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Abstract 

The hydrodynamics in open channel flows are most challenging and obey complex 

physical laws. In order to investigate the cavitation potential and the functionality of a 

spillway, time consuming and cost-intensive physical models are built in a smaller scale. 

Froude scaling is used to compare the model to the prototype. A two-phase flow, 

consisting out of air and water, is common in high energy spillways. Air entrainment and 

air distribution in spillway flows are subjected to scaling effects and cannot be obtained 

from a model and transferred to a prototype. For an accurate determination the evolvement 

of an aerated flow depending on bubble sizes and their distribution, suspended particles 

and aeration rate on the bottom of the spillway have to be taken into account in respect to 

the cavitation potential. In this work, experiments and simulations are carried out to 

understand the complexity of high-energy spillway flows. The simulations are based on 

numerical modelling, which is a combined large-eddy simulation technique (LES) and 

discrete element method. Three-dimensional simulations of an aerator are performed on a 

graphics-processing unit (GPU). The results are in agreement with the experiments and 

confirm prior findings from physical models such as formation of bubble size, bubble 

coherence and separation and air concentration profiles. This promising effort in GPU 

computing could pave the way for developing advanced simulation techniques for the 

study of waterways and ports, as well as coastal and ocean engineering in the future. 

Útdráttur 

Straumfræði opinna farvega eru fræðilega krefjandi og fylgja flóknum eðlisfræðilegum 

lögmálum.  Til að rannsaka slittæringu (e. cavitation) og virkni yfirfalla, eru tíma- og 

kostnaðarfrek líkön byggð í smáum skala. Froudeskölun er notuð til að bera saman líkanið 

við raunverulega mannvirkið.  Tveggja fasa rennsli, sem samanstendur af lofti og vatni, er 

algengt í orkuríkum yfirföllum. Loftblöndun og loftdreifing í yfirfallsrennsli sæta 

kvörðunaráhrifum og er því ekki hægt að yfirfæra frá líkantilraunum.  Nákvæm ákvörðun á 

þróun loftblandaðs rennsli veltur á stærð og dreifingu loftbóla, svifagna, og loftunar við 

botn yfirfallsins sem hefur svo áhrif á mat á mögulegri slittæringu.  Í þessu verkefni eru 

tilraunir og hermanir gerðar til að skilja flókið rennsli orkuríks yfirfalls. Hermanirnar eru 

byggðar á tölulegum líkönum, sem eru gerðar með iðu hermunartækni og bútareikningi.  

Þrívíðar hermanir af loftblöndunarinntaki eru gerðar á grafík-vinnslu einingu (GPU).  

Niðurstöðurnar passa við tilraunir og staðfesta fyrri niðurstöður líkana með tilliti til 

loftbólu stærða, loftbólu samloðunar og loftstyrkssniða.  Þessar góðu niðurstöður með 

GPU gefa tilefni til að þróa áfram slíkar aðferðir fyrir farvegi og einnig fyrir strand- og 

hafverkfræði í framtíðinni. 
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1 Introduction 

1.1 Motivation 

The leading thought is to develop a fully 3D simulation of an aerated spillway in the 

future. However, to achieve that, the physics of bubble growth due to cavitation and 

aeration and their formation and distribution have to be understood and simulations have to 

be validated. In this thesis, it is shown that a large-eddy simulation (LES) combined with a 

discrete element method on GPUs yield promising results. 

1.2 Conceptual formulation 

In some cases, the velocity of the flowing water in high-energy spillways can exceed 

30m/s and the potential risk of cavitation might occur. Used as an illustrative example the 

spillway of the Kárahnjúkar Dam, which retains the Hálslón Reservoir in eastern Iceland, 

depicts numerous problems in spillway engineering which have to be solved. Figure 1.1 

shows an aerial perspective of this high-energy spillway at a discharge of ca. 600 m
3
/s. 

 

Figure 1.1 Aerial view of Kárahnjukar spillway with bottom aerator, eastern Iceland 

(Tomasson et al., 2009) 

aerator 

incipient white water 
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When a fluid changes state from liquid to vapour, its volume increases by orders of 

magnitude and cavities (or bubbles) can be formed. Cavities, which are filled with water 

vapour occur when the local pressure equals the water vapour pressure. Cavitation is the 

process of phase change from the liquid state to the vapour state by changing the local 

pressure at constant temperature. It is a consequence of the reduction of the pressure to a 

critical value, due to a flowing liquid or in an acoustical field. Spillways are subject to 

cavitation. Inertial cavitation is the process in which voids or bubbles rapidly collapse and 

form shock waves. This process is marked by intense noise. The shock waves formed by 

cavitation can significantly damage the spillway face (Falvey, 1990). Cavitation damage 

on the spillway face is a complex process (Lee and Hoopes, 1996).  

Falvey (1990) suggested that the impurities and microscopic air bubbles in the water are 

necessary to initiate cavitation. As can be seen from Figure 1.2, the colour of water 

retained behind the dam indicates that it may contain various types of impurities including 

suspending fine solid particles. The density of the water accumulated behind the dam is 

determined from a sample as 1080 kg/m
3
. Due to the windy conditions on the day when the 

sample was taken, the water was highly agitated and the clay concentration near the 

waterside was higher compared to days when the water is still and the clay has settled. 

 

Figure 1.2 Retained water behind Kárahnjukar dam. Inset: A hydrometer is used to 

estimate the relative density with respect to water of the sample, which is 

1.08. 

The melting water, which transports suspended clay particles, flows into the side channel 

and follows an approximately 400 m long chute with a transition bend and a bottom 

aerator. 

The most important issue is to reduce the energy head of the flowing water before it hits 

the canyon floor. In this example the jet should not hit the opposite canyon wall or produce 

too much spray to enhance erosion (Garðarsson, 2009). An artificial aeration device 

“cushions” the water; the widening at the chutes end reduces the flow velocity and 

increases the impact area in the plunge pool, which in turn decreases rock scouring. 

Additionally, seven baffles and lateral wedges at the main throw lip abet the jet 
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disintegration (Tomasson et al., 2009). In general, every high-energy spillway has to be 

analyzed due to its cavition potential. 

The water in a spillway contains air bubbles and impurities, such as suspended particles, in 

a range of different sizes. As discussed later, these microscopic air bubbles and impurities 

induce cavitation. Vaporization is the most important factor in the cavitation bubble 

growth. It is a critical combination of flow velocity, water and vapour pressure of the 

flowing water at which the incipient cavitation starts. The cavitation number is used to 

define this starting point. The equation for this parameter is derived from the Bernoulli 

equation for a steady flow between two points. In dimensionless terms, the comparable 

equation results in a pressure coefficient, Cp. The value of this parameter is a constant at 

any point until the minimum pressure at a certain location is greater than the vapour 

pressure of water. The pressure at a certain location will not decrease any further once the 

vapour pressure is reached. Considering everything, such as temperature, clarity of the 

water and safety reasons, the pressure coefficient is set to a minimum value and then called 

cavitation number σ. The cavitation number is a dimensionless number that expresses the 

relationship between the difference of a local absolute pressure from the vapour pressure 

and the kinetic energy per volume. It may be used to characterize the potential of the flow 

to cavitate. 

It has been suggested that no cavitation protection for a spillway would be needed if the 

cavitation number is larger than 0.18. If the cavitation number is in the range of 0.12 - 

0.17, the spillway should be protected by additional aeration grooves. In Figure 1.3 the 

cavitation indices for different discharges in the Kárahnjúkar spillway have been 

calculated. 

 

Figure 1.3 Cavitation indices at different discharges on a physical model of the 

Kárahnjukar spillway (VAW, 2006). Blue diamonds: 200 m3/s; red squares: 

400 m3/s; green triangle: 800 m3/s; blue squares: 950 m3/s; yellow square 

with green star: 1350 m3/s; orange dot: 2250 m3/s. 

As a precaution the cavitation zone has been set to σ = 0.25 because of the lower 

atmospheric pressure, low water temperature and overall safety reasons. Thus, the aerator 

was built, as a precaution, 300 m downstream after the inlet. Nevertheless, incipient white 

water upstream from the aerator (Figure 1.1) allows the assumption that in such a long 

spillway self-aeration has started to develop and that the flow at the location at the aerator 

http://en.wikipedia.org/wiki/Pressure
http://en.wikipedia.org/wiki/Kinetic_energy
http://en.wikipedia.org/wiki/Cavitation
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might be already fully aerated. Therefore, the advantage of this aerator to minimise or 

prevent cavitation is questioned.  
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1.3 Organization of the Thesis 

In Chapter 2, a summary about cavitation, self-aerated flow, artificial aerated flow and the 

physics of entrained air bubbles is presented. 

Chapter 3, Experiments and Simulations, is divided into two sections. 

1. An aerated flow in a tube is used to investigate the distribution and size of entrained 

air bubbles.  

 

A quantitative experiment shows the analogy of the free surface of a mixing tank and 

the free surface of a spillway. Furthermore, clay particles are added into a mixing tank 

to evaluate their influence to bubble size and free surface turbulences.  

 

A simulation describes and supports the aforementioned theories of the first 

experiment. It shows the expansion of the interacting and uprising colloids at two 

different velocities in a tube. 

 

Additionally, the influence of suspended particles and their possible interactions on air 

bubbles are discussed.  

 

2. Forced cavitation, the dynamics of cavitation bubbles, and air distribution in a 

spillway are deliberated in the second section of the third chapter. 

 

An experiment is conducted in which cavitation is forced to develop in a glass pipe 

and in a galvanized steel pipe. These findings are compared to corresponding 

computational simulations. The mathematical model and simulation results of the 

cavitation bubble dynamics are also discussed. 

 

The second simulation illustrates the flow behaviour of an aerated spillway. In this 

section, the reliability of the predicted cavitation zone as shown in Figure 1.3 is 

examined. 

 

Chapter four summarizes the main findings. 
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2 Literature review 

In spillway engineering constructive works there are numerous challenging obstacles 

which have to be overcome. One of the most determined factors is the geological geometry 

in which the dam and its spillway have to be built in. The geometry, such as length and 

slope of the spillway, can range from short and steep, long and flat or vice versa. 

Generalized, the longer and steeper the spillway the higher is the gradient of the energy 

head of the flowing water. In some cases, the velocity of the water might exceed 30 m/s 

and the potential risk of cavitation might occur. The initiation of cavitation is called 

incipient cavitation where individual cavitation bubbles suddenly transition into one large 

void, called cavity flow, developed cavitation or supercavitation. The physics regarding 

this process is described in the following chapter. 

2.1 Cavitation 

The water in spillways contains air bubbles and impurities, such as suspended particles, in 

a range of different sizes. As discussed later these microscopic air bubbles and impurities 

induce cavitation whereas vaporization is the most important factor in the cavitation bubble 

growth. It is a critical combination of flow velocity, water pressure and the vapour pressure 

of the flowing water at which the incipient cavitation starts. The cavitation index is used to 

define this starting point. The equation for this parameter is derived from the Bernoulli 

equation for a steady flow between two points. 

 

    
 

 
         

   

 
       (1) 

  = pressure  

   = reference pressure 

  = flow velocity  

   = reference velocity 

  = elevation 

   = reference elevation 

  = gravitational constant 

 

In dimensionless terms, the comparable equation results in a pressure coefficient, Cp: 

 

 
   

                 

   
 

 

 (2) 

 

The terms in the numerator of equation (2) are defined as potential energy flow Ef and 

potential energy at a reference point E0, respectively. Usually the gravitational terms are 

negligible compared to the pressure terms and the equation simplifies to: 

 

 
   

    

   
 

 

 
(3) 
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The value of this parameter is a constant at any point until the minimum pressure at a 

certain location is greater than the vapour pressure of water. The pressure at a certain 

location will not decrease any further once the vapour pressure is reached. Mathematically 

spoken, equation (3) rearranges to the cavitation index as followed: 

 

 
  

     

   
 

 

          
        

   
 

 

 (4) 

   = vapour pressure of water 

   = atmospheric pressure 

   = water pressure at the chute bottom 

 

As generally postulated, the index should be higher than 0.2 to prevent cavitation if high 

standards for smooth surfaces are observed (Falvey, 1990). 

