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Abstract 

The way companies value their investment opportunities has changed in recent years. With 
changing market conditions companies are constantly confronted with investment decisions 
that are increasingly uncertain. Known investment analysis such as net present value and 
decision tree analysis increasingly undervalue investment opportunities as they lack the 
flexibility and ability to modify projects when new information is available. A method based 
on financial option valuation has become the basis for a new technique to value high risk 
investment opportunities. It is based on valuation in the risk-neutral world and therefore 
eliminates investors’ attitude to risk. Real option analysis can capture the value of this 
increased flexibility, which previous methods have not been able to, such as the option to 
defer, abandon, expand or default a project. These options can be exercised when new 
information arrives and therefore provide an opportunity to put a floor on project loss. Use of 
binomial option pricing model gives managers a whole range of possibilities in analyzing the 
flexibility and to value the uncertainty in their investments. In this thesis the disadvantages of 
net present value and decision tree analysis to value investment opportunities will be 
demonstrated. Next the framework of real options is introduced theoretically and in terms of 
examples it is demonstrated how it can be implemented in the valuation of investment 
opportunities, especially those that bear high risk and uncertain future cash flow.  

 

Key words: Net present value, Financial options, Real option analysis, Uncertainty, 
Flexibility.   
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Útdráttur  

Aðferð fyrirtækja að til að verðleggja tækifæri til fjárfestinga hefur breyst mikið á 
undanförnum árum. Með stöðugum breytingum á mörkuðum standa fyrirtæki oftar frammi 
fyrir áhættumiklum fjárfestingum með óútreiknanlegri útkomu. Þær aðferðir sem þekktastar 
eru í dag við verðlagningu fjárfestinga eru núvirðisaðferðin (e. Net present value) og bygging 
ákvörðunartrjáa (e. Decision tree analysis). Ókosturinn við núgildandi aðferðir er að þær eiga 
það til að vanmeta virði fjárfestinga þar sem þau taka ekki inn í myndina sveiganleikan sem 
getur falist í því að geta tekið fleiri ákvarðanir eftir að nánari upplýsingar líta dagsins ljós og 
þær breytingar sem geta orðið á fjárstreymi (e. Cash flow) út fjárfestingartímann. Aðferð sem 
byggir á verðleggingu valrétta (e. Options) á fjármálamörkuðum hefur verið þróuð til að 
takast á við galla fyrri aðferða. Hún felst í því að verðleggja fjárfestingar í heimi þar sem 
fjárfestar eru hlutlausir vegna þeirrar áhættu sem er á markaðnum. Raunvilnanir (e. Real 
options) geta með hjálp valrétta fangað virði þess að hafa þennan sveiganleika. Val um að 
fresta, hætta við eða jafnvel stækka við sig eru möguleikar sem raunvilnanir geta verðlagt 
fyrir fyrirtæki.  Fjárfestirinn getur ákveðið síðar hvort hann vilji nýta sér þessar breytingar 
þegar meiri upplýsingar eru til taks um fjárfestinguna. Með því að nota valrétti til að 
verðleggja fjárfestingar geta fyrirtæki takmarkað það tap sem þau verða fyrir við að taka að 
sér áhættumikla fjárfestingu. Í þessari ritgerð er farið yfir þá galla sem núverandi aðferðir hafa 
við að verðleggja fjárfestingatækifæri. Raunvilnanir verða síðan kynntar sem annar og betri 
kostur til að verðleggja fjárfestinga, sérstaklega þeirra sem stjórnast af mikilli áhættu og 
óvissu fjárstreymi.   
 
 
Lykilorð: Núvirðisaðferð, Valréttir, Raunvilnanir, Óvissa, Sveigjanleiki.   
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1 Introduction 

1.1 Background 

Investment analysis is an important part when companies are deciding to undertake a new 
investment opportunity. They are constantly faced with the decision on whether they should 
make changes to their current production. Ongoing uncertainty in the economic environment 
has caused previously known methods like net present value (NPV) and decision tree analysis 
(DTA) to be unable to capture the uncertainty and irreversibility of investment opportunities. 
The best known method used for valuing investment opportunities is the NPV which is taught 
in most graduate schools today (Copeland and Antikarov, 2001). Although it is the best 
known method researchers have in recent decades discovered that it can give wrong answers. 
It ignores the irreversibility of investments as well as the value of the option to defer, expand, 
contract or even abandon a project if market conditions turn out to be unfavorable. The new 
approach that is intended to value complex investment opportunities has been a project of 
many researchers over the past decades and is still a topic in many journal articles (Dixit and 
Pindyk, 1994). The theory behind this new method, called real option analysis, is the 
valuation of financial options in a risk-neutral world.  

Some of the investment opportunities companies are faced with are the construction of a 
factory, installing equipment or expanding the current production, or even launching a new 
product onto an uncertain market. When deciding to take on a new investment it is important 
to consider the three main characteristics that can have a considerable effect on the value of a 
project (Dixit and Pindyk, 1994). The first one is irreversibility, as soon as a decision to take 
on a new investment opportunity is taken and the initial cost paid, the cost is immediately 
considered to be sunk. You cannot change your mind after the decision is made and recover 
the cost, which is often considerable in new investment opportunities. Next one is the 
uncertainty of the expected cash flow of the investment. With changing market conditions the 
future expected cash flow is uncertain and the best thing to do is to make an assessment of the 
probabilities of alternative outcomes of the investment. Third and last is timing of the 
investment. Launching a product onto a market at the wrong time can result in a considerable 
loss for a company. The option to be able to postpone the investment until more information 
is available can add a considerable value to the investment. When all these characteristics are 
taken into account then the optimal investment decision can be valued.  

Today most firms use the NPV method to value their investment opportunities. It involves 
finding the present value of the future expected cash flow by discounting it using the cost of 
capital. If the present value of the cash flow is greater than the initial investment cost the NPV 
will become positive and the investor will go ahead with the project. However if the 
investment cost exceeds the expected cash flow the investor will not take on the project. The 
problem with this method is that all decisions made today are based on presently available 
information with no flexibility to deal with future changes, such as cash flow or interest rates.  
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Another method introduced by Hertz (1964) and Magee (1964) called the decision tree 
analysis (DTA) was intended to capture the lack of cash flow flexibility in the NPV method. It 
allows companies to delay their investment decision until further information is available. In 
the DTA approach as well as in the NPV the main inadequacy, as well as irreversibility, is the 
determination of suitable interest rates. Both methods use the cost of capital and keep it 
constant when discounting the cash flow. That is not considered ideal as changes in interest 
rates are common and can have a considerable effect on the value of an investment. Increased 
risk is captured by increasing the interest rates which causes the NPV to become lower, 
possibly negative. This makes risky projects become undesirable to companies and they may 
avoid taken them on because of the negative NPV.  

After realizing the drawbacks of the previously known methods economics started researching 
methods that could capture all the characteristics of investment decisions. Myers (1987) was 
the first one to introduce the method of real option valuation (ROV). It is based on the option 
approach used to value call and puts in financial markets. Financial option theory was derived 
by Black and Scholes (1973) and Merton (1973) after many decades of research, it involves 
valuing option in a risk-neutral world, where investor’s attitude to risk is irrelevant. What the 
option approach brings to investment analysis is reversibility and the possibility to delay 
decisions and increase managerial flexibility. These characteristics can profoundly affect the 
decision to invest. The framework of real option analysis has been evolving over the last 
decades and the foremost practitioners have written a number of papers where they discuss 
the advantages of the analysis over other investment methods, Mason and Merton (1985), 
Trigeorgis and Mason (1987), Trigeorgis (1988), Brealey and Myers (1991) and Kulatilaka 
and Marcus (1988, 1992). 

1.2 Objectives 

This thesis is intended to show the advantages of using real option valuation in investment 
decision as compared to well-known methods such as net present value (NPV) and decision 
tree analysis (DTA). It introduces known methods for investment analysis and how they are 
used to value investment opportunities and discusses in some detail their disadvantages.  

It is intended to introduce the framework of real option so future managers in the corporate 
world can study the methods and implement them in the valuation of investment opportunities 
in their own production.  

1.3 Structure of thesis 

In chapter 2 the known investment analysis method will be introduced. First the net present 
value approach will be analyzed with an example on how it can be implemented, as well as an 
analysis on how the cost of capital (CAPM and WACC) is used for discounting the cash flow 
in the NPV method and decision tree approach (DTA). Next the DTA approach will be 
introduced with examples and explanations on how it offers more flexibility than the NPV. At 
the end of the chapter the disadvantages of these methods will be discussed.  
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Chapter 3 introduces the method of financial options as it is the basis of the real option 
framework. Definition of financial options valuation in a risk-neutral world is explained and 
the formulas used to value financial options are derived from the assumptions that the stock 
prices follow a stochastic process. Binomial option pricing is closely connected to the 
valuation of real options as it uses binomial trees to list out possible stock price movements at 
a certain risk-neutral probabilities and takes into account the volatility of the option as will be 
shown in the chapter.  

In chapter 4 the method of real option valuations (ROV) is introduced. Different types of real 
options are listed as well as the connection between the real- and financial options. Examples 
of different types of real options are calculated to illustrate the flexibility they offer. The 
difference between the ROV and DTA methods are discussed as well as how the ROV 
method is superior to the DTA. At the end of the chapter the valuation of uncertainty and 
flexibility in real options is discussed with examples showing how an increase in uncertainty 
and flexibility can affect the value of options.  

Chapter 5 presents case studies on how real option valuation can be used in real life situations 
to value different investment opportunities. Pharmaceutical companies are an industry which 
would benefit from the use of real option valuation instead of older analysis as they deal with 
projects which have high risk and great uncertainty. Another industry is the 
telecommunications sector which operates in a market that is highly volatile and projects in 
that industry face considerable uncertainty and competition. The case study illustrates how the 
real option analysis can be used to help these industries make investment decisions.  

  



4 
 

2 Investment analysis 
 

Net present value (NPV) as a method to value investment opportunities has been known, used 
and taught for many years. It has been shown that majority of companies use it to value their 
investments (Copeland and Antikarov, 2001). The decision tree analysis (DTA) is an 
extended version of the NPV method and was introduced to make up for the lack of flexibility 
in the NPV approach. In this chapter both methods will be introduced and analyzed to show 
their disadvantages in investment analysis. 

2.1 Net Present Value (NPV) 

The NPV method has been the best known and used method in investment analysis. The NPV 
can give a value which helps an investor or company to decide whether they should stay with 
their current production or invest in the new opportunity at a certain outlay for an expected 
future cash flow. NPV discounts the future cash flow using a certain interest rate known as the 
cost of capital and then deducts the initial investment from it. A positive NPV indicates that 
the project will increase the wealth of the company’s shareholders and should be undertaken. 
A negative NPV indicates that the investment project should not be undertaken because the 
expected cash flow will not increase the wealth of the shareholders and it may cause 
difficulties in paying back the providers of debt.  

When estimating NPV the following parameters are imperative. The initial cost of 
undertaking the project, I0, stream of cash flows over the lifetime of the project, Ct, and the 
interest rate, r, used for discounting the cash flow.  Then the net present value of the project 
can be calculated, for T-periods it is given by the expression (Trigeorgis, 2000): 

���� =	� �	
(1 + )	 − ��															(2.1)

�

	
 

In table 2-1 information about a project that a company is considering to undertake are listed. 
The project is for 5 years with the initial investment of 100 and cash flow of 25 per year with 
the cost of capital (WACC) of 5%. 

Table 2-1 Cash flow of an investment opportunity. 

Year 0 1 2 3 4 5 
Investment Cost -100 0 0 0 0 0 
Cash flow (CF) 0 25 25 25 25 25 
Discounted CF  23,8 22,7 21,6 20,6 19,6 

 

NPV of this investment opportunity is:  

NPV� =	� 25
(1 + 0,05)� − 100 = 	8,24

�

�
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Since the NPV is positive the company will undertake the project as it will increase the wealth 
of the company and its shareholders.  

NPV calculations are not always that simple as it can extend over many years and may require 
more cost distributed over the life of the project. Another example of an NPV valuation can 
be a company that is considering undertaking a project to build a factory in stages that will 
take ten years. After the initial investment of 1500 the production can begin and the expected 
cash flow over the first five years is 15. When five years have passed the next stage is 
initiated with an investment cost of 1000 and at the same time the cash flow is expected to 
rise to 40. Finally at the end of year ten a final cost of 500 is paid and the factory considered 
to be fully functional and has an expected future cash flow of 100 into perpetuity. In table 2-2 
the NPV of the first ten years are calculated, cost of capital is 5%.  

Table 2-2 Expected cash flow of an investment opportunity to build a factory. 

