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Abstract 

This thesis focuses on modal identification of structural systems. System Identification can 

be used to create mathematical models of structures which can then be used in simulation 

and design. Modal identification provides a valuable means of calibrating, validating, and 

updating finite element models of structures. This thesis reviews the standard techniques of 

system identification. Basic theoretical background of the different methods of practical 

use is presented. Demonstrations of the described methods are provided by using response 

simulated from known systems which are then used in system identification. Starting with 

single degrees of freedom systems, basic theory in relation to dynamics and modal analysis 

of multi degree of freedom systems are presented with examples used in the identification 

procedure, along with methods for non-classically damped systems. As a case study, 

system identification of a base-isolated bridge is undertaken. Modal properties of the 

bridge are computed from a finite element model. A simulated response is used in system 

identification to check whether the identified modal properties match that of the finite 

element model. One of the issues investigated is the effect of damping provided by the 

rubber bearings of the base isolation system. This damping makes the system non-

classically damped. The results indicate that system identification for a structure like this is 

feasible and reliable estimates of vibration periods and damping ratios are obtained. It was 

also observed that increase in damping ratio in the rubber bearings results in modal 

damping ratios that are different than the commonly used Rayleigh damping model.  

Útdráttur 

Þetta verkefni fjallar um auðkenningu á hreyfifræðilegum eiginleikum burðarvirkja. 

Kerfisauðkenning getur verið notuð til að búa til töluleg líkön af burðarvirkjum, sem geta 

síðar verið notuð í hermun og hönnun. Auðkenning á hreyfifræðilegum eiginleikum getur 

gefið mikilvægar upplýsingar um gæði einingalíkana, og getur verið notað til aðlögunar á 

þeim. Þetta verkefni fjallar um hefðbundnar aðferðir til kerfisauðkenningar. Fræðilegur 

bakgrunnur mismunandi hagnýtra aðferðra er kynntur. Sýnidæmi af fyrrgreindum 

aðferðum eru framkvæmd með því að nota svörun á þekktu kerfi til auðkenningar. Í 

grunninn er byrjað á einnar frelsisgráðu kerfum, og byggt ofan á hann fyrir fjölfrelsisgráðu 

kerfi, með sýnidæmi um auðkenningarferli þeirra ásamt aðferðum fyrir óhefðbundna 

dempun í fjölfrelsisgráðukerfum. Sem rannsóknarverkefni, kerfisauðkenning var 

framkvæmd á jarðskjálftaeinangraðri brú. Hreyfifræðilegir eiginleikar brúarinnar eru 

reiknaðir úr einingalíkani. Hermd svörun brúarinnar er notuð til kerfisauðkenningar, til að 

athuga hvort auðkenndir hreyfifræðilegir eiginleikar samsvari þeim úr einingalíkaninu. Eitt 

af þeim atriðum sem skoðuð voru nánar eru áhrif dempunar af völdum jarðskjálftaleganna. 

Þær gera dempunarkerfið óhefðbundið. Niðurstöðurnar gefa til kynna að kerfisauðkenning 

fyrir burðarvirki af þessu tagi er fýsileg og gefur áræðanlegar niðurstöður um 

eiginsveiflutíma og dempunarhlutfall. Einnig var tekið eftir að með aukningu í dempun 

jarðskjálftalegna, birtast auðkennd dempunarhlutföll sem eru frábrugðin Rayleigh líkani. 
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vii 

Table of Contents 

List of Figures ..................................................................................................................... ix 

List of Tables ..................................................................................................................... xiii 

Þakkarorð / Acknowledgements ...................................................................................... xv 

1 Introduction ..................................................................................................................... 1 
1.1 Relevance of system identification for structural engineers ................................... 2 

1.2 Organization of the thesis ........................................................................................ 5 

2 Models and methods for system identification ............................................................. 7 
2.1 Introduction ............................................................................................................. 7 

2.2 Modelling for system identification ........................................................................ 8 

2.3 Non-Parametric methods ......................................................................................... 9 

2.3.1 Transient analysis........................................................................................... 9 

2.3.2 Correlation analysis ..................................................................................... 12 

2.3.3 Spectral analysis........................................................................................... 14 

2.4 Parametric methods ............................................................................................... 18 

2.4.1 AR and ARX models ................................................................................... 18 

2.4.2 MA- model ................................................................................................... 20 

2.4.3 ARMA and ARMAX models ...................................................................... 20 

2.4.4 Relating system parameters to model parameters ........................................ 21 

2.4.5 State-Space models ...................................................................................... 28 

2.4.6 Conclusion ................................................................................................... 31 

2.5 Multiple degree of freedom systems ..................................................................... 31 

3 Dynamics of Non-Classically Damped Systems ......................................................... 37 
3.1 The complex eigenvalue problem ......................................................................... 37 

3.2 Identification of non-classically damped systems ................................................. 44 

4 Case study: the Óseyri Bridge ..................................................................................... 45 
4.1 Bridge Description ................................................................................................ 45 

4.1.1 Finite Element model of the bridge ............................................................. 47 

4.1.2 Modal analysis – Periods according to SAP2000 ........................................ 52 

4.1.3 Damping model ............................................................................................ 56 

4.2 Description of time series ...................................................................................... 57 

5 System identification of the bridge .............................................................................. 61 
5.1 System identification and model order selection .................................................. 61 

5.2 Results of system identification ............................................................................ 65 

5.2.1 No damping in the rubber bearing ............................................................... 65 

5.2.2 5% damping ratio in the bearings ................................................................ 68 

5.2.3 10% damping ratio in the bearings .............................................................. 70 

5.2.4 15% damping ratio in the bearings .............................................................. 72 



viii 

5.2.5 20% damping ratio in the bearings .............................................................. 74 

5.2.6 25% damping ratio in the bearings .............................................................. 76 

5.2.7 30% damping ratio in the bearings .............................................................. 78 

5.2.8 Summary ...................................................................................................... 79 

6 Conclusions .................................................................................................................... 81 
6.1 Discussion about the results ................................................................................... 81 

6.2 Further thoughts and limitations ............................................................................ 81 

7 References ...................................................................................................................... 83 

Appendix A: MATLAB-code for SDOF examples in chapter 2 .................................... 87 

Appendix B: MATLAB code for MDOF example in chapter 2 ..................................... 93 

Appendix C:  MATLAB code for example 0 ................................................................... 99 

Appendix D: Code used for main calculations .............................................................. 103 

Appendix E: Structural drawings for Óseyri-Bridge ................................................... 109 

Appendix F: Acceleration response calculated with SAP2000 for various 

damping ratios ............................................................................................................. 120 

Appendix G: Table with 100 modal periods, and mass participation factor .............. 128 
 



ix 

List of Figures 

Figure 1-1: Flowchart for structural health monitoring process ............................................ 4 

Figure 2-1: The amplification of displacement response of a structure, Rd, as a 

function of β, the ratio between the loading frequency and the natural 

frequency of the structure. Curves are shown for 1% damping, 5% 

damping, 10% damping and 20% damping. ....................................................... 8 

Figure 2-2: Measured Ground acceleration, and simulated displacement of the a 

SDOF system. ..................................................................................................... 9 

Figure 2-3:  The controlled input signal represented by a (finite) Dirac delta function 

(top), and the output signal of a time invariant linear SDOF system 

(bottom). The curve describing the system is represented by Equation 

(2.1) ................................................................................................................... 11 

Figure 2-4: Empirical unit impulse response function, calculated with correlation 

analysis. The substitution, t = k∆T, has been made. ........................................ 13 

Figure 2-5: Normalized squared amplitude of the complex frequency function. On 

the Figure the half-power level can be seen along with the frequency 

range ωd ± Δω. From this the half power method can be used to 

calculate the damping ratio ............................................................................... 17 

Figure 2-6: A simple representation of an AR-model. The inputs are white noise and 

past outputs are regressed to obtain the present value. ..................................... 19 

Figure 2-7: A simple ARMAX model. The inputs are white noise, measured inputs 

and past outputs. ............................................................................................... 21 

Figure 2-8: Stability region for a time invariant second order linear dynamic system. 

The red triangle marks the outline of the stability region for discrete 

systems, while the coloured regions within the triangle mark the stability 

regions for equivalent continuous systems. The light blue region denotes 

the stability region for under-critically damped systems and the dark blue 

one for the over-critically damped systems. No physically realizable 

continuous systems correspond to the white areas within the red triangle, 

i.e. a2 is always less than zero. ......................................................................... 25 

Figure 2-9: The predicted output of the model plotted against the measured output. 

The correlation between the curves is 1. .......................................................... 28 

Figure 2-10: Visualization of a four story 2 dimensional frame. The nodes can be 

seen with the red dots, while all elements are colored blue.............................. 32 



x 

Figure 2-11: The displacement response of a horizontal degree of freedom located in 

the top corner of the frame ............................................................................... 34 

Figure 2-12 Comparison of the modes shapes obtained from finite element analysis 

(left panel) to the identified mode shapes (right panel); the first, second 

and third modes from top to bottom. Only the first three mode shapes are 

shown. ............................................................................................................... 36 

Figure 3-1: The ground acceleration time series used to excite the system described 

in the example .................................................................................................. 41 

Figure 3-2: The displacement response of the two degrees of freedom due to ground 

acceleration shown in Figure 3-1. .................................................................... 43 

Figure 4-1: Map of Iceland. The location of Óseyri-bridge is represented with a red 

dot in the southwest corner of the island (image taken from Google 

maps). ............................................................................................................... 45 

Figure 4-2: Closer look at the area around Óseyri-bridge, marked with a red dot 

(image taken from Google maps). .................................................................... 46 

Figure 4-3: Longitudinal section of Óseyrarbrú. ................................................................. 46 

Figure 4-4:  Cross sections of the bridge.  On the left is a cross section over a pillar, 

while on the right is a section over the span. All dimensions are given in 

millimeters. The lead rubber bearings can be seen as black rectangles 

while the tension rods are two vertical bars coming down from the bridge 

deck to the pillar  (Jónsson, 2009). ................................................................... 47 

Figure 4-5: A 3-D view of the final model. ......................................................................... 47 

Figure 4-6: Schematic view of the finite element model of a typical pier and deck. .......... 48 

Figure 4-7: The cross section of the bridge deck over the pillars. For sense of scale, it 

may be noted that the width of each stiffener at the bottom is 1.4 meters. ...... 49 

Figure 4-8: The cross section of the bridge deck over the span. For sense of scale it 

may be noted the width of each stiffener is 0.7 meters, compared to 1.4 

over the pillars, shown in Figure 4-7. ............................................................... 49 

Figure 4-9: Circular lead rubber bearing sold by Medelta inc. The steel plates can be 

seen along with the lead core and rubber layers. The rubber bearings in 

this bridge are rectangular, this is Figure is only for illustration. Figure is 

taken from the manufacturer’s website : 

http://www.medelta.com/urun/sismik_izolator/439 . ....................................... 50 

Figure 4-10: Bilinear model representing a hysteresis loop for a lead rubber bearing. ...... 51 

Figure 4-11: The modeshapes for mode 1, 11 and 12 respectively. First mode is 

transverse, eleventh mode is vertical and twelfth is longitudinal.  These 

modes have the highest mass participation factor in each direction. ............... 56 



xi 

Figure 4-12: A representation of the Rayleigh damping model used for the bridge 

model. The chosen damping was 5% for periods T = 0.15 s and T = 0.75 

s ......................................................................................................................... 57 

Figure 4-13: The ground acceleration recorded by a triaxial accelerometer, located in 

a borehole next to the west abutment of Óseyri Bridge. The PGA on the 

top graph is            5.05 cm/s2. The PGA on the middle graph is 8.82 

cm/s2, while the PGA on the bottom graph is 15.64 cm/s2. .......................... 58 

Figure 4-14: The two locations from where the acceleration response was collected 

to use in system identification. Point A lies on top of the deck above 

middle pillar. Point B lies on top of the span next to the middle pillar. ........... 58 

Figure 4-15: The response of the bridge deck, above the pillar at point A (see Figure 

4-14). The maximum acceleration in the East-West direction, shown on 

top, was 25.39 cm/s2, the maximum acceleration in the Nourth-South 

direction, shown in the middle was 24.39 cm/s2, while the maximum 

acceleration in the vertical direction was 10.30 cm/s2 .................................... 59 

Figure 4-16: The response of the bridge deck in the middle of the span (point B in 

Figure 4-13). The maximum acceleration in the East-West direction, 

shown on top, was 25.25 cm/s2, the maximum acceleration in the 

Nourth-South direction, shown in the middle was 23.28 cm/s2, while the 

maximum acceleration in the vertical direction was 17.64 cm/s2 .................. 60 

Figure 5-1: Stabilization plot for no additional damping in the bearing ............................. 62 

Figure 5-2: Stabilization plot for 5% additional damping in the bearing ............................ 62 

Figure 5-3:. Stabilization plot for 10% additional damping in the bearing ......................... 63 

Figure 5-4:. Stabilization plot for 15% additional damping in the bearing ......................... 63 

Figure 5-5:. Stabilization plot for 20% additional damping in the bearing ......................... 64 

Figure 5-6:. Stabilization plot for 25% additional damping in the bearing ......................... 64 

Figure 5-7:. Stabilization plot for 30% additional damping in the bearing ......................... 65 

Figure 5-8: Identified periods and identified damping ratios for no additional 

damping,  plotted with the Rayleigh damping model. ...................................... 67 

Figure 5-9: Identified periods and identified damping ratio for 5% additional 

damping,  plotted with the Rayleigh damping model. ...................................... 69 

Figure 5-10: Identified periods and identified damping ratio for 10% additional 

damping,  plotted with the Rayleigh damping model. ...................................... 71 

Figure 5-11: Identified periods and identified damping ratio for 15% additional 

damping,  plotted with the Rayleigh damping model. ...................................... 73 



xii 

Figure 5-12: Identified periods and identified damping ratio for 20% additional 

damping,  plotted with the Rayleigh damping model. ..................................... 75 

Figure 5-13: Identified periods and identified damping ratio for 25% additional 

damping,  plotted with the Rayleigh damping model. ..................................... 77 

Figure 5-14: Identified periods and identified damping ratio for 30% additional 

damping, plotted with the Rayleigh damping model. ...................................... 79 

 

  



xiii 

List of Tables 

Table 1: Different modes of dynamic calculations ................................................................ 2 

Table 2: Results for different methods using system described earlier ............................... 31 

Table 3: The modal periods and damping ratios ................................................................ 33 

Table 4: Identified periods and damping ratios, using N4SID model of model order 

16 ...................................................................................................................... 33 

Table 5: The modal period and damping ratio from the generalized eigenvalue 

problem ............................................................................................................. 42 

Table 6: The identified periods and damping ratios ........................................................... 44 

Table 7: Overview of concrete used for the structure ......................................................... 48 

Table 8: Geometry of the lead rubber bearings in Óseyri-Bridge (Gumba Gmbh & 

Co, 2014) .......................................................................................................... 50 

Table 9: The calculated stiffness of bearings ...................................................................... 52 

Table 10: The periods and mass participation factors for the first 20 modes. Highest 

mass participation factor for each direction has been bolded. They are 

found in mode 1, mode 11 and mode 12. For the first 100 modes, see 

Appendix G: Table with 100 modal periods, and mass participation factor .... 53 

Table 11: The 20 modes with the highest mass participation factor ................................... 54 

Table 12: The identified periods, and bearing damping ratio ζ = 0 .................................. 66 

Table 13: Comparison of the identified periods, along with the mass participation 

factor and undamped periods obtained from finite element model, and the 

percentile difference between identified modes ................................................ 66 

Table 14: The identified periods and damping ratio for 5% damping ratio in 

bearings ............................................................................................................ 68 

Table 15: Comparison of the identified periods, along with the mass participation 

factor of the modal analysis, modal periods, and the percentile difference 

between identified modes, and modal periods according to SAP2000 for 

5% damping ratio. ............................................................................................ 68 

Table 16: The identified modal periods, and corresponding damping ratios for 10% 

damping ratio in bearings ................................................................................ 70 

Table 17: Comparison of the identified periods, along with the mass participation 

factor of the modal analysis, modal periods, and the percentile difference 

between identified modes, and modal periods according to SAP2000 for 

10% damping ratio. .......................................................................................... 70 



xiv 

Table 18: The identified modal periods and corresponding damping ratios for 15% 

damping ratio in the bearings .......................................................................... 72 

Table 19: Comparison of the identified periods, along with the mass participation 

factor of the modal analysis, modal periods, and the percentile difference 

between identified modes, and modal periods according to SAP2000 for 

15% damping ratio. .......................................................................................... 72 

Table 20: The identified modal periods and corresponding damping ratios for 20% 

damping ratio in bearings ................................................................................ 74 

Table 21: Comparison of the identified periods, along with the mass participation 

factor of the modal analysis, modal periods, and the percentile difference 

between identified modes, and modal periods according to SAP2000 for 

20% damping ratio. .......................................................................................... 74 

Table 22: The identified modal periods and corresponding damping ratios for 25% 

damping ratio in bearings ................................................................................ 76 

Table 23: Comparison of the identified periods, along with the mass participation 

factor of the modal analysis, modal periods, and the percentile difference 

between identified modes, and modal periods according to SAP2000 for 

25% damping ratio. .......................................................................................... 76 

Table 24: The identified modal periods and corresponding damping ratios for 30% 

damping ratio in bearings ................................................................................ 78 

Table 25: Comparison of the identified periods, along with the mass participation 

factor of the modal analysis, modal periods, and the percentile difference 

between identified modes, and modal periods according to SAP2000 for 

30% damping ratio. .......................................................................................... 78 

 

  



xv 

Þakkarorð / Acknowledgements 

Prófessorum og kennurum við umhverfis- og byggingarverkfræðideild Háskóla Íslands vil 

ég þakka sérstaklega fyrir veitta hjálp. Þeir hafa reynst mér afar vel og verið hjálpsamir við 

öll þau vandamál sem upp komu. Dr. Sigurður Magnús Garðarson, fyrrverandi 

deildarforseti fær sérstakar þakkir fyrir góða ráðgjöf. 

