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Útdráttur

Rannsökuð er heldnihegðun grunns vatns í tanki sem er undir stóru sveiflu álagi nálægt hliðraðri eigintíðni kerfisins. Hvati
rannsóknarinnar er skoðun á virkni stilltra vökvadempara sem dempunarkerfi í háum byggingum eða öðrum tækjum þar
sem þarf að dempa óæskilegar sveiflur vegna ytri krafta, til dæmis vegna vinds og/eða jarðaskjálfta.

Abstract

An example of hysteresis for sloshing of water in a rectangular tank with a shallow water depth under large shaking close
to its shifted resonant frequency is investigated. The motivation for the research is an investigation of an effectiveness of
a tuned liquid damper as a structural control device for tall buildings or other devices that need damping devices to
reduce unwanted oscillation due to external forces, such as in the case of buildings for wind or earthquakes.

Introduction

Hysteresis represents the history dependence of physical systems, that is, a physical phe-
nomenon will exhibit a different response for exactly the same conditions depending on
its previous state. In this paper, the experimental results for sloshing of shallow water in
a rectangular tank are analyzed close to its shifted resonant frequency, where hysteresis
was observed. Here, water is defined as shallow when the ratio of the water depth to the
wave length is small. Experiments of sloshing of shallow water, for several configurations
of tank shapes and sizes under a wide range of large shaking for several water depths
were performed. The motivation for the research is application of tuned liquid dampers
as damping devices for tall buildings during wind and earthquake load.

In the experiments the water response was measured with wave gages and recorded with
a video camera using a laser sheet as a visual aid. The forces from the water sloshing were
measured by a load cell. Many aspects of the sloshing were investigated in the experi-
ments for a wide range of conditions. This paper will focus on the behavior of the water
sloshing close to the resonant frequency of the sloshing, where a hysteresis phenomena
was observed.

Hysteresis is fairly well known in many applications, such as when material is bent past
its elastic limit or in behavior of magnetic materials. A classical mathematical description
of a hysteresis response is the Duffing equation:
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A sketch of a possible solution to the Duffing equation is shown in
Figure 1 where A0 represents the amplitude of the response due to
the external load Fcos(wt) and β represents the frequency for the
constants α, c, γ, greater than zero. The solid lines on the figure
show the stable part of the solution and the dashed lines the unsta-
ble part. The solution will jump abruptly between the stable solu-
tions at a certain frequency, commonly called the jump frequency.

Hysteresis was experienced in the shallow water sloshing experi-
ments for several configurations of tank layout, water depth and
shaking amplitude. The dependence on initial conditions of the
water response to shaking was investigated by either increasing
the frequency of sloshing from values below the resonant frequen-
cy or decreasing the frequency from values above the resonant fre-
quency. 

Although hysteresis is fairly known in some engineering applica-
tions it has not been investigated in detail for sloshing of water.
This is especially true in the case of shallow water sloshing as its
main engineering application, the tuned liquid damper, is a fairly recent field of study
(see e.g. Fujino et al., 1988, 1992; Sun et al., 1989; Koh et al., 1994; Gardarsson 1997; Reed
et al., 1998; Gardarsson et al., 2001). Sloshing of deep water has been investigated fairly
extensively (see e.g. Ockendon et al., 1973, 2001; Shemer, 1990; Faltinsen et al., 2000, and
2001) due to its many applications, such as in fuel tanks and ship application. In none of
these cases has the hysteresis phenomena been investigated in detail but it is briefly dis-
cussed in e.g. Lepelletier and Raichlen (1988), and in Faltinsen and Timokha (2002).

In this paper hysteresis in shallow water sloshing will be explored for one particular con-
figuration of a rectangular tank to demonstrate the main characteristics of sloshing of
water close to the resonant frequency.

Experimental setup

The experiments were performed on a precise shaking table at the University of Southern
California earthquake laboratory. Figure 2 depicts the general setup of the experiments.
The shaking table has a 1.2 m by 1.2 m platform, which moves in a single horizontal direc-
tion with a hydraulic system on a platform that is anchored to a concrete floor. The table
was designed and constructed for general structural testing, which usually involves
much greater specimen masses than were used in the present experiments. Hence, over-
loading was not a consideration. 

The general experimental setup consisted of a rec-
tangular plexiglas tank mounted on a load cell,
which was bolted directly onto the shaking table.
The length of the tank discussed in this paper was 59
cm, 33.5 cm wide, and 30 cm deep. The tank walls
were made of 1.27 cm thick plexiglas with the bot-
tom being 1.9 cm thick to ensure sufficient rigidity. 

The wave response was measured with capacitance-
type wave gauges. The gauge itself is made of a
Tantalum rod (0.5 mm in diameter) with an oxidized
surface, which acts as dielectric for the capacitance-
type wave gauge. The uniform tantalum oxide coat-
ing was achieved by anodizing the Tantalum rod in
weak citric acid solution. The original idea of the use
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Figure 1.

Typical amplitude-

frequency curves for the

Duffing equation for γ > 0,

c > 0 and α > 0.
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Figure 2. Schematic side view of the experi-

mental setup.



of a Tantalum rod for a capacitance gauge was provided by Chapman and Monardo
(1991). The gauge was proven to be stable and precise; see Yeh and Chang (1994) for
detailed description of the gauge.