Year 0 1 2 3 4 5 6 7 8 9 10 
Investment 

Cost 
-1500     -1000     -500 

Cash flow 
(CF) 

 
15 15 15 15 15 40 40 40 40 40 

Discounted 
CF   

 
14,3 13,6 13 12,3 -771,8 29,8 28,4 27,1 25,8 -282,4 

 

Using formula (2.1) the NPV value for the first ten years is -2390. Next the expected future 
cash flow into perpetuity is added to this value: 

NPV� =	−2390 +� 100
(1 + 0,05)� =	−1161

"

��
 

In this case the NPV is highly negative and therefore the company will not undertake a project 
to building a new factory as it is not likely to increase the wealth of the company given the 
information available today without flexibility on what might happen in the market in the 
future.  

The NPV is a rather simple approach to investment analysis, and perhaps because of that it is 
so widely used in the corporate world. Although it can value simple investment decisions it 
does not allow for any flexibility if the terms of the project change, such as expected cash 
flow or interest rates. Determination of the interest rate used for discounting (the cost of 
capital) can be very hard to predict with certainty. The method used for determining the cost 
of capital and their inadequacies are presented in the next chapter.   

2.1.1 Determining the cost of capital 

Companies have the objective to choose an investment opportunity which will achieve higher 
expected returns and satisfaction for its shareholders. Shareholders have different attitude 
towards risk and therefore it can be difficult find a project that will make all shareholders 
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satisfied. To achieve positive NPV the risk must be kept to minimum and the cost of capital 
low. The goal of the company´s management is to find a project that has a perfect balance 
between risk and expected returns so shareholders will be satisfied with the decision. To 
account for risk the NPV method uses the cost of capital and the two most used models to 
estimate the interest rates and capture the risk are the capital asset pricing model (CAPM) and 
the weighted average cost of capital (WACC) (Copeland and Antikarov, 2001). 

CAPITAL ASSET PRICING MODEL (CAPM) 

CAPM is a risk-adjusted discount rate model (Trigeorgis, 2000). As discussed earlier the goal 
of NPV is to maximize the shareholders wealth and the aim is to do that without taking too 
much risk. Risk can be lowered by diversification that is by building portfolios with securities 
with different risk. Expression of the CAPM formula is as follows: 

#$%& =  +	'%(#()) − *,  (2.3) 

Where E(rj) is the expected return of security j, r is the risk-free rate, '% is the volatility of 

asset j relative to the market and E(rm) is the expected return of the market (Trigeorgis, 2000). 
In case of an investment decision E(r) would be the expected return of the project. ' is the 
most important parameter in the CAPM as it indicates the risk of the asset with regards to the 
market. The beta is used to measure the systematic risk of a portfolio or asset. When using 
CAPM in the NPV approach the beta is obtained from a security with a high or perfect 
correlation to the cash flow of the project and then has the same risk. The betas of the 
considered asset and the project should then be the same.  

CAPM captures two types of risk (Trigeorgis, 2000). Diversifiable risk which results from 
factors that are unique to specific industry and can easily be diversified away and is not 
connected to changes in market conditions. Second is the non-diversifiable risk, also called 
systematic risk, which is a result of economic conditions affecting the price of the securities 
and is impossible to diversify away. CAPM results in a return that compensates for the risk of 
undertaking the project. 

The most important inadequacy of the CAPM is to find a security that has a perfect 
correlation to the project which is about to be undertaken, it is most often impossible. 
Investments considered rarely have a cash flow that is perfectly correlated with a security in 
the market. The interest rates are also held constant through the life of the project which is not 
realistic since market conditions can change and the interest rates with them.  

WEIGHTED AVERAGE COST OF CAPITAL (WACC) 

WACC is an estimator of the average cost of debt and equity and since companies finance 
their operations with debt and equity the WACC denotes the average opportunity cost faced 
by the company. The advantage of using WACC to discount the cash flow is that it is able to 
separate the investment and financial decision of firms (Copeland and Antikarov, 2001). The 
WACC formula is defined by the expression: 
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+,�� =	 -
-./ 01(1 − 2)) + /

-./ 03   (2.2) 

where the equity is denoted by E, debt by D and kd is the rate of return for debt and ke the rate 
of return for equity, that can be found using the CAPM model, and finally Tm which is the 
marginal tax rate.   

These interest rates models are the most used to determine the cost of capital used for 
discounting the cash flows in the NPV approach. Their disadvantages are that many detailed 
information about the company is required which can be difficult to obtain and may not 
correlate completely with the investment project. The parameters can also change through the 
lifetime of the project which is not taken into account when the NPV is calculated as the cost 
of capital is held constant over the project time, this excludes the value of the uncertainty that 
the project has. Keeping interest rates constant is also done when investment decisions are 
made using the decision tree analysis which will be introduced in the next chapter.  

2.2 Decision trees analysis (DTA) 

The decision tree analysis (DTA) is used in investment analysis to try to capture the lack of 
flexibility in the NPV method. The DTA method allows the investor to delay an investment 
decision until more information about the project is available which can affect the value of the 
project. The decision tree maps out different events which can help investors to picture the 
project and make decision during the life of the project.  

Companies’ management can set up a probability event tree based on the knowledge they 
have on the project, perhaps based on similar project. Information about the project can also 
be obtained from some other sources such as specialists which are experts in a specific 
industry where the project will be undertaken, often at some cost. 

An example of an investment decision calculated by using DTA is a company that has the 
choice to start a project today or defer it until the end of the year1, when more information 
about the project has become available. This can for example be a pharmaceutical company 
which has a drug in clinical testing or a company which is developing a new product and 
wants to see how the market will react to the product before going into more production. The 
initial investment is 4000 and the expected cash flow if the product, or drug, becomes 
successful is 300 per year into perpetuity. If the product is not successful the cash flow per 
year will be 100 into perpetuity. The outcomes of these events are equal, that is 50% change 
that the product will be successful and 50% of it failing to be successful. The NPV approach 
values the investments today with the information given at the moment, where the weighted 
average cost of capital (WACC) is approximated at 5 percent:  

NPV� =	� 200
(1 + 0,05)� −

−4000
(1 + 0,05) = 	190

"

�4�
 

                                                 
1 This example is inspired by A. Dixit and R.Pindyck, Investment under Uncertainty (Princeton, NJ: Princeton 
University Press, 1994), 26.  
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The project has a positive NPV which indicates that it should be undertaken, however the 
company wants to evaluate if the possibility of deferring the decision for a year, until more 
information is available, and see if it will cause a more favorable outcome. In figure 2.1 a 
decision tree for the investment opportunity is drawn up, in this tree the q is defined as the 
objective probability.   

 

 

 

 

 

 
 
 

If the product will show an unsuccessful outcome after one year the company will not take on 
the project. However if it will show a successful outcome it will undertake the project for the 
previously mentioned initial cost (4000). Each branch of the tree is valued according to the 
information given: 

Successful outcome:  

−4000
1,05 +	� 300

(1,05)	 = 2190
"

	4�
 

Unsuccessful outcome: 

−4000
1,05 +	� 100

(1,05)	 = −1809
"

	4�
 

With an unsuccessful outcome the NPV is negative and therefore the company will not go 
ahead with the project so the branch with an unsuccessful outcome will become zero. The 
NPV of an option to defer an investment decision is as follows: 

0,5 ∗ 678(2190	, 0* + 0,5 ∗ 678(−1809	, 0* = 1095 

An NPV of 1095 is considerably higher than the NPV of 190. Then the best possibility for the 
company would be to defer the decision until more information about the project is available. 
The value of having a choice to defer the decision is calculated as the difference between the 
NPV with flexibility and the standard NPV without flexibility: 1095-190 = 905.  

The DTA approach will always give the same or higher value as the standard NPV method 
without flexibility. The value of flexibility is most valuable when the standard NPV is close to 

 

300 

NPV  

100 

q = 0,5 

1-q = 0,5 

Successful 

Not - Successful 

NPV = 1095 

Figure 2.1 A decision tree to value the NPV of a project. 
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zero. An investment opportunity with a high standard NPV will be undertaken regardless of 
the addition flexibility it can give by using the DTA approach (Koller, Goedhart and Wessels, 
2005). 

2.3 NPV and DTA disadvantages 

As discussed earlier an important defect in the NPV and DTA approach is that they keep the 
cost of capital constant through the life of the project which is not considered realistic. In both 
methods, which determine the cost of capital (CAPM and WACC) the underlying parameters 
are likely to changes over time. This makes the NPV and DTA methods imperfect as they 
base their calculation on the information known today with no flexibility. It also lacks the 
ability to capture investor’s different attitude to risk.   

Changes in interest rates can have a substantial effect on an investment decision, if interest 
rate changes so that the NPV becomes negative the project should not have been undertaken 
and can result in substantial loss for the company. The interest rate which gives a NPV of zero 
are called the internal rate of return (IRR). A project will be accepted as long as the cost of 
capital is lower than the IRR. When using the first NPV example in chapter 2.1 the IRR was 
calculated to be 7,93%. In figure 2.2 the changes in NPV are shown when different cost of 
capital is used to discount the cash flow. The NPV becomes increasingly negative as the cost 
of capital becomes higher than the IRR. 

 

 

 

 

 

 

 

 

 

 

Changes in cash flow can also have an effect on the NPV and DTA. Cash flow of projects is 
stochastic and various external circumstances can change the cash flow through the life of the 
project. Therefore companies’ management needs a more sophisticated method than the NPV 
to value projects with high uncertainty. A small change in the underlying factors in the NPV 
method can cause it to become negative and therefore make initial calculations useless as the 
terms of the projects have changed. Companies’ management can estimate the changes in 
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future events by doing a sensitivity analysis and changing some of the underlying assumptions 
such as interest rates or expected future cash flow to have an idea in what way the cash flow 
or interest rates may evolve. However the only thing the management has then is a 
distribution of how changes in underlying parameters will affect the NPV. It does not increase 
the project flexibility. Another approach which companies use is a Monte Carlo simulation, 
and then they have a probability distribution and can compare the result with a predetermined 
critical value, and determine if they will go ahead with the project, that is if the probability of 
a positive NPV is above the critical value.  Neither of these methods increases manager´s 
flexibility or takes into account the projects uncertainty it only gives the management a 
possibility of how the investment will evolve without the flexibility to act on the changes. 

The NPV approach bases its decision on information known at the moment the calculations 
are done and does not account for flexibility in future interest rates or cash flows, which has a 
high tendency to change especially if the project expands over a long period of time. All 
parameters are constant throughout the life of the project which adversely affects the NPV 
approach. Looking at these disadvantages it can be said that the method is not a good 
measurement for companies to value future investment opportunities, especially if the project 
is risky and has considerable uncertainty. The probability that a change in either interest rate 
or cash flow will occur are high and then the probability that the project will be either 
undervalued or overvalued are considerable.  

Although the DTA approach is used to value flexibility, which the standard NPV approach 
lacks, it has its limitations. In real life the decisions a company has to make in the future can 
by very complex and will result in a decision tree which will have too many events and 
decision nodes. The simplicity of the values being either high or low is not always true. 
Possibilities of some other intermediate events which are not considered are very likely to 
occur and could affect the investment decision. It also has the same disadvantages as the 
standard NPV method, which is it has difficulties determining the appropriate cost of capital 
used for discounting the cash flow so the right value of the project can be found and all 
information about the project are made the day the calculations are done. The disadvantages 
of the NPV and DTA methods can be adjusted using the real option valuation as will be 
shown throughout this thesis.   
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3 Financial options 
 

As the name indicates real option analysis is built on the framework of financial option 
valuation. In this chapter the method of valuing financial options will be introduced as it will 
give the understanding of how real option are built as they mainly are derived from the 
methodology of financial options. 

3.1  Introduction 

Options are very common in the world of finance. They are different from futures and 
forward contracts, where an asset is bought directly, in that way the buyer or seller is not 
obligated to exercise his option on the underlying asset, but has the option to do so if the 
option gives a positive value. Therefore the options give the holder of it the right, but not the 
obligation, to buy or sell a certain asset at a fixed price in the future, called the strike price or 
exercise price. There are two types of options, a call option which gives the holder the right to 
buy the underlying asset at a certain future date for a predetermined exercise price. Second is 
a put option which gives the holder the right to sell the underlying asset at a certain date and 
predetermined exercise price. The most traded options are European, where the option can 
only be exercised at maturity, and American, where it is possible for the buyer or seller to 
exercise before maturity. The buyer of an option is said to have a long position in the option 
contract and the seller is said to have a short position. An option puts a floor on losses, the 
floor is called a premium which is the amount the buyer of an option pays for it. When the 
asset is bought or sold directly, with a forward contract, there is always a possibility of a 
substantial loss if the price of the asset has fallen or increased. In figure 3.1 the difference 
between a long position in a call option with a premium 10 and a long position in a forward 
contract, the underlying asset is bought at the price of 100.   