As mentioned earlier, water does not spontaneously change from liquid to vapour even if 

the temperature is raised or the pressure is decreased. An extremely clear filtered water 

body can sustain negative pressures (where the vapor pressure is larger than the 

atmospheric and hydrostatic pressure together) without cavitating. Under normal 

conditions cavitation starts at the location of impurities, such as particles or minute cracks 

on a smooth surface which is the crucial factor in spillways. Katz (1984) observed that the 

appearance of visible cavitation in flowing water has always been preceded by the 

occurrence of a swarm of microscopic bubbles in a small region of the flow field. 

 

Figure 2.1 Development of cavitation (Falvey, 1990) 

The process in Figure 2.1 a-d shows the formation of supercavitation. With a decrease of 

local pressure due to an increase in flow velocity, small bubbles start to form to accumulate 

and eventually to merge to one large cavity. In other words, microscopic bubbles function 

as nuclei in a flow. They are a necessity to start the process of cavitation. 
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Daily and Johnson (1956) studied the stability of a spherical bubble. The force balance on 

a hemispherical section of a bubble is shown in the inset of Figure 2.2. The curves 

represented in the following figure are described as: 

 

 
       

  

  
  

  

 
  (5) 

Pd = difference between minimum fluid pressure and vapour pressure 

P0 = reference pressure (of fluid surrounding the bubble) 

  = interfacial surface tension 

rc = bubble radius 

 

and 

 

 
   

     

 
 (6) 

  = mass of gas 

   = engineering gas constant 

   = temperature 

 

The stability of those vapour bubbles can be described and explained by the following full 

differential equation derived by Knapp (1970). 

 

 
   

   

   
 

 

 
 
  

  
 
 

          
  

 
 

  

  
  (7) 

 

The bubble will grow or decrease in diameter if the right side of the equation is positive or 

negative, respectively. If the right side becomes zero the bubble size reaches a condition of 

neutral stability, also known as the locus of stability. Plotting the loci of stability for 

numerous vapour bubbles with varying air content, the describing equation comes to: 

 

 
          

 

 
 
 

  
  (8) 

   = difference between minimum fluid pressure and vapour pressure 

 

and 

 

 
   

 

 
 
     

  
  (9) 
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Figure 2.2 Equilibrium conditions for vapour bubbles containing air (Daily and 

Johnson, 1956) 

The abovementioned equations and resulting graphs clearly state the mechanics of the 

formation of cavitation. A bubble with small free gas content drops into a low-pressure 

region, the radius of the bubble hardly changes. If the pressure decreases further and the 

bubble reaches the critical radius, the bubble will expand instantaneously. The only reason 

for that explosion is caused by the rapid vaporization of the water within the bubble. This 

phenomenon is called vaporous cavitation. In turn, if a bubble with high gas content drops 

into a low-pressure region, the radius of the bubble will expand gradually without ever 

reaching a critical radius. In Figure 2.3, a bubble with small free gas content in a low-

pressure region is illustrated. This bubble decreases in size over time to its minimum 

bubble size. The instantaneous vaporization causes a rebound, which is subsequently 
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followed by a rebound shock wave and the inescapable bubble collapse. In fact, there are 

several factors, which might induce a bubble collapse. For example, if the bubble 

undergoes a pressure gradient, its shape does not remain symmetrical, as can be seen in 

Figure 2.3b. The same deforming force might occur if the bubble moves close to any 

boundaries where it is subjected to different flow velocities. Nevertheless, in both cases the 

irregular shape of the bubble causes a diversion of the flow direction, also known as 

microjets, Figure 2.3b and Figure 2.4c. 

 

Figure 2.3 Collapse mechanisms of a bubble (Falvey, 1980) 

Ultrajets are formed due to a collapsing swarm of bubbles initiated by one rebound shock 

wave. Bubble swarms especially form in vortices where a single shock wave may trigger 

the accumulated bubbles to a collective rebound, as shown in Figure 2.4d. A more detailed 

mathematically and computational analysis of vortices and the coalescence of bubbles 

forming a swarm will be discussed later, as well as the importance of the surface tension of 

bubbles and the air water interface. 
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Figure 2.4 Interaction of bubble collapse mechanisms (Falvey, 1980) 

The velocities produced by ultrajets are on the order of one-half the sonic velocity of the 

liquid (Tomita and Shima, 1986). Due to high local velocities the hydrostatic pressure 

drops significantly which initiate the damaging micro explosions close any boundary. A 

brief summary about cavitation damage on concrete walls is given in the next chapter. 

Here, the vapour pressure, surface tension, and temperature were all considered to be 

constant. In reality, as a bubble collapses these assumptions are not valid. To simulate the 

collapse dynamics it is necessary to consider the compressibility of water, the 

compensability of the gas in the bubble, and the enthalpy changes. These considerations 

result in six differential equations and four algebraic equations that must be solved 

simultaneously.  
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2.1.1 Cavitation Damage 

Surface irregularities, cracks, offsets, tunnel linings etc. exposed to high-energy flow are 

the main reason to allow and initiate cavitation. Concrete deterioration due to alkali-silica 

reaction, sulphate attack, and freeze thaw damage abet cavitation drastically. Additionally, 

the influence of dissolved particles, for instance in flood or alpine melting water, may 

increase the risk for cavitational scour, which is discussed later in this work. At this point, 

a few examples of the potential destructiveness of cavitation is given to understand the 

need to investigate high-energy three-phase flows containing air, water and vapour. 

 

Figure 2.5 Spillway of the Karun Dam, Iran (Kramer, 2009) 

The Karun Dam, Figure 2.5, includes a chute spillway containing three 18 m wide bays. At 

the normal reservoir elevation of 530 m, the gross head at the flip bucket lip is about 130 

m. Seasonal flood releases in December 1977 resulted in severe cavitation damage to the 

concrete surface in the lower chute panels and bucket of all three bays. Repairs were 

performed during 1978 and 1979, and cavitation damages that have occurred following this 

repair. 
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Figure 2.6 Hoover Dam, USA, (Warnock, 1945) 

Figure 2.6 shows the cavitation damage to the concrete wall of the spillway at the Hoover 

Dam. The spillway is 15.2m in diameter and the hole, mainly caused by cavitation, is 35m 

long, 9m wide and 13.7m deep. 

 

Figure 2.7 Axial views from the inlet of the cavitation and cavitation damage on the hub 

or base plate of a centrifugal pump impeller (Soyama et al., 1992) 
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 The two photographs in Figure 2.7 are of the same area, the left one shows the typical 

cavitation pattern during flow and the right one the typical cavitation damage. Parts of the 

blades can be seen in the upper left and lower right corners; relative to these blades the 

flow proceeds from the lower left to the upper right. The leading edge of the blade is just 

outside the field of view on the upper left (Soyama, Kato and Oba,1992) 

To prevent or at least diminish such disastrous consequences air has to be added to the 

water flow. Peterka (1953) provided evidence that an average air concentration C of some 

5% reduces the cavitation risk almost completely. The elastic properties of water change 

dramatically with the presence of air bubbles. Even the amount of air needed for cavitation 

protection had been questioned throughout the past 50 years. Rasmussen (1956) 

optimistically considered a minimum amount of 1-2% of air, Semenkov and Lentiaev 

(1973) found that an air concentration of at least 3% is needed, Pylaev (1973) confirmed 

the 3%, and Russell and Sheehan (1974) investigated in their experiments that 2.8% of air 

was sufficient to eliminate damage. Recapitulatory, scientists agreed that a small amount of 

air close to the chute bottom reduces the risk of cavitation damage significantly (Kramer 

2003).  
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2.2 Air entrainment on chutes 

2.2.1 Introduction 

Air entrainment occurs in many several ways such as free surface aeration in high-energy 

flows, local aeration devices such as bottom or sidewall aerators, water flow over a weir, 

impinging jet into a plunge pool, hydraulic jumps, and over or under flowing obstacles. In 

this chapter, the processes of natural and artificial aeration in spillways are discussed. 

2.2.2 Free surface aeration 

The air entrainment process at the air water interface in chutes has been investigated 

throughout the last 87 years (Ehrenberger 1926). This chapter will summarise the most 

important facts regarding self aeration. The air-water mixture in chutes is specified in three 

characteristics: Air entrainment mechanism, location of the point of inception, and air 

concentration distribution in the uniform flow region: 

Air entrainment mechanism 

Air entrainment implies a process by which air penetrates a body of water. Air in form of 

non-spherical bubbles is transported with the water flow. This water mixture usually 

appears to be white, also known as “white water”. It has to be mentioned that depending on 

the chutes slopes and the velocity of the water the air bubbles may not mix uniformly over 

the complete water depth. If the water surface is rough enough and moving at a sufficient 

velocity, the surface will appear to be white even though the water body contains no air. 

For instance, a breaking wave captures air and the surface appears white while the still 

water body below the breaking wave remains free of air bubble (Figure 2.8). Only a few 

bubbles are being pushed deeper into the water body but surface again quickly due to the 

lack of a capturing turbulent flow, which might transport the bubbles also in a vertical 

direction. 

 

Figure 2.8 Breaking wave from below (Oceanwide Images, 2002-2013) 
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Several explanations have been proposed to describe the mechanism of self-aeration. 

Keulegan and Patterson (1940) analysed wave instability in open channel flows, and their 

work suggest that air may be entrained by breaking waves at the free surface, if the flow 

conditions satisfy: Fr > 1.5. Volkart (1980) indicated that water drops falling back into the 

water flow entrain air. Hino (1961) and Ervine and Falvey (1987) suggested that air is 

entrapped by turbulent velocity fluctuations on the free surface. It is believed that air 

entrainment occurs when the turbulence level is large enough to overcome both surface 

tension and gravity effects. The turbulent velocity normal to the free surface v' must be 

large enough to overcome the surface tension pressure of the entrained bubble (Rao and 

Rajaratnam 1961, Ervine and Falvey 1987) and greater than the bubble rise velocity 

component for the bubble to be carried away. These conditions become: 

 

 

    
  

    
 (10) 

 

and 

 

           (11) 

σ = surface tension [N/m] 

   = density of water [kg/m^s] 

   = bubble diameter [m] 

   = bubble rise velocity [m/s] 

  = slope of the spillway [-] 

Air entrainment occurs when the turbulent velocity v' satisfies both the equations (10) and 

(11). It must be noted that the equation (11) derives from Ervine and Falvey's (1987) work. 

Figure 2.9 shows both conditions for bubble sizes in the range 1 to 100 mm and slopes 

from 0 to 75 degrees. 
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Figure 2.9 Critical turbulent velocity v´ for air entrainment (Falvey, 1987). 

The rise velocity of individual bubbles in still water was computed as by the method of 

Comolet(1979). Figure 2.9 suggests that self-aeration will occur for turbulent velocities 

normal to the free surface greater than 0.1 to 0.3m/s, and bubbles in the range 8 to 40 mm. 

For steep slopes, the action of the buoyancy force is reduced and larger bubbles are 

expected to be carried away. The turbulence number          is described as the 

standard deviation of the square root velocities over a total time step    and the average 

velocity in the same time step   . Ervine and Falvey (1987) explained that the turbulence 

intensity Tu is the most important factor for the air entrainment mechanism. The free 

surface diffuses laterally at a rate proportional to the turbulence intensity. When water 

particles move perpendicular to the main flow direction, they must have an adequate 

kinetic energy to overcome the restraining surface tension to be ejected out of the flow. 

Volkart (1980) described the general method with droplets being projected above the water 

surface and then falling back, thereby entraining air bubbles into the flow. Figure 2.3 

shows the air entrainment from the free surface by droplets being projected from fast 

flowing water. Note the turbulent structure below the ejected air bubbles.  

equation10 
equation 11 
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Figure 2.10 Air entrainment process from the free surface including turbulent structures 

(Volkart, 1980) 

Point of inception 

During the first meters in a spillway, the water flow is usually considered as laminar. The 

fluid is dominated by viscous forces and is characterised by a glassy, smooth and constant 

motion. If the velocity of the water increases, the flow is at some point dominated by 

inertial forces. The turbulent boundary layer grows, as shown in Figure 2.11. 

 

Figure 2.11 Development of flow characteristics and boundary layer on a flat plate 

(Cortana Corporation) 
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After a short transition region, the turbulent boundary reaches with higher velocities the 

air-water interface and starts to entrain air, also referred to as the point of inception. This 

point can visually easily be identified, as depicted in Figure 2.12.  

