QD interacting with an electric field of a single-mode microcavity.
We found analytical solutions for the eigenenergies of the system for the cases of weak
asymmetry and high photon occupation numbers. As well, a numerical approach for
the calculation of the emission spectrum under incoherent pumping was developed.
It was shown, that in the regime of strong pump a new set of peaks in the emission
appears in the regions close to the Rabi frequency and double transition frequency.
This allows to use the proposed system as nonlinear optical element and tunable
source of the THz radiation.
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A. Derivation of the Lindblad
approach equations for THz

In the present supplementary appendix we present a derivation of the quantum
kinetic equations for the system of cavity polaritons coupled with a THz cavity
mode based on the Lindblad approach for the density matrix dynamics. The method
we develop is general and can in principle be applied to any system of interacting
bosons in contact with a phonon reservoir, for example, a polaritonic channel or a
condensate of indirect excitons.

A.1. The Lindblad approach

The system of polaritons, phonons and THz cavity photons is described by its density
matrix %, for which we apply Born approximation factorizing it into the phonon
part which is supposed to be time-independent and corresponds to the thermal
distribution of acoustic phonons χph = exp {−Hph/kBT}, and the part describing
polaritons and THz cavity photons χ whose time dependence should be determined.
% = ρph ⊗ χ. Our aim is to find dynamic equations for the time evolution of the
occupancies of the upper and lower polariton states and the THz cavity mode:

ni(t) = Tr
{
a†iai%(t)

}
≡ 〈a†iai〉 (A.1)

where a†i and aj are operators of the upper and lower polaritons (i = U or i = L
respectively) and THz cavity photons (i = T ). In our consideration we neglect the
spin of the cavity polaritons since out goal is to find the effects of bistability and
switching in the THz emitter and spin degree of freedom is not expected to introduce
any qualitatively new physics from this point of view. It should be noted, however,
that introduction of spin into the model is straightforward and done in the Chapter
2 of the Thesis.

The total Hamiltonian of the system can be represented as a sum of two parts

H = H(1) +H(2) (A.2)
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where the first term H(1) describes the “coherent” part of the evolution, correspond-
ing to free polaritons, cavity photons and polariton-polariton interactions, and the
second term H(2) corresponds to the dissipative interaction with acoustic phonons.
The two terms affect the polariton density matrix in a qualitatively different way.
The effect of the coherent part on the evolution of the density matrix is described
by the Liouville-von Neumann equation,

i~ (∂tχ)(1) =
[
H(1);χ

]
. (A.3)

Polariton-phonon scattering corresponds to the interaction of the quantum polari-
ton system with a classical phonon reservoir. It is of dissipative nature, and thus
straightforward application of the Liouville-von Neumann equation is impossible.

Introduction of dissipation into quantum systems is an old problem, for which there
is still no single well established solution. In the domain of quantum optics, however,
there are standard methods based on the master equation technique. In the following
we give a brief outline of this approach applied for a dissipative polariton system.

The Hamiltonian of interaction of polaritons with acoustic phonons in Dirac repre-
sentation can be represented as

H(2)(t) = H−(t) +H+(t) (A.4)

= DU

∑
~k

ei(EU−ER~k)t
(
aUa

+

R~k
+ a+

UaR~k

)(
b~ke
−iω~kt + b+

~k
eiω~kt

)
+ DL

∑
~k

ei(ER~k−EL)t
(
aLa

+

R~k
+ a+

LaR~k

)(
b~ke
−iω~kt + b+

~k
eiω~kt

)
where ai are the operators for polaritons, b~k are the operators for phonons, Ei and
ωk are the dispersion relations of polaritons and acoustic phonons respectively, Di

are the polariton-phonon coupling constants. In the last equality we separated the
terms H+ where a phonon is created, containing the operators b+, from the terms
H− in which it is destroyed, containing operators b.