It is clear that the choice to buy a call option can be very valuable if the price of the 
underlying falls, then the buyer will not exercise its option and only pay the premium. 
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Figure 3.1 Profit profile for a call option and forward contract (a) a long position in a call 
option, with premium 10 and an exercise price of 100 (b) a long position in a forward 
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However if the buyer had a forward contract on the same asset it will realize a considerable 
loss if the stock price will fall. This feature is one of the most important in the valuation of 
real options, as it can value an option for the company not to go ahead with a project, or part 
of a project, if the circumstances are unfavorable. The basic concept of options is that the 
buyer will exercise the option if it gives a positive outcome, for a call option it is if the price 
of the underlying asset is higher than the strike price established in the option. If the 
underlying asset is lower than the strike price the buyer will not exercise the option and it will 
have no worth. An investment opportunity can for example be described as a financial call 
option. The option to invest is valuable because we can wait until expiry to find out if the net 
payoff of the project will rise or not. If it will rise then the option will be exercised as the net 
payoff has increased. However if the value of the project falls the company will not invest in 
the opportunity as it will give a favorable outcome and then the company only loses the 
premium, that is what they spent to obtain this investment opportunity.  

3.2 Mathematical background 

The most famous and widely used option valuation formula was introduced by Fisher Black 
and Myron Scholes (1973) and extended by Robert Merton (1973).  Development of the 
Black and Scholes formula had evolved over many decades with inputs from many 
economists and mathematicians before the final result was introduced in 1973. The main input 
in the formula is the assumption that stock prices are a continuous stochastic process and its 
derivation is built on processes which were introduced by mathematicians to try to capture the 
behavior of stock prices. Next the processes which are the basis for the financial option 
formula will be introduced briefly.  

THE MARKOV PROCESS  
Stochastic process named after the Russian mathematician Andrey Markov. The Markov 
process indicates that historical knowledge of a variable is not important when predicting 
future stock prices. Future prediction of the price is uncertain and is expressed in the terms of 
probability distributions where the time intervals are independent.  

WIENER PROCESS 
A Wiener process is a particular Markov process which assumes a normal distribution with 
the mean of zero and variance of one, N(0,1). If any variable, z, is considered to follow a 
Wiener process it must satisfy two important properties (Hull, 2011): 
 

(1) Changes in z over some small time interval ∆t is ∆z = є√∆; where є has a standardized 
normal distribution with mean zero and variance one. 
(2) Two different changes of z over two non-overlapping time intervals are independent.  

The changes in the mean of a stochastic process are often referred to as the mean rate and 
variance rate (mostly known as volatility in option valuation). However stock prices do not 
have a zero mean rate and do not have a volatility of one. To adjust to these characteristics a 
generalized Wiener process is more appropriate to value changes in stock prices and it is 
defined as: 
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<= = 	>(=, ;)<; + 	?(=, ;)<@  (3.1) 

where dt is an infinitesimal change in time, dz is a standard Wiener process and >(=, ;) is the 
drift rate and ?(=, ;) the variance rate, they are functions of the underlying variable S at time t 
(Trigeorgis, 2000). The process described by equation (3.1) is called an Itô process.  

GEOMETRIC BROWNIAN MOTION 

A further development of these processes needed to be done as stock prices can obviously not 
follow a normal distribution as they cannot become negative. The prices are more close to 
having a log-normal distribution. The Geometric Brownian motion (GBM) was derived to 
capture the value of stock prices, it is a special case of a Wiener process and it defines 
changes in stock price as 

<= = 	A=<; + 	?=<@  (3.2) 

where µ is the expected rate of return of the underlying asset S. The volatility is denoted by σ 
and dz is the Wiener process.  

ITÔ´S LEMMA 
Option value is a function of the underlying asset and time to expiry of the option. The 
valuation of stock price option from the previous processes is a complex task. The 
mathematician Kiyoshi Itô introduced a method which is known as Itô´s lemma (Kiyoshi, 
1944) that captures the behavior of stochastic variables and can be used to derive the famous 
Black and Scholes formula used in option valuation. An extensive proof of the Itô´s lemma is 
derived in appendix A.  

THE BLACK & SCHOLES MODEL  

Finally in 1973 after many years and many mathematicians the Black and Scholes formula as 
we know it today was introduced.  As well as building on the assumption that stock prices are 
stochastic the formula also assumes that there are no arbitrage opportunities in the market. 
When there is no room for arbitrage in the market it is possible to build a portfolio with a 
short position in the derivative and a long position in the underlying stock. The underlying 
stock price and derivative are then almost perfectly correlated in a short period of time and 
with a portfolio like that the return of the asset must be the risk free interest rate. To remain 
riskless for a longer period of time the portfolio must be rebalanced as the price of the stock 
changes. In the derivation of the Black and Scholes equation in appendix B the Wiener 
process is eliminated by building the risk-less portfolio. Since the portfolio is only riskless for 
a short period of time the rebalancing of the portfolio is important to remain riskless. After 
deriving the Black and Scholes formula with the help of Itô´s lemma the end result is a 
formula which can price European option, for a call 

B = =��(<�) − CD8E(−2)�(<F)  (3.3) 

and for a put  

E = CD8E(−2)�(−<F) −	=��(−<�) (3.4) 
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N is the cumulative probability distribution for a normal distribution and d is given by 

<� =	 GHI
JK
L M.NO.PQ

Q R�
S√�   (3.5) 

<F =	<� − ?√2 (3.6) 

These equations show that options depend on a few parameters that are imperative when 
valuing option they are, the stock price, S, the exercise price, K, the volatility of the asset, σ, 
the risk-free interest rate, r and finally the time to expiry of the option, T. If a change will 
occur in one of these parameters the price of the option will also change, a summary of how a 
change in one of the underlying parameters affects the price of an option is shown in table 3-1 
(Hull, 2011).  These equations consider non-dividend paying stocks, option value for stocks 
with dividends, currency options and stock index options are similar in structure but are 
outside the scope of this thesis.  

Table 3-1 Changes in option price. Keeping underlying parameters fixed. 

 European 
call 

European put American call American put 

Current stock price + - + - 
Strike price - + - + 
Time to expiry uncertain uncertain + + 
Volatility + + + + 
Risk-free rate + - + - 
+ indicates an increase in parameter causes higher option price. 
- indicates an increase in parameter causes a lower option price. 

To illustrate how the Black and Scholes equation can be used to value an option let’s consider 
a European option on a non-dividend paying stock. The stock price is 100 and the strike price 
110. Volatility is 25% and time to expiry 2 years. The risk free rate is 7%. Value of a call 
option on this stock is 

<� =	
ln I100110M + N0,07 + 0,25F

2 R 2
0,25√3 = 0,303 

<F = 	0,303 − 0,25√2 = −0,0504 

 

B = 100�(0,303) − 110D8E(−0,07 ∗ 2)�(−0,0504) = 16,02 

The value of a the option is 16,02 where N(d) can be calculated with the function normsdist in 
excel and captures the cumulative probability distribution  for a normal distribution.  

An important limitation to the Black and Scholes model is that it only values options at expiry 
and therefore cannot value American options that can be exercised before the expiry of the 
option. Investment opportunities often need to be exercised early because of favorable market 
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conditions or competition in the market. To address this limitation in the Black and Scholes 
equation the binomial option pricing is introduced.  

3.3 Binomial option pricing 

After the Black & Scholes formula was introduced in 1973, Cox, Ross and Rubinstein (1979) 
developed an alternative way to calculate the price of options, called binomial option pricing. 
The method is built on the same assumption as the Black and Scholes formula, that there are 
no arbitrage opportunities. The method uses a binomial tree to represent possible paths the 
stock price might follow.  Binomial pricing is often more convenient to use then the Black 
and Scholes formula as it can value an American option where early exercise of an option is 
possible which the Black and Scholes cannot do as it only gives the value of the option at 
expiry. Valuation of real options is most often done by using binomial option as it can offer 
more flexibility than the Black & Scholes formula.  

3.3.1 Methodology 

The method involves building a tree where the price of the stock follows a random walk. At 
the end node of each tree the intrinsic value of the option is calculated, it is the difference 
between the price of the asset today, S, and the strike price, K. The intrinsic value of different 
options at the end nodes is represented in table 3-2.  

 Table 3-2 The intrinsic value of an option 

 

The price goes up (u) with a risk-neutral probability p and down (d) with probability 1-p see 
figure 3.2.  Option value is denoted by f, and it is calculated by discounting the intrinsic value 
of the option with risk free interest rate to the present value. 

 

 

 

 

 

 

 

 

 

 Up movement (u) Down movement (d) 
Call option fu =max[Su-K ,0] fd =max[Sd-K ,0] 
Put option fu =max[K-Su ,0] fd =max[K-Sd ,0] 

p 

1-p 

Su 

Sd 

S 

p 

1-p 

fu = max[Su-K,0]   

fd = max[Sd-K,0] 

f 

(a) Underlying asset      (b) Option value 

Figure 3.2 Value of a binomial option. (a) Starting value of the underlying S and its possibilities 
of going either up or down with certain risk-neutral probability p. (b) The value of a call option, 
f, on the underlying asset S. 
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One of the advantages of using the binomial method is that it is valued in a risk-neutral world 
and therefore uses risk-free interest rate and that eliminates the investor’s attitude to risk. The 
importance of the risk-neutral valuation is discussed later on in the thesis in connection with 
the comparison of previously known investment analysis and the use of option valuation when 
valuing investment opportunities.  

After going through the proof in appendix C the formulas used for valuation of binomial 
options are represented as follows 

Risk neutral probabilities:   E = 	 3WXY1ZY1 																																																(3.7)    

Up and down movement of the stock:  [ = 	DS√�	7\<	< = DYS√� = �
Z 									(3.8) 

Value of the option:     ] = DYO�(E]Z + (1 − E)]1*																(3.9) 
where r is the risk-free rates and T is the time to expiry. Volatility in the price movements of 
the stock is captured by the u and d values which is important to know when the valuation of 
real options is done. In the real option valuation it captures the volatility of the investment 
opportunity. There is a connection between the decision tree analysis (DTA) and the binomial 
approach. In the DTA the objective probabilities are used to discount the cash flow instead of 
the risk-neutral probabilities. In the valuation of an investment opportunity using DTA the 
objective probabilities can be calculated as follows. 

^Z =	 3_XY1ZY1  and ̂ 1 = 1 −	^Z (3.10) 

where R is the cost of capital. 
 
After these equations have been derived it is possible to extended them and use on a two-step 
binomial tree. An example of a valuation of a call option using a two-step binomial tree is 
illustrated in figure 3.3. 
 
 

 

 

 

 

 

 

 

Figure 3.3 A two-step binomial option pricing tree. 

S
d
, f

d
 

p 

1-p 

S0, f0 

S
u
, f

u
 

S
uu

, f
uu 

= max[S
uu

-K, 0] 

S
ud

, f
ud 

= max[S
ud

-K, 0] 

S
dd

, f
dd 

= max[S
dd

-K, 0] 

p 

1-p 

1-p 

p 



17 
 

 

After the intrinsic values at the end nodes are calculated it is possible to discount through the 
tree using the risk free interest rates until the initial node is reached which determines the 
value of the call option. A formula for a two-step tree can be written as: 

]� = exp	(−22)(EF]ZZ + 2E(1 − E)]Z1 + (1 − E)F]11)          (3.11) 

An example of a two-step binomial tree is a call option with stock price of 100, strike price 
110, volatility of 25% and risk free rates are 7% and time to expiry 2 years. Using formulas 
(3.7) and (3.8) we find that u = 1,28, d = 0,78 and p = 0,59 and therefore 1-p = 0,41.  

 

 

 

 

 

 

 

 

 

 

Discounting through the tree we get the value of the call option using formula (3.11).  

]� = exp(−2 ∙ 0,07 ∙ 1) (0,59F ∙ 53,84 + 2 ∙ 0,59(1 − 0,59) ∙ 0 + (1 − 0,59)F ∙ 0) = 16,29 

The value of a call option with a two-step binomial tree is then 16,29 which is close to the 
result we got with the same example using the Black and Scholes formula in chapter 3.2. The 
binomial model converges to the result of the Black and Scholes formula as the numbers of 
steps in the tree are increased.   

For multi-step binomial trees it is possible to set up general assumptions about valuation of an 
option. Considering n as the number of time steps, k the number of ‘up’ movements and (n-k) 
number of ‘down’ movements and ∆t as time steps, the solution for a multi-step binomial tree 
is: 

for a call: 

B(0, \) = exp	(− ∙ \ ∙ ∆;)�I\0MEZdE1eYdmax(([d<eYd= − h), 0*									(3.12)
e

d4�
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Figure 3.4 A two year binomial call option. 
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and for a put 

E(0, \) = exp(− ∙ \ ∙ ∆;)� I\0MEZdE1eYdmax((h − [d<eYd=), 0*
e

d4�
										(3.13) 

where 

													I\0M = 	 \!
0! (\ − 0)!										(3.14) 

AMERICAN OPTIONS 

In previous examples all options have been considered to be European where early exercise is 
not possible. If market conditions are favorable the alternative to exercise an option early can 
increase the value of an option. This is an important attribute the binomial model can address 
and next we will look at an example of the valuation of an American put option.  