 

Figure 2.12 View from upstream of the Split Rock dam spillway on 6 Sept. 1998. The Split 

Rock dam is a rockfill embankment (66-m high, 469-m long) completed in 

1987 near Tamworth, Australia (Chanson,1988) 

Bauer (1954) suggested an equation for the stream-wise boundary layer development: 

 

  

  
        

  

  
 
      

 (12) 

 

and Wood et al. (1983) 

 

  

  
        

  

  
 
    

 
  

  
 
   

 (13) 

  = thickness of boundary layer [m] 

   = longitudinal coordinate measured from spillway crest [m] 

   = equivalent roughness height according to Nikuradse [mm] 

   = difference of water elevations between the inception point and reservoir level [m] 

These equations are independent of the spillway shape and thus represent only empirical 

relations. Hager and Blaser (1997) proposed a direct method to determine the point of 

inception, depending on the spillway angle α, as 
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 (14) 

   = location where the local flow depth is equal to the thickness of boundary layer 

   = critical flow depth 

Volkart (1978) argued that flow aeration occurs not at the point where the boundary layer 

thickness is equal to the flow depth but at a distance    downstream from   . This point is 

located where the turbulent energy transforms the flow surface in such a way that the 

lateral motion overcomes the surface tension (Bormann 1968). However, the point of 

inception can be quite accurately calculated using laboratory experiments and practical 

experience. 

 

Figure 2.13 Self-aeration on chute spillway (Chanson, 1993) 

Figure 2.13 shows the schematic of a developing aerated flow. Downstream of the point of 

inception, a layer containing a mixture of air and water starts to grow gradually through the 

water body. The entrained air inflates the fluid and thus increases the water depth. This 

circumstance must be included in designing a spillway. According to Chanson (1993) the 

growth of the layer is small and the air concentration distribution varies gradually with 

distance which also supports the outcome of the computer simulations presented later in 

chapter 3.2. Downstream, the flow will become uniform. This region is defined as the 

uniform equilibrium flow region.  
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Air concentration distribution in a uniform equilibrium flow 

In general there is very little information available about the dristribution of the air 

concentration perpendicular along the spillway bottom in the uniform flow region. 

Experiments to investigate such flows are relatively expensive and can only be conducted 

in prototypes which leads in turn to scaling effects. Air concentration profiles have never 

been measured in actual spillways. Even less data about concentration profiles in the 

developing flow region, between the point of inception and the uniform flow regime, is 

available. Interestingly, the air-water flow behaviour on stepped chutes and cascades has 

recieved more attention than smooth chutes (Wahrheit-Lensing 1996, Boes 2000a, Minor 

and Hager 2000, André et al. 2001, Chanson and Toombes 2002, among others). The 

average air concentration on smooth chutes was mostly observed on prototype chutes by 

means of the mixture flow-depth as an indicator of the air volume captured in the flow (e.g. 

Keller 1972, Gal'perin et al. 1979, Cain 1987, Minor 1987). Volkart (1978) determined the 

streamwise development of air in the flow direction and perpendicular to it for pipe flow in 

the laboratory. Straub and Anderson (1958) and Anderson (1965) recorded the classical 

data set for two-phase flow in the uniform flow region. Gangadharaiah et al. (1970) 

expanded the set with additional data. Later, recommendations and design guidelines often 

referred to these data, e.g. Wood (1985), Chanson (1989) or Hager (1991). Anderson 

(1965) defined the average air concentration    as 

 

 
   

 

   
  

   

 

   (15) 

 

with     as the upper limit reached by water droplets, defined where the air concentration 

is   99%. Hence, this will be called   
99u with the subscript u for uniform flow. 

 

Table 2.1 Summary of equations to calculate the mean air concentration in the 

equilibrium flow region 

Author Equation  Comment 

Anderson (1965) 
  
    

    

     rough surface 

  
    

    

    
 smooth surface 

(16a) 

(16b) 

mean air concentration 

increases with the bottom 

slope 

Lakshmana Rao 

and 

Gangadharaiah 

(1973) 

    
    

 

       
 (17) 

depending on shape and 

roughness of the channel and 

on Manning´s n. n is 

dimensional, thus equation 

(17) is dimensionally 

inconsistent. 

Falvey (1980) 

with data from 

Straub and 

Anderson (1958), 

Michels and 

Lovely (1953) 

and Thorsky et al. 

(1967) 

  
          

        

   
 

    
        

(18) 
accounting for surface tension 

by the Weber number W and 

the Froude number F 
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Ω is a constant depending on the shape and roughness of the channel. The constant Ω was 

found to vary linearly with Manning's n for aerated flow conditions, with Ω = 1.35n for a 

rectangular and Ω = 2.16n for a trapezoidal channel. Equation (17) and (18) also depend on 

the Froude and Weber number with 

 

 
  

  

      
  

   
 (19) 

   = water discharge [m^3/s] 

b = chute width [m] 

hw = water depth [m] 

 

and 

 

 
  

  

 
  

    
 
   

 
(20) 

   = interfacial surface tension between air and water [N/m] 

   = average flow velocity [m/s] 

dbu = bubble diameter [mm] 

 

The equation includes Straub and Anderson´s (1958) data as well as prototype observations 

conducted by Michels and Lovely (1953), and Thorsky et al. (1967). Falvey also proposed 

that these curves, based on equation (18), could be used to estimate the mean air 

concentration in the developing flow region as long there is no better information 

available. However, this equation does not always result in good correlation and has been 

discussed in recent years. Wood (1983) reinterpreted the classical data of Straub and 

Anderson (1958) and added data taken by Cain (1978). Wood plotted the equilibrium air 

concentration distribution in non-dimensional form (Figure 2.14) and proposed for the 

shape of these distributions  

 

 
     

 

            
  (20) 

 

with   and       as functions of   
    (Figure 2.14). He also pointed out in Figure 2.15 

that the average air concentration in the equilibrium flow region does not depend on the 

discharge but on the bottom slope only. Note that Wood defined the mean air concentration 

  
    over the depth    , where the air concentration is C = 90%. Finally, he provided 

evidence that not all of Straub and Anderson's results were in the equilibrium flow region. 
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Figure 2.14 Air concentration distribution over the non-dimensional flow depth z/z90 in 

the uniform flow region for various chute angles a (Wood 1985) 

 

Figure 2.15 average air concentration for uniform flow defined as a function of chute 

slope (Wood 1983) 
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As can be seen in Figure 2.14, the water in chutes with a relatively smooth angle up to ca. 

20% contains less than 10% of air in a non-dimensional flow depth of 0-50%. Furthermore, 

the air distribution stays almost constant. The aeration increases rapidly when the flow 

depth exceeds ca. 50%. In conjunction with Figure 2.15 it is allowable to state that the 

average air concentration in chute flows increases with the steepness of the chute´s angle 

and that the air concentration increases the closer it gets to the water surface. For chutes 

with an angle larger than 30°, the air starts to be distributed more evenly over the total flow 

depth. 

Hager (1991) showed that the cross-sectional average air concentration is a function of the 

bottom slope only. He applied the definitions proposed by Wood (1983) which led to an 

explicit approximation for the average air concentration. 

 

 
  
                   (21) 

 

Later on, Chanson (1997) analysed the amount of air entrained for equilibrium flow 

conditions by means of the mean air concentration. Based on Straub and Anderson´s 

(1958) data he proposed a new equation independent of discharge and bottom roughness 

 

 
  
                           (22) 

 

Furthermore, Chanson found out that an average air concentration of 30% must be 

provided to obtain a bottom air concentration of about 5%. This would be sufficient to 

protect the spillway surface against cavitation damage. With use of equation 22 he 

calculated that on a steep spillway with       the air concentration distribution tends to 

equilibrium conditions where   
    is high enough for cavitation protection which disagrees 

to the values mentioned before. 

If, however, the requirement of a minimum bottom air concentration to prevent potential 

cavitation is not fulfilled, artificial aeration in the form of an aerator must be provided. 
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2.2.3 Local aeration 

This chapter describes the basic principle of a bottom chute aerator, such as geometry and 

effects of the influenced chute flow. The main function of chute aerators is to entrain a 

certain amount of air through the bottom of a spillway into the flow. Such entrainment 

increases the air content and cushions the flowing water that in turn reduces its energy 

head and diminishes the risk of cavitation. 

The flow in an aerated chute can be divided into five main zones and three sub zones: 1. 

Approach zone 2. Transition zone 3. Aeration zone 4. De-aeration zone 5. Equilibrium 

flow region.  The aeration zone can be divided into smaller zones once more: 1. Shear zone 

2. Spray zone and 3. Mixing zone.  

 

Figure 2.16 Air entrainment mechanism by a bottom aerator including the bottom 

pressure    and the bottom air concentration     (Volkart and Rutschmann 

1984) 



26 

 

Figure 2.17 Air entrainment above an aerator (Chanson, 1989) 

The flow approaching the aerator, approach zone, is partly aerated close to the atmospheric 

surface, as described in the previous chapter. In the transition zone the flow is deflected by 

the ramp. The deflector changes the mean perpendicular pressure field and increases the 

shear stress on the chutes surface. The turbulent field is being altered which influences the 

air-water interface in the aeration zone in which the water and air mixture literally jumps 

over the surface of the spillway and creates a subathmospheric pressure below the nappe  

which sucks air, based on the Venturi effect, through the grooves into the cavity. The 

impact of the jet causes an impact roller and some backwater that produces most of the 

spray in the spray zone. The impact region is characterized by a rapid air concentration 

redistribution with a de-aeration process occurring immediately downstream of the point of 

impact (Chanson, 1989). The plunging jet produces an increased pressure, which is higher 

than the hydrostatic pressure gradient. De-aeration starts shortly after the impact. 

The process of the aeration and de-aeration and resulting air-water distributions have been 

studied by many researchers over the last four decades, e.g. Semenkov and Lentiaev 1973, 

Oskolkov and Semenkov 1979, Pan and Shao 1984, Peng and Wood 1984, Pinto 1984 and 

1991, Seng and Wood 1986, Koschitzky 1987, Frizell 1988, Rutschmann 1988, Chanson 

1989, Balaguer 1993, Skripalle 1994, Kökpinar 1996, Gaskin et al. 2003, among others. 

The mean air concentration         is the most important parameter in existing 

equations to determine the effectiveness of an aerator. Researchers consider different 

parameters in their equations, which are more or less suitable to calculate the mean air 

concentration. The fact that the abovementioned researchers used different approaches, 
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physical models and measuring techniques to determine the air concentration, makes it 

impossible to compare the experiment based equations one to another.  

Table 2.2 equations for the mean air concentration 

author equation  comment 

Hamilton 

(1984) 
        (23)  

Kells and 

Smith (1991) 
    

 

  
  (24) 

substituting the 

specific  water 

discharge         

in eq.23 

Rutschmann 

(1988) 
        

 

  
       (25) 

the pressure gradient 

     below the 

nappe and the 

atmosphere are 

neglected 

Rutschmann 

(1988) 
        

 

  
         

         (26) 

general equation 

including the 

approach Froude 

number 

Koschitzky 

(1987) 

           
       

  

    
  

with 0.0205                  
                            

    

(27) 

based on Wood 

(1984) including a 

non-dimensional 

pressure coefficient 

Skipalle 

(1994) 

     
 

  
 

 
  
 

 
                 

with 

                         

(28)  

   = specific air entrainment per meter chute width 

K = constant found from model and prototype measurements             

   = average approach flow velocity 

L = length of the jet trajectory 

   = water depth 

   = approach Froude number 

   = critical Froude number 

   = ramp height 

  
 
 = local losses at aeration device 

  = boundary layer thickness at the aerator 

 

All equations listed before are based on laboratory experiments in which only bottom 

aerators had been used. Additional air entrainment caused by the process of self-aeration 

and the air distribution relating to the water depth had been neglected. Every equation rests 

upon an average air distribution. Nevertheless, Chanson (1988) stated, using the data of 

Peng and Wood (1984), and Seng and Wood (1986), that air entrainment is strongly related 

to the jet trajectory length and the subpressure below the nappe. He also assumed a strong 

de-aeration process in the impact region but he wasn´t able to measure such process due to 
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the lack of accurate measuring methods. The ratio of aeration and de-aeration or phrased in 

more descriptive words, the ratio between rising and sinking velocity of air bubbles plays a 

major role in spillway flows and will thus be discussed in the following chapters. 
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2.2.4 Rising velocity of air bubbles in still water 

Air bubbles below a critical size tend to form a spherical shape. As mentioned before, with 

an increasing bubble size the surface tension of the bubble decreases accordingly and is not 

able to compensate the occurring shear forces anymore originating from the water flow. 