Einnig vil ég þakka starfsfólki Rannsóknarmiðstöðvarinnar í jarðskjálftaverkfræði á 

Selfossi fyrir að veita mér aðstöðu sumarið 2014. Sá tími sem ég fékk þar með fagfólki 

reyndist ómetanleg reynsla og þar fékk ég einnig góða ráðgjöf fyrir þetta verkefni. 

Vinir mínir og fjölskylda hafa öll stutt ríkulega við bakið á mér í gegnum þetta ferli. 

Sérstakar þakkir fá Jónas Páll Viðarsson, Snævarr Örn Georgsson, Einar Óskarsson og 

þjáningabróðir minn Steinar Berg Bjarnason, sem hafa allir á einn eða annan hátt hjálpað 

mér í gegnum þetta ferli. Einnig vil ég nefna móður mína og bróður, Sigrúnu Ólafsdóttir og 

Ólaf Níels Bárðarson.  

Að lokum vil ég nefna leiðbeinendur mína, Dr. Ragnar Sigbjörnsson og Dr. Rajesh 

Rupakhety. Frá því ég sat minn fyrsta tíma með Dr. Rajesh Rupakhety hef ég borið 

gríðarlega virðingu fyrir honum og því sem hann stendur fyrir. Hann er ein ástæða þess að 

mig langaði að hefja framhaldsnám og halda áfram námi. 





1 

1 Introduction 

All  real  physical  structures  behave  dynamically  when  subjected  to  loads  or 

displacements.  The  additional  inertia  forces,  from  Newton’s  second  law,  are equal  to  

the  mass  times  the  acceleration.  If the forces or displacements are applied very slowly, 

the inertia forces can be neglected and a static analysis can be justified. On the other hand, 

if the time scale of the variation of excitation is in the range of characteristic time scales 

(vibration periods) of the system, inertia forces play a major role in system response. In 

such situations, dynamic analysis is required for response simulation. Dynamic 

calculations are important for most structural systems. Dynamic excitations such as wind 

loads, seismic loads, blast loads, and vibration-induced loads can impose unexpected 

demand on structures. A time dependent force, even of relatively low amplitude, can 

induce, on certain dynamic systems, significant consequences. 

There are many angles that can be used for dynamic calculations, depending on what is 

known, and what needs to be analyzed.  Table 1 shows the different dynamic calculations 

that are used in different scenarios.  A full scale finite element model, where all system 

matrices have been constructed is optimal for response analysis. It is based on the solution 

of the second order differential Equation of motion, discussed further in chapter 2.4.4. 

Those kind of calculations are used in design phase, or preliminary design, to calculate the 

response of a system to various inputs, or load cases. When the input forces on a structural 

system are known, and the objective is to create a system whose response is to be limited 

in a range pre-specified by design codes and standards, the procedure is called design. 

Design involves iteration on system properties and subsequent response simulation until 

the code-specified or other design objectives are attained. 

The next scenario is when the input and the output (excitation and response) of a system 

are known or measured, and the objective is to estimate the properties of the system. This 

process is called system identification, and this thesis will focus mainly on this procedure.   

“Structural identification is usually the inverse problem of structural dynamics that 

tries to estimate the dynamic properties of a structure on the basis of measurements 

of response to known dynamic excitations.” (Papagiannopoulos & Beskos, 2009) 

Even when input is not completely known, for example arbitrary traffic on a bridge, or 

wind loading, but the output response is measured, the system properties can be estimated 

with a procedure known as blind system identification. In such operations, white noise is 

often used as a model for excitation used. Since the reality is abundant with dynamic 

systems, in many fields, system identification and its techniques has a wide application 

area (Ljung, 1999). From a broader perspective, these methods and modes of dynamic 

calculations fits in the mathematical theory of system analysis. Most commonly, linear 

time-invariant system models are adopted as will be done in this work. In the forward 

problem (response analysis), mathematical tools of differential calculus and numerical 

analysis are most relevant, while in the backward problem (system identification) statistical 

theory and time series modelling play a vital role. 
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Table 1: Different modes of dynamic calculations 

Input System Output Tool  

Known Known Unknown Response analysis 

Known unknown Known partially Design 

Known unknown Known System Identification 

Unknown unknown Known Blind System Identification 

 

1.1 Relevance of system identification for 
structural engineers 

When structures rise they often look like they will last forever and nothing can do them 

any harm. After all they have been designed to withstand certain loads. The models used 

for design show the structures have certain key parameters that control the dynamic 

response, such as the frequencies, mode shapes, and damping for each mode.  What the 

models used don’t account for is that when a structure goes under extreme loading once, or 

repeated loading for long periods, the structure begins to deteriorate. Micro-cracks in 

concrete form, steel begins to yield or corrode, and bolts used get strained due to fatigue, 

and when such things happen, the system parameters change, albeit slowly. The process of 

monitoring those changes in the structural parameters is called structural health 

monitoring (SHM). The ultimate goal is to detect damage before it poses a risk. (Sirca Jr. 

& Adeli, 2012). By doing so, the life time of a structure can be increased due to timely 

remedial actions and lower maintenance cost due to early detection (Chatzi, 2014). The 

findings of a SHM are used to update finite elements models which then again are used to 

verify the integrity of the structure. In time, the structure will have to lower its design 

forces or be replaced.  SHM is based on real measurements of a system. Strain-, 

displacement-, or accelerometers are used to gather data that is later analyzed to look for 

changes in the structural behavior.  Sometimes the excitation of the system is known, such 

as an environmental process or testing where a measured load is used, but often it can be 

unknown or unmeasured excitation.  This process can be seen on Figure 1-1. 

In this context, continuous monitoring and identification of critical infrastructures is very 

important. Through continuous identification of structural parameters, the condition of the 

structure can be monitored, and potential disasters can be avoided by issuing early 

warnings, or implementing safety shutdown mechanisms. In some situations, engineers 

need to deal with very complex structures with great uncertainties in their mechanical 

properties and interaction effects with the environment. Theoretical modelling of all 

relevant physical effects and interactions can be very difficult and uncertain, and in some 

cases even impossible. For example, damping mechanism in structures is contributed by so 

many different physical effects that, unlike inertia and stiffness properties, damping 

properties are very difficult to model using the first principles, and empirical approach is 

often needed. In situations like these, system identification becomes useful in mainly two 

regards. Firstly, a mathematical model of the system can be created from measured data. 

Such models can then be used in simulation. Secondly, uncertainties in numerical models, 

for example, finite element models, can be reduced by using system identification. For 

example, there may be uncertainties in modelling soil structure interaction using the finite 

element model. If measurements from the structure are available, they can be used to 

estimate dynamic properties of the structure, which can then be used to update the finite 
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element model. In recent years there have been enormous advances in computing, 

communications, and measurement technology, which have resulted in both more accurate 

and cheaper instruments. These advancements make system identification a more common 

and feasible tool for structural engineers and it is the objective of this thesis to explore the 

basic ideas in this vast field of applied engineering.  
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Figure 1-1: Flowchart for structural health monitoring process 
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1.2 Organization of the thesis 

This thesis will focus on the different types of methods and models that can be used for 

system identification, along with how to perform system identification given recorded data. 

After an introduction and motivation for studying system identification in structural 

engineering in Chapter 1, basic models and methods used in structural system 

identification are described in Chapter 2. Both parametric and non-parametric methods are 

presented. Basic mathematical theory of the presented models and methods are presented, 

and their practical application is illustrated using simple structural systems, in most cases, 

a single degree of freedom (SDOF) oscillator. Because non-classical damping is not 

commonly covered in detail in engineering curricula, a separate chapter is devoted to cover 

the basic theory behind modal analysis of such non-classically damped system. Chapter 3 

thus includes the theory and examples illustrating both response simulation and 

identification of non-classically damped structures. Chapters 4 and 5 provide details of the 

case study where system identification of a base-isolated reinforced concrete highway 

bridge is described. Chapter 4 provides the description of the bridge, its finite element 

model, and the modal properties inferred from the finite element model. It also describes 

the ground acceleration time series used in simulating the response of the bridge which are 

used in Chapter 5 for system identification. Chapter 5 describes the results. Chapter 6 

presents the main conclusions and recommendations for future research.  
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2 Models and methods for system 

identification 

2.1 Introduction 

The term system is used for principles that explain the working or behavior of a systematic 

whole, whether it is a physical system, like structures or weather, or an artificial system, 

like stock markets. This work will discuss the former, even though the basic theory is 

common to the latter. A model is usually defined as an imitation of a system which 

consists of postulates, data, and inferences presented as a mathematical description of 

coordinates or the state of a system. Even when the properties of a system are considered 

time-invariant, the response of the system can be dynamic in nature when the excitation is 

time dependent. Systems that behave in such ways will be called dynamic systems 

hereafter.   

Construction of a mathematical model out of physical data from a system is one of the key 

operations in science and engineering. A good model can be used to predict the behavior of 

a system under various conditions, for example, in forecasting. Many candidate models can 

be considered in such identification, as will be discussed subsequently. System 

identification is then concerned with fitting the model parameters to match data recorded 

from the system in an optimal and parsimonious manner. It is the mathematical method of 

estimating models of dynamic systems by observing the input and output time series 

(Ghanem & Shinozuka, 1995). 

By accurately modeling the behavior of a dynamic system, certain faults can be 

discovered. If forces acting on a structure are time dependent, the inertia of the mass must 

be considered. Displacements due to a dynamic load can be greater than displacements due 

to an equivalent static load due to the structure’s inability to respond quickly to the change 

of loading, or when the loading frequency excites the structure at its resonance frequency. 

This can be seen clearly in Figure 2-1 where the dynamic amplification of a single degree 

of freedom oscillator is presented as a function of frequency ratio. In some cases, when the 

loading frequency is greater than the natural frequency, the dynamic amplification factor 

can be lower than 1, i.e. the structure doesn’t have time to respond between excitations, 

and the displacement response will be lower than that due to static application of a force of 

equivalent amplitude. Under such circumstances, static analysis will suffice. 

This chapter will consider structural systems where inertial effects are important, and 

therefore dynamic modelling is required. Various models and methods of identifying the 

parameters of such systems from measured excitation and response are described. The 

basic theory is reviewed and example calculations are provided. 
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Figure 2-1: The amplification of displacement response of a structure, 𝑅𝑑, as a function of 

𝛽, the ratio between the loading frequency and the natural frequency of the structure. 

Curves are shown for 1% damping, 5% damping, 10% damping and 20% damping. 

 

2.2 Modelling for system identification 

The type of candidate models that are selected for representing a system depends, to a 

degree, on the type of system being considered, the data available, and a priori knowledge 

and experience from similar systems. There are mainly two genres of mathematical 

models: parametric models, which have been developed in more recent history and are 

usually based on regression; and non-parametric models, which would be considered more 

classical, such as transient analysis, correlation analysis and spectral analysis. Non-

parametric models are characterized by the property that the resulting models are functions 

or curves, which are not parametrized by a finite dimensional parameter vector 

(Söderström & Stoica, 1989). Later in this chapter there will be a short description of few 

popular model types. 

Depending on a structure, and the measured data, the model can vary in complexity. It can 

go from a simple Single Input – Single Output (SISO) model, which are optimal for one 

degree of freedom systems, or systems where one variable has the most meaning. For a 

simple mechanical system, this may suffice.  Certain applications may require a more 

complex model structure, for example, if the behavior of a system is controlled equally by 

multiple excitations.  For such a case, a Multiple Input – Single Output (MISO) model 

structure is ideal. Other model structures include, Single Input – Multiple Output (SIMO) 

and Multiple Input – Multiple Output (MIMO) models. 
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2.3 Non-Parametric methods 

As mentioned before, non-parametric models draw their name from the fact that resulting 

models are represented visually using curves or characterized by a weighting function. 

Such functions are not given with a finite-dimensional parameter vector. Instead, visual 

comparison of some kind is usually needed. For example, curves can be fitted to data 

visually, and afterwards the system properties are calculated from the fitted curves, or 

peaks of certain time dependent functions are manually located or measured.  

To illustrate the application of the various methods described below, a single degree of 

freedom (SDOF) oscillator is considered. It is assigned a natural period of 1 s, and 

damping ratio of 5% of critical damping. When the identification requires specification of 

excitation, a ground acceleration time series as shown in Figure 2-2 will be utilized. The 

system response is then simulated using well known methods of structural dynamics. The 

simulated response is considered as a (virtual) measurement which will be used in system 

identification. This system will be identified with different methods, and the results will be 

compared.  

 

Figure 2-2: Measured Ground acceleration, and simulated displacement of a SDOF system. 

 

2.3.1 Transient analysis 

Transient analysis uses step or impulse response of a system for identification. The system 

reacts to the impulse and since after the initial impulse there is no force, the system 
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vibrates freely and the motion is eventually damped out.  This method is ideal for simple 

structures, where the degrees of freedom are few. The unit impulse response function, 

ℎ(𝑘), of a SDOF system is the response of the system due to an unit impulse. It is a 

function of two parameters, undamped natural frequency and critical damping ratio of the 

SDOF. This function oscillates with the frequency of the SDOF and its amplitude decays 

exponentially in proportion to the damping ratio. These two observations are the crucial 

information behind the application of this method.     

 

The unit impulse response function is defined as follows for an underdamped time 

invariant linear SDOF system initially at rest (Clough & Penzien, 1975): 

 ℎ(𝑡) =
1

𝑚𝜔𝑑
exp(−ζω𝑡) sin(𝜔𝐷𝑡) (2.1) 

Where 𝜁 is used for the damping ratio expressed as a fraction of critical damping, hereafter 

called damping ratio;  𝜔 is used for undamped natural frequency of the system; 𝜔𝑑 stands 

for the damped natural frequency of the system given by 𝜔𝑑 = 𝜔√1 − 𝜁
2; t represents 

time, and m is the mass of the system. Figure 2-3 shows the impulse response of the system 

described above.  It is clear from Figure 2-3 and Equation 2.1 that the unit impulse 

response function is monochromatic. The period of vibration of the system can therefore be 

computed by counting the time between successive phases of the function. Simply by 

measuring the time between two distinct peaks in the curve (see green dots in Figure 3-3), 

the damped period, 𝑇𝐷, and frequency can be determined  

 𝑇𝐷 = 𝑡2 − 𝑡1 = 1.995𝑠 − 0.99𝑠 = 1.005 (2.2) 

 𝜔𝐷 =
2𝜋

𝑇𝐷
 (2.3) 

Where 𝑇𝐷 stands for the damped natural period of the system, and 𝑡2 and 𝑡1 stand for time 

instants where the displacement is at a local maximum and𝑡2 > 𝑡1. The undamped natural 

period is then calculated as: 

 𝑇 =
𝑇𝐷

√1 − 𝜁2
 (2.4) 
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Figure 2-3:  The controlled input signal represented by a (finite) Dirac delta function (top), 

and the output signal of a time invariant linear SDOF system (bottom). The curve 

describing the system is represented by Equation (2.1) 

To estimate the damping ratio, the exponential decay of the unit impulse response function 

is used (see the red curves in Figure 2-3) By measuring the amplitude of two distinct peaks 

in the curve, and knowing the time at which they occur the following relationship can be 

established (represented by the green dots in Figure 2-3 for illustration): 

 𝛼 = − ln (
𝑒𝑥𝑝(−𝜁𝜔𝑡2)

𝑒𝑥𝑝(−𝜁𝜔𝑡1)
) = −ln (

0.0054

0.0074
) = 0.3144 (2.5) 

Here 𝛼 stands for the ratio between the displacement amplitudes. The damping ratio can be 

isolated from Equation (2.5) and written in term of known quantities as follows (Chatzi, 

2014): 

 𝜁 =
𝛼

√4𝜋2 + 𝛼2
=

0.3144

√4𝜋2 + 0.31442
= 0.05 (2.6) 
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By inserting the calculated values from Equations (2.4) and (2.6), the natural frequency can 

be calculated as: 

𝑇 =
𝑇𝐷

√1 − 𝜁2
=

1.005𝑠

√1 − 0.052
= 1.0063𝑠 

It is seen that the parameters identified are the same as the parameters used in the 

simulation, small discrepancies are due to rounding errors. Transient analysis is very 

sensitive to noise, and should only be used for approximations or indications of the system 

properties. It is also not very powerful when the response is not monochromatic but 

consists of many different frequencies, which is the case for a multiple degree of freedom 

system. Care should also be taken in selecting the peaks, and well separated peaks might 

yield better results in the presence of noise. 