Now, one can consider a hypothetical situation when polariton-polariton interaction
is absent, and all redistributions of the polaritons are due to the scattering with the
thermal reservoir of acoustic phonons. One can rewrite the Liouville-von Neumann
equation in an integro-differential form and apply the Markov approximation

(∂tχ)(2) = − 1

~2

∫ t

−∞

[
H(2)(t);

[
H(2)(τ);χ(t)

]]
dτ = L̂H(2)χ (A.5)

= δ∆E

[
2
(
H+χH− +H−χ H+

)
−
(
H+H− +H−H+

)
χ− χ

(
H+H− +H−H+

)]
,

where in the last line the symbol L̂H(2) denotes the Lindblad dissipative operator
corresponding to the Hamiltonian H(2). The coefficient δ∆E corresponds to the
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energy conservation and has dimensionality of inverse energy divided by the square
of the Planck constant. In calculations we estimate δ∆E as being proportional to
the inverse broadening of the polaritons states (as it is usually done in calculation
of the transition rates in the semiclassical Boltzmann equations using the Fermi
golden rule). For the time evolution of the mean value of any arbitrary operator
〈Â〉 = Tr(ρÂ) due to scattering with phonons one thus has (See also Appendix A
for details), {

∂t〈Â〉
}(2)

= δ∆E

(
〈[H−; [Â;H+]]〉+ 〈[H+; [Â;H−]]〉

)
. (A.6)

Putting Â = a+
i ai in this equation we get the contributions to the dynamic equations

for the occupancies coming from polariton-phonon interactions, which are nothing
but the standard semi-classical Boltzmann equations describing the thermalization
of the polariton system.

Combined together, coherent and incoherent contributions result in the following
master equation for the density matrix:

∂t% =
i

~
[%;H(1)] + L̂H(2)% (A.7)

A.2. Coherent part

Let us consider the coherent part. The Hamiltonian here H(1) = H0 + HT + HP ,
where

H0 = ELa
+
LaL + EUa

+
UaU + ET c

+c (A.8)

is the free-polariton Hamiltonian,

HT = VT
(
a+
UaLc+ aUa

+
Lc

+
)

(A.9)
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is the polaritons-to-THz photons interaction term and

HP = ULLa
+
La

+
LaLaL + UUUa

+
Ua

+
UaUaU + 2UULa

+
UaUa

+
LaL (A.10)

+2UUR
∑
k

a+
UaUa

+
RkaRk + 2ULR

∑
k

a+
LaLa

+
RkaRk

≈ 2
[
ULL(a+

LaL〈a
+
LaL〉) + UUU

(
a+
UaU〈a

+
UaU〉

)
+ UUL

(
a+
LaL〈a

+
UaU〉

)
+ UUL

(
a+
UaU〈a

+
LaL〉

)
+

+UUR
(
a+
UaU〈a

+
RkaRk〉

)
+ UUR

(
a+
RkaRk〈a

+
UaU〉

)
+ ULR

(
a+
LaL〈a

+
RkaRk〉

)
+ ULR

(
a+
RkaRk〈a

+
LaL〉

)]
≈

≈ 2

(
ULLnL + UULnU +

∑
k

ULRnRk

)
a+
LaL + 2

(
UUUnU + UULnL +

∑
K

UURnRk

)
a+
UaU +

+2 (UURnU + ULRnL)
∑
k

a+
RkaRk = U1a

+
LaL + U2a

+
UaU + U3

∑
k

a+
RkaRk;

is the polariton-polariton scattering Hamiltonian. Coming from the first to the
second line of this expression we used the mean-field approximation. Here we also
introduced three new coefficients:

U1 = 2

(
ULLnL + UULnU +

∑
k

ULRnRk

)
, (A.11)

U2 = 2

(
UUUnU + UULnL +

∑
K

UURnRk

)
, (A.12)

U3 = 2 (UURnU + ULRnL) . (A.13)

1) Lower and upper polaritons occupancies nL, nU ,

Consider the dynamic equation for nL as an example. One has

~ (∂tnL)(1) = iTr{a+
LaL[χ;H(1)]};

~ (∂tnL)0 = iTr{a+
LaL[χ;H0]} = iTr{χ[εLa

+
LaL + εUa

+
UaU + εT c

+c; a+
LaL]} = 0;

~ (∂tnL)T = iVTTr{χ[a+
UaLc+ aUa

+
Lc

+; a+
LaL]} = iVT

(
aUL − a+

UL

)
= −2VT Im (aUL) ;

~ (∂tnL)P = iTr{χ[U1a
+
LaL + U2a

+
UaU + U3

∑
~k

a+

R~k
aR~k; a

+
LaL]} = 0.