Stock price: S = 100 
Strike price: K = 100 
Time to expiry: T = 6 months (∆t = 3 months) 
u = 1,05 
d = 0.95 
Risk-free interest rate: r = 5% 

Using this information it is possible to calculate p =0,62 and 1-p = 0,38 form equation (3.7). 
In figure 3.5 the possible paths the stock price can follow are represented as well as the 
intrinsic value of the put at the end node.  

 

 

 

 

 

 

 

 

Expecting that an early exercise is not possible the value of the European put option using 
formula (3.11) is 

]� = exp(−2 ∙ 0,05 ∙ 0,25) (0,62F ∙ 0 + 2 ∙ 0,62 ∙ 0,38 ∙ 0 + 0,38F ∙ 9,30) = 1,31 
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Figure 3.5 American option with early exercise. 
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Considering an American option then each node needs to be tested to see if early exercise is 
optimal. If the intrinsic value of the option in any node is higher than the option value an early 
exercise is optimal.  

In node C the value of the option using equation (3.9) is 

]Z = DY�,��∙�,F�(0,62 ∙ 0 + 0,38 ∙ 0,38* = 0 

and the intrinsic value is max[100-105,0] = 0 so an early exercise is not optimal at that node. 

In node B the value of the option is: 

]1 = DY�,��∙�,F�(0,62 ∙ 0 + 0,38 ∙ 9,30* = 3,5 

However the intrinsic value in node B is max[100-95, 0] = 5 which is higher than 3,5 and 
therefore at this node an early exercise of the put option is optimal. The value of the option 
changes with the possibility of an early exercise and is now 

]� = DY�,��∙�,F�(0,62 ∙ 0 + 0,38 ∙ 5* = 1,88 

The attribute that the American option can be exercised at any time during the life of the 
option has its value and causes it to be more expensive than standard European options which 
can only be exercised at maturity.  

For a non-dividend American call options it is never optimal to exercise them before expiry. 
Holding the option protects the buyer against the stock price falling below the strike price 
over the life of the option. There is also no income sacrificed when holding a call option until 
exercise since it is possible to hold the money in a bank account which earns risk-free interest 
rates. This causes the value of American call options to have the same value as European call 
options. 

How do investors take advantage of the option theory to value their investment opportunities?  
That is what the method of real options captures. It combines the previously known methods 
used for investment analysis like NPV and DTA with financial option valuation. The content 
of next chapter introduces how real options can be used to value investment opportunities. 
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4 Real options 
 

4.1 Introduction 

The method of using real options to value investment decision is relatively new in the 
corporate world, it has been evolving since around 1980´s (Myers, 1987). It involves using the 
methodology of financial options to value investment opportunities. Real options allow for 
much more flexibility than net present value approach (NPV) and decision tree analysis 
(DTA). Corporate management is now represented with the option to act on it if initial 
assumptions about the project change or more information about the development of the 
project are available later on. These changes can for example be a rise in commodity prices, 
expiration of a patent for the development of new product or property rights to operate in a 
certain area. Management can then act on these changes by for example expanding, 
abandoning, deferring or even default the project. Instead of the underlying asset in the option 
being a stock the underlying is a tangible asset or a project. Although the initial NPV 
valuation gives a negative outcome the real option with much more flexibility can give a 
positive outcome and then justify that a project should be undertaken then confirming that the 
NPV is likely to undervalue an investment project. Real option method can capture the high 
risk and uncertainty of new investment opportunities which the NPV and DTA fail to do. As 
well as having a single real option on a project a portfolio of projects can also be set up with 
different underlying asset or projects with different exercise prices. Those are called 
compound options. In this chapter the real option method will be introduced, first their 
connection to financial options and then the most common types of real options will be listed. 
Different types of real options will be calculated to explain the use of the method. At the end 
the advantages and disadvantages of the real option valuation will be discussed.  

4.2 Connection between real option and financial option 

Financial option pricing and the valuation of real option have a very close connected 
framework. The main question is how do investors obtain the right to these investment 
opportunities? That is the right to exercise an option on a certain project. Investment 
opportunities can for example arise from a patent which a company holds, an ownership of a 
certain part of a land which the company is considering to use in their production or a 
utilization of a natural resource. However more generally they arise from the resources which 
are available inside a company, such as technological knowledge, the position the company 
has on the market, or the scale of the company. These factors all contribute to superiority a 
company has over other companies in the same market, and then the company is able to have 
the option to decide on when and how to exercise its option on an investment opportunity 
(Dixit and Pindyk, 1994). 

Just as with a financial option where the buyer has the right to exercise his option on the stock 
if it gives a favorable outcome, the owner of a real option has the right to exercise his option 
on a certain investment opportunity if it has a favorable outcome. If the project gives a 
favorable outcome the owner will both accept the project and acquire the expected cash flow 
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or if it gives an unfavorable outcome the owner has the option to change or abandon the 
project.  

Real option can be seen as a call or put option on an underlying asset or project. The 
connection between important parameters in a financial call option and a real option are listed 
in table 4-1.  

Table 4-1 Parameter comparison of a Financial and a Real option. 

Financial call option on a stock Real option on a project 
Current value of the stock Present value of expected cash flow 

Exercise price Investment cost 
Time to expiry Life of project opportunity 

Stock price volatility Uncertainty of the project 
Risk free interest rate Risk free interest rate 

 

Although real and financial options have much in common there are still some differences 
between them. A buyer of a financial call option is certain to be able to exercise its option if a 
favorable outcome will occur and receive the underlying stock without any outside influence. 
With real options the underlying asset is a project or an outcome of a market condition, which 
causes a competitor in the same industry to be able to affect the option by exercising a similar 
option before you do, therefore making your option worthless. The competitors can in that 
way have a considerable effect on the outcome of real options. Management of a company 
may perhaps exercise a real option before maturity to exclude the influence of the competition 
which holds a similar option, which they had otherwise held until expiry, and that causes the 
value of the option to fall.  

It is easier to sell a financial option in the market as the underlying asset of a real option can 
be harder to put into price, it can for example be the option to expand which can only be 
applicable for a certain company or it can also be a compound option that needs to be sold as 
a package. It is however not impossible to sell a real option, a company in the same industry 
may benefit from buying a real option for example a patent or a development of a product. 
The management of the companies can control the underlying asset of the real option such as 
a product or a project to expand but with a financial option the buyer or seller cannot affect 
the price of the stock in any way. Therefore it is easier to estimate the parameters of the 
financial option as they can be valued from the market but the parameters of real options are 
often harder to predict with full certainty.  

4.3 Option Types 

 Types of real option can almost be endless as the flexibility for managers to make different 
decisions in the process of their investment project is numerous. They all provide a 
management of a company with a flexibility that can be very valuable. In this chapter the best 
known real option types will be introduced. A real option can be a simple standalone option 
for example an option to renew equipment in a factory. It can also be a compound option 
where many different decisions need to be made over the life of the project or many projects 
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which depend on each other where the payoff of one option is another option. Those options 
can become very complicated and can contain many types of real options. As well as being a 
simple option or a compound option companies can also share options. Companies then both 
have the right to exercise the option which may include them both to take part in a certain 
project. 

OPTION TO DEFER 

An option to defer enables a company to defer its investment decision for some period of time 
or until more information about the project is available. An example of a deferrable option is a 
company that is considering building a factory, but wants to see if the market condition will 
become more favorable before undertaking such an expansive project. Another example can 
be a company that has a product in development and has it protected by a patent, then it has 
the option to wait and see if the market will change to its advantage to launch the product onto 
the market. This option is especially valuable for companies that are launching new products 
onto uncertain markets. If the initial investment is I and the present value of the projects cash 
flow is V the intrinsic value of the option is denoted as max(V – I, 0). When the value of 
expected cash flow exceeds the initial investment a company will exercise its option and go 
ahead with the underlying project. An option to defer is analogous to a call option on a stock 
it has the characteristics of an American option as it is possible to exercise it before maturity.  

OPTION TO EXPAND 

The option to expand is an option which enables a company to make changes or expand their 
current production. An example can be company that is building a factory and wants to have 
the option to expand the factory at a certain cost, I, if market conditions will become 
increasingly favorable. Expansion options are often involved with other option, a compound 
option. An example of a compound option is when a company that owns a factory and is 
waiting on a realization of a patent on its product and wants to expand their production if it 
turns out to be successful. Intrinsic value of an expansion option is denoted as max(pV-I-V, 0) 
where V is the present value of the projects cash flow, p is the percent of expansion of the 
project and I is the initial investment cost. An option to expand is analogous to a call option 
on a stock. 

OPTION TO CONTRACT 

An opposite of an expansion option is the option to contract which enables a company to 
reduce the scale of its production if market conditions turn out to be unfavorable. Projects 
need to be built up in such a way that it is possible reduce production. An example can be a 
company that is operating in an uncertain market where demand for its product is decreasing. 
Then the management has the option to, for example, shut down one of their production 
machine and therefore lowering their maintenance and production cost. The intrinsic value of 
the right to contract a project is max(I – pV, 0) where I is the cost saved by contracting, p is 
the percent of reduction of the project and V the present value of the projects cash flow. An 
option to contract is analogous to an American put option.  
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OPTION TO ABANDON 

If a project turns out to be unsuccessful it can have value for a company to have the option to 
abandon it and in some cases sell it for its salvage value instead of keeping it going and 
experiencing substantial loss. An example of an abandonment option with a salvage value can 
be a project undertaken by a company which has high risk but perhaps an important social 
effect and then the Government is prepared to buy the project for its salvage value if it 
becomes unsuccessful. Value of an abandonment option is max(V-S, 0) where S is the salvage 
value. An option to expand is analogous to an American put option where early exercise is 
possible.  

OPTION TO DEFAULT 

The option to default enables a company to default on its financial liabilities. It then increases 
the value of the project and increases the flexibility of a company in the future and reduces 
risk. An example is a company which decides to go ahead with a very risky project and wants 
to have the possibility to default in a certain time period if the assumption for the project 
becomes unfavorable.  

OPTION TO SWITCH 

In uncertain markets where product and material prices fluctuate frequently the option to 
switch between either input materials or output products can be very valuable. A company 
which can use either electricity or oil as power sources in their production can benefit 
considerably from being able to switch between power sources, that is if the price of oil is 
high the company runs their machine on electricity and vice versa. Same for a company which 
can switch between output products to evolve with changes in the market. With a switching 
option it is also possible to switch from one project to another with a predetermined cost if the 
previous project is unsuccessful but has some knowledge which the second project can take 
an advantage of.  A switching option can give companies a considerable advantage over its 
competitors.  

4.4 Valuation 

In this chapter the values of different types of real options are calculated. Real option 
valuation is based on the valuation of financial options where the calculations are done in the 
risk-neutral world. There are two main methods for valuing real options. They are the 
replicating portfolio approach which involves finding a security that has high correlation with 
the investment project. The other method which is more used is the risk neutral valuation, 
which it is based on the binomial option pricing method introduced in chapter 3.3. Both the 
replicating portfolio approach and risk neutral valuation are derived from the law of one price 
which indicates that no arbitrage opportunities are available in the market. That is the 
possibility of buying one product at a low price in one market and selling it at a higher price 
in another market is eliminated.  
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REPLICATING PORTFOLIO 

When a company is faced with finding the value of an option to defer its investment 
opportunity the replicating portfolio approach can be used. The method is based on finding a 
security in the market that has the same or very similar cash flow as the project the company 
is considering to undertake. Based on the law of one price, if the so called twin security and 
the investment have those characteristics they will have the same value. To eliminate any 
arbitrage opportunity, and value the option, a replicated portfolio is constructed with N 
number of shares of the security and B number of risk-free bonds which has the value of $1 
and earns risk-free interest over the time of the option.  

An initial investment of an investment opportunity is 110 and the objective probability that 
the cash flow will be 180 in one year is 50% and with the same probability the cash flow can 
become 60. The standard NPV value of the project with no flexibility and 10% cost of capital 
(WACC) is: 

0,5(180) + 0,5(60)
1 + 0,10 − 110

1,10 = 9,09 

The company wants to defer its decision to invest in the project for one year to see if the 
market condition will become more favorable and the value of the project will become higher. 
If they are unfavorable the company will not go ahead with the project (not exercise the 
option). A twin security in the market is found with the price of 10 and an “up” state payoff of 
15 and a “down” state payoff of 5. The twin security has a payoff which is one twelfth of the 
project and is perfectly correlated with the cash flow of the project. In table 4-2 the payouts of 
the project and the twin security are listed as well as the value of the option to defer. 