2.3.2 Correlation analysis 

In correlation analysis the goal is to find the the unit impulse response function, so the 

correlation between the corresponding model response and the measured output is 

maximized. The model response is given by the following Equation, written in discrete 

time (Söderström & Stoica, 1989). Note that the summation in the Equation is equivalent 

to convolution integral in continuous time. 

 𝑦(𝑛) = ∑ ℎ(𝑛 − 𝑘)𝑢(𝑘) + 𝑒(𝑛𝑛
𝑘=1 ) (2.7) 

Where 𝑦(𝑛) is the model output, ℎ(𝑘) the impulse response function, as a function of a 

positive integer, k, 𝑢(𝑘) is the input signal and 𝑒(𝑛) is used for disturbances (white noise). 

Note that the upper limit of summation is taken as n because the system is assumed to be 

causal. The truncation of lower limit of summation at 1 follows from the assumption that 

the the excitation exists only for positive values of  𝑢(𝑘). The cross-correlation function 

between the measured output and input is given by (Söderström & Stoica, 1989): 

 𝑟𝑦𝑢(𝜏) ≝ 𝐸[𝑦(𝑛)𝑢(𝑛 − 𝜏)] = ∑ℎ(𝑘)𝐸[𝑢(𝑛 − 𝑘)𝑢(𝑛 − 𝜏)]

∞

𝑘=1

 (2.8) 

where E is the expectation operator and 𝜏 represents lag (in terms of sample number). For 

practical applications, ergodic assumption is invoked, and expectation is computed by a 

(windowed) time average. When the window consists of N samples of input and output, 

and if the input is a white noise zero-mean process, the following relationship can be used 

to estimate unit impulse response function (Söderström & Stoica, 1989): 

 ℎ̂(𝑘) =

1
𝑁
∑ 𝑦(𝑛)𝑢(𝑛 − 𝑘)𝑁
𝑛=𝑘

1
𝑁
∑ 𝑢2(𝑛)𝑁
𝑛=1

 (2.9) 

Equation (2.9) can be plotted as a function of sample number 𝑘. When the sampling 

interval (∆𝑇) is known, the sequence ℎ̂(𝑘) is easily converted to ℎ̂(𝑡) by using 𝑡 = 𝑘∆𝑇, 
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from which the model parameters can be estimated by using the procedure described above 

in Section 2.3.1. 

Consider the system described earlier with white noise input The unit impulse response 

function computed from Equation 2.9 is shown in Figure 2-4. As it can be observed, the 

plotted function is mostly monochromatic but it is only an estimate of the true unit impulse 

response function.  

 

Figure 2-4: Empirical unit impulse response function, calculated with correlation analysis. 

The substitution, 𝑡 = 𝑘∆𝑇, has been made. 

 

By taking the values from the selected points on the graph in Figure 2-2 the system 

parameters are calculated according to Equations (2.4) - (2.6). 
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The calculated system parameters are the following: 

𝑇 = 1.06𝑠 

𝜁 = 4.36% 

The computational time was much longer than that using the transient analysis method. 

Correlation analysis is not as sensitive to noise in the data as transient analysis but as can 

be seen, the results are not as accurate as for the transient analysis.  The results can vary 

more from the true system parameters (Söderström & Stoica, 1989) and the choice of 

peaks may have an effect. Although this method seems less favorable than the transient 

analysis method, it should be noted that the use of the latter is presented in an ideal 

scenario here where simulated response is used in identification. In practical application, 

measured response needs to be used, which is always polluted by noise, and the resulting 

impulse response function may not be monochromatic as the simulated one.  

  

2.3.3 Spectral analysis 

Spectral analysis is performed in the frequency domain. It is necessary to transform the 

data to frequency domain using Fourier transformations. When a signal is Fourier 

transformed its transform consists of two parts: sum of cosines and sum of sines. 

(Kreyszig, 2010). Assuming continuous functions the following expressions hold: 

 

𝐹(𝜔) = ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
∞

−∞

= ∫ 𝑓(𝑡)cos(𝜔𝑡)𝑑𝑡
∞

−∞

− 𝑖∫ 𝑓(𝑡) sin(𝜔𝑡) 𝑑𝑡
∞

−∞

= 𝐶(𝜔) − 𝑖𝑆(𝜔) 

(2.10) 

where 𝐶(𝜔) is the cosine transform, and 𝑆(𝜔) is the sine transform. The original signal 

may be recovered back to the time domain applying inverse Fourier transform: 

 𝑓(𝑡) =
1

2𝜋
∫ 𝐹(𝜔)𝑒𝑖𝜔𝑡𝑑𝜔
∞

−∞

 (2.11) 

 The Fourier Amplitude Spectrum (FAS) and phase angle spectrum can be obtained as: 

 |𝐹(𝜔)| = √𝐶(𝜔)2 + 𝑆(𝜔)2 (2.12) 

 Φ(𝜔) = − tan−1 (
𝑆(𝜔)

𝐶(𝜔)
) (2.13) 

To perform a spectral analysis on structural systems, the input excitation and the output 

displacement response are Fourier transformed. This gives the following Equation 

assuming discrete time signals to facilitate the numerical computations (Söderström & 

Stoica, 1989): 
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 𝑌𝑁(𝜔) = ∑𝑦(𝑘)𝑒−𝑖𝑘𝜔
𝑁

𝑘=1

 (2.14) 

 𝑈𝑁(𝜔) = ∑𝑢(𝑘) ⋅ 𝑒−𝑖𝑘𝜔
𝑁

𝑘=1

 (2.15) 

The variables 𝑌𝑁(𝜔) and 𝑈𝑁(𝜔) are the Fourier transformations of the output and input 

respectively. For a SDOF system, convolution equation in time domain reduces to 

multiplication in frequency domain and the following relationship is obtained. 

 𝑌𝑁(𝜔) = 𝐻(𝜔)𝑈𝑁(𝜔) (2.16) 

Here 𝐻(𝜔) stands for the complex frequency response function, and it is the Fourier 

transform of the unit impulse response function.  Using the Fourier transforms of 

measured input and output, an empirical estimate of the complex frequency response 

function can be obtained as 

 �̂�(𝜔) =
𝑌𝑁(𝜔)

𝑈𝑁(𝜔)
 (2.17) 

This function can be transformed back to time-domain through inverse Fourier 

transformation to obtain an estimate of unit impulse response function, which can then be 

used to identify system identification as described in the preceding sections.  �̂�(𝜔) can 

also be used directly used to identify system parameters. This can be achieved by fitting 

the empirical complex frequency response function to its counterpart thereby estimating 

system parameters. However, a more common approach is to base the parameter 

identification on the so-called power spectral density technique. By estimating the power 

spectral density of the response and excitation, using an appropriate technique, 

(Söderström & Stoica, 1989) the natural frequencies are obtained simply by dividing the 

power spectral density functions similar as Equation (2.17), thus obtain the squared 

amplitude of the complex frequency function and picking the peaks. For sampled data, 

estimates of power spectral density functions can be obtained in the form of periodograms 

which are scaled versions of squared Fourier amplitudes  (Rupakhety & Sigbjörnsson, 

2012) The critical damping ratio is estimated from the half power point method, which is 

based on following relationships (Papagiannopoulos & Hatzigeorgiou, 2011): 

 
𝜔1 +𝜔2

2
= 𝜔𝑛 (2.18) 

 Δ𝜔 = 𝜔2 − 𝜔1 = 2𝜁𝜔𝑛 (2.19) 

Here Δ𝜔is the half-power bandwidth defined in the frequency band where the power 

density of response reduces to half its value on either side of the peak density; 𝜔1 and 𝜔2 

represent the corners of this band; 𝜔𝑛 represents the frequency where the power density is 

at maximum (generally equal to the undamped natural frequency for lightly damped 

systems); and 𝜁 represents the critical damping ratio. 
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In this method of system identification, the peaks of the normalized square amplitude of 

the complex frequency function are identified as the natural frequencies of the system. For 

each of the identified peak, the half-power bandwidth is then used to compute the 

corresponding damping ratio as  

 𝜁 =
𝜔2 − 𝜔1
2𝜔𝑛

 (2.20) 

Note that this equation is valid only for lightly damped system when the damping ratio is 

less than 0.1. Equivalent equations when the restriction on damping level is not valid can 

be found in (Olmos & Roesset, 2010). For a SDOF system, the power spectral density 

function contains one peak, and the application of this procedure is straightforward. For 

MDOF systems, multiple peaks can be observed, usually close to the natural frequencies of 

the system. If some of the modes of the system are closely spaced, interference of the 

modes might result in a peaks occurring at frequencies that are different than the natural 

frequencies of the system, and in such situations identification of system parameters 

becomes difficult. Nevertheless, this method is often used to obtain a first crude estimate of 

system parameters, and therefore its application for a SDOF system described earlier is 

presented. The response shown in Figure 2-3 are transferred to frequency domain and the 

power spectral density is calculated and plotted. By using the values obtained from Figure 

2-5, 𝑓𝑛, 𝑓1,and 𝑓2, the critical damping ratio can be obtained with Equation (2.20). 
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Figure 2-5: Normalized squared amplitude of the complex frequency function. On the 

Figure the half-power level can be seen along with the frequency range 𝜔𝑑 ± Δ𝜔. From 

this the half power method can be used to calculate the damping ratio 

 

The system parameters, calculated with spectral analysis where the following: 

𝑇 = 0.99894𝑠 

𝜁 = 4.91% 

The computational time for this method is approximately 0.5 seconds. It should be noted 

that estimation of power spectral density from periodogram estimates involves bias errors 

and its variance is usually large (see, for example, Rupakhety & Sigbjörnsson, 2012). The 

bias error in the estimated power spectral density in the vicinity of resonance frequency 

depends on the frequency resolution and the half power bandwidth (Bendat & Piersol, 

1986). At the same time, the variance of the estimate is inversely proportional to the 

number of samples. The reliability of results obtained from this method thus depend on 
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several factors such as the frequency resolution, the bandwidth of the signal, and the 

number of samples available, and more details are available in (Kijewski & Kareem, 

2002). 

The methods of system identification described so far are all fairly easy to use, but on the 

other hand give moderately accurate results and require in general an appropriate statistical 

analysis of the estimates obtained from individual tests. The results should optimally be 

used as approximations, and used as first guess for more accurate methods. (Söderström & 

Stoica, 1989) 

 

2.4 Parametric methods 

This section will provide a brief introduction to some parametric time series models, 

mainly regression models and a state-space model. Additional details can be found in, for 

example, (Box, Jenkins, & Reinsel, 2008) and (Jenkins & Watt, 1969). Regression models 

are relatively simple, but may need many parameters, depending on the system that needs 

to be modeled. Generally regression models can be represented as: 

 𝑦(𝑡) = {𝜙(𝑡)}𝑇{𝜃} (2.21) 

Where 𝜙(𝑡) is a column vector containing measured values, input or output, at discrete 

time 𝑡 = Δ𝑘, where Δ represents the sampling interval, and 𝑘 = 1,2,3,…, while 𝜃 

represents a column vector containing regression parameters. Five different regression 

models that will be described subsequently, auto regressive model (AR), auto regressive 

model with extra input (ARX), moving average model (MA), auto regressive moving 

average model (ARMA) and auto regressive moving average model with extra input 

(ARMAX).  

2.4.1 AR and ARX models 

AR - models, or Auto-Regressive models, are the simplest regression models. They are 

defined as follows (Ólafsson, 1990): 

 𝑦(𝑡) + 𝑎1𝑦(𝑡 − 1) + 𝑎2𝑦(𝑡 − 2) + ⋯+ 𝑎𝑛𝑦(𝑡 − 𝑛) = 𝑒(𝑡) (2.22) 

Where {𝑎1, 𝑎2, … , 𝑎𝑛}are unknown regression parameters, 𝑡 stands for integer values 1, 2, 

3, … and 𝑒(𝑡) stands for white noise input.  A simple visual example is seen on Figure 2-6: 

A simple representation of an AR-model. The inputs are white noise and past outputs are 

regressed to obtain the present value. 
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Figure 2-6: A simple representation of an AR-model. The inputs are white noise and past 

outputs are regressed to obtain the present value.  

 

Equation (2.22) can be written in the format described earlier in Equation (2.21). First 

Equation (2.22) is written to isolate 𝑦(𝑡). 

 𝑦(𝑡) = −𝑎1𝑦(𝑡 − 1) − 𝑎2𝑦(𝑡 − 2) − ⋯− 𝑎𝑛𝑦(𝑡 − 𝑛) + 𝑒(𝑡) (2.23) 

The following terms are set up: 

 {𝜙(𝑡)} = {𝑦(𝑡 − 1), 𝑦(𝑡 − 2),… , 𝑦(𝑡 − 𝑛)}𝑇 (2.24) 

 {𝜃} = {𝑎1, 𝑎2, … 𝑎𝑛}
𝑇 (2.25) 

Then Equation (2.23) can be written as: 

 𝑦(𝑡) =  {𝜙(𝑡)}𝑇{𝜃} + 𝑒(𝑡) (2.26) 

To estimate the parameters included in 𝜃, the least square method is chosen. The least 

square estimate minimizes the loss function, 𝑉(𝜃) and gives an estimate of the model 

parameters (Kang, Park, Shin, & Lee, 2005) The loss function 𝑉(𝜃) is defined as: 

 𝑉(𝜃) =∑𝑒(𝑡)2
𝑁

𝑡=1

=∑(𝑦(𝑡) − {𝜙(𝑡)}𝑇{𝜃})2
𝑁

𝑡=1

 (2.27) 

It can be seen that 𝑒(𝑡) is taken as the difference between model behavior and measured 

output. To minimize a function the gradient of the function with respect to each variable is 

set to zero. 

 
𝑑𝑉(𝜃)

𝑑𝜃
= 0 (2.28) 

By solving Equation (2.28), the optimal regression parameters can be calculated.  

An ARX model, or Auto Regressive with extra input, is quite similar to an AR model. The 

difference lies in the model structure. Past input terms are also included in the model, and 

the parameters must be estimated for these extra terms.  The model structure is therefore: 
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𝑦(𝑡) + 𝑎1𝑦(𝑡 − 1) + ⋯+ 𝑎𝑛𝑦(𝑡 − 𝑛)

= 𝑏1𝑢(𝑡 − 1) + ⋯+ 𝑏𝑚𝑢(𝑡 − 𝑚) + 𝑒(𝑡) 
(2.29) 

Equation (2.29) can then be written for 𝑦(𝑡): 

 
𝑦(𝑡) = −𝑎1𝑦(𝑡 − 1) − ⋯− 𝑎𝑛𝑦(𝑡 − 𝑛) + 𝑏1𝑢(𝑡 − 1) + ⋯

+ 𝑏𝑚𝑢(𝑡 − 𝑚) + 𝑒(𝑡) 
(2.30) 

To write this in the same notation as described in Equation (2.26) the following definitions 

are introduced: 

 {𝜙(𝑡)} = {−𝑦(𝑡 − 1),… ,−𝑦(𝑡 − 𝑛), 𝑢(𝑡 − 1),… , 𝑢(𝑡 − 𝑚)}𝑇 (2.31) 

 {𝜃} = {𝑎1, … , 𝑎𝑛, 𝑏1, … , 𝑏𝑚} (2.32) 

Then Equation (2.30) can be written as:  

 𝑦(𝑡) = {𝜙(𝑡)}𝑇{𝜃} + 𝑒(𝑡) (2.33) 

The model parameters are then obtained by minimizing the loss function as in the case of 

AR model estimation. 

 

2.4.2 MA- model 

A MA model, or moving average model, is used to better estimate non-stationary 

variations in the data.  The model structure is the following: 

 𝑦(𝑡) = 𝑒(𝑡) + 𝑐1𝑒(𝑡 − 1) + ⋯+ 𝑐𝑗𝑒(𝑡 − 𝑗) (2.34) 

A MA-model uses white noise as input but no former output terms. The regression 

parameters can be calculated with the least square method.. 

2.4.3 ARMA and ARMAX models 

 

ARMA model combines the AR-model and the MA-model. The structure of an ARMA 

model is the following: 

 
𝑦(𝑡) = −𝑎1𝑦(𝑡 − 1) − ⋯− 𝑎𝑛𝑦(𝑡 − 𝑛) + 𝑒(𝑡) + 𝑐1𝑒(𝑡 − 1) + ⋯

+ 𝑐𝑗𝑒(𝑡 − 𝑗) 
(2.35) 

An ARMAX model is similar, but it has extra input. The system is excited not only with 

white noise, but additional excitation.  The model structure of an ARMAX model is the 

following: 
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𝑦(𝑡) = −𝑎1𝑦(𝑡 − 1) − ⋯− 𝑎𝑛𝑦(𝑡 − 𝑛) ++𝑏1𝑢(𝑡 − 1) + ⋯
+𝑏𝑚𝑢(𝑡 − 𝑚) + 𝑒(𝑡) + 𝑐1𝑒(𝑡 − 1) + ⋯ 

+𝑐𝑗𝑒(𝑡 − 𝑗) 
(2.36) 

 

Figure 2-7: A simple ARMAX model. The inputs are white noise, measured inputs and 

past outputs.   