One of the consequences is that the air bubble starts to flatten into a lens-like shape. Other 

factors like the so-called “surface-active substances”, which accumulate onto the bubble´s 

interface, and as well as local turbulence structures determine how much the air bubble 

deviates from its spherical and thus rotationally symmetrical form. A rough orientation 

about the different shapes of rising bubbles is given in Figure 2.18. 

 

Figure 2.18 Form categories of rising bubbles (Clift et al., 1978) 

The Eötvös number is proportional to the gravitational force divided by the surface tension 

force and is used in momentum transfer in general and atomization, motion of bubbles, and 

droplets calculations in particular. It is normally defined in the following form: 
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 (28) 

  
  = characteristic length 

   = density of the bubble 

   = density of surrounding fluid 

  = surface tension 

 

The drag forces increase with an increase in relative velocity and flatten the bubble. The 

shape, induced by the drag forces, and therefore development of the laminar separation has 

a significant influence on the secondary bubble motion. The firstly straight upwards 

motion changes into a swinging motion, so that the rising path becomes zig-zag- or spiral-

like. This effect increases with bubble size. Brücker (1999) referred to an “asymmetric 

stream separation”. Clift et al. (1978) measured and illustrated the rising velocities of air 

bubbles in a still water column depending on bubble size (Figure 2.19). Actually, 

Habermann and Morton (1956) were the first who carried out the same experiment 22 

years earlier.  

 

Figure 2.19 Rising velocities of air bubbles with different sizes in 20°C water. 

The transport process, starting from a small rigid sphere bubble            , is 

usually determined by the surface tension (Falvey 1980). According to Stokes´ law, the 

rising velocity     can be written as: 
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  (29) 

   = kinematic viscosity of water 

For air bubbles with a diameter between 0.068mm and 08mm, the bubbles rise velocity can 

be obtained from the following equation:  

 

 
    

 

  

   
  

  
   

  

  
  (30) 

 

As mentioned before, larger bubbles, 0.8 mm       10 mm shift from a spherical into a 

lens-like shape and their rising velocity can be calculated using the equation (31) suggested 

by Comolet (1979) in which both surface tension and buoyant forces are included.  

 

 

                  
  

     
 (31) 

 

For bubbles larger than      10 mm Falvey (1980) neglected surface tension and 

proposed simply  

 

 
          (31) 

 

as the ascending bubble velocity. 

The rising of a single bubble can also be described in a non-dimensional way using drag 

resistance coefficient    and the Reynolds number              . Due to the 

stationary rising velocity of single bubbles in a static water column, it is possible to 

balance the acting forces and to calculate the drag force coefficient.  

 

 
         

     
 

 
        (32) 

 

 
   

     

    
  (33) 

   = drag force 

   = bouncy force 

   = gravitational force 

    = bubble diameter 

   = density of water 

   = density of air [kg/m
3
] 

 

Small bubbles behave like rigid spheres for      < 200 and for Reynold numbers between 

0.5 and 1000 the equation 
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  (34) 

 

can be used to calculate the drag coefficient. If the bubbles are larger and shear forces 

overcome the surface tension force, the bubbles´ phase interface allows deformations 

which have influence on the rising velocity and consequently on the Reynolds number. An 

overview of different equations with their corresponding Reynold numbers is listed below. 

 

Table 2.3 Calculation of the drag coefficient of a rising bubble depending on the 

Reynolds number  

Reynolds 

number 
equation  comment 

< 1.5    
  

    
 (35) 

shape-retaining, no inertial 

forces, no separation of laminar 

boundary layer 

1.5 – 80            
      (36) 

shape-retaining, influence of 

inertial forces, no separation of 

laminar boundary layer 

80 – 700    
  

    
           

      (37) 

deformation of bubbles, 

circulation with separation 

effects, helix-shaped rise 

700 – 

1530 
                 

     (38) 

deformation of bubbles, 

circulation with separation 

effects, helix-shaped rise, 

oscillating 

>1530         (39) 

formless bubbles, circulation 

with separation effects, helix-

shaped rise, oscillating 

 

The basic physics of a single bubble in stagnant water have been described. Unfortunately, 

it is not as easy to describe the motion of a bubble in a spillway. Firstly, as mentioned in 

the previous chapter, the slope of a spillway has a great influence on the entrainment and 

detrainment process of air bubbles and therefore influence on their motion. Secondly, the 

mainly high-energy flow in spillways comes usually along with turbulent effects. Thirdly, 

bubble clouds and their coalescence, control the motion behaviour, which will be discussed 

in chapter 3.1.3. 

  



33 

2.2.5 Turbulent flow 

Turbulent flows are characterized by rapid fluctuations of velocity, density, temperature, 

and concentration. The cause for such temporal fluctuations is the non-linear character of 

the physical-chemical processes. In spillway flows, the chemical processes have almost no 

influence and can therefore be neglected. Presently, there are no completely satisfying 

models to describe and especially predict turbulence flows but for computational 

simulations a Large-Eddy-Simulation (LES) is the most promising one. A brief description 

of the LES will follow at the end of this chapter. 

Under certain circumstances, laminar flows can turn into turbulent flows and vice versa. 

The empirical number to characterize a flow relating to the flow behaviour is expressed 

through the aforementioned Reynolds-number. The term in the enumerator describes the 

stabilising inertial force and the denominator describes the viscosity. If the Reynolds-

number reaches a critical value      the laminar flow becomes a turbulent flow. Further 

characteristics of a turbulent flow are: 

o always three dimensional 

o a change of the aspect ratio of swirls is directly connected to the level of turbulence 

o turbulent diffusion is much higher than molecular diffusion 

o turbulent flows are dissipative  

 

To describe turbulent flows it is advantageous to separate the different flow components 

such as velocity and pressure into two averaged terms, which are superimposed by a 

statistical error. This separation is also known as the Reynolds-separation  

 

 
                          (40) 

 

with the ensemble average           . Substituting equation 40 into the Navier-Stokes-equation 

leads to the Reynolds-equation, which contains shear stresses as an additional variable. 

Due to the fact that one equation is missing for an exact solution, the system needs to be 

solved by an approximation. Boussinesq and Prandtl found satisfying approximations 

which in turn led to the nowadays most important turbulence models such as the     and 

large-eddy simulation. 

Large Eddy Simulation 

The large-eddy simulation is a technique for numerical calculations of turbulent flows with 

high Reynolds numbers. The information regarding location and time in the Navier-Stokes 

equation is filtered by a low-pass filter, so that only the large turbulences (eddies) are being 

computed. Smaller eddies are described by a fine structure model such as direct numerical 

simulation (DNS). The DNS is time and cost intensive because the Navier-Stokes equation 

has to be solved in a computational mesh, from the smallest dissipative scales, up to the 

integral scale, associated with the motions containing most of the kinetic energy.  

    model 

As well as the LES, the     model is widely used in CFD simulations, although it 

doesn´t provide satisfying results in case of large adverse pressure gradients (Wilcox, 
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1998). The model includes two extra transport equations to describe turbulent properties of 

the flow. Therefore, history effects like convection and diffusion of turbulent energy are 

taken into account. The first variable   represents the turbulent kinetic energy whereas   

stands for turbulent dissipation.  

Further information regarding the models and involving equations will be given in chapter 

3.1.3. 

2.2.6 Single bubble in turbulent flow 

Due to the air detrainment process in spillway flows, it is indispensable to provide a brief 

overview about the bubble rise velocity in turbulent flows.  

The occurring shear in turbulent a flow tends to fracture bubbles into smaller bubbles, as 

already mentioned in chapter 2.1. Based on an equation suggested by Rouse (1970) for the 

loss of energy by the slope of energy    and from the loss of energy as shown by Hinze 

(1975), Falvey (1980) proposed an equation to estimate the critical bubble size        as 

 

 

               
  

  
 
 

 
 

     
 
 

 

 
 

 (41) 

 

with         as the bubble diameter for which 95 % of the air is contained in bubbles of 

this diameter or smaller. Turbulent effects inhibit the terminal bubble rise velocity. The 

relation between the terminal rise velocity of a bubble in still water     and in turbulent 

flow      can be expressed as            where   is an empirically determined variable 

according to Figure 2.10. 
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Figure 2.20 Terminal rise velocity of bubbles in turbulent flow (Falvey, 1980) 

Later investigations conducted by Chanson and Toombes (2002) confirmed Falvey´s 

experiment. Additionally, they assumed that the presence of finer bubbles originated from 

the break-up of larger bubbles induced by turbulent shear. The break-up, deformation, and 

coalescence of bubbles or bubble swarms are further discussed by means of computational 

simulations and experiments. 
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2.3 Focus of the present project 

2.3.1 Summary of the literature review 

This chapter outlines the main findings related to cavitation in high-energy spillways. An 

overview is given how cavitation develops, what kind of damage it can cause, and how it 

can be prevented or at least how to reduce the hazardousness of propagating shockwaves. 

Studies have shown that aeration is the most effective countermeasure to protect spillways. 

Two different aeration mechanisms are explained, self-aeration via the free air-water 

interface and artificial aeration in form of aeration devices embedded into the bottom of a 

spillway. The importance of entrained air bubbles is indisputable. Therefore, a description 

about bubble sizes and bubble forms is given, as well as bubble rise velocity in still and 

turbulent water. The rising velocity of air bubbles in turbulent flow is lower, compared to 

the rising velocity of a bubble of the same size in still water. Additionally, Volkart (1985) 

explained the reduced rise velocity in his laboratory investigations by the fact that a large 

number of bubbles result in mutual contact and interference. The result will be collisions, 

deformations, collapse of bubbles and coalescence and thus a loss of kinetic energy and 

higher drag of air bubbles. The air bubbles are also captured by the turbulences in the flow. 

Normally, free surface aeration does not reach the chute bottom in regions where the first 

aerator should be placed (Volkart and Rutschmann 1984), whereas Chanson (1989) 

affirmed that no further aerator is required for spillway slopes in excess of 20°. 

Nevertheless, the variety of equations and necessary assumptions is large and therefore the 

accuracy of the result is rather vague and depends in reality on a lot more variables. Even 

nowadays, it is indispensable to built cost intensive and complex proto-type models to 

investigate the behaviour of the flow rather than solving it with the aforementioned 

empirical equations. It was stated that all theories are currently based on prototype 

observations or limited laboratory test (Kramer, 2004). Overall, further research is needed  

 confirming the number of 5 % to 8 % air demand to protect the spillway against 

cavitation,  

 finding the correct air suctioning by the flow through the aerator, and  

 understanding and simulating small scale hydrodynamic effects. 

2.3.2 Focus of the current research study 

In recent years, computational fluid dynamics CFD has steadily become more available 

because computing capacity has increased accordingly. Relevant hydrodynamic conditions 

such as bubble size, bubble formation, bubble swarms, coalescence, suspended particles, 

air distribution, and cavitation are investigated in a couple of laboratory experiments as 

well as supporting computational simulations. The aim is to show that CFD modelling is 

able to simulate such facts, which have been neglected in the past. This is one of the first 

approaches.  
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3 Experiments and Simulations 

In this chapter, two sets of experiments and simulations are described. The experiments are 

closely related to the occurring physical phenomena in spillway flows, which were 

mentioned above. Accompanying simulations were partly validated by the experiments and 

they provided useful visualisations to understand and explain the flow complexity. All 

simulations were solved with ANSYS Flow on a smaller scale due to the lack of 

computing capacity. The operating computer cluster was made out of 16 quad-core 

processors. 

3.1 Set 1: Flow characteristics in a turbulent 

flow 

In the first section of this subchapter, two experiments were carried out. Firstly, an aerated 

flow in a tube was used to investigate the distribution and size of entrained air bubbles. 