Finally,
~ (∂tnL)(1) = −2VT Im (aUL) . (A.14)

The equation for the upper polariton occupancy is obtained in the similar way.

2) Reservoir nR~k,

~
(
∂tnR~k

)(1)
= iTr{a+

R~k
aR~k[χ;H(1)]} = 0. (A.15)
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3) THz cavity occupancy nT ,

~ (∂tnT )(1) = iTr{c+c[χ;H(1)]} :

~ (∂tnT )0 = iTr{c+c[χ;H0]} = 0;

~ (∂tnT )T = iVTTr{χ[a+
UaUc+ aUa

+
L ; c+c]} = iVT

(
aUL − a+

UL

)
= −2VT Im (aUL) ;

~ (∂tnT )P = iTr{ρ[U1a
+
LaL + U2a

+
UaU + U3

∑
k

a+
RkaRk; c

+c]} = 0.

Finally,
~ (∂tnT )(1) = −2VT Im (aUL) . (A.16)

4) Correlators aUL,

~ (∂taUL)(1) = iTr{a+
UaLc[ρ;H(1)]} :

~ (∂taUL)0 = iTr{a+
UaLc[ρ;H0]} = iTr{χ[ELa

+
LaL + EUa

+
UaU + ET c

+c; a+
UaLc]}

= i (EU + EL − ET ) aUL;

~ (∂taUL)T = iVTTr{χ[a+
UaLc+ aUa

+
Lc

+; a+
UaLc]}

= iVT
(
〈aUa+

La
+
UaLc

+c〉 − 〈a+
UaLaUa

+
Lcc

+〉
)

= −iVT{(nU + 1)nLnT − nU (nL + 1) (nT + 1)};
~ (∂taUL)P = iTr{χ[U1a

+
LaL + U2a

+
UaU + U3

∑
~k

a+

R~k
aR~k; a

+
UaLc]}

= iU1Tr{χ[a+
LaL; a+

UaLc]}+ iU2Tr{[a+
UaU ; a+

UaLc]}
= iU1 (−aUL) + iU2aUL.

Finally,

~ (∂taUL)(1) = i (EU − EL − ET ) aUL + 2VT{(nU + 1)nLnT

−nU (nL + 1) (nT + 1)}+ i{2UUUnU + UUL (nL − nU)

−2ULLnL + (UUR − ULR)
∑
~k

nR~k}aUL; (A.17)

A.3. Incoherent part

To get explicit expresions for the dynamics of nL, nU , nRk, nT and aUL due to
incoherent processes of interaction with the reservoir, let us consider the Liouville-
von Neumann equation for the density matrix after the Born-Markov approximation
and the simplest case when only three states L, U and Rk are present.
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In this case, leaving energy-conserving terms only one gets

H+ = D1

∑
~k

aUa
+
~kR
b+
k +D2

∑
~k

a+
LaR~kb

+
~k

(A.18)

H− = D1

∑
~k

a+
UaR~kb~k +D2

∑
~k

aLa
+

R~k
b~k (A.19)

The application of Eq. (6) gives the following results.

1) Lower and upper branch polariton occupancies nL, nU ,

For nL one has:

(∂tnL)(2) = δ∆E

(
[H−; [a+

LaL;H+]] + [H+; [a+
LaL;H−]]

)
= 2δ∆E[H+; [a+

LaL;H−]];

[a+
LaL;H−] = [a+

LaL;D1

∑
~k

a+
UaR~kb~k +D2

∑
~k

aLa
+

R~k
b~k]

= −D2

∑
~k

aLa
+

R~k
b~k;

[H+; [a+
LaL;H−]] = [D1

∑
~k

aUa
+

R~k
b+
~k

+D2

∑
~k

a+
LaR~kb

+
~k

;−D2

∑
~k

aLa
+

R~k
b~k]

= [D2

∑
~k

a+
LaR~kb

+
~k

;−D2

∑
~k

aLa
+

R~k
b~k]

= D2
2

∑
~k

{
(
a+
LaL + 1

)
a+

R~k
aR~k

(
b+
~k
b~k + 1

)
− a+

LaL

(
a+

R~k
aR~k + 1

)
b+
~k
b~k}.