2.4.4 Relating system parameters to model parameters 

In structural system identification, the model structure can normally be deduced from 

physical principles. The equation of motion is known, see Equation (2.37), and the 

measured values are known, but the system parameters are unknown. Therefore structural 

models are usually called “grey-box” models. Once the parameters of a suitable model 

class are identified, it is necessary to relate these parameters to the parameters of the 

structural systems. Time series models are formulated in discrete time whereas physical 

laws governing structural behavior are cast in continuous time in the form of differential 

and integral equations. An equivalence between the parameters of the structure and the 

parameters of the time series models thus needs to be established. The following section 

describes such equivalence. The formulation is presented for a general time invariant 

MDOF system. A linear time invariant MDOF structural system is governed by the 

following differential equation: 

 [𝑀]{�̈�(𝑡)} + [𝐶]{�̇�(𝑡)} + [𝐾]{𝑢(𝑡)} = {𝐹(𝑡)} (2.37) 

Where [𝑀] stands for the mass matrix, {�̈�(𝑡)} stands for the acceleration vector, [𝐶] stands 

for the damping matrix, {�̇�(𝑡)} stands for the velocity vector, [𝐾] stands for the stiffness 

matrix, {𝑢(𝑡)} stands for the displacement vector, and {𝐹(𝑡)} stands for the excitation of 

the system. This equation describes the system variables as a function of continuous time 𝑡. 
The undamped free vibration properties are calculated from the following linear eigenvalue 

problem: 

 ([𝐾] − 𝜔2[𝑀]){𝜙} = {0} (2.38) 

Or written in the standard first order form: 

 [𝑀]−1[𝐾]{𝜙} = 𝜔2{𝜙} (2.39) 

Where 𝜔 is the eigen frequency (also known as undamped natural frequency), and {𝜙} is 

the corresponding eigenvector, or mode shape. For a system with 𝑛unconstrained degrees 
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of freedom, there will generally be 𝑛 number of eigenvalues and corresponding mode 

shapes. The mode shapes can be collected into a mode shape matrix [Φ]: 

 [Φ] = [{𝜙1}{𝜙2}…{𝜙𝑛}] (2.40) 

Following the orthogonality property of the eigenvectors, the Equation of undamped 

motion can be decoupled by a simple coordinate transformation. This transformation is 
{𝑢(𝑡)} = [Φ]{𝑥(𝑡)}, where {𝑥(𝑡)} represents modal coordinates. Such a transformation 

diagonalizes the system mass and stiffness matrices, and for classically damped system, 

also diagonalizes the damping matrix (Clough & Penzien, 1975). By applying the 

transformation and pre multiplying with {Φ}𝑇 the Equation of motion reduces to: 

 [�̃�]{�̈�(𝑡)} + [�̃�]{�̇�(𝑡)} + [�̃�]{𝑥(𝑡)} = [Φ]𝑇{𝐹(𝑡)} (2.41) 

Where [�̃�] = [Φ]𝑇[𝑀][Φ] is a diagonal matrix with entries 𝑚𝑖 on the diagonals as is 

known as modal mass matrix. [�̃�] and [�̃�] are similarly defined. Under certain conditions 

the modal damping matrix is also diagonal, and the corresponding structure is said to be 

classically damped.  

 [Φ]𝑇[𝐶][Φ] = [�̃�] = [
𝑐1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑐𝑛

] (2.42) 

The decoupled system of equations can be solved independently and for any mode, the 

modal coordinates are governed by the following differential equation which is similar to 

the equation of motion of a SDOF system.   

 𝑚𝑖𝑥�̈�(𝑡) + 𝑐𝑖𝑥�̇�(𝑡) + 𝑘𝑖𝑥𝑖(𝑡) = 𝑓𝑖(𝑡) (2.43) 

Where 𝑚𝑖 , 𝑐𝑖 , 𝑘𝑖 and 𝑓𝑖(𝑡) represent the modal mass, modal damping, modal stiffness and 

modal force for mode 𝑖.  

Hence, the modal equation of motion is similar to that of a SDOF system, and in 

subsequent sections, the following differential equation will be considered for notational 

simplicity. It can be thought of as representing a SDOF system or a mode of a MDOF 

system.  

 𝑚�̈�(𝑡) + 𝑐�̇�(𝑡) + 𝑘𝑦(𝑡) = 𝑓(𝑡) (2.44) 

By dividing through Equation (2.45) with the mass 𝑚 the equation becomes: 

 �̈�(𝑡) +
𝑐

𝑚
�̇�(𝑡) +

𝑘

𝑚
𝑦(𝑡) = 𝑢(𝑡) (2.45) 

Where 𝑢(𝑡) is the equivalent acceleration corresponding to the applied force. By applying 

well known relationships     𝑐 = 2𝜁𝑚𝜔 and 𝜔 = √
𝑘

𝑚
, Equation (2.45) can be written in 

terms of angular frequency and damping ratio. 
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 �̈�(𝑡) + 2𝜁𝜔�̇�(𝑡) + 𝜔2𝑦(𝑡) = 𝑢(𝑡) (2.46) 

The general solution of this differential equation consists of two parts, the solution to the 

homogeneous Equation, �̈�(𝑡) + 2𝜁𝜔�̇�(𝑡) + 𝜔2𝑦(𝑡) = 0, as can be seen below, and a 

particular solution (Kreyszig, 2010).  

 

The solution of the homogeneous Equation is on the form 𝑦(𝑡) = 𝑒𝑟𝑡, where 𝑟 is found by 

solving the characteristic Equation: 

 

 𝑟2𝑒𝑟𝑡 + 2𝑟𝜁𝜔𝑒𝑟𝑡 + 𝜔2𝑒𝑟𝑡 = 0 (2.47) 

By dividing through Equation (2.47) with 𝑒𝑟𝑡 and solving the quadratic Equation the 

following roots are obtained: 

 
𝑟1
𝑟2
} = −𝜁𝜔 ± 𝜔√𝜁2 − 1 (2.48) 

 

If the system is under critically damped, like most structural systems are, the value under 

the square root will be negative, then Equation (2.48) is written as follows: 

 

 
𝑟1
𝑟2
} = −𝜁𝜔 ± 𝑖𝜔𝑜√1 − 𝜁

2 = −𝜁𝜔 ± 𝑖𝜔𝑑 (2.49) 

 

The oscillation for lightly damped systems comes from the imaginary unit in Equation 

(2.49). 

In the discrete time representation, the derivatives can be represented as  

 �̇�(𝑡) =
𝑦(𝑡 + Δ) − 𝑦(𝑡)

Δ
 (2.50) 

 �̈�(𝑡) =
�̇�(𝑡 + Δ) − �̇�(𝑡)

Δ
=
𝑦(𝑡 + 2Δ) − 2𝑦(𝑡 + Δ) + 𝑦(𝑡)

Δ2
 (2.51) 

where Δ represents the time between two samples. Since a SDOF structural system is 

described by two unknown parameters, the frequency and the damping ratio, an 

appropriate time series model for the system may be formulated as second order models, 

either AR or ARX, depending on the treatment of excitation 

 

 
𝑦[𝑘] + 𝑎1𝑦[𝑘 − 1] + 𝑎2𝑦[𝑘 − 2] = 𝑒[𝑘] (2.52) 

 

 
𝑦[𝑘] + 𝑎1𝑦[𝑘 − 1] + 𝑎2𝑦[𝑘 − 2]

= 𝑒[𝑘] + 𝑏1𝑢[𝑘 − 1] + ⋯+ 𝑏𝑚[𝑘 − 𝑚] 
(2.53) 

The square brackets [ ] are used for discrete representation in the sense that 

𝑦[𝑘]represents the output sample number 𝑘. This is equivalent to the value of the signal at 

time = 𝑘Δ .The homogeneous part of the difference Equation is as follows (Elaydi, 2005): 
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 𝑦[𝑘] = 𝑎1𝑦[𝑘 − 1] + 𝑎2𝑦[𝑘 − 2] (2.54) 

 

The solution to this homogeneous Equation is found by applying 𝑦[𝑘] = 𝑠𝑘: 

 

 𝑦[𝑘] = 𝑠𝑘 = 𝑎1𝑠
𝑘−1 + 𝑎2𝑠

𝑘−2 (2.55) 

By dividing through Equation (2.55) with 𝑠𝑘−2 the solution can be simplified further: 

 

 
𝑠𝑘

𝑠𝑘−2
= 𝑎1

𝑠𝑘−1

𝑠𝑘−2
+ 𝑎2

𝑠𝑘−2

𝑠𝑘−2
 (2.56) 

Hence, the following characteristic Equation is obtained.  

 𝑠2 − 𝑎1𝑠 − 𝑎2 = 0 (2.57) 
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The roots (commonly referred to as poles) of this characteristic Equation is given by  

 
𝑠1
𝑠2
} =

𝑎1
2
± √

𝑎1
2 + 4𝑎2
4

 (2.58) 

 

The poles must be with the unit circle to ensure that the solution is bounded; in other words 

the solution has stable behaviour if the roots satisfy the following Equation. 

 |
𝑎1
2
± √

𝑎1
2 + 4𝑎2
4

| < 1 (2.59) 

From this expression it is possible to define the stability area in the 𝑎1𝑎2 − space as shown 

by the triangle in Figure 2-8.  

 

Figure 2-8: Stability region for a time invariant second order linear dynamic system. The 

red triangle marks the outline of the stability region for discrete systems, while the 

coloured regions within the triangle mark the stability regions for equivalent continuous 

systems. The light blue region denotes the stability region for under-critically damped 

systems and the dark blue one for the over-critically damped systems. No physically 

realizable continuous systems correspond to the white areas within the red triangle, i.e. 𝑎2 

is always less than zero. 

 

Furthermore, it is worth noting that if 𝑎1
2 + 4𝑎2 < 0 the roots are complex conjugates and 

the response is oscillatory in nature. This corresponds to under-critically damped systems 
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(Kreyszig, 2010). Since most systems are under-critically damped, the roots of their 

characteristic Equation are complex.  

In order to establish the relation between the model parameters 𝑎1, 𝑎2 and the system 

parameters 𝜔𝑜, 𝜁, it is first necessary to explore the relationship between the poles of the 

continuous and the discrete systems. The homogeneous solution is continuous time is 

 𝑦(𝑡) = 𝑒𝑟𝑡 (2.60) 

and that in discrete time is 

 𝑦[𝑘] = 𝑠𝑘 (2.61) 

which may be written as 

 𝑦[𝑘] = 𝑒𝑙𝑛(𝑠)𝑘. (2.62) 

 

With the correspondence in the signal values at 𝑡 = 𝑘Δ, from Equations (2.60) and (2.62), 

we have the following relationship between the poles of the continuous and the discrete 

system. 

 𝑙𝑛(𝑠)𝑘 = 𝑟𝑡 = 𝑟𝑘Δ (2.63) 

which yields 

 𝑠 = 𝑒𝑟Δ (2.64) 

Next we use the properties of the quadratic Equation (2.58) 

 𝑠1 + 𝑠2 = 𝑎1 (2.65) 

which gives 

 𝑎1 = 𝑒
𝑟1Δ + 𝑒𝑟2Δ. (2.66) 

Substituting for the poles of continuous system in the above Equation gives 

 𝑎1 = 𝑒
(−𝜁𝜔𝑜+𝑖𝜔𝑑)Δ + 𝑒(−𝜁𝜔𝑜−𝑖𝜔𝑑)Δ = 2𝑒−𝜁𝜔𝑜Δ cos𝜔𝑑Δ (2.67) 

Similarly using the following property of the quadratic Equation  

 𝑠1𝑠2 = −𝑎2 (2.68) 
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along with Equation (2.64) we obtain 

 𝑎2 = −𝑒
(−𝜁𝜔𝑜+𝑖𝜔𝑑)Δ𝑒(−𝜁𝜔𝑜−𝑖𝜔𝑑)Δ = −𝑒−2𝜁𝜔𝑜Δ (2.69) 

These equations can be solved simultaneously to express the system parameters in terms of 

the model parameters as 

  𝜔0 =
1

Δ
√
{ln(−𝑎2)}

2

4
+ {cos−1 (

𝑎1
2√−𝑎2

)}
2

 (2.70) 

 

 
𝜁 =

√

{ln(−𝑎2)}
2

{ln(−𝑎2)}
2 + 4 {cos−1 (

𝑎1
2√−𝑎2

)}
2 

(2.71) 

 

Now consider the example described earlier in the chapter with the input and output 

defined in Figure 2-3..The selected model is a 2
nd

 order ARX model as shown in Equation 

(2.30). 

 𝑦(𝑡) = −𝑎1𝑦(𝑡 − 1) − 𝑎2𝑦(𝑡 − 2) + 𝑏1𝑢(𝑡 − 1) + 𝑒(𝑡) (2.72) 

The values of the model parameters 𝑎1 and 𝑎2 are 1.9959 and −0.9969 respectively. 

Using these values along with Equations (2.70) and (2.71), the properties of the SDOF 

system were calculated as 

𝑇 = 1.0002𝑠 

𝜁 = 4.98% 

The total computation time was approximately 2.7 seconds. 

The calibrated model can also be used to simulate the response of the system in discrete 

time. Using the model parameters identified above and the same excitation, the response 

was simulated. The comparison between the simulated response and the response used in 

system identification is shown in Figure 2-9. For a SDOF system, the second order ARX 

model can exactly represent the dynamics of the system. For MDOF systems, higher model 

orders are required, and along with the identification of modal frequencies and modal 

damping ratios, modes shapes can be obtained from the parameters of the time series 

model. The details of such operations are not provided here but can be found in, for 

example (Leuridan, Brown, & Allemang, 1986)  
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Figure 2-9: The predicted output of the model plotted against the measured output. The 

correlation between the curves is 1. 

 

2.4.5 State-Space models 

State-space representation is a mathematical model of a physical system as a set of input, 

output and state variables related by first-order differential Equations.  The following 

Equations describe a state-space model in continuous time: 

 

 {�̇�(𝑡)} = [𝐴]{𝑥(𝑡)} + {𝐵}𝑢(𝑡) (2.73) 

 𝑦(𝑡) = {𝐶}{𝑥(𝑡)} (2.74) 

 

Where [𝐴] is a parametric system matrix, {𝐵} and {𝐶} are parametric vectors,                    

{𝑥(𝑡)} = {
𝑦(𝑡)

�̇�(𝑡)
} is a state vector, 𝑢(𝑡) is the excitation on the system, and 𝑦(𝑡) is the 

system output.  
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Equations (2.73) and (2.74) can be discretized with respect to time by making few 

assumptions.  It is assumed that 𝑥(𝑖) = 𝑥(𝑖Δ𝑡), and that the excitation 𝑢(𝑡) is equal to 𝑢(𝑖) 
over the time interval (𝑖Δ𝑡, (𝑖 + 1)Δ𝑡).  By using the following relations 

 [𝐹] = 𝑒[𝐴]Δ𝑡 ≝ [𝐼] + [𝐴]Δ𝑡 +
1

2!
[𝐴]2(Δ𝑡)2 +⋯ (2.75) 

 {𝐺} = [∫ 𝑒[𝐴]𝜏𝑑𝜏
Δ𝑡

0

] {𝐵} (2.76) 

Equations (2.73) and (2.74) can then be written in discrete state-space form as 

 

 
𝑥(𝑖 + 1) = [𝐹]𝑥(𝑖) + {𝐺}𝑢(𝑖) (2.77) 

 

 𝑦(𝑖) = {𝐶}𝑥(𝑖) (2.78) 

   

The Equation of motion for a MDOF system, shown in Equation (2.37) is a second order 

differential Equation. This can be cast in state space form by making the following 

substitution: 

 𝑥(𝑡) = {
𝑦(𝑡)

�̇�(𝑡)
} (2.79) 

 �̇�(𝑡) = [𝐴]{𝑥(𝑡)} + {𝐵}𝑢(𝑡) (2.80) 

 𝑦(𝑡) = [𝐶]{𝑥(𝑡)} (2.81) 

 

Where [𝐴] is the system matrix, which carries all the system properties, {𝐵} is the force 

vector, which carries the properties of the load, and [𝐶] is an observational matrix of size 2 

x n where n is the number of measured outputs. For a SDOF system n is equal to 1.  

 

Several algorithms exist to estimate the system matrix. In this thesis the N4SID method is 

used. N4SID stands for Numerical algorithms for Subspace State Space System 

Identification and is described in detail in (Overschee & Moor, 1994). The mathematics 

behind this method will not be reviewed in this thesis, but a description of how the systems 

parameters are extracted from the system matrix [𝐴] is presented. 

 

The major advantages about the N4SID method is that the algorithm is non-iterative, 

resulting in low computing time, good convergence properties and has less sensitivity to 

local minima (Overschee & Moor, 1994).  