Secondly, a quantitative experiment shows the analogy of the free surface of a mixing tank 

and the free surface of a spillway. Furthermore, clay particles were put into the mixing 

tank to evaluate their influence to bubble size and free surface turbulences. The second part 

of this chapter describes two simulations, which support the aforementioned theories. The 

expansion of the interacting and uprising colloids at two different velocities in a tube and a 

large-eddy simulation of an aerated spillway were computed. Computed solutions 

concerning the physical aspects of a bubbly two-phase flow are given. Additionally, the 

influence of suspended particles and their possible interactions on air bubbles are 

discussed.  

Pressure, generated by the surface-tension-driven collapse of vapour cavities, which 

contain “contaminant” air, will be substantially reduced. In addition, air bubbles in water 

will reduce the impact of the shock waves on the material surfaces (Russel et al., 1974). 

They carried out experiments, which indicated that the presence of air with volume 

fractions in a range between 5 and 7% on a concrete surface might eliminate the cavitation 

erosion. In two-phase systems consisting of water and air dispersed as bubbles, there is a 

density difference between water and air. In a gravitational environment, a buoyancy-

driven motion causes the bubbles to rise at some velocity. They can coalesce and form 

larger bubbles. The shear stresses applied to an air bubble may split it into micron size 

bubbles. Hence, there exists a range of bubble sizes in a water-air mixture. The critical 

air/vapour bubble radius may be given as 

 

 
              (42) 

 

with 

 

 
          

  (42) 

 

where    is the pressure contribution for air, and   is the surface tension between water 

and air (Leal, 2007). 
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3.1.1 Aerated turbulent flow in a glass tube 

The objective of the first set of experiments is to investigate the breakup of a stream of air 

injected from a round nozzle into a turbulent flow of water in a circular tube, as shown in 

Figure 3.1. A concurrent objective is to determine the bubble-size distribution in the tube 

using image analysis techniques (Gonzales and Woods, 1992). 

Experimental setup and observations 

 

Figure 3.1 Photograph of apparatus and set-up. Inset: Round nozzle for air injection into 

water flux, which is flowing in the direction of the positive z-axis. Here, 

       ,         ,         , and          . 

The experiment was conducted in a glass tube with an inner diameter of     2.4 cm. The 

flow of water in the tube was turbulent. The Reynolds number is defined was     
       . Here,    was the average velocity of water and    was the kinematic viscosity 

of water. The measured average velocity of water, using a scale and a chronometer, was 

found to be    = 0.48 m/s Thus, the Reynolds number of the first test of the experiment 

was 11500. In this case, the water temperature was    = 293 K. The air was injected into 

the water through a round nozzle submerged in the water, as shown in Figure 3.2. The 

nozzle was connected to the atmosphere via a PVC plastic tube. The aeration, which 

introduces small bubbles of air and into the water, was found to be an unsteady state 

process. Pictures were taken ca. 20 cm away from the nozzle at different velocities and two 

different shaped nozzles but with the same cross sectional area (Figure 3.2 and Figure 3.3). 
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Figure 3.2 (a) Photograph of a single spheroidal bubble within the glass tube. Here in 

(c), (e), and (f) The water flows from the right to the left. (b) Segmented image 

of the bubble. Here,    represents the diameter of a circle whose area equals 

that of the bubble. In this case,           . (c) Photograph of a large 

number of bubbles in the glassy tube. (d) Probability distribution function 

versus bubble size of (c). Here, the dashed and solid lines are Poisson like 

distributions with k=1 and 2, respectively. (e) and (f) Photographs of the 

aeration process, each separated by          . 

The spheroidal bubbles in Figure 3.2 and Figure 3.3 could be detected because of sufficient 

background contrast. In this case, edge detection could be used to detect the bubble. The 

process of detecting the bubble using image segmentation included detecting the entire 

bubble, dilating the image, filling interior gaps and removing connected objects on border 

of the image (Gonzales and Woods, 1992). Finally, in order to give the bubble an authentic 

look; it should be smoothened by eroding the image with a structuring element. The bubble 

became one connected component in the structure so that its size and area could easily be 

determined with the object detection tool in Matlab. Microsoft Paint was used for filling 

the gaps and disconnecting the bubbles from each other. The black circular dot in Figure 

3.2 (b) represents the bubble shown in Figure 3.2 (a). The above-mentioned bubble 
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detecting technique was utilized to compute statistics for all the bubbles in Figure 3.2 (c). 

Figure 3.2 (d) depicts the probability distribution function (PDF) versus the bubble size for 

the case in Figure 3.2 (c). The circles represent the measured values using the image 

analysis techniques. The solid and the dashed lines are the size distribution function 

through the following expression firstly mentioned by Siméon Denis Poisson (Poisson, 

1837) 

 

 
     

   
     

    

   
   

   
     

  (43) 

 

where   
  is the normalized bubble size. Figure 3.2 (d) indicates that the data can be fitted 

using the Poisson like distribution which implies that pressure fluctuations of the turbulent 

flow cause coalescence and break-up of the bubbles. Figures (e) and (f) illustrate two 

photographs of the glass tube with a time difference of    0.125 s. They indicate that the 

shearing forces and pressure fluctuations of the turbulent flow change the bubble size 

distribution over time until an ultimately quasi-steady state may be achieved. In this case, 

the bubble size distribution attains a form, which remains practically unchanged with time. 

A nozzle with a rectangular cross section was used to consider the effect of nozzle 

geometry on the bubble size distribution. The rectangular nozzle had a length of    0.5 cm 

and a width of    0.4 cm and its cross section area was practically of the same size 

compared to the round nozzle in the first run. Figure 3.3 (b) shows a photograph of bubbles 

in the glassy tube at     0.48 m/s with a flow direction from the left to the right. The 

inset of Figure 3.3 (b) depicts a typical bubble with an irregular shape in the tube. The area 

of this bubble is equal to the area of the circle in the inset with a diameter of    0.33 cm. 

The diamonds in Figure 3.3 (c) represent the PDF of the bubbles in Figure 3.3 (b) versus 

the normalized bubble size. Figure 3.3 (c) shows the most probable bubble size is slightly 

smaller than that compared to Figure 3.2 (c). Hence, the nozzle geometry had some effects 

on the bubble size distribution. The gray line in Figure 3.3 (c) was fitted to data by a 

Poisson-type size distribution function with    . 

While increasing    the most probable bubble size shifted to a larger size. The circles in 

Figure 3.3 (c) represent the PDF of bubbles in Figure 3.3 (d) versus the normalized bubble 

size. In this case    was set to 0.55 m/s. The solid line in Figure 3.3 (c) was fitted to data 

by a Poisson-type size distribution function with    3. Note that in the air-water mixture, 

coalescence and break-up of the bubbles occurred simultaneously and it is likely that the 

aforementioned processes occurred randomly. 

Figure 3.3 (e) shows a photograph of the tube at     0.72 m/s. The inset depicts a typical 

bubble in the tube that is highly irregular and highly distorted. As stated earlier, the 

pressure fluctuations and shear stresses of the turbulent flow cause coalescence and break-

up. The squares in Figure 3.3 (c) represent the PDF of bubbles in Figure 3.3 (e) versus the 

normalized bubble size. The dotted line in Figure 3.3 (c) was fitted to data by a Poisson-

type size distribution function with    5. This indicates that the most probable bubble 

size and the aeration rate increased with the average velocity of water. 
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Figure 3.3 (a) Photograph of the nozzle with a rectangular cross section. (b) Photograph 

of the bubbly flow in the glassy tube at            . Inset: A typical bubble 

with an area equal to the area of the circle,         . (c) The PDFs versus 

the normalized bubble size. The diamonds, circles and squares represent the 

data from (b), (d), and (e) respectively. The gray, solid, and dotted lines show 

the Poisson-type functions with    ,    ,     respectively. (d) 

Photograph of the bubbly flow in the glass tube at            . (e) 

Photograph of the bubbly flow in the glass tube at            . Inset: A 

highly irregular bubble whose area equals the area of the circle with a 

diameter of 0.47 cm. 
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3.1.2 Mixing bucket 

The mechanics of natural air entrainment were investigated using a mixing tank. The 

analogy between the flow behaviour at the interface of a spillway and that of in a mixing 

tank might be used to predict the conditions at which cavitation could be avoided in 

spillways. 

When water flows over a spillway the vortex sheet instability at the air-water interface 

known as the Kelvin-Helmholtz instability (Thomson, 1971) can occur. The instability will 

be in the form of waves being generated on the water surface, which can initiate natural air 

entrainment. The air entrainment process enhances when a growing boundary layer 

(Schlichting, 1955) in the water flow reaches the free surface. In this case, the entrained air 

from the free surface can reach the spillway surface to minimize the danger of cavitation. 

The region at which the natural air entrainment is effectively eliminating damages due to 

cavitation is called the fully aerated region. The artificial aeration process discussed above 

would not be needed in the fully aerated region. 

Experimental setup and observations 

Figure 3.4 (a) illustrates a baffled, cylindrical, lab-scale mixing tank in which the turbulent 

flow was driven by a Rushton turbine (Zamankhan, 2010). The experiments were carried 

out using both pure water and a mixture of clay and water, as shown in Figure 3.4 (b). 

Here, the clay particles were used to investigate some qualitative aspects of the effective 

interactions between micrometer-sized colloids trapped at air-water interfaces, with a 

particular emphasis on the bubble size distribution in natural air entrainment processes. 

The inset of Figure 3.4 (b) shows a hydrometer, which was used to measure the relative 

density of the mixture, which is the ratio of the density of the liquid to the density of the 

water.  

 

Figure 3.4 (a) An image of the mixing tank which is partially filled with water. Here, 

                                      , and          . (b) An 

image of the mixing tank for which the experimental fluid is a mixture of clay 

and water. Inset: Hydrometer is used to measure the relative density which is 

1.02. 

http://en.wikipedia.org/wiki/Relative_density
http://en.wikipedia.org/wiki/Relative_density
http://en.wikipedia.org/wiki/Relative_density
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It is known that small bubbles behave like rigid spheres in accelerated flows (Zamankhan, 

2010). For contaminants such as micrometer-sized clay particles in water, as shown in 

Figure 3.4 (b), the elastic interactions make the bubble interface harder (Oettel and 

Dietrich, 2008). In brief, a single, spherical particle of radius      causes a small 

deformation   of the interface, which is controlled by the dimensionless parameter defined 

as 

 

 
   

 

           
 (44) 

 

where   is the total vertical force on the colloid (buoyancy force subtracted from the 

weight), and          is the radius of the three phase contact circle. A capillary potential 

    , which describes the gain in gravitational energy of 10 mm particles for air-water 

interfaces, is comparable with the thermal energy     (Oettel and Dietrich, 2008). The 

tension at the air-water interface is related to excess free energy of water molecules at the 

surface. Hence, a net decrease in the free energy of surface water molecules as a result of 

their interaction with the colloids is quite likely. This could explain the shift of the most 

probable bubble size to the smaller size in the presence of colloids as summarized in 

Figure 3.5. 
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Figure 3.5 Turbulent air-water flows in the mixing tank. The Reynolds numbers are (a) 

285000, (b) 283580, (c) 508930, (d) 506398, (e) 636160 and (f) 632995. 

Inset: Agglomeration of clay particles on the surface of the bubbles. 

 

The rotational motion of the Rushton turbine rotated the flow in the tank in a horizontal 

plane given as 

 

 
             (45) 

pure water clay and water mixture 
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with    as the unit vector of the direction of angular velocity. The Reynolds number is 

defined as 

 

 
   

          
 

  
 (46) 

 

where   represents the kinematic viscosity of a liquid. Note that the viscosity of the 

mixture was slightly higher than that of pure water, namely, 

 

 
              (47) 

 

where    was the clay volume faction in the mixture. The spin of the Rushton turbine was 

672 rpm (Figure 3.5 (a) and (b)). Thus, the Reynolds number was 285000, which is slightly 

higher than the minimum Reynolds number of spillways (Boes and Hager, 2003). Visual 

inspections of Figure 3.5 (a) and (b) indicated that the most probable bubble size was 

larger in clear water compared to that in the clay water mixture. The Reynolds numbers in 

Figure 3.5 (c) and (e) was         and        , respectively. The figures indicate that 

the bubble volume fraction increases with an increasing Reynolds number while the most 

probable bubble size decreases. However, the bubble volume faction appears to be constant 

in the cases shown in Figure 3.5 (d) and (f). Note that the Reynolds numbers in Figure 3.5 

(d) and (f) are nearly the same as those in Figure 3.5 (c) and (e), respectively. The inset of 

Figure 3.5 (f) shows agglomeration in a colloid layer at the air bubble surfaces.  