Finally,

~2(∂tnL)(2) = W2

∑
~k

{(nL + 1)nR~k

(
nph~k + 1

)
− nL

(
nR~k + 1

)
nph~k }, (A.20)

where we introduced W2 = 2δ∆ED
2
2.

The equation for nU is easily obtained in an analogical way.
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2) Reservoir nR~k = 〈a+

R~k
aR~k〉,(

∂tnR~k
)(2)

= 2δ∆E[H+; [a+

R~k
aR~k;H

−]];

[a+

R~k
aR~k;H

−] = [a+

R~k
aR~k;D1

∑
~k

a+
UaR~kb~k +D2

∑
~k

aLa
+

R~k
b~k]

= −D1

∑
~k

a+
UaR~kb~k +D2

∑
~k

aLa
+

R~k
b~k;

[H+[a+

R~k
aR~k;H

−]] = [D1

∑
~k

aUa
+

R~k
b+
~k

+D2

∑
~k

a+
LaR~kb

+
~k

;−D1

∑
~k

a+
UaR~kb~k +D2

∑
~k

aLa
+

R~k
b~k]

≈ D2
1

∑
~k

{a+
UaU

(
a+

R~k
aR~k + 1

)(
b+
~k
b~k + 1

)
−
(
a+
UaU + 1

)
a+

R~k
aR~kb

+
~k
b~k}

+ D2
2

∑
~k

{a+
LaL

(
a+

R~k
aR~k + 1

)
b+
~k
b~k −

(
a+
LaL + 1

)
a+

R~k
aR~k

(
b+
~k
b~k + 1

)
},

where coming between the third and the fourth lines we neglected the off-diaginal
elements of the phonon density matrix, supposing 〈b+

~k
b~k′〉 = nph~k δ~k,~k′ .

Finally,

(∂tnR~k)
(2) ≈ W1

∑
~k

{nU
(
nR~k + 1

) (
nph~k + 1

)
− (nU + 1)nR~kn

ph
~k
} (A.21)

+ W2

∑
~k

{nL
(
nR~k + 1

)
nph~k − (nL + 1)nR~k

(
nph~k + 1

)
}.

3) THz cavity occupancy nT = 〈c+c〉,

(∂tnT )(2) = δ∆E

(
[H−; [c+c;H+]] + [H+; [c+c;H−]]

)
= 0. (A.22)
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4) Decoherent part of the correlator aUL = 〈a+
UaLc〉,

[a+
UaLc;H

−] = 0;

[a+
UaLc;H

+] = [a+
UaLc;D1

∑
~k

aUa
+

R~k
b+
~k

+D2

∑
~k

a+
LaR~kb

+
~k

] =

−
∑
~k

D1a
+

R~k
aLcb

+
~k

+D2

∑
~k

a+
UaR~kcb

+
~k

;

[H−; [a+
UaLc;H

+]] = [D1

∑
~k

a+
UaR~kb~k +D2

∑
~k

aLa
+

R~k
b~k;−D1

∑
~k

a+

R~k
aLcb

+
~k

+D2

∑
~k

a+
UaR~kcb

+
~k

]

≈ D2
1

∑
~k

{a+

R~k
aR~k

(
a+
UaLc

)
b+
~k
b~k −

(
a+

R~k
aR~k + 1

)
a+
UaLc

(
b+
~k
b~k + 1

)
}

+ D2
2

∑
~k

{a+

R~k
aR~ka

+
UaLc

(
b+
~k
b~k + 1

)
−
(
a+

R~k
aR~k + 1

)
a+
UaLcb

+
~k
b~k}

= D2
1

∑
~k

{−a+

R~k
aR~ka

+
UaLc− a

+
UaLc

(
b+
~k
b~k + 1

)
}

+ D2
2

∑
~k

{a+

R~k
aR~ka

+
UaLc− a

+
UaLcb

+
~k
b~k}.

Finally,

(∂taUL)(2) =
W1

2

∑
~k

(
−nR~k − n

ph
~k
− 1
)
aUL +

W2

2

∑
~k

(
nR~k − n

ph
~k

)
aUL. (A.23)

After merging the equations for the coherent processes with the equations for the
incoherent phonon-scattering processes and adding finite lifetimes, background and
impulse pumps (see main text of the Thesis) it becomes possible to solve this self-
consistent set of equations and eventually find the evolution of the THz photons
occupancy.
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