Table 4-2 Cash payouts of a project to defer and its twin security 

 Initial 
investment 

Cash flow Net cash 
flow 

Option to 
defer 

Price of twin 
security 

Up state  110  180  70  110  15 
Down state  110  60  -50 0  5 

Next the replicating portfolio is constructed where the value of the security is set to be the 
same as the value of the option. The portfolio is set up for both states, up and down.  

15= + j(1 + 0,05) = 110 
5= + j(1 + 0,05) = 0 

When solving for the equations the number of shares of the twin security is S = 11 and the 
number of bonds are B = -52,38. These numbers denote that to construct a replicating 
portfolio which is perfectly correlated to our project and pays out the same cash flow as the 
project the company would have to buy 11 shares and short 52,38 bonds. As we are working 
in a no-arbitrage market the value of the project should be the same as the value of the 
replicating portfolio. 

11(10) − 53,38(1) = 56,62 
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The value of an option to defer an investment decision when using the replicating portfolio 
approach is the difference between the value of the replicating portfolio (56,62) and the value 
of the standard NPV (9,09)  

9,09 − (−56,62) = 65,71 

By having the choice to defer the decision to invest in a project the value has become 
considerably higher and therefore the best decision for the company is to wait to make a 
decision until more information about the market is available. 

Although the replicating portfolio approach is a good measurement on the valuation of a real 
option investment decision it has its disadvantages. When companies take on a project with a 
certain expected cash flow it can be extremely difficult to find a corresponding twin security 
in the market perfectly correlated to the expected cash flow of the project. Another 
disadvantage is that a volatility of a market security is unlikely to bear the same volatility as 
an investment project which is not ideal when valuing a real option. Replicating portfolio 
approach can also only be used on real option to defer an investment not on other types like 
expansion option or abandonment option because finding a replication portfolio for such types 
of options is almost impossible. Since securities do not have the characteristics of project to 
expand or abandon its cash flow.  

RISK NEUTRAL VALUATION 

Risk neutral valuation is a more common method than the replicating portfolio approach to 
value real options and often easier to implement. Both methods build on no arbitrage 
opportunity and assume that all investors are neutral towards risk, which is the basis for a risk 
neutral valuation. However in the risk neutral valuation the search for a twin security is 
unnecessary since the method approaches the valuation from the theory of option pricing.  

Valuing investment opportunities using risk-neutral valuation can be done both with the Black 
and Scholes formula and binomial option pricing. However the Black and Scholes equation 
has the disadvantage of only being able to value options which are exercised at maturity. It 
also has problems when valuing different types of real options and can only be used on the 
option to defer. Valuation of other types of real options is most often done by using the 
binomial option pricing as it offers more flexibility than the Black and Scholes formula. It is 
easier to implement it to value different types of real options like the option to abandon or 
expand, where early exercise is often needed. In next chapters the use of risk-neutral valuation 
will be used to value different types of real options.  
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4.4.1 Option to defer 

A company is considering releasing a new product onto an unstable market. The product is 
protected by a patent for one year that prevents competitors to release a similar product onto 
the market in that time. The management starts by valuing the project by using the decision 
tree analysis (DTA) to finds it net present value. Presumptions of the project are as follows: 

Initial investment: I = 1100 
Time to expiry: T = 1 year 
Volatility σ = 40% 
Expected return µ = 20% 
Risk-free interest rate: r = 5% 

The expected cash flow is as set up in a decision tree, shown in figure 4.1, the present value of 
the cash flow is 1.000. Firstly the values of u and d are calculated using formula (3.8) from 
the binomial option pricing chapter. The volatility is 40% and each time step is 6 months and 

therefore [ = 	D�,k∙√�,� = 1,33 and < = 	 �
�,ll = 0,75. Using these results it is possible to 

calculate the objective probabilities in the DTA using formula (3.10), qu = 0,61 and qd = 0,39.  

 

 

 

 

 

 

 

To make sure the binomial tree is correctly built we calculate the present value of the 
investment: 

��Z = 	exp	(−0,2 ∙ 0,5)(0	,61 ∙ 1761 + 0,39 ∙ 1000) = 1327		 
��1 = 	exp	(−0,2 ∙ 0,5)(0,61 ∙ 1000 + 0,39 ∙ 568) = 754		 
��� = 	exp	(−0,2 ∙ 0,5)(0,61 ∙ 1327 + 0,39 ∙ 754) = 1000		 

These values confirm that our tree is correctly built. Considering the initial investment of 
1100 then the NPV can be calculated to be, NPV = 1000 – 1100 = -100.  Using the non-
flexible NPV analysis the company will not go ahead with the release of the product onto the 
market since it is negative.  
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Figure 4.1 Option to defer, expected cash flow 
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As shown before the NPV calculations do not allow for any managerial flexibility and are not 
able to find the true value of the project if it is deferred for one year. The company wants to 
see how deferring the investment for one year will affect its value. Real option valuation can 
be used to value an option to defer, where the firm has a call option on the project´s cash flow 
and the initial investment is the strike price. We need to calculated the risk adjusted 
probabilities since option analysis is valued in the risk-free world, we use formula (3.7) and 
obtain pu  = 0,47 and pd  = 0,53. We now set up a binomial tree to calculate the value of the 
option: 

Now we can find the value of the option by discounting at the risk-free rate: 

]Z = exp(−0,05 ∙ 0,5)(0,47 ∙ 661 + 0,53 ∙ 0) = 303 

]1 = exp(−0,05 ∙ 0,5)(0,47 ∙ 0 + 0,53 ∙ 0) = 0 

]� = exp(−0,05 ∙ 0,5)(0,47 ∙ 303 + 0,53 ∙ 0) = 138 

The value of being able to defer the investment decision for one year is estimated at 138. Now 
the value of the investment opportunity with the option to defer is, the NPV without flexibility 
and the value of the option to defer: 

���	m]	mE;nm\	;m	<D]D = ���	on;ℎm[;	]qD8nrnqn;s + �7q[D	m]	mE;nm\ 

This value improves the NPV of the project and it becomes -100 + 138 = 38.  Then it is more 
logical for the company to wait one year and make a decision when market conditions in the 
market are clearer.  

4.4.2 Option to abandon for salvage value 

Now let´s consider a company which is considering on whether to undertake a risky 
investment opportunity. It has consulted with experts in the field and the expected cash flow 
of the project is thought to evolve as shown in figure 4.3 with a 60% probability of being 
successful and 40% of being unsuccessful. The following parameters are known:  
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Initial investment: I = 3000 
Time to expiry: T = 2 year 
Expected return µ = 30% 
Risk-free interest rate: r = 5% 

 

 

 

 

 

 

 

Figure 4.2 Option to abandon, expected cash flow. 

 
Calculating the present value of the project given the assumptions is 

��Z = exp(−0,3 ∙ 1) (0,60 ∙ 10.470 + 0,40 ∙ 2.855) = 5500 

��1 = exp(−0,3 ∙ 1) (0,60 ∙ 2.855 + 0,40 ∙ 779) = 1500 

��� = exp(−0,3 ∙ 1) (0,60 ∙ 5.500 + 0,40 ∙ 1.500) = 2889 

And the NPV is 2889 - 3000 = -111. The company is uncertain whether it should take on the 
investment project since the NPV is negative and it bears high risk. However the project has 
an important social effect and therefore the Government is willing to buy the project if it 
becomes unsuccessful for the price of 2000. Now the company has a put option on the project 
which protects it from considerable loss and decides to go ahead with it. The use of real 
option valuation is now suitable and the risk-adjusted probabilities are calculated, and to do 
that we need the values of u and d. Given the information we have u =5000/2889 = 1,9 and d 
= 1500/2889 = 0,52. From theses parameters we can calculate the volatility of the project 

using  [	 = 	D8E(?√2) and if we solve this equation the volatility is σ = 64%.  

Next we calculate the option to have the government take over the project if it becomes 
unsuccessful. The risk-adjusted probabilities are pu = 0,37 and pd = 0,63 and the binomial tree 
becomes: 
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Present value of the option is then: 

]Z = exp(−0,05 ∙ 1)(0,37 ∙ 0 + 0,63 ∙ 0) = 0 

]1 = exp(−0,05 ∙ 1)(0,37 ∙ 0 + 0,63 ∙ 1.221) = 737 

]� = exp(−0,05 ∙ 1)(0,37 ∙ 0 + 0,63 ∙ 737) = 444 

The value of an option to abandon a project for a salvage value provided by the government is 
444 and therefore the NPV value of the project becomes NPV = -111 + 444 = 333 which is 
considerably better than -111 and encourages the company to undertake the project even 
though it has considerable risk.  

By setting up an option where the government is willing to buy the project the company is 
holding a portfolio which consists of a long position in the project and a long position in a put 
option where the underlying is the project and the strike value is the governments offer.  

4.4.3 Option to expand 

A company is considering launching a new product onto the market. It is an unstable market 
and the probability of success is uncertain. However if the market conditions become 
favorable the company wants to have the option to expand their production by 40% for the 
cost of 1400. The following parameters have been estimated: 

Initial investment: I = 4150 
Time to expiry: T = 2 years 
Cost of capital (WACC) R = 10% 
Risk-free interest rate: r = 5% 

Expected cash flow after consulting with experts in the field is as follows: 
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Figure 4.3 Option to abandon for salvage value. 
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Figure 4.4 Option to expand, expected cash flow. 

From the decision tree it is possible to calculate the value of u = 1,25 and d = 0,8. Then we 
can calculate the objective probabilities to check if the present value of the decision tree is 
correct and get qu = 0,678 and qd = 0,322. The present value is 

��Z = exp(−0,1 ∙ 1) (0,678 ∙ 6250 + 0,322 ∙ 4000) = 5000 

��1 = exp(−0,1 ∙ 1) (0,678 ∙ 4000 + 0,322 ∙ 2560) = 3200 

�� = exp(−0,1 ∙ 1) (0,678 ∙ .000 + 0,322 ∙ 3200) = 4000 

Now we are certain that our decision tree is right and can calculate the NPV of the project to 
be -150 (NPV = 4000 - 4150). The company wants to buy an option to expand the factory by 
40% if the market conditions are successful. The risk-adjusted probabilities are calculated as 
before where pu = 0,56 and pd = 0,44. The binomial tree is illustrated in figure 4.6 where the 
intrinsic value of the option is max(pV-I-V, 0) where V is the present value of the projects cash 
flow, p is the percent of expansion of the project and I is the initial investment cost. 
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]Z = exp(−0,05 ∙ 1)(0,56 ∙ 1100 + 0,44 ∙ 200) = 668 

]1 = exp(−0,05 ∙ 1)(0,56 ∙ 200 + 0,44 ∙ 0) = 196 

And finally the value of the option  

]� = exp(−0,05 ∙ 1)(0,56 ∙ 668 + 0,44 ∙ 196) = 400 

This mean that the option to expand the production by 40% for the cost of 1400 is valued at 
400 and the NPV becomes positive 250 (NPV = -150 + 400) which motivates the company to 
undertake the project of expanding.  

4.4.4 Option to switch2 

An option to switch between operating modes like different project, machines or technologies 
can have a considerable value for a company. The decision to switch can often be made at 
different times over the life of a project and that increases managerial flexibility.  

In this example we consider a company that has two machines it can use in their operation, A 
and B. They want to value the option to be able to switch from machine A to B if at that 
moment machine B will give a better result at some point.  The expected cash flow each 
machine will generate is listed in figure 4.7 given a rigid technology.  