 

For a continuous time system model the system parameters are found by compiling an 

eigenvalue decomposition on the system matrix [𝐴] defined as: 

 

 
[𝐴] = [Ψ][Λ][Ψ]−1 (2.82) 

 where [Λ] is a diagonal matrix containing the poles 𝜆1, … , 𝜆𝑛, and [Ψ] is s matrix, 

consisting of the complex eigenvectors {𝜓1}, … {𝜓𝑛}. The poles are complex and exist in 

conjugate pairs.  Modal properties are related to the poles by the following Equations 

(Siringoringo, Abe, & Fujino, 2004): 
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 𝜔𝑖 = √𝑅𝑒(𝜆𝑖)
2 + 𝐼𝑚(𝜆𝑖)

2 (2.83) 

 

 𝜁𝑖 =
−𝑅𝑒(𝜆𝑖)

√𝑅𝑒(𝜆𝑖)
2 + 𝐼𝑚(𝜆𝑖)

2
 (2.84) 

 

For discrete time models, eigenvalue decomposition is performed on the matrix [𝐹], 
described in Equation (2.75) 

 [𝐹] = {𝜓}𝜇𝑖{𝜓}
−1 (2.85) 

 

The relationship between 𝜇𝑖 and 𝜆𝑖 is the following: 

 

 𝜆𝑖 =
ln(𝜇𝑖)

Δ
 (2.86) 

 

By using Equation (2.86) and inserting it into Equations (2.83) and (2.84), the frequency 

and damping ratio can be found easily.  

 

Now consider the example described earlier in the chapter. SDOF with 𝑇 = 1𝑠 and 5% 

damping ratio. 

The model is solved in discrete time, and converted into continuous time using Equations 

(2.85) and (2.86). Afterwards the system parameters are calculated using Equations (2.83) 

and (2.84). 

The system parameters according to a second order state space model were the following: 

𝑇 = 1𝑠 

𝜁 = 4.9994% 

The total computational time was approximately 0.9 seconds. 
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2.4.6 Conclusion 

The results for all methods can be seen in Table 2: Results  

Table 2: Results for different methods using system described earlier 

  Period (s) Damping Ratio (%) Computational time (s)  

Actual system parameters 1 5.0000% <0.5  

Correlation analysis 1.0593 4.356% 131.25  

Spectral analysis 0.99894 4.9107% 0.46699  

ARX-model 1.0002 4.9845% 2.6205  

State-space model 1 4.9994% 0.85287  

 

The computational time was significantly more for the correlation analysis. The 

computational time can be crucial, depending on what kind of identification is being 

performed (Ghanem & Shinozuka, 1995). In general, the methods work quite well, as 

expected, in an ideal situation of a SDOF system and noise free measurements.  

 

2.5 Multiple degree of freedom systems 

 

The difference in calculations between SDOF systems and MDOF systems is not great. In 

spectral analysis PSD curve will contain multiple peaks.  For the parametric methods the 

extent of the expansion from SDOF systems to MDOF systems is selecting a higher model 

order. Since there are two parameters for each mode, 𝑇and 𝜁, the order of the model used 

must be twice the number of modes one is interested in. For each extra pair of regression 

parameters, in AR, ARX, ARMA, ARMAX models there will be found, if such exists, two 

new structural parameters.  Similarly for state-space models, the order of the model is 

increased by two for each mode to be identified  

 

Identification of a MDOF system is presented with a simple example in the following. A 

four story building, simplified to a 2 dimensional frame, as shown in Figure 2-10 is 

considered. The model has 10 nodes, and three degrees of freedom at each node, two 

translational degrees of freedom and a single rotational degree of freedom, a total of 30 

degrees of freedom. A finite element model of the frame was created (see Appendix B for 

details) and the eigenvalue problem was solved. The modal periods obtained from the 

finite element model are listed in table 3. The frame is excited by ground acceleration 

taken as a white noise process. The damping ratio is considered to be 5% in all modes. The 

response of the frame is then simulated at all degrees of freedom.   
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Figure 2-10: Visualization of a four story 2 dimensional frame. The nodes can be seen with 

the red dots, while all elements are colored blue. 
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Table 3: The modal periods and damping ratios 

Mode Period (s) 

1 0.805 

2 0.2318 

3 0.1103 

4 0.0664 

5 0.051 

6 0.0506 

7 0.0307 

8 0.0302 

9 0.0295 

10 0.0281 

11 0.0186 

12 0.0185 

13 0.0124 

14 0.0124 

15 0.01 

16 0.01 

 

The displacement response of the horizontal degree of freedom located in the top corner of 

the frame is seen in Figure 2-11. The response at 6 random degrees of freedom are used for 

identification. By using a N4SID model of order 16, the identified periods and 

accompanying damping ratios are listed Table 4 

Table 4: Identified periods and damping ratios, using N4SID model of model order 16 

Identified Period (s) Identified damping ratio 

0.805 0.05 

0.2318 0.05 

0.1103 0.05 

0.0664 0.05 

0.0506 0.05 

0.0185 0.05 

0.0124 0.05 

0.01 0.05 
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Figure 2-11: The displacement response of a horizontal degree of freedom located in the 

top corner of the frame 

 

The identified modes correspond perfectly with the solution of the eigenvalue problem, 

and the identified damping ratios also match perfectly.  Only 6 degrees of freedom were 

enough to identify the 8 modes, and their corresponding damping ratios. 

The mode shapes of vibration can be obtained from the identified system matrices 

(Overschee & Moor, 1994). The identified mode shapes and those obtained from the finite 

element model are presented below, showing that the identified mode shapes match those 

obtained from finite element analysis.  
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Figure 2-12 Comparison of the modes shapes obtained from finite element analysis (left 

panel) to the identified mode shapes (right panel); the first, second and third modes from 

top to bottom. Only the first three mode shapes are shown. 
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3 Dynamics of Non-Classically 

Damped Systems 

3.1 The complex eigenvalue problem 

In general, damping in structures is assumed to be proportional to the mass and/or the 

stiffness matrix so that the undamped normal modes of vibration decouple damped 

equation of motion. This assumption is based on practical experience, and is due to 

difficulty in creating physics based models of overall damping in structures. This 

assumption also simplifies dynamic calculations due to orthogonality of mode shapes with 

respect to the damping matrix. A consequence of this assumption is that the mode shapes 

of a damped system is the same as that of an undamped system, and the different degrees 

of freedom of a structure move in phase with each other at each mode of vibration. 

Structures with such proportional damping models are known as classically damped 

systems. A more general criteria for modal decoupling of damping matrices can be found 

in, for example, (Ma, Imam, & Morzfeld, 2009). 

 

In some situations, structures are not damped in proportion to their stiffness and/or mass 

matrices. Such structures are called non-proportionally damped or non-classically damped 

structures. This could be the case, for example, in structures which are made up of more 

than a single type of material, where the different materials provide drastically different 

energy-loss mechanisms in various parts of the structure, and the distribution of damping 

forces does not follow the distribution of the inertial and elastic forces. Other situations 

include for example, soil-structure interaction, fluid-structure interaction, and aeroelastic 

effects where additional damping due to interaction effects are not proportional to the 

inertial or elastic forces in the structure. In addition, when localized damping mechanisms 

are provided, for example base isolation devices, or supplemental damping devices that are 

installed only at certain locations in the structure but not distributed uniformly, non-

classical damping is expected. For non-classically damped structures, the normal modes of 

vibration can’t decouple the system of Equation and normal modal analysis is not feasible. 

This means that the mode shapes of the damped system are different than those of the 

undamped system. A notable difference lies in the fact that the mode shapes are complex 

which implies phase difference among the motion of different degrees of freedom vibrating 

in the same mode. In such situations, the vibration properties of the structure should be 

computed by considering the damping matrix, which implies the solution of a polynomial 

eigenvalue problem for free vibration analysis. A general approach for dynamic analysis of 

non-classically damped systems can be found in standard textbooks (Meirovitch, 1697, for 

example), but the basic theory is summarized in the following. Consider a linear MDOF 

system described by the following system of linear differential Equation. 

 [𝑀]{�̈�(𝑡)} + [𝐶]{�̇�(𝑡)} + [𝐾]{𝑢(𝑡)} = {𝑓(𝑡)} (3.1) 
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The solution of the homogeneous part of this Equation can be obtained by assuming a 

harmonic solution of the form (Ma, Imam, & Morzfeld, 2009): 

 {𝑢(𝑡)} = {𝜙}𝑒𝜆𝑡 (3.2) 

By substituting Equation (3.2) into Equation (3.1) the following quadratic eigenvalue 

problem can be formulated: 

 ([𝑀]𝜆2 + [𝐶]𝜆 + [𝐾]){𝜙} = {0} (3.3) 

In the Equations above {𝑢(𝑡)}is a time dependent displacement vector, {𝜙} is an n-

dimensional vector of unspecified constants also known as mode shapes (eigenvectors), 𝜆 

is a scalar (eigenvalues) and 𝑡 represents time. The eigenvalues, in total 2n, are the roots of 

the polynomial Equation: 

 det([𝑀]𝜆2 + [𝐶]𝜆 + [𝐾]) = {0} (3.4) 

The roots can be real, purely imaginary, or complex.  If the roots are real, they must be 

negative, and correspond to an overdamped system. If the roots are complex they must 

appear in pairs of complex conjugates with negative real parts, and the corresponding 

shapes also appear in complex conjugate pairs.  This is the case for underdamped systems. 

If the roots are purely imaginary, the system is undamped (Meirovitch, 1967) and the 

eigenvalues and eigenvectors correspond to the normal modes of the structure. 

Structural systems are in most cases underdamped and thus the eigenvalues and 

eigenvectors appear in complex conjugate pairs. Only systems of this type are considered 

here.    

 

Solution of such systems is convenient in the state space where the second order Equation 

is reduced to a set of first order equations.  Using Hamilton’s canonical form (Frazer, 

Duncan, & Collar, 1957) the state space equation can be cast as 

 [𝑀𝑜]{�̇�(𝑡)} + [𝐾𝑜]{𝑦(𝑡)} = {𝑌(𝑡)} (3.5) 

where {𝑦(𝑡)} = {
{�̇�(𝑡)}
{𝑢(𝑡)}

} and {𝑌(𝑡)} = {
{0}

{𝑓(𝑡)}
}  are column vectors consisting of 2n 

elements representing;        

[𝑀𝑜] = [
[0] [𝑀]
[𝑀] [𝐶]

] and [𝐾𝑜] = [
−[𝑀] [0]
[0] [𝐾]

] 

are real, symmetric matrices of order 2n, because [𝑀], [𝐶] and [𝐾] are real, symmetric 

matrices (Meirovitch, 1967). 

Modes obtained from the solution of the homogeneous equation {𝑌(𝑡)} = {0} in Equation 

(3.5) are orthogonal and can therefore be used when considering non-homogeneous 

problems (Meirovitch, 1967). 
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The corresponding eigenvalue problem is (𝜆𝑟[𝑀𝑜] − [𝐾𝑜]){ϕ𝑟} = 0, which yields 2n 

eigenvalues 𝜆𝑟 ,and eigenvectors {ϕ𝑟} = {
𝜆𝑟{𝜓𝑟}

{𝜓𝑟}
}, with 𝑟 = 1,2, … ,2𝑛(Meirovitch, 1967).  

The complex eigenvalues can be written as  

 𝜆𝑟 = −𝛼𝑟 + 𝑖𝜔𝑑𝑟 (3.6) 

where 𝜔𝑑𝑟 represents the angular frequency of mode 𝑟 which can be interpreted as damped 

angular frequency, and 𝛼𝑟 represents its energy dissipation mechanism (Lallement & 

Inman, 1995). The eigenvalues may also be written as: 

 𝜆𝑟 = −𝜁𝑟𝜔𝑟 + 𝑖𝜔𝑟√1 − 𝜁𝑟
2 (3.7) 

where 𝜁𝑟  and 𝜔𝑟 may be interpreted as the damping ratio and undamped frequency of     

mode 𝑟. 

By combining all eigenvectors, the eigenvector matrix [Φ] can be assembled as follows: 

 [Φ] = [{𝜙1}{𝜙2}…{𝜙2𝑛}] (3.8) 

The eigenvectors satisfy the following orthogonality relations 

 {𝜙𝑖}
𝑇[𝑀𝑜]{𝜙𝑗} = 0𝑖 ≠ 𝑗 (3.9) 

 {𝜙𝑖}
𝑇[𝐾𝑜]{𝜙𝑗} = 0𝑖 ≠ 𝑗 (3.10) 

 

 

By making the transformation {𝑦(𝑡)} = [Φ]{𝑞(𝑡)} to generalized coordinates and pre 

multiplying Equation (3.5) with [Φ]𝑇 the following is obtained: 

 

 

 [Φ]𝑇[𝑀𝑜][Φ]{�̇�(𝑡)} + [Φ]
𝑇[𝐾𝑜][Φ]{𝑞(𝑡)} = [Φ]

𝑇{𝑌(𝑡)} (3.11) 

 

In view of the orthogonality relations of Equations (3.9) and (3.10), the following diagonal 

matrices can be defined (Meirovitch, 1967). 

 [Φ]𝑇[𝐾𝑜][Φ] = [𝐾𝑔] (3.12) 

 [Φ]𝑇[𝑀𝑜][Φ] = [𝑀𝑔] (3.13) 

Similarly, the generalized force is defined as  [Φ]𝑇{𝑌(𝑡)} = {𝑔(𝑡)}. Substitution of these 

diagonal matrices and generalized force in Equation (3.7) results in the following 

decoupled system of first order linear differential equations.  

 [𝑀𝑔]{�̇�(𝑡)} + [𝐾𝑔]{𝑞(𝑡)} = {𝑔(𝑡)} (3.14) 
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To find the solution of this equation for an arbitrary initial condition{𝑌(0)} =
{{𝑢(0)} {�̇�(0)}}𝑇, the initial conditions are first transformed into the generalized 

coordinates as  

 {𝑞(0)} = [Φ]−1{𝑌(0)} (3.15) 

From Equation (3.11) we consider the decoupled equation of mode 𝑟  as  

 𝑀𝑔𝑟�̇�𝑟(𝑡) + 𝐾𝑔𝑟𝑞𝑟(𝑡) = 𝑔𝑟(𝑡) (3.16) 

with the initial condition taken as 𝑞𝑟(0) taken from row 𝑟 of {𝑞(0)}. The solution of the 

homogeneous part of Equation (3.11) is  

 𝑞𝑟
ℎ(𝑡) = 𝑞𝑟(0)𝑒

𝜆𝑟𝑡 (3.17) 

and the solution of the complementary part is given by the following convolution. 

 𝑞𝑟
𝑐(𝑡) =

1

𝑀𝑔𝑟
∫𝑔𝑟(𝑡)𝑒

𝜆𝑟(𝑡−𝜏)𝑑𝜏

𝑡

0

 (3.18) 

The total solution of the generalized coordinates is then obtained by adding the 

complementary and the homogeneous parts 

 𝑞𝑟(𝑡) = 𝑞𝑟
𝑐(𝑡) + 𝑞𝑟

ℎ(𝑡) (3.19) 

 

The state vector can then be obtained by the following transformation.  

 {𝑦(𝑡)} =∑𝑞𝑟(𝑡){ϕ𝑟}

2𝑛

𝑟=1

 (3.20) 

The displacement and velocity vectors of the structure can be obtained as the last n and the 

first n rows of the state vector, respectively. 

A numerical example showing the computations involved is presented next. .A system with 

two unconstrained degrees of freedom is represented with the following mass-, damping-, 

and stiffness matrices respectively: 

 [𝑀] = [
1 0
0 1

] (3.21) 

 

 [𝐶] = [
0.7 −0.1
−0.1 0.2

] (3.22) 
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 [𝐾] = [
2 −1
−1 2

] (3.23) 

 

From Equation (3.22) it can be seen quite clearly that the damping matrix cannot be 

represented as a linear combination of the stiffness matrix and the mass matrix. The 

damping will therefore be non-classical. This system is at rest until it is excited by the 

ground excitation shown in Figure 3-1. 

 

 

 
 

Figure 3-1: The ground acceleration time series used to excite the system described in the 

example 

Since the system has non-classical damping, the problem is solved using the state-space 

technique described earlier in this chapter.   The state-space equation is cast as  

[

0 0
0 0

1 0
0 1

1 0
0 1

0.7 −0.1
−0.1 0.2

]

{
 

 
�̈�1(𝑡)

�̈�2(𝑡)

�̇�1(𝑡)

�̇�2(𝑡)}
 

 
+ [

−1 0
0 −1

0 0
0 0

0 0
0 0

2 −1
−1 2

]

{
 

 
�̇�1(𝑡)

�̇�2(𝑡)

𝑢1(𝑡)

𝑢2(𝑡)}
 

 
= {

{
0
0
}

{𝑓(𝑡)}
} 

[𝑀𝑜]{�̇�(𝑡)} + [𝐾𝑜]{𝑦(𝑡)} = {𝑌(𝑡)} 
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where the force is {𝑓(𝑡)} = [𝑀][1 1]𝑇�̈�𝑔(𝑡), with �̈�𝑔(𝑡) being the ground acceleration 

shown in Figure 3-1. From the eigenvalue problem, (𝜆𝑟[𝑀𝑜] − [𝐾𝑜]){ϕ𝑟} = {0}, the 

following eigenvalues and eigenvectors are obtained: 

{𝜆} = {

−0.2708 + 1.6819i
−0.2708 − 1.6819i
−0.1792 + 1.0008i
−0.1792 − 1.0008i

} 

[Φ]

= [

−0.2134 − 0.0563𝑖 0.6740 + 0.0000𝑖
0.2323 − 0.2774𝑖 −0.4649 + 0.1971𝑖

−0.2093 − 0.0723𝑖 0.6763 + 0.0000𝑖
0.2089 − 0.0138𝑖 −0.3178 + 0.0742𝑖

0.6508 + 0.0000𝑖 −0.2327 − 0.2259𝑖
−0.2438 + 0.5809𝑖 0.4299 − 0.0271𝑖

0.7207 + 0.0000𝑖 −0.0938 + 0.4961𝑖
0.2300 − 0.5787𝑖 0.4110 + 0.1109𝑖

] 

As expected, the number of eigenvalues is twice the number of degrees of freedom. Also, 

they appear as complex conjugate pairs. The negative real part represents the energy loss 

mechanism, while the imaginary part is the damped natural frequency as described by 

Equation (3.6). For the natural frequency and damping ratio for each mode, refer to 

Equations (2.83) and (2.84). The natural periods and damping ratios are listed in table 5. 