 

In this experiment, it was not possible to detect the bubbles with the method described in 

the previous experiment. The turbulence and air entrainment were too high to capture a 

series of sharp quality pictures with a high contrast. The conditions were even worse with 

the suspended particles because of the reduced in-depth visibility. Only the bubbles 

flowing along the inner glass of the cylinder were detectable.  
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3.1.3 Mathematical model and simulation results 

The literature review showed that the flow in a spillway is characterized by significant 

free-surface aeration, which may be caused by a combination of wave instabilities and 

turbulence fluctuations acting on the air–water free surface. Air bubbles are entrained 

when the turbulent kinetic energy is large enough to overcome both surface tension and 

gravity effects. Small bubbles behave like rigid spheres in accelerated flows (Zamankhan, 

2010).  

Bubble dynamics in a quiescent fluid 

The importance of microscopic bubbles as cavitation nuclei has been known for a long 

time (Falvey, 1990). Consider a single bubble, which contains the vapour of the liquid, in 

equilibrium in an incompressible, Newtonian fluid that is at rest at infinity. In this case, the 

bubble must have a radius RE which satisfies the following condition (Leal, 2007) 

 

 
      

   
   

      
      (48) 

 

The bubble radius at the limit point, where 
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can be expressed in terms of material parameters (Joseph, 1995) as 

 

 

           
  

  
 

 
 
  (50) 

 

If              then the bubble is stable to infinitesimal changes in its radius. The bubble 

becomes unstable if             . Note that the bubble may contain a “contaminant” gas, 

which dissolves very slowly compared to the time scales associated with changes in its 

size. 

Bubble dynamics in accelerated flows 

For the present study the interaction of a small bubble (bubble size is characterized by the 

critical air bubble radius) with its neighbouring bubbles is subjected to the Lennard-Jones 

(LJ) condition (Allen and Tildesley, 1987), as shown in Figure 3.6 (a). The force between 

two bubbles with diameter    located at    and    is 
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where             and          . Thus, a simplified momentum equation for the    small, 

spherical bubbles may be given as 
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(52) 

 

where   
  is defined as the velocity of the     bubble with a diameter      is the water 

velocity in absence of the bubble and    is the drag coefficient of the bubble, which is a 

function of the relative Reynolds number of the bubble defined as 

 

 
    

   
      

  
 (53) 

 

and the bubble acceleration number (Zamankhan, 2010). Here,   is the gravitational 

acceleration. The flow in the glass tube, as shown in Figure 3.2, was somewhere in the 

transition region between smooth turbulence and fully rough turbulence. Large eddy 

simulation of the channel flow in the transition region was considered a promising 

approach (Zamankhan, 2012). The attempt was to combine the Lagrangian simulation 

technique (bubble-based) and the LES to achieve a more accurate simulation of aerated 

flows in spillways. The filtered continuity momentum for an isothermal 3D flow of water 

is given as 

 

    

  
              (54) 

 
and  

       

  
               

 

  
        

 
 

  
                

          
(55) 

 

The viscous stress tensor in equation (55) is defined as 

 

 
   

 

 
                         (56) 
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In equation (54) and (55)     is the filtered velocity field,    denotes the filtered pressure 

field,   is the subgrid scale (SGS) stress tensor,     represents the exerted forces by the 

liquid on the bubbles per unit volume,   is the second order identity tensor, and    is the 

water dynamic viscosity. In equation (55)   is given as 

 

 
                             

     
       

          
    

      (57) 

 

The SGS stress tensor,  , is required to close the equations for the large scale fields on a 

grid small enough (but much larger than the Kolmogorov scale) to provide reasonable 

resolutions. In contrast to the filtered single-phase equations, a conceptual restriction 

arising in the present approach is that the filter width,   , should strictly be larger than the 

length scale characteristic of the bubble phase. Thus, an appropriate choice of   should 

provide a sufficiently large-scale resolution while not violating the aforementioned 

restriction. 

Following (Sauer and Schnerr, 2001), the mass flow rate through the surface of a bubble 

with the radius of R,    , may be given as 

 

 
        

    
 

 
      

      

 
    (58) 

 

where the changes in the bubble radius may be calculated using the Rayleigh–Plesset 

equation (Leal, 2007).  

It is known that the presence of the bubbles contribute to the processes of energy removal 

from the resolved scales of a liquid phase. This two-way coupling effect may be modelled 

by superposing particle-induced SGS energy dissipation to that induced by shear 

(Zamankhan, 2012). A tentative first attempt at closure, the momentum equation (55), may 

be closed with an SGS model for    as  

 

                             

                    
 
                      

 

 
        

(59) 

 

where     is the Smagorinsky constant, defined as 
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  is related to the ratio of the mesh spacing and the Kolmogorov length scale, so that  

 

 

      
 

 
 

 
 
  (61) 
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  is the Kolmogorov constant,     is the backscatter parameter, whose value is set to 

     0.2,     is the resolved rate of strain tensor. The model has been validated for dense 

gas particles flows (Zamankhan, 2012 a and b).  

 

 

Figure 3.6 (a) The Lennard-Jones 12-6 pair potential. (b) Computed bubble-like 

structure in an aerated tank at the Reynolds number of 29500. (c) A different 

view of (b). (d) The denoised version of (c). The length of the bubble is 

approximately 1 cm and its height is 0.65 cm. (e) Configuration of a three 

bubble-like structure in an aerated tank. (f) The bubbles in (e) coalesce to 

form a larger bubble after 0.3 sec. (g) The denoised version of (f). 

Figure 3.6 (b) shows a computed large bubble in an aerated tank (Zamankhan, 2010). The 

bubble is a cluster of small bubbles with a size of the critical air bubble radius. Figure 3.6 

(d) depicts the denoised version of the bubble using multiscale image denoising based on a 

multiscale representation (Chaux et al., 2008). The denoised version of the bubble-like 

structure in Figure 3.6 (b) is very similar to the bubble shown in Figure 3.2 (a). Figure 3.6 

(e) and (f) are two snapshots of bubbles each separated by    0.3 s. Figure 3.6 (f) shows 

one large bubble that coalesced out of the three bubbles shown in Figure 3.6 (e). The 
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denoised version depicted in Figure 3.6 (g) is very similar to the bubbles with complex 

geometries as shown in Figure 3.2 (c).  

The air-water flow in a glass tube, as shown in Figure 3.1, was simulated to assess the 

quality of the model described in this section. Figure 3.8 (a) depicts a schematic view of 

the tube through which the water flows towards the positive z direction. The tube 

diameter     2.4 cm, the nozzle diameter     0.5 cm, and the vertical distance of the 

nozzle from the centreline of the tube is     0.82 cm. The focus is limited to two cases 

with the Reynolds number of 5000 and 15000. The amount of air injected from the nozzle 

is 2 l/min. 

 

Figure 3.7 (a) Schematic of the glassy tube used in air-water simulations. Inset: The tube 

inlet marked with the dark spot represents the air nozzle injector. (b) The tube 

inlet with some nomenclatures. 
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Figure 3.8 (a) Instantaneous configuration in the tube at the Reynolds number of 15000. 

Inset: The computed water flow field near the air injection nozzle. (b) 

Instantaneous configuration of bubbles at a Reynolds number of 5000. 
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Figure 3.8 (a) shows the computed bubbly flow field at the Reynolds number of 15000. 

The most probable bubble size is quite modest smaller than that compared to Figure 3.2 

(c). Note that the Reynolds number in this case is higher than that in Figure 3.2 (c). In this 

case, the viscous forces in equation (52) control the bubble movements in the tube. The 

inset shows the computed water velocity field near the nozzle. The formation and 

disintegration of large vortices near the nozzle control the airflow rate, which were injected 

in the experiments. As stated earlier, the uncontrolled and constant pressure aeration in the 

glass tube was found to be an unsteady state process. Figure 3.8 (b) shows the computed 

bubbly flow at a low Reynolds number of 5000. This figure indicates that the most 

probable bubble size is larger than that in (a). In this case, the buoyancy term controls the 

bubble and let them rise in the water. Here, the most probable bubble size is larger than 

that shown in Figure 3.2 (c). 
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3.2 Set 2: Cavitating flow and air distribution in 

a spillway 

The first section of this subchapter deals with forced cavitation and the dynamics of 

cavitation bubbles. An experiment was carried out in which cavitation was forced to 

develop with clear water in glass and galvanized steel pipes. These findings are compared 

to the computational simulations. The simulation results of the cavitation bubble dynamics 

are described. In the second section, the flow behaviour of an aerated spillway was 

computed.  

3.2.1 Sheet cavitation in a tube 

Cavitation occurs when the fluid pressure is lower than the local vapour pressure (Joseph, 

1995). As cavitation occurs, the cavities will form in which the vapour phase will replace 

the liquid phase. In this case, the surrounding liquid will experience evaporative cooling. 

For water, these thermal effects can have significant influence on the dynamics of bubbles 

during cavitation process. However, for simplicity, in this thesis the isothermal problem 

was not investigated which retains a number of the interesting qualitative features of the 

cavitation process elsewhere. 

Experimental methods and observations 

The experiments were conducted in a test setup as illustrated in Figure 3.9 (a). The tests 

were performed in a horizontal galvanized steel pipe with an outer diameter of   0.0254 

m and the length of      0.3 m. Two very similar aquarium stones with a length of    

0.0215 m and a height of    0.01 m were attached to the bottom of the pipe in the 

entrance section. The stones produced a sudden offset whose leading edge is 

approximately an ellipse. The dimensions of one of the stones are depicted in the inset of 

Figure 3.9 (a). 

Clear water was used in the experiments; its physical properties are given in Table 3.1. The 

discharge    12.5 l/s was provided with a heavy-duty high-pressure wash-down pump 

with a pressure range of 2.5 bar to 140 bar (maximum pressure). A high-pressure hose was 

used to connect the test tube to the high-pressure pump. 

The average pressure at the pipe inlet was approximately 2.5 bar (absolute) and the 

minimum measured pressure was 4.55 kPa (absolute). The inset of Figure 3.9 (a) shows the 

monometer connected to the pressure measuring port (PMP) as shown in the second inset 

of Figure 3.9 (a). The port was located     0.048 m downstream from the inlet of the test 

tube. Here,    represents the length of the sheet. The low pressure measured at the 

sampling port indicates that cavitation might have been occurred in the test tube. The steel 

pipe was initially used only to measure the pressure within the pipe. A glass pipe was used 

for visual observation. 

The above-mentioned test with the same discharge of    12.5 l/s and the same average 

inlet pressure of 2.5 bar (absolute) was repeated in a cylindrical Borosilicate glass pipe 

with a diameter of    0.026 m The pipe wall was 0.001 m thick. A camera was used to 

take images of sheet cavitation from below the test tube. 
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Table 3.1 Physical properties of water 

Material 

Dynamic viscosity 

[Ns/m
2
] 

Density 

[kg/m
3
] 

Vaporization 

pressure [kPa] 

Water (liquid) 1.0 10
-3

 999.965 3.79 

Water (vapor) 1.34 10
-5 

0.535 3.79 

Air 1.79 10
-5 1.175 - 

 

 

Figure 3.9 (a) Schematic of the experimental set-up. Inset (on the right hand side) An 

image of the aquarium stone used in the cavitation test. Inset (lower) The 

minimum pressure measured was          (absolute). (b) An image of sheet 

cavitation at the discharge          . 

Figure 3.9 (b) shows an image of sheet cavitation with an average inlet channel pressure of 

approximately 2.5 bar (absolute). As can be seen from Figure 3.9 (b), the sheet appears to 

be attached to the stone with a length of       5D. The sheet consists of a number of fuzzy 

white clouds. However, a flash photograph revealed that the cloud consist of individual 

small bubbles (Falvey, 1990).  
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In the following section, the simulation results provide a more detailed insight and show 

the occurrence of a continual on-going process of cavity formation and deformation. It is 

difficult to obtain accurate measurements using the simple setup as shown in Figure 3.9.  

Simulation 

If sheet cavitation, as described in the experiments in the preceding section, occurs in the 

spillway chute, it can produce extensive damage to its concrete linings (Falvey, 1990). 