  

 

 

                                                 
2 This is inspired by an example from Trigeorgis, L. (1996). Real Options, Managerial Flexibility and Strategy 
in Resource Allocation. (2000) Cambridge, Massachusetts: The MIT Press. 171.  
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Present value without flexibility using decision tree analysis of each machine given cost of 
capital of 15% is: 

��(,) = 110 + 0,5	 ∙ 198 + 0,5 ∙ 66
1,15 + 0,5F ∙ 356 + 2 ∙ 0,5 ∙ 0,5 ∙ 119 +	0,5F ∙ 40

1,15F = 334,56 

��(j) = 90 + 0,5	 ∙ 135 + 0,5 ∙ 72
1,15 + 0,5F ∙ 203 + 2 ∙ 0,5 ∙ 0,5 ∙ 108 +	0,5F ∙ 58

1,15F = 270 

Now consider that the company has a flexible operating system, F, which enables it to switch 
between machine A and B. To make the calculations simpler let´s assume there is no 
switching cost, then the combined value of flexibility is the sum of three European options 
denoted by	=	(, → j) where t is the number of years. The total value of the flexibility option 
then denoted by:  

u(,	 → j) = 	=�(, → j) + =�(, → j) +	=F(, → j)		 
To value the option we need the risk-neutral probabilities which are p = 0,4 and 1-p = 0,6 and 
the risk-free interest rates are 5%. If the intrinsic value of switching from A to B is positive it 
is optimal to switch the operation to the other machine. Today the option to switch from A to 
B is 

=�(, → j) = max(90 − 110, 0* = 0 

and therefore worthless. In year one the value of switching from A to B is illustrated in figure 
4.8. 
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Figure 4.6 Cash flow of each machine with rigid technology. 
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Figure 4.7 Option to switch, value in the first year. 
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where 

=�(, → j) = 	]� = exp(−0,05 ∙ 1)(0,4 ∙ 0 + 0,6 ∙ 6) = 3,42 

Here the option to switch from machine A to B has the value of 3,42. As for the option value 
in year two we set up a two-step binomial tree: 

 

 

 

 

 

 

 

 

]Z = exp(−0,05 ∙ 1)(0,4 ∙ 0 + 0,6 ∙ 0) = 0  

]1 = exp(−0,05 ∙ 1)(0,4 ∙ 0 + 0,6 ∙ 18) = 10,27 

And finally the value of the option  

]� = exp(−0,05 ∙ 1)(0,4 ∙ 0 + 0,6 ∙ 10,27) = 5,86 

This leads to the combined value of flexibility to be 

u(,	 → j) = 0 + 3,42 + 5,86 = 9,28 

The total value of the flexibility to switch is: 

334,56 + 9,28 = 343,85 

Given that the option to be able to switch between machines or technology is not more 
expensive than the value of the flexibility, it is preferred over the rigid machine A. Having the 
option to switch methods often gives a company considerable advantage in a competitive 
market.  

4.5 Comparison of ROV and DTA 

When using the net present value method (NPV) or the decision tree analysis (DTA) the 
greatest uncertainty is how to determine the cost of capital used to discount the cash flow and 
choosing it in a way so that the risk is taken into account. NPV and DTA use a so called risk 
adjusted discount rates and they are kept constant over the life of the project. Determining the 
right discount rate (cost of capital) is an extremely difficult task especially since every 
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Figure 4.8 Option to switch, value in second year. 
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investor has a different attitude to risk, some are risk seeking and other are risk adverse. This 
often results in a net present value which undervalues an investment opportunity, as increased 
risk causes higher cost of capital. When valuing NPV the possibility to value the flexibility in 
future cash flow is not available since all information are decided on the day the calculations 
are done. This causes an error in the NPV calculations and often an unrealistic expectation of 
the future cash flow.  

Real option valuation (ROV) is based on the construction of risk-free portfolios and can 
therefore use risk-free interest rate to discount the cash flow. By using risk-free rates we 
assume that investor’s attitude to risk does not matter and that makes the calculations much 
simpler as the risk free rates stay constant from node to node in the binomial tree. Now any 
interest rate risk has been eliminated by discounting the cash flow using risk free interest rates 
and using risk neutral probabilities (p) when working our way back through the binomial tree. 
Cash flow flexibility in the real option valuation is captured by the volatility of the project. In 
the binomial method the “up” and “down” movement captures the volatility as has been 
shown before, and in the Black and Scholes formula the volatility is plugged straight into the 
formula. These characteristics are what make the real option valuation superior to the NPV 
and DTA methods. The flexibility is captured in the risk neutral world using real options and 
therefore the search for the “right” cost of capital is eliminated.  

Although the ROV is superior to DTA there are some aspects that need to be addressed when 
comparing these two methods. That is the type of risk which is underlying in the project and 
how assumptions about the data of the project are gathered. If our data is not based on traded 
assets and the underlying risk is mostly diversifiable the decision tree analysis is just as a 
good of choice for investment analysis as the real option valuation. However when working 
with projects that are connected to traded assets such as commodity investments and projects 
that are very uncertain and bear high risk the real option valuation is more appropriate as it 
can value more complex underlying risk.  

4.6 Managing uncertainty 

The cause of uncertainty in valuation of investment opportunities can be various, such as 
increased competition in the market, deregulation or new technology. Real option analysis 
captures uncertainty with volatility. It can be difficult to predict the volatility of a project, 
especially one that has never been undertaken, such as a new drug or a new project release on 
the market. As discussed earlier it can be hard to find a twin security which has the same cash 
flow as the project and therefore the same volatility. Companies most often try to predict the 
volatility their investment opportunity will have by comparing it with similar projects or 
similar companies in the market. Specialists in the industry may also try to use their 
knowledge to predict the investment volatility. 

Change in volatility can affect the value of an investment opportunity considerably. The real 
option method can take an advantage of projects with high uncertainty which previous 
investment methods have not done. Using the previous example of a deferrable option but 
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increasing the volatility from 40% to 60% it is possible to see how the value of the option 
changes. The assumptions about the investment are as follows: 

Initial investment: I = 1100 
Time to expiry: T = 1 year 
Volatility σ = 60% 
Expected return µ = 20% 
Risk-free interest rate: r = 5% 

As before the present value is 1000 and a non-flexible NPV is -100. The values that are 
affected by the change in volatility are the “up” and “down” movement of the cash [ =
D�,v∙√�,� = 1,53 and < = 	1/1,53 = 0,65 therefore the path of the expected cash flow changes 
as shown in figure 4.7. With changed cash flow the objective probabilities also change.  

 

 

 

 

 

 

 

Now the risk-neutral probabilities are pu = 0,42 and pd = 0,58 and the binomial tree is built as 
follows: 

Figure 4.9 Option to defer, expected cash flow with increased in volatility. 
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Value of the option is found by discounting at the risk-free rates and we obtain: 

]Z = exp(−0,05 ∙ 0,5)(0,42 ∙ 1236 + 0,58 ∙ 0) = 506 

]1 = exp(−0,05 ∙ 0,5)(0,42 ∙ 0 + 0,58 ∙ 0) = 0 

Then the value of an option to defer with the volatility of 60% is: 

]� = exp(−0,05 ∙ 0,5)(0,42 ∙ 506 + 0,58 ∙ 0) = 207 

This value is considerably higher than the value of the option to defer with the volatility of 
40%, which were 138. The NPV also increases from 38 to 107 (-100 + 207). 

It has now been shown that an increase in uncertainty adds value to real options. In figure 
4.11 the previous example of an option to defer is represented with different volatility, as seen 
in figure 4.12 an option to defer has no value below some certain volatility. When the 
volatility increases the option becomes more valuable. 

 

 

 

 

 

 

 

 

Figure 4.10 Option to defer, increased volatility.  
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This is an attribute the real option valuation inherits from the financial options theory and is 
very valuable in the valuation of investment opportunities. When a project becomes more 
risky it becomes more attractive to the holder of a real option as it will increase the probability 
of a profit from an appropriately placed option. That is an option that is set up in that way that 
if the project becomes unsuccessful the option has a floor on losses but it can produce a profit 
with no boundaries. When valuing an investment opportunity using NPV or DTA higher 
uncertainty results in investment opportunities that are less desirable to the investor. Higher 
uncertainty results in a more negative NPV as is shown in figure 4.13. The reason is that with 
increased uncertainty the cost of capital rises and lowers the value of the investment 
opportunity. When entering into a risky project using the NPV or DTA method the loss of the 
project can become substantial as it is irreversible.  

 

 

 

 

 

 

 

 

 

 

By comparing these methods it is clear that the real option method is more appropriate to deal 
with uncertainty of investment projects and allows for the managers of companies to take 

Figure 4.11 Changes in the value of an option to defer with increased volatility 
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advantages of risky situations where the volatility can change rapidly, which they were not 
willing to do before because of fear of a substantial loss.  

Although the real option method can use a high uncertainty to its advantages the 
determination of volatility is what causes the most problems in project valuation. This defect 
is hard to repair since companies are not able to predict volatility in advance, also in new 
investment projects there is no historical volatility to rely on which is often used when valuing 
financial options. Some project can use historical volatility in their valuations if there is a 
security on the market which reflects the volatility of the industry, an example can be a 
pharmaceutical company that has a volatility which can be gathered from the market. This 
method can give a close approximation of the investments volatility but is likely to have some 
deviation. Another alternative is to consult specialists in the field the project is about to be 
undertaken and use their knowledge to value the volatility of the project. This method can 
have a greater deviation than using the market but can be the only way to estimate volatility 
for a new project.  

Despite the problem in finding the “right” volatility in investment analysis it is still a better 
approach than NPV. If changes in the volatility are realized after an investment opportunity 
has been undertaken the company’s management has the flexibility to make changes to its 
investment or even abandon it if the volatility turns out to have a negative effect on the 
investment.  

4.7 Manage and value flexibility 

Flexibility is the most important part the real option method has succeeded to capture in 
investment analysis. By being able to set up different types of options such as the option to 
expand, defer, abandon or contract, company´s management has more control over the project 
and its outcomes.  

As in the framework of financial options there are six parameters which are the drivers of 
flexibility when valuing investment opportunities. They are investment cost, interest rates, 
time to expiry, volatility (uncertainty) and cash flow lost to competitors (Koller, Goedhart and 
Wessels, 2005). Referring to table 3-1 in the chapter about financial options there changes in 
option value are listed with regards to changes in one underlying parameters, given that all 
other parameters are constant. This table can also apply for real option value however it is 
important not to interpret the changes the drivers of flexibility can have on option value by 
only assuming that only one parameter will change. In reality there is highly likely that more 
than one parameter will change at the same time and therefore change the option value in 
another direction then expected by table 3-1.  

When managing flexibility it is important to exercise the option at the right time so its value 
will not be lost. Copeland and Tufano (2004) wrote a detailed article about managerial 
flexibility to emphasize the importance of companies’ management in real option valuation. 
Most often the task to manage the flexibility of a real option is managerial rather than 
technical. When a valuation of a real option is applied it is assumed that managers will 
exercise their option at the appropriate time. If an option is not exercised at the right time can 
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cause a gap between the theoretical and realized value of the option. An American option, 
which has the ability to be exercised early, requires that the management to exercises the 
option at the right time, otherwise the investor has overpaid for that option. If managers tend 
to be either trigger happy and exercise too early, or fall asleep and miss an optimal time to 
exercise the option, the true value of the option is lost. To deal with this problem Copeland 
and Tufano (2004) propose a solution which involves changing the corporate planning and 
budgeting which can help with the timing of managerial decisions. 

With increased flexibility the need to manage it is increasingly important. If a management 
closely monitors its investment opportunity it has an increased possibility of exercising it at 
the right time and therefore holding its true value. 

4.8 What features of ROV attractive to companies  

Real option analysis can be used on almost all types of investment opportunities. What makes 
it more attractive to companies than other investment analysis is how it deals with flexibility 
and risk.  

These features make the real option pricing very attractive to companies which operate in 
unstable markets and or often faced with high risk investment opportunities, where decisions 
need to be made in parts throughout the life of the project depending on information arriving 
later on. Companies which are faced with these difficulties are for example those who deal 
with commodity investments such as mining and oil companies which are faced with a lot of 
cost and uncertainty before actual production can begin and may often need the option to 
abandon their project if it is unsuccessful. Research and development companies are also 
faced with high risk and uncertainty in the future. The research phase can be extremely 
expensive and has an uncertain outcome, as well as being a volatile market where product 
price can change quickly. Telecommunication companies operate on an extremely volatile 
market where prices can change quickly. Development of new technology on the 
telecommunication market is also fast and the companies need to stay ahead of its competitors 
by working on new development themselves.     

These are just an example of companies that can use real option in their operation. All 
companies can in some way implement real option valuation in their industry.  

4.9  Comments about real options 

After demonstrating the use of real option they seem to be a perfect fit to find the true value of 
an investment opportunity. Why has real option then not been as successful in the corporate 
world as first anticipated by the researchers?  

Critics have pointed out the difficulties in using financial options to value investment 
opportunities as it was not designed to value projects. Not all parameters are readily available 
in calculation of real options as in the valuation of financial option where they can be taken 
straight from the market. This can make calculations more complicated than the valuation of a 
simple financial option. Companies’ management often lacks the knowledge on option 



40 
 

valuation to implement real option valuation to their investments. However with simpler 
option valuation framework such as the binomial option pricing, managers should be able to 
adopt this new technique, as a deep understanding of financial option is unnecessary in 
investment valuation.  

Estimation of the volatility of an investment opportunity is another point that can cause 
imperfection in the valuation of real options. It is what managers struggle the most to value in 
their investment opportunities. However it is always possible to change the volatility 
throughout the life of the option using binomial option pricing. When valuing volatility 
company´s management often relies on expert opinion to value a projects uncertainty and that 
often comes close to the real volatility. This is considered to be the only assumption need to 
be made in the valuation of an investment, when in previous methods almost all parameters 
are based on assumptions.   

Managerial decisions are also very important in real option valuation as was discussed in 
chapter 4.7. The value of a real option can lose value if managers do not exercise it at the right 
time or competitors succeed to exercise a similar option before you do. This characteristic of 
real options causes managers to be much more involved in decision making than previously 
known methods have required. If managers fail to exercise at the appropriate time an option 
which previously had high value can become worthless.  