Table 5: The modal period and damping ratio from the generalized eigenvalue problem 

Period (s) Damping ratio 

3.688 0.159 
6.180 0.1763 

 

The displacement response at the two degrees of freedom were then computed using the 

procedure described above, and are shown in Figure 3-2. The example was solved using 

MATLAB code which can be found in appendix B. It is noted that the system was also 

solved using direct numerical integration of the matrix system of equations, and the results 

matched the ones shown in Figure 3-2. 
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Figure 3-2: The displacement response of the two degrees of freedom due to ground 

acceleration shown in Figure 3-1.     
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3.2 Identification of non-classically damped 
systems 

By using the N4SID method introduced in chapter 2.4.5, the eigenvalues can be found 

directly, even though the system is non-classically damped. The eigenvalues are of the 

same form as described in Equation (3.6). To obtain the system parameters, 𝜔𝑟 and 𝜁𝑟, 

from Equation (3.7) the following relationships are used: 

 𝜔𝑟 = √𝛼𝑟
2 + 𝜔𝑑𝑟

2  (3.24) 

 𝜁𝑟 =
−𝛼𝑟

√𝛼𝑟
2 + 𝜔𝑑𝑟

2
 (3.25) 

Consider the example used in chapter 3.1. Identify the system based on the excitation and 

the response. Since the system had 2 degrees of freedom, a N4SID model of model order 4 

is optimal. The results from the identification can be seen in Table 6. 

Table 6: The identified periods and damping ratios 

Identified Period (s) Identified damping ratio 

3.688 0.159 

6.180 0.1763 

 

The periods and damping ratios fit perfectly to the results obtained in Table 5, even though 

the damping is non-classical.  The code used for identification can be found in Appendix 

C: 
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4 Case study: the Óseyri Bridge 

4.1 Bridge Description 

Óseyri-bridge lies over the estuary of Ölfusá. Built in 1988, after having been 

discussed for 60 years, (Þjóðviljinn - Author Unknown, 1974), the bridge was meant to 

connect municipalities in the southern part of Iceland, after expansion to the harbor in 

Þorlákshöfn.   

 

Figure 4-1: Map of Iceland. The location of Óseyri-bridge is represented with a red dot in 

the southwest corner of the island (image taken from Google maps). 

The bridge offers an alternative route around the south part of Iceland, shortening distances 

between local towns and offering reliable routes from the harbor in Þorlákshöfn. 
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Figure 4-2: Closer look at the area around Óseyri-bridge, marked with a red dot (image 

taken from Google maps). 

The bridge is 360 meters long, 6.5 meters wide, and is divided into 8 spans.  The end spans 

are 36 meter long each while the other 6 spans cover 48 meters each, as seen in Figure 4-3 

(The Icelandic Road Administration, 1987). The bridge deck is made of cast in place 

concrete with post-tensioning. The pillars are on average close to 7 meters high and are 

also made of concrete. The bridge deck rests on led filled rubber bearings and is also 

anchored down to the pillars with tension rods, as can be seen in Figure 4-4. 

 

 
Figure 4-3: Longitudinal section of Óseyrarbrú.   

 

  



47 

 

Figure 4-4:  Cross sections of the bridge.  On the left is a cross section over a pillar, while 

on the right is a section over the span. All dimensions are given in millimeters. The lead 

rubber bearings can be seen as black rectangles while the tension rods are two vertical bars 

coming down from the bridge deck to the pillar (Jónsson, 2009). 

The rubber bearings work as seismic base isolation devices. The rubber bearings have lead 

cores with layers of steel plates and rubber. The lead gives the bearing its initial horizontal 

stiffness, and energy dissipation capacity by virtue of its low yield strength. The steel 

plates contribute to the vertical stiffness while the rubber gives the post yield horizontal 

stiffness.  

 

4.1.1 Finite Element model of the bridge 

A simple finite element model of the bridge was created using a commercial software 

named SAP2000, as illustrated in Figure 4-5. 

 
Figure 4-5: A 3-D view of the final model.   
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The bridge was modelled using frame elements with different cross sections and nonlinear 

link elements to represents rubber joints.  The bridge deck was modelled with two different 

cross sections: one which represents the deck over the pillars and another which represents 

the deck over the spans. The pillars were modelled using three different sections, due to the 

varying cross sectional area with height (see Figure 4-4).   

There are two types of concrete used in the bridge as listed in Table 7. 

Table 7: Overview of concrete used for the structure 

Building Part EC2 Concrete Strength Class Elastic modulus [MPa] 

Abutment piers C35/45 33500 

Span pillars C30/37 32000 

Bridge Deck C35/45 33500 

 

The pillars are divided into three sections. The bottom is large and has a uniform 

rectangular shape. The middle sections have tapering rectangular cross-sections which are 

modelled using sectional properties at the middle of each section. A schematic view of the 

finite element model is shown in Figure 4-6.  

 

Figure 4-6: Schematic view of the finite element model of a typical pier and deck. 

The bridge deck was modelled using two different cross sections. The larger section lies 

over the pier and extends 1 m into each span while the smaller section lies over the span 
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The cross sections were modelled in SAP2000 using the actual structural drawings for 

increased accuracy in stiffness and mass distribution.  

 

Figure 4-7: The cross section of the bridge deck over the pillars. For sense of scale, it may 

be noted that the width of each stiffener at the bottom is 1.4 meters. 

 

 

Figure 4-8: The cross section of the bridge deck over the span. For sense of scale it may be 

noted the width of each stiffener is 0.7 meters, compared to 1.4 over the pillars, shown in 

Figure 4-7. 

In addition to self-weight, additional weight was added to account for the tarmac, railings 

and other safety equipments. The railings and other safety equipment were estimated at 

200
𝑘𝑔

𝑚
 for the length of the bridge.  

For the tarmac, the density 2500 𝑘𝑔/𝑚3 was chosen.  The weight per meter was calculated 

as: 

2500
𝑘𝑔

𝑚3
(6.5𝑚)(0.08𝑚) = 1300

𝑘𝑔

𝑚
 

where 6.5 meters is the width of the bridge and 0.08 m is the thickness of the tarmac.  

Thus the total added mass can be calculated as: 
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1300
𝑘𝑔

𝑚
+ 200

𝑘𝑔

𝑚
= 1500

𝑘𝑔

𝑚
 

This mass was applied as distributed mass over the deck. 

 The properties of the lead rubber bearings were computed from available data and 

drawings.  

The geometry of a lead rubber bearing is listed in Table 8 and visualized in Figure 4-9: 

Table 8: Geometry of the lead rubber bearings in Óseyri-Bridge (Gumba Gmbh & Co, 

2014) 

Length (mm) 400 

Width (mm) 500 

Thickness (mm) 156 

Lead Core diameter (mm) 125 

Number of rubber layers 8 

 

 

Figure 4-9: Circular lead rubber bearing sold by Medelta inc. The steel plates can be seen 

along with the lead core and rubber layers. The rubber bearings in this bridge are 

rectangular, this is Figure is only for illustration. Figure is taken from the manufacturer’s 

website : http://www.medelta.com/urun/sismik_izolator/439 . 

 

The hysteresis loop for a lead rubber bearing can be simplified to a bilinear model, with 

initial elastic stiffness 𝑘𝑟𝑙, followed by the post-elastic stiffness 𝑘𝑟. This is illustrated in 

Figure 4-10. 
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Figure 4-10: Bilinear model representing a hysteresis loop for a lead rubber bearing.   

 

The post-elastic stiffness comes into play after the lead core has yielded. Therefore the post 

elastic stiffness is only the stiffness of the rubber. The post-elastic stiffness can be 

calculated as follows: 

 

 𝑘𝑟 =
𝐴𝑟𝐺𝑟
𝑡𝑟

 (4.1) 

where 𝐴𝑟 represents the area of the rubber, 𝐺𝑟 represents the shear modulus of rubber, 

usually taken as 1𝑀𝑃𝑎, and 𝑡𝑟 represents the total thickness of rubber in the lead rubber 

bearing, given in Table 8.  The lead plug in the bearing is usually pressed into a premade 

hole with a slightly smaller diameter, than of the plug. This gives a good cohesion between 

the rubber, steel plates and the lead core. In Iceland a different method is used. Instead of a 

solid lead core pressed into a hole, the lead is cast in place, right in the bearing. This results 

in different characteristics of the Icelandic lead rubber bearing than is documented in other 

literature. Dynamic tests were performed, and the following parameters introduced for the 

elastic behavior (Bessason & Haflidason, 2004). 

 

 𝑘𝑙𝑟 = 11.6𝑘𝑟 (4.2) 

 𝐹𝑦𝑖𝑒𝑙𝑑 = 𝜏𝑦𝑙𝐴𝑙 (4.3) 

  

where 𝑘𝑙𝑟 represents the initial elastic stiffness of the lead rubber bearing, 𝑘𝑟 is the post 

elastic stiffness, 𝐹𝑦𝑖𝑒𝑙𝑑 is the yield force of lead, 𝜏𝑦𝑙 is the yield shear stress of lead, takens 

as 10 MPa and 𝐴𝑙 represents the cross sectional area of the lead core.  
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The vertical stiffness of rubber bearings, 𝑘𝑧, is given by the following Equation (Naeim, 

2001): 

 𝑘𝑧 =
6𝐺𝑟𝑆

2𝐴𝑟𝑘𝑏
(6𝐺𝑟𝑆

2 + 𝑘𝑏)𝑡𝑟
 (4.4) 

 

where 𝑘𝑏 is the rubber bulk modulus, taken as 2000 MPa according to manufacturer, S is 

the shape factor defined as: 

 𝑆 =
𝐿𝑜𝑎𝑑𝑒𝑑𝐴𝑟𝑒𝑎

𝑈𝑛𝑙𝑜𝑎𝑑𝑒𝑑𝐴𝑟𝑒𝑎
= 10.4 (4.5) 

 

The shape factor is calculated for a single layer of rubber.  Since there are steel plates in 

the bearing which divide the rubber down, the rubber thickness is only about 11 

millimeters per layer (Gumba Gmbh & Co, 2014). The loaded area is the cross sectional 

area minus the area of the lead core, while the unloaded area can be estimated as 

2𝑡𝑟(𝑤𝑖𝑑𝑡ℎ + 𝑙𝑒𝑛𝑔𝑡ℎ). The calculated stiffness for each bearing is listed in Table 9. 

 

Table 9: The calculated stiffness of bearings 

Longitudinal stiffness (N/m) 30,931 
Transverse stiffness (N/m) 24,745 
Vertical stiffness (N/m) 1,049,700 

 

 

The damping in the bearings is mainly due to hysteretic behavior of the lead plug. The 

energy dissipated thus is proportional to the area of the hysteresis loops which can be used 

to infer an equivalent viscous damping ratio (Kramer, 1996). The hysteresis loops can 

either be obtained experimentally or the relevant properties may be supplied by the 

manufacturer. In any case, the equivalent (or effective) viscous damping ratio depends on 

the peak displacement imposed on the bearings and is not known a priori. Therefore an 

iterative procedure is often required to estimate equivalent damping ratio for a given 

design displacement. Sufficient information regarding the damping properties of the 

bearings could not be found. Therefore damping ratio in the bearings is considered as a 

variable. This is justified because the objective is not to create an accurate model of the 

bridge as it is, but to test the effect of the level of damping in the bearings to the system 

identification results in terms of modal damping ratios and to investigate how they differ 

from proportional damping models. 

4.1.2 Modal analysis – Periods according to SAP2000 

SAP2000 solves the eigenvalue problem for an undamped system, and thus the computed 

modes are normal modes of the structure. The results of modal analysis in terms of 

vibration periods and mass participation factors are presented in Table 10. The modes with 

highest mass participation in each direction are shown in bold face.  It can be seen in Table 

10, that many modes have little, or no mass participation.  
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Table 10: The periods and mass participation factors for the first 20 modes. Highest mass 

participation factor for each direction has been bolded. They are found in mode 1, mode 

11 and mode 12. For the first 100 modes, see  Appendix G: Table with 100 modal periods, 

and mass participation factor 

 

Mode  Period (s) 
EW - Mass 
Participation 

NS - Mass 
Participation 

UD - Mass 
Participation 

1 0.747 0.000 0.490 0.000 

2 0.729 0.000 0.000 0.000 

3 0.679 0.000 0.056 0.000 

4 0.678 0.000 0.000 0.000 

5 0.640 0.000 0.000 0.001 

6 0.593 0.000 0.000 0.000 

7 0.591 0.000 0.000 0.000 

8 0.542 0.000 0.000 0.012 

9 0.501 0.000 0.000 0.000 

10 0.490 0.000 0.020 0.000 

11 0.472 0.000 0.000 0.250 

12 0.463 0.610 0.000 0.000 

13 0.409 0.000 0.000 0.230 

14 0.409 0.005 0.000 0.000 

15 0.393 0.000 0.000 0.000 

16 0.311 0.000 0.012 0.000 

17 0.263 0.000 0.000 0.000 

18 0.231 0.000 0.000 0.000 

19 0.222 0.000 0.000 0.000 

20 0.221 0.000 0.000 0.000 
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Table 11. lists the 20 modes with the highest participation factor. The mode shapes for the 

three highest modes can be seen on Figure 4-11. When performing system identification on 

a response, the modes with higher mass participation factor are more likely to be identified.  

The reason for the low mass participation may be that the pillars contain a lot of mass, but 

are relatively stiff compared to the bearings and thus don’t participate significantly in 

vibration.  

 

Table 11: The 20 modes with the highest mass participation factor 

Mode  
Period 
(s) 

EW - Mass 
Participation 

NS - Mass 
Participation 

UD - Mass 
Participation 

12 0.463 0.610 0.000 0.000 

1 0.747 0.000 0.490 0.000 

11 0.472 0.000 0.000 0.250 

13 0.409 0.000 0.000 0.230 

30 0.143 0.000 0.000 0.064 

84 0.035 0.063 0.000 0.000 

3 0.679 0.000 0.056 0.000 

97 0.030 0.051 0.000 0.000 

94 0.031 0.024 0.000 0.000 

27 0.157 0.000 0.000 0.020 

10 0.490 0.000 0.020 0.000 

89 0.033 0.000 0.015 0.000 

16 0.311 0.000 0.012 0.000 

8 0.542 0.000 0.000 0.012 

96 0.030 0.000 0.011 0.000 

91 0.032 0.000 0.009 0.000 

31 0.140 0.009 0.000 0.000 

34 0.128 0.000 0.000 0.008 

25 0.213 0.000 0.007 0.000 

14 0.409 0.005 0.000 0.000 
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Figure 4-11: The modeshapes for mode 1, 11 and 12 respectively. First mode is transverse, 

eleventh mode is vertical and twelfth is longitudinal.  These modes have the highest mass 

participation factor in each direction. 

 

 

4.1.3 Damping model 

A classical damping model is assumed for the structure. A Rayleigh model, which is 

proportional to both stiffness and mass is used (Clough & Penzien, 1975). The Rayleigh 

damping model has the advantage that the damping ratio can be chosen for two periods. 

For this structure, the periods 𝑇 = 0.15𝑠 and 𝑇 = 0.75𝑠 were chosen to be limited to 5% 

of critical damping.  The Rayleigh damping model for the based on these parameters can 

be visualized in Figure 4-12. 
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Figure 4-12: A representation of the Rayleigh damping model used for the bridge model. 

The chosen damping was 5% for periods T = 0.15 s and T = 0.75 s 

4.2 Description of time series 

On the 17
th

 of June, the year 2000, an earthquake of size 6.4 moment magnitude occurred 

in South Iceland. The earthquake was widely recorded in Iceland and caused significant 

damage in south Iceland (Sigbjörnsson, Olafsson, & Snæbjörnsson, Macroseismic effects 

related to strong motion: a study of the South Iceland Earthquake in June 2000, 2007) 

(Sigbjörnsson & Olafsson, 2004). The epicenter was located on the eastern side in the 

South Iceland Seismic Zone. The event was followed by many other events in the 

following days (see, for example, (Rupakhety & Sigbjörnsson, 2014).  The ground 

acceleration due to the earthquake on the 17
th

 of June was recorded by the Icelandic 

Strong-Motion Network (see, (Sigbjörnsson, o.fl., 2014)). Of many other stations of the 

network, a triaxial accelerometer installed in a borehole near the west abutment of the 

Óseyri-bridge recorded the ground acceleration due to the earthquake. The time series of 

recorded ground acceleration are shown in Figure 4-12.   
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Figure 4-13: The ground acceleration recorded by a triaxial accelerometer, located in a 

borehole next to the west abutment of Óseyri Bridge. The PGA on the top graph is            

5.05 𝑐𝑚/𝑠2. The PGA on the middle graph is 8.82 𝑐𝑚/𝑠2, while the PGA on the bottom 

graph is 15.64 𝑐𝑚/𝑠2.  