Note that cavitation damage in tunnels and conduits is less likely to result in dam failure. 

Experimental observations such as shown in Figure 3.9 (b) are indispensible for 

investigating cavitation problems. However, numerical simulations can provide 

possibilities to study cavity formation and its deformation in detail than what is affordable 

by experiments.  

3D model using 2D images 

Apparently, it is not possible to reconstruct a 3D model from a single image of the stone as 

shown in Figure 3.9 (a). To get around this limitation, an optical processing algorithm was 

developed that employs multiple photographs taken at every 15 degrees, from the above 

and from the side, to create a 3D model of the stone. Figure 3.10 (a) illustrates the 

positions of the camera for taking about 40 photographs from the stone. The acquired 

images were the input of the autodesk 123D Catch 3D scanning software. 

Figure 3.10 (a) shows the basics of the stitching process for accurate reconstruction of a 3D 

model of the stone. Figure 3.10 (b) represents a medium quality 3D mesh of the stone, 

which was used to simulate sheet cavitation in the following section. 

 

 

Figure 3.10 (a) Taking 2D images of the stone by moving camera’s position at regular 

intervals. (b) Automatically aligning the images with the others. (c) 

Reconstruction of a 3D model from 2D image. 

 

http://www.123dapp.com/catch
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In brief, the Lagrangian (bubble-based) and the Eulerian (grid-based) methods were used 

to simulate the cavitating singular roughness in a tube flow. Figure 3.11 (a) illustrates the 

model used in the simulations. Here, the dimensions are     0.3 m,    0.024 m, and 

    0.004 m. Figure 3.11 (b) depicts a top view of the entrance region of the pipe in 

which the positions of the stones are clearly shown. The total length of the pipe covered by 

stones is     0.037 m, and the pipe’s length covered by the first stone is     0.0185 m. 

The length and the height of the stones are the same as that shown in Figure 3.9 (a). Figure 

3.11 (c) shows the grid, which consists of more than       tetrahedral meshes. 

 

Figure 3.11 (a) Schematic of the pipe used in sheet cavitation simulations with some 

nomenclatures. (b) Top view of the entrance region of the pipe. (c) The grid 

used in the cavitation simulations. 

The filtered Navier-Stokes equations (54) and (55) were discretised with the finite-volume 

method on a staggered Cartesian grid. Convective and diffusive fluxes were approximated 



57 

with central differences of second order accuracy and time advancement was achieved by a 

second order, explicit Adams-Bashford scheme. The equation for coupling the pressure to 

the velocity field was solved iteratively using SIP method (Stone, 1968). The subgrid-scale 

stresses appearing in the filtered Navier-Stokes equations were computed using equation 

(59). No-slip boundary conditions were employed on the surface of the stone and the tube 

walls. The physical properties used in the simulations are listed in Table 3.1. The 

temperature was assumed to be constant and set to    302 K. Note that the vaporization 

pressure at the aforementioned temperature was approximately 3790 kPa (absolute). The 

acceleration due to gravity was g = 9.81 m/s
2
. 

The Lagrangian (bubble-based) simulation was performed to calculate the motion of 

bubbles in the liquid using equation (52). This equation has been integrated using the 

generalized Verlet algorithm (Anderson et al., 2008). The time step used in the simulation 

was           . The linear interpolation routines were used to communicate the 

information from grid-nodes to particle positions and vice-versa. The simulations were 

performed by using GPU computing (Zamankhan, 2012). 

Results 

Obviously, a single parameter such as cavitation number cannot describe many of the 

complexities of cavitation. Falvey (1990) suggested that for the flow passing the stones as 

shown in Figure 3.11 (a), cavitation will not occur if the cavitation number is greater than 

about 1.8. Figure 3.12 (a) shows that cavitation bubbles form within the flow at the 

discharge Q = 12.5 l/s. This indicates that the cavitation number was below 1.8. Figure 

3.12 (b) represents a view from below of an instantaneous configuration of bubbles in the 

cavitational flow. In this case, a sheet consisted of a large number of small bubbles which 

were extensively developed downstream of the step formed by the stones in the pipe. Here, 

cavitation was formed by turbulence in the shear zone, which was initiated by the sudden 

change of flow redirection at the stone face. Figure 3.12 (b) also shows large non-spherical 

cavities with patterns similar to those shown in Figure 3.9 (b).  

Following Falvey (1990), it was estimated that the system in Figure 3.12 (a) operated at a 

cavitation number of    = 0.9. For this case, the reference location was located 

immediately upstream of the first stone and at its maximum height. The computed length 

of the sheet is quite comparable with that shown in Figure 3.9 (b). It would be expected 

that for even lower values of the cavitation number, the clouds form one long super-

cavitating pocket. 

Figure 3.12 (c) depicts the computed instantaneous contours of the averaged vapour 

volume fraction on the xz-plan. In this figure, the locations at which cavitation occurred on 

the surfaces of the stones are presented by the use of colour coding. The process starts with 

the occurrence of a swarm of bubbles in the small regions of the first stone at the sampling 

port 3 located at x = 0.015 m. However, no evidence of cavitation can be found at the 

sampling port 4 located at x = 0.022 m in a narrow cleft between the stones where the local 

pressure is much higher than that of the vapour pressure. This figure also shows that a 

large number of small bubbles is extensively produced on the trailing edge of the second 

stone close to the sampling port 8 located at x = 0.045 m. The sampling ports 1 through 16 

are all located on the xz-plan. The distances of these ports from the inlet of the pipe are,   = 

5   10
-5

, 0.0077, 0.015, 0.022, 0.025, 0.029, 0.035, 0.045, 0.055, 0.065, 0.09, 0.12, 0.2, 

0.25, 0.29 and 0.298 m, respectively.  
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Figure 3.12 (a) A top view of the instantaneous configuration of bubbles in a cavitational 

flow of water through a pipe with inner diameter of           at the 

discharge of            and at the cavitation number of       . (b) View 

from below of the bubbles in a cavitating flow of water through the pipe. (c) 

Computed contours of the averaged vapour volume fraction on the xz-plane 

for the cavitational flow in (a). Here, a colour code is used to indicate the 

values of the averaged vapour volume fraction on the surfaces of the stones. 

(d-g) Variations of     as a function of     at the sampling ports 1 though 16, 

respectively. Sampling port 1,5,9,13 squares, sampling port 2,6,10,14 circles, 

sampling port 3,7,11,15 diamonds and sampling port 4,8,12,16 left triangles. 
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Figure 3.13 (a) The instantaneous computed contours of the dimensionless pressure    on 

the xz-plane with air bubbles in a cavitational flow of water at a cavitation 

number of h=0.9. The locations of the sampling ports are the same as those 

in Figure 3.12 (c). (b-e) Variations of the dimensionless pressure   as a 

function of   . Sampling port 1,5,9,13 squares, sampling port 2,6,10,14 

circles, sampling port 3,7,11,15 diamonds and sampling port 4,8,12,16 left 

triangles. (f) The instantaneous computed velocity field of a cavitational flow 

of water through the pipe with inner diameter of          at the discharge 

of             
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Image magnification of Figure 3.12 (c) and Figure 3.13 (a) are illustrated in Appendix A. 

 

Figure 3.12 (d) illustrates the averaged vapour volume fraction     as a function of the 

vertical distance from the pipe wall,   , at the sampling ports 1 to 4. The squares, circles, 

diamonds and left triangles represent the computed vapour volume fraction at the ports 

1,2,3 and 4, respectively. This figure indicates the occurrence of a swarm of bubbles at the 

sampling port 3.  

 

The squares, circles, diamonds and left triangles in Figure 3.12 (e) represent variations of 

    as a function of    at the sampling ports 5, 6, 7 and 8, respectively. This figure shows 

that cavitation re-occurred at the sampling port 7 and becomes extensive at port 8. These 

complexities cannot be described with a single parameter such as the cavitation number. 

Figure 3.12 (f) shows variations of     as a function of    at the sampling ports 9, 10, 11 

and 12 using the squares, circles, diamonds and left triangles, respectively. As can be seen 

from Figure 3.12 (f), the vapour bubbles roll up into a larger volume and form a bubble 

cloud as they are being transported further downstream and leave the entrance region of the 

pipe. 

Figure 3.12 (g) represents the final stage of the process, which is a continual, on-going 

process of bubble formation and deformation. This figure depicts variations of     as a 

function of    at the sampling ports 13, 14, 15 and 16 using the squares, circles, diamonds 

and left triangles, respectively. 

In brief, the appearance of visible cavitation in flowing water in the pipe as shown in 

Figure 3.12 was preceded by the occurrence of small bubbles in the small area on the 

surface of the stones. This observation highlights the importance of bubbles as cavitation 

nuclei, which has been known for a long time (Leal, 2007).  

Figure 3.12 (d) indicated that a swarm of small bubbles occurred at the sampling port 3. 

However, no evidence of cavitation is found at the sampling port 4, which is located 

further downstream from the port 3.  

 Figure 3.13 (b) depicts variations of the dimensionless pressure,   , defined as       
      , where   represents the local pressure, as a function of    at the sampling ports 1, 

2, 3, and 4 using the squares, circles, diamonds, and left triangles, respectively. This figure 

denotes that the local pressure in the narrow cleft between the stones is approximately 50 

times higher than that of the vapour pressure. The pressure at sampling port 3 in Figure 

3.13 (b) should theoretically be lower to initiate small vapour bubbles as shown in Figure 

3.12 (d).  

Figure 3.13 (c) illustrates variations of the dimensionless pressure,   , as a function of    

at the sampling ports 5, 6, 7, and 8 using the squares, circles, diamonds, and left triangles, 

respectively. As can be seen from this figure, the local pressure at port 7 on the surface of 

the second stone reaches vapour pressure. Consequently, small bubbles are formed on the 

trailing edge of the second stone as depicted in Figure 3.12 (e). The appearance of visible 

cavitation as shown in Figure 3.12 (a) was preceded by the occurrence of these bubbles in 

the small area around the sampling port 5 on the surface of the second stone. The 

computed low pressure at port 8 (which is the same as that measured at the PMP in Figure 

3.9 (a) provides a favourable situation for a sheet, which consists of a large number of 
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small bubbles, to be developed and transported downstream as presented in Figure 3.12 (a) 

and (b). The low-pressure condition extends from sampling port 9 to sampling port 14 as 

shown in Figure 3.13 (d) and (e). The squares, circles, diamonds, and left triangles in 

Figure 3.13 (d) represent variations of    as a function of    at the sampling ports 9, 10, 

11, and 12, respectively. 

In the aforementioned region, the vapour bubbles roll up to form a larger volume and 

become less extensive as they are being transported further downstream. The volume 

fraction of the vapour bubble is lower at the upper part of the pipe between the ports 9 and 

14 because the pressure increases slightly with    

The squares, circles, diamonds, and left triangles in Figure 3.13 (e) represent variations of 

   
as a function of    at the sampling ports 13, 14, 15, and 16, respectively. This figure 

shows that the pressure increases between port 14 and 16 and reaches atmospheric pressure 

at the pipe outlet where the vapour bubbles are vanishing. 

The area weighted average pressure at the inlet of the pipe was found to be 257 kPa. The 

results show in general accord with the simulation and the experiment. The model captured 

a number of the interesting qualitative features of the cavitation process but has to be 

validated by further experiments. 

Figure 3.13 (f) shows the computed velocity vector filed on the xz-plane. This figure 

indicates a complex shearing flow around the sampling port 8, at which cavitation is 

formed. As stated earlier, the system in Figure 3.12 (a) operates at a cavitation number of 

    0.9. The computed pressure at sampling port 1 is approximately 300 kPa. In this case, 

the computed average water velocity is approximately 25 m/s. The area weighted average 

pressure at the inlet of the pipe is 257 kPa. 

3.2.2 Cavitation in an open channel 

The previous section described the complexity of the occurrence of cavitation. As stated 

earlier, Figure 1.3 indicates that the cavitation number would be quite low at 

approximately 300 m downstream from the inlet of the Kárahnjukar spillway. Apparently, 

designers of Kárahnjukar spillway have decided to use an aerator at the aforementioned 

location in order to protect the spillway surface against cavitation (VAW, 2006). 