These inadequacies are considered to be minor compared to the assumptions that need to be 
made with previous investment analysis. If managed correctly they should not have a 
considerable influence on the value of an investment opportunity.  

5 Case studies 
 

In this chapter examples on how real option valuation can be used in real life are introduced. 
The examples are gathered from articles and books about real option analysis. First an 
example on how pharmaceutical companies can apply real option valuation in their 
production, that is valuing the opportunity to launch a new drug onto the market. Next the 
valuation of a project in the telecommunication industry will be analyzed. Both companies 
work in an extremely uncertain and volatile markets and where previously known investment 
analysis cannot capture the true value of their projects.  

 

5.1 Pharmaceutical companies 

This case study is built on an example from Copeland and Antikarov (2001) with additional 
information obtained from articles about research and development (R&D) projects especially 
in pharmaceutical companies. The articles used for information about pharmaceutical 
companies are Hartmann and Hassan (2005), Kellogg and Charnes (2000) and Willigers and 
Hansen (2008). They all did an extensive research on how real option analysis can be used to 
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value projects in the pharmaceutical industry where companies are considering launching a 
new drug onto the market.  

5.1.1 Introduction 

Pharmaceutical companies are a sector where high risk research and development projects are 
common. The launch of a new drug onto the market demands extensive development and high 
cost. However when a successful drug, protected by patent, is released onto the market the 
company can profit extensively. Competition in the pharmaceutical industry is also fierce and 
as soon as patents expire generics take over the production of drugs which causes the profit of 
the original patent holder to contract. To be able to keep up with expiring patents and 
competition in the market pharmaceutical companies constantly need to work on developing 
new drugs against diseases and release onto the market (Hartmann and Hassan, 2005).  

A drug goes through of series of stages before getting an approval from the U.S. Food and 
Drug Administration (FDA) to be launched onto the market. In the first stage, the research 
phase, scientists spend a lot of time in the lab in the hope of discovering a new drug against 
diseases. When an application for the drug to start clinical trial has been accepted by the FDA 
the company can start clinical trials which usually consist of three phases. In each of these 
phases there is always a probability of failure and abandonment. At the end of each phase the 
company needs to make the decision if they continue with the development of the drug to the 
next phase or abandon it if the results of the phase are unsuccessful. When all clinical trials 
are finished and the FDA has given their approval the drug can finally be launched onto the 
market. Market risk is an important factor in the development of a new drug, and management 
has to be able to evaluate the risk of the drug being unsuccessful in the market. For an 
extensive example on the valuation of a pharmaceutical company using the flexibility real 
option valuation see Kellogg and Charnes (2000). 

The research and development process a drug needs to go through before it is released onto 
the market is very complex. Each stage requires high cost outlays and the uncertainty of a 
stage being successful is high. These characteristics all cause previously known investment 
analysis, such as NPV, to be inadequate to value this kind of an investment opportunity. In 
valuation of investment opportunities in the pharmaceutical industry the main risk is the 
technological and market risk. These risks are independent and that makes it even harder to 
value a project where both of them need to be taken into consideration. Considering these 
complicated characteristics it is clear that a conventional investment analysis without 
flexibility is not able to capture them, however the real option valuation can be used instead as 
it is designed to capture these characteristics. With that amount of flexibility and risk the use 
of binomial tree is more efficient than using the Black and Scholes formula in valuation of 
this project.   

5.1.2 Assumptions 

As mentioned earlier this case study is based on an example from Copland and Antikarov 
(2001) which shows a valuation of a pharmaceutical company  where both technological and 
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market risk need to be taken into account when a release of a new drug onto the market is 
being considered.  

A pharmaceutical company is in a competition on the market, it has a drug on the market 
which is currently protected by a patent but it is about to expire so they want to value the 
option to develop a new drug and release it onto the market. The production of a drug is split 
into three stages. First is the research stage where the drug is developed by scientists and the 
probability of a success is 20% and the cost is $5 million. Next the drug is ready for testing, 
like mentioned earlier the testing stage is often split into more phases however here we will 
see it as a one phase, it has a 20% change of success and the cost is $100 million. In the 
testing stage the drug has the possibility of becoming successful with the probability of 15% 
and then it will produce a profit with the present value of $800 million, mediocre with the 
probability of 25% and present value of $150 million or a product which cannot be released 
onto the market with the probability of 60% and has no value. Finally if no failures occur in 
previous stages, which would cause an abandonment of the project with no profit, it is ready 
to be released onto the market and the marketing stage has the cost of $67 million. In table 5-1 
all assumptions about the project are gathered, cost of capital (WACC) is 10% and the risk 
free interest rates are 5% and for simplicity each stage takes one year and time to expiry is 
then 3 years.   

Table 5-1 Cost and cash flow of the release of a new drug onto the market. 

 Cost (millions) Success rate Failure rate PV (millions) 
Research stage $5 0,2 0,8  
Testing stage $100 0,15 0,85  

Great  0,15 0,85 $800 
Mediocre  0,25 0,75 $150 
Not released  0,6 0,4 $0 

Marketing $67    

5.1.3 Calculations 

Using the three methods that have been introduced in this thesis we will now value the 
investment opportunity and compare the results. First we start by using the standard NPV 
approach, next add flexibility and set up a decision tree and value the project using the DTA 
approach, and finally using the real option analysis.  

NET PRESENT VALUE (NPV) 

Using the NPV approach information known today is used to predict expected cash flow of 
the project and how it will evolve through the life of the project. Since the NPV is irreversible 
we commit to seeing the project through when doing the valuation, even though some stages 
become unsuccessful. The risk-free rates are used for discounting the cash flow since the 
technological risk is independent of the market risk and that makes the beta in the Capital 
Asset Pricing Model (CAPM) zero and the cost of capital equal to the risk-free rates. 
Calculations of a non-flexible NPV are: 
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��� = 	−5 + 0,2x(0,15 ∙ (800DY�,��∙� − 67) + 0,25 ∙ (150DY�,��∙� − 67)
+ (0,6 ∙ (−67)*DY�,��∙� − 100y + 	0,8(0 − 100*DY�,��∙� =	−$85,136 

Since the NPV is highly negative the company will not start the process of developing a new 
drug to release onto the market as it is not likely to produce profit according to these 
calculations.  

DECISION TREE ANALYSIS (DTA) 

To try to capture more flexibility the company builds a decision tree for the project and that 
enables the management to have the option to invest at the end of the testing and marketing 
stage, given what will happen in previous stages, see figure 5-1. The company has for 
example the choice to abandon the project if the research stage is unsuccessful or if the testing 
stage produces a drug which cannot be released onto the market.  

 

 

 

 

 

 

 

Working from the end notes through the decision tree we can value the project. The value of 
node B in the tree is calculated as follows: 

j = 	 (0,15 ∙ 733 + 0,25 ∙ 83 + 0,6 ∙ 0*DY�,��∙� − 100 = 24,33 

Node A holds the value of the flexible option 

, =	 (0,2 ∙ 24,33 + 0,8 ∙ 0*DY�,��∙� − 5 =	−0,37 

By comparing this with the NPV it is obvious that increased flexibility adds considerable 
value to the project. The value of the option to be able to abandon the project if some stages 
are unsuccessful is: 

−0,37 − (−85,13) = 85,5 

Now the pharmaceutical company is more presumptive to start the research of a new drug by 
having the flexibility to make decision at the end of each stage.  
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Figure 5.1 Decision tree for release of a new drug onto the market. 
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REAL OPTION VALUATION (ROV) 

As discussed earlier the release of a new drug onto the market bears two kinds of risk, the 
technological risk which is an unexpected event in the research stage, and the market risk 
which involves the change of drug prices in the market throughout the life of the project. 
Previous calculations, NPV and DTA, only valued the technological risk, to be able to get the 
true value of the project the market risk has to be taken into account in the calculations. 
Different from before where the technological risk was not dependent on the market the 
market risk is correlated to the market, so the risk neutral valuation of the real option is a 
more appropriate method as it can capture both risks.   

As seen before the drug can have three possible outcomes from the testing stage, from 
previous estimates of drug testing the outcomes are considered to have the volatility of 25% 
per year, which is contingent from possible outcomes of the drug. Using formula (3.8) the 
company can calculate the price movements of the drug:  

[ = D(�,F�∙√�) = 1,28		   < = �
�,F{ = 0,78 

An event tree for market uncertainty is shown in figure 5.2, there possible changes in the 
present values of drug, considering their volatility which is captured by u and d.  The event 
tree for a product that will not enter the market is zero in all nodes.  

Using the results of the event trees in figure 5.2 it is now possible to build a decision tree 
where the value of the option can be calculated, figure 5.3, taking into account both 
technological and market risk. The value of the option is found by working our way from the 
end node of the tree and discounting the expected cash flow given a certain risk-free interest 
rate and risk-neutral probabilities. 

At the end nodes the company has to make a decision on whether it wants to invest $67 
million in marketing cost if the drug is successful or abandon the project. This depends on 
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Figure 5.2. Event tree illustrating changes in drug prices for (a) great drug and (b) mediocre drug. 
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how the value of the drug prices has changed and if it will have a positive outcome, after the 
cost has been considered, the company decides to go ahead with releasing the product onto 
the market.  

The technological risk is captured in the nodes D and B it is independent of the market and is 
discounted using half a year´s risk free rate. The top node in section D the NPV is calculates 
as follows: 

���-� =	 (0,15 ∙ 1252 + 0,25 ∙ 180 + 0,6 ∙ 0*DY�,��∙�F = 277,1	 
In this node the tree has captured the option that the market has driven the drug price up two 
times and the possibility of the research stage producing a great or mediocre drug, this 
knowledge can have a considerable effect on the investment decision. Same calculations are 
done for other nodes in section D and there we see that in the end nodes that the company will 
launch the drug onto the market if it will become great or mediocre.  

Next we want to value the nodes in section C. Here the market risk needs to be considered, 
and since it is correlated with the market the valuation requires a real option risk-neutral 
valuation. First the risk-neutral probabilities are calculated: 

E = 	 3K,K|∙}Y�,~{�,F{Y�,~{ = 0,54  1 − E = 1 − 0,54 = 0,46 

Using these probabilities and the risk-free interest rate the NPV in the upper node in section C 
is: 

����� =	 (227,1 ∙ 0,54 + 127,5 ∙ 0,46*DY�,�� − 100 = 72,37 

where 100 is the cost of the testing stage. By using this method we have taken into account 
both the independent technological risk and the market risk which was correlated with the 
market. Working our way further back in the tree we reach section A which holds value of the 
option and is calculated as follows: 

���� =	 (14,118 ∙ 0,54 + (−1,05) ∙ 0,46*DY�,�� − 5 = 1,78 

The value of an investment opportunity to release a new drug onto the market is positive by 
$1.78 million. Adding this value to the result of the DTA makes the company confident to 
start the research stage and then it has the flexibility to make decisions after each stage 
depending on the outcome of that stage.  

Comparing the methods used in the valuation of the companies investment opportunity it is 
clear that there is a considerable difference between the standard non-flexible NPV which was 
-$85,13 million where a company would not consider starting the project of developing a new 
drug and the value with flexibility.   
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5.2 Telecommunication Industry 

This case study is based on a research paper by Harmantszi, Trigeorgis and Tanguturi (2006), 
data acquired from the thesis supervisor Dr. Sverrir Ólafsson and knowledge from previous 
studies of real option analysis. In the paper the authors value flexible investment decision in 
the telecommunication industry using the real option analysis. Information is also gathered 
from a master thesis written by Lassila (2001). In this case study an investment opportunity 
for a telecommunication company to increase the number of base stations will be valued.  

5.2.1 Introduction 

The Internet has grown tremendously in recent years and with it different devices which can 
use Internet connection, such as phones and tablets, have been launched onto the market. This 
innovation has caused the telecommunication market to become one of the fastest growing 
markets in the world. The need to transfer large amount of wireless information fast and 
efficiently is becoming more important and telecommunication companies are in fierce 
competition to set up networks that can transfer huge amount of data as fast as possible to 
satisfy costumer´s increasing demand.  

Deregulation and increased demand has also changed the telecommunication market into a 
commodity market which brings new challenges for investors in the market. As well as 
increasing demand, innovation and competition in the market it has contributed to a highly 
volatility market and increasing uncertain (Lassila, 2001). Because of the unstable market 
condition it is becoming more difficult for telecommunication companies to maintain existing 
growth without taking on riskier projects. New investment opportunities in the market such as 
updating networks to the next generation of wireless networks or building new base stations 
to be able to service more customers all require huge amount of capital and are very risky. 
These challenges cause the companies´ management to make intensive investment analysis 
before taking on a new investment opportunity. The analysis must take into account the 
uncertainty in the market as well as the flexibility for managers to make decision about the 
project later on.  