In order to examine temporal and spatial variations of the water surface response, a laser-
induced fluorescent imagery technique was used. In this technique, a 4-W Argon-ion
laser beam is converted to a thin laser sheet by using a resonant scanner. With the aid of
fluorescein dye dissolved in water, the vertical laser sheet illumination from above
induces the dyed water fluorescent and identifies a water surface profile as well as a gra-
dient of the water surface directly and non-intrusively. The illuminated images were
recorded by video camera. A fast shutter speed, 1/30 s, was used to freeze the fast mov-
ing wave actions. The captured images were processed including the correction for image
distortions; hence, the resulting images can be analyzed quantitatively. More detailed
descriptions of the image process and the experimental setup can be found in Gardarsson
(1997).

The fundamental natural frequency of a water sloshing motion based on the linearized
water-wave theory for a rectangular tank i

where f0 is the fundamental frequency; g is the acceleration of gravity; h0 is the water
depth at rest; and L is the tank length. The normalized frequency of the oscillations of the
table is noted by β and defined in the terms of the fundamental frequency as β = f / fo,
where f is the frequency of the shaking of the table. The experiments focused on investi-
gating response of water sloshing for relatively large shaking amplitude which in many
cases results in wave breaking. Therefore, the maximum response will not happen at
β = 1.00, but a frequency shift will occur, consistent with a hardening spring effect (see
e.g. Reed et al. 1998). Hence, the linerized theory is only used as a reference point.

The experiments were carried out by starting the oscillation of the table at a low fre-
quency, about β = 0.6–0.7. The sloshing in the tank was allowed to reach steady state for
each β and then measurements were taken. The data acquired were wave height close to
the end wall and at the middle of the tank by wave gages, video recording capturing the
shape of the water surface illuminated by a laser sheet and forces resulting from the wave
action which were measured by the load cell underneath the tank. The results from the
force measurements can be found in Gardarsson (1997).

Experimental results

Several instances of hysteresis were observed in the experiments. In this paper the results
for a rectangular tank of length, L = 590 mm, width b = 335 mm, water depth h0 = 22.5
mm under shaking of amplitude a = 20 mm are discussed. It demonstrates the general char-
acteristics of the observed hysteresis as well as the specific results for that particular case. 

Figure 3 shows the wave heights at the end wall and the middle of the tank for four dif-
ferent frequencies. The vertical axis on the plots shows the wave normalized wave height,
η / h0, where η = h – h0 and h is the water depth with h0 as the quiescent water depth. For
the lowest shown frequency, β = 0.7, wave heights are relatively small at the end wall and
the wave height in the middle of the tank is barely measurable. For this frequency the
waves are smooth and do not break. The dashed line shows the movement of the shak-
ing table so the phase shift is apparent. When the frequency is increased the wave heights
increase and the wave starts to break. This is apparent from the second plot in the figure
that shows the wave heights for β = 1.00. In this case the wave heights are more than three
times larger than for β = 0.70 and the wave heights in the middle have also increased

2 1 2 Á r b ó k  V F Í / T F Í  2 0 0 4

0
0

1 tanh
2

hgf
L L

ππ
π

= (2)



significantly and the leading edge of the wave is very steep indicating a broken wave.
The phase shift has decreased. The third plot shows the wave behavior for β = 1.30. The
wave heights are larger even though the shaking frequency is considerably larger than
the natural frequency for small waves. This is due to the shift of the natural frequency

2 1 3R i t r ý n d a r  v í s i n d a g r e i n a r

Figure 3. Normalized temporal water surface variations at the end wall (bold lines), in the middle of the tank (thin lines)

and the relative location of the shaking table (amplitude of shaking table is same in all cases but plotted as half the

maximum wave height) (dashed lines).
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Figure 4. Maximum and minimum normalized surface elevation as function of normalized frequency: a) at the end wall,

b) blow up of frequencies close to the jump frequency, c) in the middle of the tank, and d) blow up of frequencies close

to the jump frequency.
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(hardening spring effect) when the amplitude to the shaking is large as is the case for
these conditions. The final plot shows the wave heights for β = 1.50. This frequency is
beyond the jump frequency, that is, the wave heights are significantly lower than for the
smaller frequencies. Again, the wave heights in the middle of the tanks are small and the
waves are not broken. 

Figure 4 shows the maximum and minimum wave heights for all frequencies for this par-
ticular case. Plot (a) in the figure shows the wave heights at the end wall and plot (c) the
wave heights in the middle of the tank. It is evident that the wave heights increase with
increasing shaking frequency until they abruptly decrease at the jump frequency, which
in this case is at about β = 1.38. The behavior at the end of the tank and in the middle is
similar as expected. The two plots show clearly that the jump frequency is not uniquely
defined. Plots b) and d) show a enlarge of the segment around the jump frequency for
both wave gages. The arrows on the plots indicate in what direction the frequency was
changed for each branch of the response. Plot b) shows that the wave height remains
almost unchanged until it abruptly decreases when the frequency is increased in steps
from β = 1.397 to β = 1.402 when the frequency is increased in steps from a low frequen-
cy to higher frequencies. However, when the frequency is decreased the wave heights do
not increase until the frequency is changed from β = 1.367 to β = 1.362, which is consid-
erably lower than for the other branch. Therefore, the wave behavior takes on two dis-
tinctly different forms in the frequency range from β = 1.367 to β = 1.397, even though the
conditions such as water depth, shaking frequency etc., are exactly same. One is a violent

wave breaking solution but the other relatively
smooth wave behavior. The only thing that creates
these very different behaviors is the prior conditions
of the sloshing in time.