These ground accelerations are used to excite the FE model described in chapter 4.1.1. The 

response of the system was calculated using Newmark’s numerical integration method. 

Several runs with damping ratio in the bearings as a variable were conducted. The 

acceleration response of selected degrees of freedom in the model are extracted and used to 

identify the system.  In total six channels (time series of acceleration response) were 

exported, from two locations. These channels correspond to the East-West, North-South 

and Up-Down response at two locations as shown in Figure 4-14.  

 

 

Figure 4-14: The two locations from where the acceleration response was collected to use 

in system identification. Point A lies on top of the deck above middle pillar. Point B lies on 

top of the span next to the middle pillar. 

As an illustration, the response at location A and B for zero damping in the rubber bearings 

is presented in Figure 4-15 and Figure 4-16. The acceleration response for other selected 
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values of damping in the bearings can be found in Appendix F: Acceleration response 

calculated with SAP2000 for various damping ratios 

 

Figure 4-15: The response of the bridge deck, above the pillar at point A (see Figure 4-14). 

The maximum acceleration in the East-West direction, shown on top, was 25.39 𝑐𝑚/𝑠2, 

the maximum acceleration in the Nourth-South direction, shown in the middle was 24.39 

𝑐𝑚/𝑠2, while the maximum acceleration in the vertical direction was 10.30 𝑐𝑚/𝑠2 
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Figure 4-16: The response of the bridge deck in the middle of the span (point B in Figure 

4-13). The maximum acceleration in the East-West direction, shown on top, was 25.25 

𝑐𝑚/𝑠2, the maximum acceleration in the Nourth-South direction, shown in the middle was 

23.28 𝑐𝑚/𝑠2, while the maximum acceleration in the vertical direction was 17.64 𝑐𝑚/𝑠2 
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5 System identification of the bridge 

5.1 System identification and model order 
selection 

Before performing system identification, a suitable model order needs to be selected, and 

the results obtained are generally sensitive to the selected model order. In general, the 

model order depends on the number of modes expected to be contributing significantly to 

the response. When the selected model order is not adequate some spurious modes may be 

identified, and some physical modes may be left out. To investigate a suitable model order 

for the problem at hand, a method of stability analysis can be performed. In this method, 

identification is performed with different model orders, and the results that are stable 

across different model orders are considered to be reliable.  In this section, the identified 

periods will be compared against the model order. In the Figures in the following chapters, 

the blue dots on the Figures represent the identified periods of that model order. If the blue 

dots line up vertically, it indicates that a period is stable, given different model orders.  

Such stability analysis is performed for different values of damping ratios in the rubber 

bearings and the resulting stabilization diagrams are presented in Figures 5-1 to 5-7. Such 

Figures are also known as stabilization plots. The stabilization plots indicate several stable 

periods. The fundamental period seems to be stably identified for many model orders, 

while some higher modes are not as stable for lower model orders. . From visual 

inspection, the smallest model order which yielded relatively stable results was selected as 

20 and is used in further analysis.  
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Figure 5-1: Stabilization plot for no additional damping in the bearing 

 

Figure 5-2: Stabilization plot for 5% additional damping in the bearing 
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Figure 5-3:. Stabilization plot for 10% additional damping in the bearing 

 

Figure 5-4:. Stabilization plot for 15% additional damping in the bearing 
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Figure 5-5:. Stabilization plot for 20% additional damping in the bearing 

 

Figure 5-6:. Stabilization plot for 25% additional damping in the bearing 
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Figure 5-7:. Stabilization plot for 30% additional damping in the bearing 

 

5.2 Results of system identification 

5.2.1  No damping in the rubber bearing 

It was decided to use model order 20 and identify up to 10 periods, with their 

accompanying damping ratios from the response data collected from SAP2000. Model 

order 20 seems to have a stable period for all identified periods. The code used for the 

system identification can be found in  Appendix D 

 

Table 12. Table 13 compares the identified periods with those obtained from the finite 

element model. The identified damping ratios are compared with the Rayleigh damping 

model adopted for the structure in Figure 5-8. 
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Table 12: The identified periods, and bearing damping ratio 𝜁 = 0 

Period (s) Damping ratio  

0.757 0.025 

0.4678 0.0356 

0.4619 0.0417 

0.2974 0.053 

0.1438 0.0511 

0.1408 0.0539 

0.1356 0.0501 

0.0874 0.159 

0.0826 0.0513 

0.0704 0.1097 

 

 

Table 13: Comparison of the identified periods, along with the mass participation factor 

and undamped periods obtained from finite element model, and the percentile difference 

between identified modes 

FEM 
Mode 

Identified Period 
(s) Mass Participation Factor FEM Period (s) % difference 

1 0.757 0.490 0.747 1.40% 

11 0.4678 0.250 0.472 0.88% 

12 0.4619 0.610 0.463 0.16% 

16 0.2974 0.012 0.311 4.33% 

30 0.1438 0.064 0.143 0.68% 

31 0.1408 0.009 0.140 0.50% 

32 0.1356 0.000 0.136 0.42% 

44 0.0874 0.004 0.086 2.15% 

45 0.0826 0.000 0.081 1.47% 

50 0.0704 0.000 0.071 1.44% 
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Figure 5-8: Identified periods and identified damping ratios for no additional damping,  

plotted with the Rayleigh damping model. 
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5.2.2 5% damping ratio in the bearings 

When calculating the additional damping force, the stiffness used is the elastic stiffness 

and the frequency for the first mode is calculated as follows: 

 𝜔 =
2 ⋅ 𝜋

𝑇
 (5.1) 

The period used is the period for the first mode obtained from SAP2000. 

The identified periods and damping ratios are listed in Table 14: 

Table 14: The identified periods and damping ratio for 5% damping ratio in bearings 

Period (s) Damping ratio  

0.719 0.0961 

0.4682 0.0366 

0.4615 0.067 

0.2781 0.0479 

0.1502 0.0048 

0.1438 0.0498 

0.1401 0.0668 

0.0926 0.121 

0.082 0.0209 

0.069 0.102 

 

Table 15: Comparison of the identified periods, along with the mass participation factor of 

the modal analysis, modal periods, and the percentile difference between identified modes, 

and modal periods according to SAP2000 for 5% damping ratio. 

 

FEM 
Mode Identified Period (s) Mass Participation Factor FEM Period (s) % difference 

2 0.719 0.000 0.729 1.33% 

11 0.4682 0.250 0.472 0.80% 

12 0.4615 0.610 0.463 0.24% 

17 0.2781 0.000 0.263 5.90% 

29 0.1502 0.005 0.152 1.02% 

30 0.1438 0.064 0.143 0.68% 

31 0.1401 0.009 0.140 0.00% 

42 0.0926 0.001 0.092 0.21% 

45 0.082 0.000 0.081 0.73% 

51 0.069 0.000 0.068 1.73% 
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Figure 5-9: Identified periods and identified damping ratio for 5% additional damping,  

plotted with the Rayleigh damping model. 
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5.2.3 10% damping ratio in the bearings 

The identified periods, and damping ratios are listed in Table 16: 

Table 16: The identified modal periods, and corresponding damping ratios for 10% 

damping ratio in bearings 

Period (s) Damping ratio  

0.7071 0.1468 

0.4691 0.0362 

0.4626 0.0968 

0.2653 0.0587 

0.1493 0.0156 

0.147 0.2722 

0.1446 0.0509 

0.1409 0.0304 

0.0809 0.033 

0.0689 0.0821 

 

Table 17: Comparison of the identified periods, along with the mass participation factor of 

the modal analysis, modal periods, and the percentile difference between identified modes, 

and modal periods according to SAP2000 for 10% damping ratio. 

FEM 
mode Identified Period (s) Mass Participation Factor FEM Period (s) % difference 

2 0.7071 0.000 0.729 2.96% 

11 0.4691 0.250 0.472 0.61% 

12 0.4626 0.610 0.463 0.01% 

17 0.2653 0.000 0.263 1.03% 

29 0.1493 0.005 0.152 1.61% 

30 0.147 0.064 0.143 2.92% 

30 0.1446 0.064 0.143 1.24% 

31 0.1409 0.009 0.140 0.57% 

46 0.0809 0.000 0.080 0.50% 

51 0.0689 0.000 0.068 1.58% 
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Figure 5-10: Identified periods and identified damping ratio for 10% additional damping,  

plotted with the Rayleigh damping model. 
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5.2.4 15% damping ratio in the bearings 

The identified periods, and damping ratios are listed in Table 18: 

Table 18: The identified modal periods and corresponding damping ratios for 15% 

damping ratio in the bearings 

Period (s) Damping ratio  

0.6974 0.1969 

0.4688 0.0372 

0.4599 0.119 

0.2583 0.0679 

0.1489 0.0257 

0.1439 0.0496 

0.1384 0.0874 

0.0973 0.0882 

0.0795 0.0374 

0.0688 0.0904 

 

Table 19: Comparison of the identified periods, along with the mass participation factor of 

the modal analysis, modal periods, and the percentile difference between identified modes, 

and modal periods according to SAP2000 for 15% damping ratio. 

FEM 
mode Identified Period (s) Mass Participation Factor FEM Period (s) % difference 

3 0.6974 0.056 0.679 2.68% 

11 0.4688 0.250 0.472 0.67% 

12 0.4599 0.610 0.463 0.59% 

17 0.2583 0.000 0.263 1.64% 

29 0.1489 0.005 0.152 1.88% 

30 0.1439 0.064 0.143 0.75% 

31 0.1384 0.009 0.140 1.21% 

40 0.0973 0.000 0.098 0.95% 

46 0.0795 0.000 0.080 1.24% 

51 0.0688 0.000 0.068 1.44% 
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Figure 5-11: Identified periods and identified damping ratio for 15% additional damping,  

plotted with the Rayleigh damping model. 
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5.2.5 20% damping ratio in the bearings 

The identified periods and damping ratios are listed in Table 20. 

Table 20: The identified modal periods and corresponding damping ratios for 20% 

damping ratio in bearings 

Period (s) Damping ratio  

0.7108 0.2561 

0.4696 0.0374 

0.4612 0.1479 

0.2632 0.0785 

0.1531 0.0476 

0.1443 0.0498 

0.1404 0.0776 

0.0886 0.1032 

0.0839 0.0419 

0.0779 0.1211 

 

Table 21: Comparison of the identified periods, along with the mass participation factor of 

the modal analysis, modal periods, and the percentile difference between identified modes, 

and modal periods according to SAP2000 for 20% damping ratio. 

FEM 
mode Identified Period (s) Mass Participation Factor FEM Period (s) % difference 

2 0.7108 0.000 0.729 2.45% 

11 0.4696 0.250 0.472 0.50% 

12 0.4612 0.610 0.463 0.31% 

17 0.2632 0.000 0.263 0.23% 

29 0.1531 0.005 0.152 0.89% 

30 0.1443 0.064 0.143 1.03% 

31 0.1404 0.009 0.140 0.22% 

43 0.0886 0.000 0.091 2.49% 

44 0.0839 0.004 0.086 1.94% 

47 0.0779 0.003 0.076 2.81% 
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Figure 5-12: Identified periods and identified damping ratio for 20% additional damping,  

plotted with the Rayleigh damping model. 
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5.2.6 25% damping ratio in the bearings 

The identified periods, and damping ratios are listed in Table 22 

Table 22: The identified modal periods and corresponding damping ratios for 25% 

damping ratio in bearings 

Period (s) Damping ratio  

0.7104 0.3108 

0.4697 0.0376 

0.4597 0.1753 

0.2622 0.0869 

0.1541 0.0612 

0.1444 0.0499 

0.14 0.0823 

0.0887 0.1045 

0.0838 0.0491 

0.0793 0.1222 

 

Table 23: Comparison of the identified periods, along with the mass participation factor of 

the modal analysis, modal periods, and the percentile difference between identified modes, 

and modal periods according to SAP2000 for 25% damping ratio. 

 

FEM 
Mode Identified Period (s) Mass Participation Factor FEM Period (s) % difference 

2 0.7104 0.000 0.729 2.51% 

11 0.4697 0.250 0.472 0.48% 

12 0.4597 0.610 0.463 0.63% 

17 0.2622 0.000 0.263 0.15% 

29 0.1541 0.005 0.152 1.55% 

30 0.1444 0.064 0.143 1.10% 

31 0.14 0.009 0.140 0.07% 

43 0.0887 0.000 0.091 2.38% 

44 0.0838 0.004 0.086 2.06% 

46 0.0793 0.000 0.080 1.48% 
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Figure 5-13: Identified periods and identified damping ratio for 25% additional damping,  

plotted with the Rayleigh damping model. 
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5.2.7 30% damping ratio in the bearings 

The identified periods and damping ratios are listed in Table 24. 

Table 24: The identified modal periods and corresponding damping ratios for 30% 

damping ratio in bearings 

Period (s) Damping ratio  

0.7098 0.3694 

0.4698 0.0378 

0.4584 0.202 

0.2638 0.098 

0.1551 0.0776 

0.1443 0.05 

0.1402 0.0881 

0.0889 0.1053 

0.0841 0.0627 

0.0834 0.1322 

 

Table 25: Comparison of the identified periods, along with the mass participation factor of 

the modal analysis, modal periods, and the percentile difference between identified modes, 

and modal periods according to SAP2000 for 30% damping ratio. 

FEM 
Mode Identified Period (s) Mass Participation Factor FEM Period (s) % difference 

2 0.7098 0.000 0.729 2.59% 

11 0.4698 0.250 0.472 0.46% 

12 0.4584 0.610 0.463 0.91% 

17 0.2638 0.000 0.263 0.46% 

28 0.1551 0.000 0.157 0.95% 

30 0.1443 0.064 0.143 1.03% 

31 0.1402 0.009 0.140 0.07% 

43 0.0889 0.000 0.091 2.16% 

44 0.0841 0.004 0.086 1.71% 

45 0.0834 0.000 0.081 2.45% 
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Figure 5-14: Identified periods and identified damping ratio for 30% additional damping, 

plotted with the Rayleigh damping model. 

5.2.8 Summary 

The identified damping ratios fit well with the classical Rayleigh damping model for zero, 

or low levels of additional damping. The periods also fit well with modal periods, only 

exceeding 3% deviation from modal analysis in one case. As the additional damping in the 

bearings increases, the non-classicality becomes clear.  Additional damping seems to have 

greater effect on the identified periods in mass proportional section of the Rayleigh 

damping model. This may be caused by the fact that the additional damping in the bearing 

is modelled after the fundamental period according to the modal analysis in SAP2000, or 

0.75 seconds. The periods whose damping doesn’t increase much may be vertical modes, 

since the additional damping does not affect vertical movement, or does so in very small 

quantities. The first mode is not identified often, but the second mode is however. The 

difference in period is not great, so it may be assumed that it is a close estimate on the first 

mode. A similar case can be made for some higher modes. The identified periods are all in 

a close range to a mode with a large participation factor. In general, the modes with a 

higher mass participation factor are identified, which corresponds well with the assumption 

made in chapter 4.1.2. 
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6 Conclusions 

This thesis has presented results from numerical methods of system identification 

techniques, in structural engineering applications. The reaction of a bridge model was 

calculated, and the periods and damping ratios identified from 6 channels of response. The 

method selected for calculations, Numerical algorithms for Subspace State Space System 

Identification (N4SID), is a time domain based, state space method.  

6.1 Discussion about the results 

The modes identified had, in general, very high participation factors. Modes with higher 

participation factors have more effect on the motion of the bridge, so high participation in 

identified modes was expected. With increased damping the damping for periods streching 

into the mass proportional curve of the Rayleigh damping model seem to be more affected. 

A modified Rayleigh damping model could be fitted to account for the additional damping. 

Overall, the results fit well with the modal analysis. The quality of the results depends on 

the quality of the input data. Noise can corrupt any result easily. The amount of low period 

modes and the amount of mass participation in those modes can be related to the fact that 

large portions of the mass are located at the bottom of the bridge pillars and will not 

displace easily. This can be spotted by summing up the mass participation factor for each 

direction.  The EW direction only reaches a total of 78% mass participation with the 100 

first modes, see Appendix G:, while the NS direction and vertical direction have even 

lower cumulative mass participations.  

Even though only 6 degrees of freedom are used to represent the movement of the whole 

system, the results obtained are satisfactory. System identification is a very powerful tool 

which can yield results, given a limited amount of data, although more data is always 

preferred. 

6.2 Further thoughts and limitations  

The calculations were fixed at 10 identified periods and accompanying damping ratios. 

The fundamental results would not change by increasing the model order, but it would be 

interesting to see how many modes are needed for such a complex structure, to reach a 

cumulative mass participation factor close to 0.9 or 1. How would the modal parameters 

change, if the model order were to be decreased? How would the identifier periods change, 

if the additional damping in the bearings was modelled at a lower period? How much 

would it affect the results, by using only 1 output channel?  Would the results be greatly 

different if there would have been 12, instead of 6?  How can the system matrices, the 

stiffness-, damping-, and mass matrix be calculated from these results? There are many 

methods, for example described by (Agbabian, Masri, & Miller, 1991). This thesis is only 

a short introduction to system identification. Structural health monitoring, mentioned in the 

first chapter, is based on this theory. To analyze the system matrices calculated from modal 

parameters, and locate damages in structures early on. 
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Structural system identification has improved greatly in recent years and with more 

computing power, more detailed analyses can be carried out. With increasing security 

demands for structures, structural health monitoring may become an economical way to 

assess security and lower maintenance cost, by repairing damages while still easily 

manageable. 