Looking at the challenges the telecommunication market is faced with it is obvious that net 
present value (NPV) approach is not able to capture them all. However the real option 
analysis can take into account all these challenges and find the true value of the investment 
opportunity. It also allows for more managerial flexibility such as enabling the management 
to delay their decision until more information about risk factors such as market conditions are 
available.  

The key issue for the companies´ management is to provide the customers with the best 
quality of service while constantly increasing coverage area and broadband internet service 
(Harmantszi, Trigeorgis and Tanguturi, 2006). One of the decisions companies are faced with 
is when the right time is to add additional base stations (BS) to their network. Base stations 
are set up in a fixed location and are connected to telephone landlines. When a cell phone user 
makes a call from his phone it connects to the nearest base station which then connects the 
call to a regular land-line phone system. The same thing happens when a cell phone connects 
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to the internet. Base stations have a limited number of customers it can service and therefore 
with increasing number of customers the connection to each customer becomes worse and 
therefore more base stations are necessary to provide the best service in a competitive market.  

The decision to increase the number of base stations acquires some consideration as it 
requires large capital. When are market conditions favorable so the increase in number of base 
stations is worth it? Is the growth in number of subscribers sufficient to take on such an 
expensive project? Management also has to be aware of the uncertainty the project is facing 
and keep managers on their toes on when is the right time to exercise the option so it won’t 
lose value. The option for companies to defer an investment can be valuable in this situation 
as more information about market condition, such as increase in number of subscribers, can 
have a considerable effect on the decision.  

5.2.2 Assumptions 

A company is considering installing base stations to keep up with the increasing demand on 
the market. They want to increase the number of base stations as the number of subscriber’s 
increases. The project is estimated to take five years and the company wants to value the 
option to defer the decision until more information about market conditions is available. In 
table 5-2 initial information about the project are listed. 

Table 5-2 Initial information about base station project 

Project Initial Information 
Initial number of base stations (BS) 90 

Initial cost of installing one BS 110.000 
Initial number of customers 70.000 
Initial charge per customer 120 

 

The number of subscribers is estimated to increase by 18% each year and the company has 
decided to increase the number of base stations by 7% every year. The initial charge per 
customer is 120 and is considered to decrease by 1% each year. The cost of running the base 
stations is 0,75% of the installation cost. Cost of capital (WACC) is estimated at 18%.  

5.2.3 Calculations 

First the method of NPV will be used to value the project without the managerial flexibility 
and the option to defer. In table 5-3 the cost of the base station project is calculated over the 
next five years. In the last line the present value of total cost over the life of the project is 
calculated using formula (2.1), without initial investment and the cost of capital of 18%.  
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Table 5-3 Cost of base station project 

Years 0 1 2 3 4 5 
Number BS 90 96,3 103,0 110,2 117,97 126,2 
Cost of BS 110.000 110.000 110.000 110.000 110.000 110.000 
Installation 
cost 

9.900.000 10.593.000 11.334.510 12.127.926 12.976.880 13.885.262 

Run cost 742.500 794.475 850.088 909.594 973.266 1.041.394 
Tot Cost 10.642.500 11.387.475 12.184.598 13.037.520 13.950.147 14.926.657 
PV-Total 
Cost 10.642.500 9.650.403 8.750.789 7.935.037 7.195.330 6.524.579 

BS: base station 

In the next table the income of the project is calculated given previous terms. With the present 
value of the income calculated the same way as before with equation (2.1) 

Table 5-4 Revenue of a base station project 

Years 0 1 2 3 4 5 
Number of 
customers 

70.000 82.600 97.468 115.012 135.714 160.143 

Charge per user 120,0 118,8 117,6 116,4 115,3 114,1 
Customers per BS 777,8 857,7 945,9 1043,2 1150,4 1268,7 
Customer 
revenue 

8.400.000 9.812.880 11.463.406 13.391.551 15.644.010 18.275.333 

PV of total 
revenue 8.400.000 8.316.000 8.232.840 8.150.512 8.069.006 7.988.316 

 

Considering the cost and revenue of the project the next step is to find the present value of net 
cash flow in table 5-5 and discounting it back to today and then calculating the total net 
present value (NPV). 

Table 5-5 Net cash flow of a base station project. 

Years 0 1 2 3 4 5 
Net Cash flow -2.242.500 -1.574.595 -721.192 354.031 1.693.864 3.348.676 
PV of Net Cash 
flow -2.242.500 -1.334.403 -517.949 215.474 873.676 1.463.737 

 

Using again formula (2.1) the total NPV is the sum of the present value of total cost from 
table 5-3 which is 50,70 million and the present value of total revenue from table 5-4 which is 
49,16 and then the NPV of the investment without considering flexibility and uncertainty is 
has a negative value of -1,54 million (46,16 – 50,70). Because of the negative net present 
value the company would not undertake the project. 
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After doing the NPV analysis the company wants to value the option to defer their investment 
decision. Real option valuation can be done using the Black and Scholes equation as it can 
value the option to defer an investment in a fewer steps than the binomial option pricing. The 
volatility at the telecommunication market is estimated to be 38% and risk-free rates 5%. 
Other parameters used in equation (3.3) are as follows: 

PV of expected cash flow (S0) = 49,16m 
PV of investment cost (K) = 50,70m 
Volatility (σ) = 0,38 
Risk-free rates (r) = 0,05 
Time to expiry (T) = 5 years 
 
Using equations (3.5) we get d1 = 0,68 and N(d1) = 0,75 and then d2 = -0,17 and N(d2) = 0,43. 
Plugging the numbers into equation (3.3) the value of the option is: 

B = 49,16 ∙ 0,75 − 50,70 ∙ 0,43 ∙ exp(−0,05 ∙ 5) = 19,87 

The value of the option to defer is 19,87 million and therefore the NPV of the base station 
project with increased flexibility is  

���	(on;ℎ	mE;nm\) = 	−1,54 + 19,87 = 18,336 

Now the project has a considerably better NPV, it has gone from-1,54m to 18,33m which 
makes the option to defer the project until more information about market conditions is 
available much more valuable than taking on the project immediately. The real option 
valuation was able to capture the value of an option to defer the decision about increasing the 
number of base stations which the standard NPV could not capture. This illustrates once again 
that increased managerial flexibility has value that cannot be overlooked when valuing an 
investment opportunity.  
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6 Discussion and Conclusion 
 

In this thesis net present value (NPV) and decision tree analysis (DTA) where examined and 
their ability to evaluate company’s investment decisions. When comparing these methods to 
real options valuation it is clear that they lack the flexibility to capture the true value of 
investment opportunities. Too many assumptions have to be made at the time of the 
calculations and the tendency to undervalue an investment is very high. The irreversibility of 
NPV causes many high risk projects, which may have produced high profits, never to be 
undertaken as the NPV tackles risk with higher cost of capital resulting in a negative NPV. 
These disadvantages make NPV and DTA unsuitable to find the true value of an investment 
opportunity. 

Real option analysis based on a valuation of financial options in the risk neutral world offers 
much more flexibility in the valuation of investments opportunities, especially those who bear 
high risk and have uncertain future cash flows. The use of the Black and Scholes formula and 
binomial option pricing to value options enables management to value this increased 
flexibility. Using examples it was illustrated that the real option valuation encouraged 
companies to undertake a risky project although the initial NPV had given a negative value. 
An important factor in real option valuation is that it puts floor on losses. The option to be 
able to abandon or default a project is considered to have value that previous methods were 
not able to capture.  

The importance of real option valuation is obvious when high risk projects are under 
consideration. Projects with negative NPV can change and become positive when the value of 
managerial flexibility is taken into account with real option valuation. This characteristic is 
extremely valuable for companies that are operating in highly volatile markets. It shows the 
importance of real option valuation as it avoids downsides in the market and exploits upsides. 
It has the option to create value by not seeing uncertainty as risk to be avoided, rather use it 
for its advantages. 

Although the valuation of real options has been around since the 1980´s more work is still 
needed before it is considered by critics as a standard method in decision making, it still has 
room for improvements. Although it is increasingly being used to make investment decision 
in corporate finance, it is still relatively new in many industries. The performance of real 
options as a decision-making tool in different industries has yet to be closely valued. How the 
initial valuation of the option reflected the real value of the project and the influence 
managerial flexibility has on its value. However the research that has already been done so far 
shows that it is a considerably better choice than previous methods and companies should 
start implementing this method rather than NPV and DTA as it offers much more possibilities 
in investment analysis.  

The main result of this thesis is that the value of flexibility cannot be ignored as previous 
investment analysis has done when valuing investment opportunities. Using real options gives 
an estimate that is more close to the correct answer as it can value the uncertainty and 
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flexibility the investment will face over the life of the project. However more work is still to 
be done in the real options field, especially a comparison on how real option valuation has 
been able to capture the true value of investment opportunities in firms. 
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8 Appendices 

 

8.1 Appendix A 

It is considered that the underlying asset S follows the previously mentioned Itô´s process as 
in equation <= = 	A=<; + 	?=<@ (1) and S has the drift rate of µ and variance rate of σ2. Now 
consider an option F(S,t) which is a function of S and time t. Itô´s lemma values the changes 
in small time intervals as the function of the underlying and it must follow the process 
(Trigeorgis,2000): 

<u(=, ;) = 	 I���� μ= +	���	 +
�
F
�Q�
��Q ?F=FM<; + 	?= ��

�� <@ (2) 

where dz is the previously discussed Wiener process. By comparing equation (1) and (2) it is 
shown that F(S,t) follows the Itô process with the drift  

I���� μ= +	���	 +
�
F
�Q�
��Q ?F=FM (3) 

and variance  

?F=F I����M
F
 (4) 

As discussed earlier stock price follows a log-normal distribution, when Itô´s lemma is used 
to derive a process with a log-normal distribution (F = lnS) we will obtain the following3: 

<u =	IA − SQ
F M <; + ?<@ (5) 

µ - σ2/2 is the drift rate and σ2 is the variance rate, they are constants and changes between 
today and some future time T is then normally distributed: 

q\=�	~	� �q\=� + IA − SQ
F M 2, ?F2�   (6) 

This equation show that the stock price is normally distributed because a “variable has a 
lognormal distribution if the natural logarithm of the variable is normally distributed “ (Hull, 
2011, p. 271).  

  

                                                 
3 See Hull, J.C, Options, Futures and other Derivatives (2011) (Upper Saddle River, New Jersey, Person 
Education Limited), 271. 
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8.2 Appendix B 

The portfolio is set up as a short position in the derivative and a long position in the 
underlying stock and its value is then denoted as 

� = 	−] +	���� =  (1) 

As discussed earlier the portfolio is risk-less and the return is the risk-free interest rate. 
Change in the portfolio value is then denoted as  

∆� =	−∆] +	���� ∆= (2) 

By using equation 1 and 2 in appendix B and substituting them into equation 2 and obtain  

∆� =	I− ��
�	 −

�
F
�Q�
��Q ?F=FM∆; (3) 

As no-arbitrage opportunity are available and the Wiener process, dz, has been eliminated the 
portfolio earns risk-free rates and it follows that 

∆� = �∆; (4) 

Substituting equation (1) and (3) into equation (4) the Black and Scholes differential equation 
can be established as follows 

��
�	 + = ��

�� +
�
F?F=F �Q�

��Q = ]  (5) 

The Black and Scholes differential equation is then used to find the premium of the options. 
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8.3 Appendix C 

This proof is based on the ideas of Cox, Ross and Rubinstein (1979).  

The aim binomial method is to value an option by using risk-neutral valuation techniques 
where there are no arbitrage-opportunities. To value an option like that a portfolio is set up 
where we have a long position in ∆ number of shares and a short position in one option of the 
underlying shares.  

If the value of the option goes up the value of the portfolio will be 

=�[∆ − ]Z (1) 

or if the value goes down it will be 

=�<∆ − ]1 (2) 

Putting these two equal we get 

=�[∆ − ]Z =	=�<∆ − ]1 (3) 

Than we can derive 

∆	= 	 ��Y����Y�� (4)	
 

the portfolio is now risk-less, there are no arbitrage opportunities, and then it must earn risk 
free interest rates. Present value of the portfolio, where the risk free rates are denoted by r and 
T is time to maturity, must satisfy the following relationship: 

∆=� − ] = (=�[∆ − ]Z)DYO� (5) 

And finally substituting equation (4) for ∆ and rearrange, the value of the option is denotes as: 

] = DYO�(E]Z + (1 − E)]1* (6) 

where  

E = 	 3WXY1ZY1  (7) 

The value of the probability of an up movement in the binomial tree, u, and a down 
movement, d, capture the volatility, σ, of the stock. They are connected with the time interval 
T and the relationship is denoted as  

[ = 	DS√		7\<	< = DYS√� = �
Z (8) 

 