Figure 5 shows a snapshot of the water surface from
the image capturing of the experiments, illuminated
with the laser sheet. The pictures in the figure show
the water surface profile just as the maximum wave
height is approaching the end wall for exactly the
same frequency, β = 1.397. The upper plot in the fig-
ure is for the upper branch on Figure 4b) and the
lower plot is for the lower branch. It is evident from
the figure how different the wave behavior is for the
two branches. For the upper branch the wave break-
ing is easily observed but for the lower branch the
water surface is smooth. 

The image capturing was used to capture pictures of
the water surface at a rate of 30 pictures every sec-
ond. They were processed by image processing soft-
ware to generate a sequence of water surface pro-
files for a complete three dimensional image of the

profile in the middle of the tank in time. Results from the image processing are shown in
Figure 6 for two different frequencies. Plots a) and b) in the figure are for β = 1.397. The
figure shows about 1/3 of the tank length from the end wall (the length along the tank is
normalized with L which is the length of the tank) and the vertical axis is as before, η /h0
which is the normalized deviation from quiescent water. The time axis is normalized by
the shaking table period, T. These plots show clearly how different the wave conditions
are for exactly the same conditions. Plot a) shows the upper branch. It shows that there is
one main wave front traveling back and forth with a step leading front indicating a wave
break. A second smaller wave trails the main wave front. The run-up along the walls of
the tank is quite large and the reflected wave is quite pronounced. Plot b) shows the
lower branch which shows completely different behavior. The wave behavior is more like
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Figure 5. Snapshots of the water surface

from the video tape of the experiment illumi-

nated by the laser sheet for β = 1.397.



a gently sway back and forth with no wave breaking. There is hardly any run-up at the
end wall and the surface is smooth at all times. 

Discussion

In the above analysis it is demonstrated that a sloshing of shallow water in a rectangular
tank under relatively large shaking amplitude does not necessarily behave in a unique
way for exactly the same conditions but the behavior is dependent on the history of the
sloshing. This is not necessarily an expected or intuitive result. Hysteresis is known for
example in a response of a material to an external force where it is forced past its elastic
limit. In that case it can be thought of as a different deformation behavior in the material
due to different stresses. For liquid this is not as easy to imagine as the liquid will not take
up any shear stresses. It is easier to think about the double solution as two different, but
equal, energy states, that the sloshing can exhibit close to the jump frequency. In the
experiments it was found that it was relatively easy to change the sloshing from the lower
branch to the upper branch by simply sweeping the smooth water body with a board
forcing an appearance of a breaking wave which then would be transformed to a break-
ing wave in accordance to the upper branch. However, it did not seem possible to „quiet“
the sloshing down from the upper branch to the lower branch. This could indicate that
the lower branch is more unstable than the upper branch.

Although it may not be expected that a sloshing of water would exhibit two states of
energy there is a parallel in hydraulics that is well known, namely, flow in an open chan-
nel can be either super critical or sub critical for the same specific energy. This may not
be a direct parallel to the sloshing of water in a tank but shows that a two state energy
solution is possible for fluids in some instances.

The width of the hysteresis is fairly narrow even though it was possible to measure many
points in the experiments for both branches due to the high quality of the experimental
equipment. The relatively narrow range of the bifurcation indicates that it is probably not
very important for the application of a tuned liquid damper in the case of an earthquake
load as the response typically covers a wide range of frequencies but does not stay at con-
stant frequency for long periods. However, it could be important for wind application,
especially if the wind response is allowed to be close to the shifted resonant frequency.
However, it is not advisable to design the TLD for wind application so the wind response
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Figure 6: Temporal and spatial water surface profiles, processed from the experimental image data, for β = 1,397, for (a)

the lower branch and (b) the upper branch.

(a) (b)



would be close to the shifted frequency for other reasons not discussed here. Hence, for
a tuned liquid damper application, a hysteresis in water sloshing is not a critical issue but
does however further emphasize the need to design tuned liquid dampers so they do not
operate close to the shifted resonant frequency.

Conclusions

Behavior of steady state sloshing of shallow water in a tank can depend on a prior state
of the sloshing in time. This creates two possible behaviors of sloshing of water for exact-
ly the same conditions that look quite different from each other, one being violent wave
breaking behavior with large wave heights and the other with a relatively smooth water
surface with no wave breaking and small wave heights. The hysteresis phenomenon is
known in other engineering situations and here it has been shown with rigorous experi-
ments that a sloshing of shallow water exhibits such behavior.
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