Semenkov and Saranchev (1996) found out that especially for large discharges the 

cavitation-hazardous state develops earlier compared to the state where the spillway is 

fully protected by natural air entrainment. The bottom turbulent layer is shielded above by 

the undisturbed potential flow core, which reduces diffusion air entrainment (Semenkov 

and Saranchev, 1996). Consequently, on the entire length of the cavitation-hazardous 

section of the spillway passage the volume air concentration in the boundary layer with 

thickness 0.2-0.25 m would be less than 7-8%. In this case, artificial air entrainment is 

needed to protect the surface of the spillway (Gal´perin et al., 1979). 

In the following section, the relevance of using artificial air at 300 m downstream from the 

inlet of the spillway is investigated using the mathematical model as detailed in the 

preceding section. 
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Simulation 1 

A simplified model of the Kárahnjukar spillway with a hypothetical hole with a diameter 

of 0.02 m is used in this simulation. Figure 3.14 (a) shows the hypothetical hole that is 

essential to initiate cavitation at a cavitation number of 0.25. The simplified model of 

Kárahnjukar spillway is 414 m long with a slope of approximately α=11°. 

 

Figure 3.14 (a) Schematic of a hypothetical hole with a diameter dh=0.02m and a distance 

from the inlet of Lh=300m. Inset: The computed contours of the velocity. The 

distances of the sampling ports 1,2,3 and 4 from the inlet are 0, 107, 300, and 

414 m, respectively. (b) The averaged air volume fraction as a function of lw 

at the sampling ports 1,2,3 and 4. Here, the squares, circles, diamonds and 

left triangles represents the air volume fraction at the sampling ports 1 to 4, 

respectively. (c) The computed velocity vector field around the hole at the 

sampling port 3. 
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The boundary conditions are exaggerated in order to show that the spillway is protected in 

any case due to self aeration against cavitation at the hole. The inlet boundary conditions at 

x = 0 were set to V = 20 m/s and the height of the water is 3 m. Furthermore, it was 

assumed that the top surface of the model is open to the atmosphere. The outlet boundary 

condition was set to p = patm. Periodic boundary conditions were used in the z-direction. 

The no-slip boundary condition was applied on the walls of the model. To capture the 

effects of viscous boundary layers, a wall-function was used to specify velocity at the 

forcing points as (Zamankhan, 2012) 
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where y
+
 represents the dimensionless, sublayer-scaled distance, and   the von Kármán 

constant (typically the value 0.41 is used). 

The inset of Figure 3.14 (a) represents the computed velocity contours in the model of 

Kárahnjúkar spillway. The computed bubble volume fraction as a function of vertical 

distance from the wall lw at four sampling ports is illustrated in Figure 3.14 (b). In this 

case, the bubble is an air bubble that may contain vapour. As can be seen from Figure 3.14 

(a), the hypothetical hole is located at 135 m from the outlet of the model. Figure 3.14 (b) 

indicates that the thickness of the air-water mixture increases with x. The bubble volume 

fraction at the hypothetical hole (sampling port 3) is approximately 38%, which is in 

accordance with Semenkov and Saranchev (1996) and above the “cavitation safe” value of 

7% of entrained air. In this case, the vapour volume fraction is quite low. 

Figure 3.14 (c) illustrates the computed velocity vector field. A colour code as illustrated 

on the left hand side of the hole is used to indicate the values of the local pressure. This 

figure indicates that the water flows mainly over the hole. A small part of the water stream 

hits the downstream edge of the hole and reticulates inside. The pressure reaches a 

maximum of 2500 kPa and the edge diverts the flow into an upward and downward 

direction, which initiates the water swirl in the hole. The local pressure in the centre of the 

hole is slightly lower than 5 kPa. A second low-pressure region occurs right after the edge 

in downstream direction (compare Figure 2.1). Firstly, the computed pressure is above the 

vapour pressure of water for temperatures below 33°C. Secondly, the velocity of the water 

is much higher compared to the velocities reached in the actual spillway. Thirdly, the air 

volume fraction at the hole is approximately 38% and well above the required 7%. These 

findings suggest that the spillway is theoretically cavitation safe. Therefore, the use of an 

aerator at port 3 in order to protect the surface of the spillway is not needed. The extra air 

at sampling port 3 will produce a very thick air-water mist flow at the outlet of the 

spillway. Figure 3.14 (b) indicates as well that in absence of any artificial aerator the 

computed thickness of the air-water mixture at the outlet of the spillway is approximately 8 

m. The average bubble volume fraction is higher than 50%.  
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Simulation 2 

The mathematical model described in the preceding section was used to analyze the 

Kárahnjukar spillway with bottom aerator. Figure 3.15 illustrates a CFD model which can 

be imagined as a 1:15 Froude scale of Kárahnjukar bottom aerator. Figure 1.1 shows an 

aerial view of the Kárahnjukar spillway and its bottom aerator. 

By implementing periodic boundary conditions in the y-direction, a small part of the 

system that is far from the vertical sidewalls was simulated. The model flow rate was set to 

vw0 = 20 m/s at the inlet with a size of Hw = 0.11 m, corresponding to Q = 2250 m
3
/s. 

 

Figure 3.15 (a) Perspective view of the simulation model and selected nomenclature. (b) 

The front view of the spillway with bottom aerator. Here, = 0.02 m, L = 

2.42 m, Ha = 0.44 m, Hw = 0.11 m, L1 =0.11 m, L2 = 2.15 m, h0 = 0.022, Hout 

= 0.55 m, = 20
o
, and 30° 

Figure 3.15 shows that the water stream will be deflected by a deflector in order to 

ventilate the nappe to the atmosphere. The connection to the atmosphere is ensured via a 

channel under the ski jump of the aerator. Note that the air entraining capacity of the 

aerator depends on the take-off distance from the free flow. The air pressure is atmospheric 

at the inlets and the outlet. 
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Figure 3.16 Computed contours of the velocity field for the bottom aerator of Kárahnjukar 

spillway. Inset: A pair of vortices in the ventilation zone. 

Figure 3.16 (a) and its insets illustrate the computed contours and vector velocity field. In 

this case, vortices establish at the ventilation gate and detach periodically from its other 

side. A pair of vortices is magnified in the inset. The air enters the ventilation zone with a 

normalized velocity of v 
*
= 3.81. Here, the velocity is normalized to the water velocity at 

the inlet vw0. 

The high stream of air tends to lift up the water stream. In this case, the air concentration in 

the ventilated zone appears to be more than that needed to prevent cavitation. Figure 1.1 

shows a highly aerated water stream. When water flows over a spillway the vortex sheet 

instability at the air-water interface known as the Kelvin-Helmholtz instability can occur. 

The instability will be in the form of waves being generated on the water surface that can 

initiate natural air entrainment. Koschitzky (1987) had also observed those vortices. The 

air entrainment process enhances when a growing boundary layer in the water flow reaches 

the free surface. In this case, the entrained air from the free surface can reach the spillway 

surface to minimize the danger of cavitation. 

Figure 3.17 (a) illustrates the computed contours and vector velocity field aerated 

Kárahnjukar spillway. Figure 3.17 (b) represents an instantaneous configuration of bubbles 

in the spillway. 
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Figure 3.17 (a) Computed contours of velocity field of a more optimized design for the 

aerator of Kárahnjukar spillway Inset: Vortical structures in the ventilation 

zone. (b) Instantaneous configuration of bubbles in the spillway with ski jump 

aerator. (c) Air concentration distribution versus z in the aeration region. 

Here, right triangles, squares, left triangles, and diamonds represents the air 

concentration at the sampling ports S1, S2, S3 and S4, respectively. 

Details of air entrainment through the upper air-water interface of the jet can be predicted 

by the model. Here Lnb = 0.62 m represents the length at which the air entrainment through 

the lower interface reaches to that through the upper interface. Figure 3.17 (c) depicts the 

variations of air concentration as a function of z at four different sampling ports as shown 

in (b). They also support the details of the air entailment above an aerator presented in 

Figure 2.17 by Chanson. 
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Figure 3.18 (a) Computed contours of velocity field for a hypothetical case with a 

discharge of Q=3150 m
3
/s. (b) Computed vector plot of vertical structures in 

the ventilation zone. (c) and (d) Variations of the normalized velocity v
*
 as a 

function of z. Squares, circles, diamonds left triangles, gradients, and deltas 

represent the normalized velocity at the sampling ports S1, S6, S5, S2, S3, and 

S4, respectively. 
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Figure 13 (a) illustrates the computed contours of velocity field for a hypothetical case in 

which the discharge of Kárahnjukar spillway would be Q=3150 m
3
/s. Figure 3.18 (b) 

indicates that the air enters the ventilation zone with a normalized velocity of v
*
 = 5.6 

 

3.3 Summary 

The experiments and simulations conducted above captured a variety of interesting 

findings related to spillway flows. The simulations were useful to identify and explain the 

complex physics of a two-phase flow, consisting of air and water. Especially the 

interaction of bubbles and the influence of the bubbles on the flowing water were 

challenging to compute however, they show a good agreement compared to the 

experiments. More experiments about the air distribution in turbulent flows are needed in 

order to determine the reliability of two-phase flow simulations. 

The leading thought of creating a full three-dimensional model of the Kárahnjúkar spillway 

were not possible due to the lack of computational power and validating measurements of 

the air entrainment in the actual spillway in order to validate the model. 
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4 Conclusion 

The geometry of an air inlet has effect on the bubble size and bubble distribution. A round 

inlet might produce larger bubbles compared to a square inlet but regardless of the 

geometry the bubble size increases with a greater Reynolds number before reaching quasi 

steady state. Bubble size and distribution might change with different air inlets. Although 

the hydrostatic pressure gradient in a tube flow compared to that in an open channel flow is 

different, the size of the entrained air bubbles by changing the form of the nozzle and 

spillway aerator accordingly, might have comparable effects. 

To investigate self-aeration the analogy of a mixing tank was used. The most probable 

bubble size and bubble volume fraction reached a quasi steady state at a constant Reynolds 

number. The bubble volume fraction grows with an increasing Reynolds number while the 

most probable bubble size decreases. In brief, the presented results suggest that the 

location of the air entrainment inception point in a contaminated water flow might not be 

the same as that of pure water flows in spillways. The location of an aerator has to move 

upstream in contaminated water flows. Due to the lack of proper experimental equipment 

this theory has to be studied further. 

A three-dimensional simulation of a cavitating tube flow at the cavitation number of 

approximately 0.9 was performed to highlight the importance of artificial aeration for 

protecting a spillway. In addition, more simulations were performed using a CFD model 

which is a 1:15 Froude scale of Kárahnjukar bottom aerator in order to make suggestions 

intend to diminish the hazards associated with cavitation.  

The analysis of the simulation of the tube flow are in agreement with its corresponding 

experiment, as well as the findings of the aerated spillway simulation are consistent with 

prior physical model results. Especially the simulated vortices and the air entrainment 

process are auspicious. For example, the vortex shedding downstream of the aerator is 

quite intense in all simulations. 

Artificial air entrainment in the Kárahnjúkar spillway might be too high. Therefore, the 

volume of the air-water mixture gets too large at certain discharges and produces too much 

spray which might enhance erosion by filling the canyon walls with additional water. The 

air volume fraction on the spillway 300 m downstream from the inlet, at sampling port 3 in 

Figure 3.14 (b), shows a self aeration rate of 38% on the bottom of the spillway. According 

to the literature review and simulations, artificial aeration in the Kárahnjukar spillway 

might not be needed with regard to cavitation. 

GPU computing might be able to compute the complexity of an aerated flow and thus to 

reduce the necessity of expensive and time-consuming physical models Scaling-effects 

such as the dynamic similarity of two-phase flows cannot be achieved with Froude scaling. 

are of no importance anymore, especially the turbulent processes simulated here which are 

dominated by viscous forces. This effort may pave the way for developing a simplified and 

realistic model for further study of spillways. Nevertheless, additional experimental studies 

related to cavitation, air entrainment and detrainment are required to supply more reliable 

and convincing data basis for the validation of computational approaches to model the 

complex flow in high-energy spillways. 
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Appendix A 

Cavitating flow and air distribution in a spillway 

 

Figure A.1 Magnified view from below of the bubbles in a cavitating flow of water 

through a pipe 
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Figure A.2 Magnified view of the instantaneous computed contours of the dimensionless 

pressure    on the xz-plane with air bubbles in a cavitational flow of water at 

a cavitation number of h=0.9. 