Further analyses of similar problems should also include identification of eigenvectors and 

identify the mode shapes, based on the obtained data. For an accurate identification of the 

mode shapes, the number of degrees of freedom must be increased, compared to what was 

implemented in this thesis.  
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Appendix A: MATLAB-code for SDOF 

examples in chapter 2 

 

%% Example 3.4 
% Designed and coded by Sigurbjörn Bárðarson 
% 
% Supervised by Rajesh Rupakhety and Ragnar Sigbjörnsson 
%% Clear all variables and load new timeseries 
%  

  
close all 
clear all 
clc 
form = {'fontname','times new roman','fontsize',12,'fontweight','bold'}; 
load('breytur.mat'); 
u = breytur(1,:); 
u = u'; 
dt = 0.005; 
t = dt*(1:length(u))-dt; 
% clear u; 
% u = randn(length(t),1); 
% u(1) = 0; 
%% System parameters chosen 
T = 1; 
w_sys = 2*pi()/T; 
xi = 0.05; 
%% Output calculated with newmark's method and plotted 

  
y = NewmarkL(T,xi,-u,dt,0,0,'linear'); 

  
Figure 
subplot(4,1,1:2) 
suptitle('Excitation and response of a SDOF system') 
plot(t(1:round(end/2)),u(1:round(end/2))) 
box off 
ylabel('Excitation (m/s^2)',form{:}); 
subplot(4,1,3:4) 
plot(t(1:round(end/2)),y(1:round(end/2))) 
xlabel('Time(s)',form{:}); 
ylabel('Displacement (m)',form{:}); 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
eval(sprintf('%s%d','print -dpdf inputs')) 

  

  

  
%% Correlation analysis 
tic 
h(1) = 0; 
for i = 2:1:length(t)/4; 
    upper = 0; 
    lower = 0; 
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    for j = i+1:length(u) 
        upper= upper+y(j)*u(j-i); 
    end 
    for j = 1:length(u) 
             lower = lower+u(j)^2; 
    end 
    h(i,1) = ((upper/lower)); 
end 

  
%%  
% Find the location of peaks  
[peak loc1] = findpeaks(h); 

  
ind1 = 3; 
ind2 = 22; 

  
p1 = peak(ind1); 
p2 = peak(ind2); 

  
t1 = t(loc1(ind1)); 
t2 = t(loc1(ind2)); 

  
% Calculate alpha 
alpha = -log(p2/p1); 
%% 
% Plot the unit impulse response function along with envelope function 

and 
% selected points in calculation 
a = length(h); 
time = (1:1:a)*dt; 
Figure 
plot(time,h) 
hold on 
plot(time,exp(-xi*w_sys*time)*max(abs(h)),'r--'); 
plot(t(loc1(ind1)),peak(ind1),'go'); 
plot(t(loc1(ind2)),peak(ind2),'go'); 
leg = legend('Unit impulse response function','Envelope 

function','Selected points','location','best'); 
plot(time,-1.0*exp(-xi*w_sys*time)*max(abs(h)),'r--'); 
xlabel('Time (s)',form{:}); 
ylabel('h(t)',form{:}); 
title('Unit impulse response function',form{:}); 

  
set(leg,form{:}); 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
eval(sprintf('%s%d','print -dpdf correlation2')) 

  
%% 
% Results from correlation analysis 
xi_emp = alpha/sqrt(4*pi*pi+alpha*alpha); 
T_d = (t2-t1)/10 
T = T_d/sqrt(1-xi_emp*xi_emp); 

  
xi_corr = xi_emp 
T_corr = T 
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t_corr = toc; 

  
%% Spectral analysis 
% 
% Clear all variables 
close all 
clearvars -except u y t dt T xi y_mdof form xi_corr T_corr t_corr 
%%  
% Set um the fourier transformation 
tic 
NFFT = 6*length(u); 
U = fft(u,NFFT)*dt; 
U = U(1:NFFT/2+1); 
Y = fft(y,NFFT)*dt; 
Y = Y(1:NFFT/2+1); 
Fs = 1/dt; 
Fn = Fs/2; 
F = linspace(0,Fn,length(Y));  
W = 2.*pi()*F; 
%% 
% Calculate the complex frequency response function and the PSD 
H = Y./U; 
H = abs(H); 

  
PSD = H.^2; 
%% 
% Find the half power values and the natural frequency 
h_PSD = max(abs(PSD(1:round(length(W)))))/2; 
h_PSD = h_PSD./max(PSD); 
PSD = PSD./max(PSD); 

  
ind1 = find(PSD > h_PSD,1,'first'); 
ind2 = find(PSD(1:1*round(length(W))) > h_PSD,1,'last'); 
w1 = F(ind1)*2*pi; 
w2 = F(ind2)*2*pi; 

  
%% 
% Perform calculations 
[mPSD loc] = max(PSD); 
wn = F(loc)*2*pi; 

  
% wn = (w1+w2)*0.5; 
dw = w2-w1; 

  

  
%% 
% Plot the PSD along with selected window and maximum value 
Figure 
loglog(W,PSD./max(PSD)); 
hold on 
plot([min(W)+0.01 max(W)],[h_PSD h_PSD],'r--') 
plot([w1 w1 w2 w2],[h_PSD h_PSD*10^-10 h_PSD*10^-10 

h_PSD],'k:','linewidth',2) 
plot(W(loc),1,'go'); 

  
ylim([0.001 1]) 
xlim([0.1 10]) 
xlabel('rad/s',form{:}); 
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ylabel('Normalized squared amplitude of \midH(\omega)\mid^2',form{:}); 
title('Spectral analysis',form{:}); 
legend('Normalized  \midH(\omega)\mid^2','Half power line','Frequency 

band','location','best') 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
set(gca,'YTick',[0.01 0.025 0.05 0.1 0.15 0.3 0.5 1.0  ] ); 
set(gca,'XTick',[.1 1 2 3 5 6 7 8 9 10]);% 
eval(sprintf('%s%d','print -dpdf spectral2')) 

  
%% 
% Results from spectral analysis 
xi_spectral = dw/(2*wn) 
T_d = wn/(2*pi) 
T_spectral = T_d/sqrt(1-xi_spectral^2) 
t_spectral = toc; 

  
%% ARX- Model 

  
% Clear all variables 
close all 
clearvars -except u y t dt T xi y_mdof form xi_corr T_corr xi_spectral 

T_spectral t_corr t_spectral 
tic 
%% 
% Create the data object 

  
data = iddata(y,u,dt);   

  
% Create a second order AR-model  
arx2 = arx(data,[2 1 1]);   
y_temp = compare(arx2,data,5); 
y2 = y_temp.y; 

  

  
%% 
% Plot the model along with original data 
% Figure 
% plot(t(1:round(end/2)),y(1:round(end/2))) 
% hold on 
% plot(t(1:round(end/2)),y2(1:round(end/2)),'r:','linewidth',2) 
%% 
% Find correlation between simulated and measured data 
rho1 = corr(y2,y); 
nrho1 = num2str(rho1,4); 
str = ['Correlation coefficient = ' nrho1]; 
legend('Measured output','Predicted output','location','northeast'); 
text(30,0.04,str,'horizontalalignment','left'); 
xlabel('Time (s)',form{:}) 
ylabel('Displacement (m)',form{:}) 
set(gcf,'color','w') 
title('2. order ARX model',form{:}); 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
eval(sprintf('%s%d','print -dpdf ARX2')) 
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%% 
%Perform calculations 

  
c = roots(arx2.a);   % Find the roots 

  
%% 
% Create temporary variables  
summ = c(1)+c(2);    
mult = c(1)*c(2); 

  
var1 = (log(mult))^2; 
var2 = (acos(summ/(2*sqrt(mult))))^2; 

  
%% 
% Calculate empirical system parameters 
w_temp = (1/dt)*sqrt((var1/4)+var2); 
xi_temp = sqrt(var1/(var1+4*var2)); 
T_temp = w_temp/(2*pi());    

  
a11 = 2*exp(-xi_temp*w_temp*dt)*cos(w_temp*sqrt(1-xi_temp^2)*dt) 
a22 = -exp(-2*xi_temp*w_temp*dt) 

  
xi_arx = xi_temp 
T_arx = T_temp 
t_arx = toc; 

  
%% State Space model 

  
% Clear all variables 
close all 
clearvars -except u y t dt T xi form xi_corr T_corr xi_spectral 

T_spectral xi_arx T_arx t_corr t_spectral t_arx 
%% 
% Create the data 
tic 
data = iddata(y,u,dt); 

  
% Select continuous or discrete time 
% TS = 0;   % For continuous time 
TS = dt;    % For discrete time 

  
%% 
% Perform calculations 
order = 2;  % Select what order the model is     order = 2*number of DOF 
ss1 = n4sid(data, order, 'Ts', TS); 
%% 
% Extract the system matrix 
A = ss1.a; 
%% 
% Perform eigenvalue decomposition 
if TS == 0; 
lambda = eig(A); 
else 
mu = eig(A); 
lambda = log(mu)/dt; 
end 

  
%% 
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% Extraxt system parameters 
w_sys = abs(lambda); 
f_sys = w_sys./(2*pi); 

  
T_ss = 1./f_sys; 
xi_ss = -(real(lambda))./abs(lambda); 
T_ss = T_ss(1); 
xi_ss = xi_ss(1); 
t_ss = toc; 

  
%% Comparisom  

  
rownames = {'Actual system parameters','Correlation analysis','Spectral 

analysis','ARX-model','State-space model'}; 
Computational_time_s = [0 t_corr t_spectral t_arx t_ss]'; 
Period = [1 T_corr T_spectral T_arx T_ss]'; 
Damping = [0.05 xi_corr xi_spectral xi_arx xi_ss]'; 

  
comparisom = 

table(Period,Damping,Computational_time_s,'Rownames',rownames) 
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Appendix B: MATLAB code for MDOF 

example in chapter 2 

%% Example 2.5 
% Example 2.5 in MS-thesis 

  
%% Clear all variables 
% It is good practise to clear all possible variables before any 
% calculations are carried out. 
close all 
clear all 
clc 

  
%% 
% Load all variables, and read data from text file 
form = {'fontname','times new roman','fontsize',12,'fontweight','bold'}; 
filename = 'final_project.txt'; 
[ NE NN NM NDIM NDOF NNS NNP XY NOC MAT AREA ... 
    MOIN UDL UDM CONSDIS CONSDOF P MAT_PROP ] = Input_F_2DD(filename); 
%% 
% Then I plot up the model, to see if it is as expected visually. 
Figure 
Plot_F_2D(XY,NN,NE,NOC) 
xlabel('Width',form{:}); 
ylabel('Height',form{:}); 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
%% 
% Then I make a lumped mass matrix, meaning the mass is lumped at the 
% nodes, and is not distributed around elements. 
M = diag([0 0 0 12000 12000 0 10000 10000 0 10000 10000 0 8000 8000 0 ... 
    0 0 0 12000 12000 0 10000 10000 0 10000 10000 0 8000 8000 0]); 

  
%% 
% For the stiffness matrix I use a for-loop to calculate the element 
% stiffness matrix for each element, and sum them all up in a global 
% stiffness matrix.  I use the for-loop also to make a force vector,  
% although it is not needed in this case, as there is no uniformly  
% distributed load working on the building.. 

  
K = zeros(NDOF,NDOF); 
PO=zeros(NDOF,1); 
for i=1:1:NE 
    A = AREA(i); 
    j = MAT(i); 
    UDMASS = UDM(i); 
    MP = MAT_PROP(j,1);  %%%%Young's Modulus 
    hro = MAT_PROP(j,2); %%%%Density 
    node1=NOC(i,1); 
    MO = MOIN(i);        %%% Moment of Inertia 
    node2=NOC(i,2); 
    x1=XY(node1,1); 
    x2=XY(node2,1); 
    y1=XY(node1,2); 
    y2=XY(node2,2); 
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    [L T] = Transform_F_2D(x1,x2,y1,y2); 
    ke1 = stiffness(A,MP,MO,L); 
    Ke= T'*ke1*T; 
    DOFS=[3*node1-2 3*node1-1 3*node1 3*node2-2 3*node2-1 3*node2]; 
    K(DOFS,DOFS)=K(DOFS,DOFS)+Ke; 
    if (abs(UDL(i)) > 0) 
        UDLa = UDL(i); 
        po = ppop(UDLa,L,T); 
        DOFS=[3*node1-2 3*node1-1 3*node1 3*node2-2 3*node2-1 3*node2]; 
        PO(DOFS)=PO(DOFS)+po; 
    end 
end 

  
%% 
% Now that the global stiffness matrix has been assembled I need to apply 
% boundary conditions and calculate static displacements.  As I mentioned 
% before, no forces have been applied, so there will be no displacements, 
% and no reaction forces.  This is merely do describe a process that will 
% be applied later in the project. 
F2=P+PO; 
UCONSDOF=1:NDOF; 
UCONSDOF(CONSDOF)=[]; 
D1=zeros(NDOF,1); 
Kuu=K(UCONSDOF,UCONSDOF); 
Kuc=K(UCONSDOF,CONSDOF); 
FU=F2(UCONSDOF); 
DU = Kuu\(FU-Kuc*CONSDIS); 
D1(UCONSDOF)=DU; 
D1(CONSDOF)=CONSDIS; 
F1 = K*D1; 

  
%% 
% Then the natural periods and mode shapes are found by solving a 
% eigenvalueproblem. 
% 
% To account for the massless degrees of freedom it is necessary to solve 

a 
% static condensation problem. 

  
Muu=M(UCONSDOF,UCONSDOF); 
Muc=M(UCONSDOF,CONSDOF); 
m1dof = []; 
modof = []; 
[sizea, sizeb] = size(Muu); 
for i = 1:1:sizea 
    if Muu(i,i) == 0; 
        modof(end+1)=i; 
    else 
        m1dof(end+1)=i; 
    end 
end 
M0 = Muu(modof,modof); 
M01 = Muu(modof,m1dof); 
M10 = M01'; 
M11 = Muu(m1dof,m1dof); 
K0 = Kuu(modof,modof); 
K01 = Kuu(modof,m1dof); 
K10 = K01'; 
K11 = Kuu(m1dof,m1dof); 
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K_star = K11-K10*inv(K0)*K01; 

  
[wvec, PHI1] = eig_sorted(K_star,M11); % Solve the eigenvalue problem 

  
PHI = zeros(sizea,length(wvec)); 
PHI0 = -K0\K01*PHI1; 
PHI(m1dof,:) = PHI1; 
PHI(modof,:) = PHI0; 

  

  
%% 
% Now the undamped natural periods can be calculated : 

  
TT = (2*pi())./wvec; 
disp(' Modal frequencies (rad/s)   Period(s) ') 
disp('--------------------------------------') 
for i = 1:length(wvec); 
    mode = i; 
    fprintf('%3.0f %15.4f %20.4f\n',i,wvec(i),TT(i)); 
end 

  
rx = zeros(sizea,1); 
rx(1:3:end)=1; 
r = rx; 
Gamma = zeros(length(wvec),1); 
modal_earthquake_excitation_factor = zeros(length(wvec),1); 
generalized_mass = zeros(length(wvec),1); 
M_eff = zeros(length(wvec),1); 

  
for i = 1:1:length(wvec); 
    modal_earthquake_excitation_factor(i) = PHI(:,i)'*Muu*r; 
    generalized_mass(i) = PHI(:,i)'*Muu*PHI(:,i); 
    Gamma(i) = 

modal_earthquake_excitation_factor(i,j)/generalized_mass(i); 
    M_eff(i) = r'*Muu*PHI(:,i)*PHI(:,i)'*Muu*r/(PHI(:,i)'*Muu*PHI(:,i)); 
end 

  
%% 
% Since there is no vertical ground motion, modes 5-9 have no effect, and 
% only the first 2 modes are needed.  If there would be vertical ground 
% motion also included, the number of modes might increase to, I'm 
% guessing, 5 or 6. 

  

  
%% Part 5 
% Compute the displacement response of the frame induced by the given 
% ground motion using modal analysis. For the horizontal displacement at 
% the roof, plot the contribution of significant modes to the total 
% response 
%% 
% Load the ground motion, and the timesteps 
load('whitenoise.mat'); 
dt = t(2)-t(1); 
gax = f; 
[maxgax locmaxgax] = max(abs(gax)); 
if gax(locmaxgax) == maxgax; 
    maxgax = maxgax; 
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else 
    maxgax = -maxgax; 
end 

  
gay = zeros(length(gax),1); 
gatheta = zeros(length(gax),1); 
Figure 
plot(t,gax) 
hold on 
plot(t(locmaxgax),maxgax,'ro') 
xlabel('Time (s)') 
ylabel('Ground acceleration (m/s^2)') 
suptitle('Measured ground acceleration in X-direction'); 
legend('Ground acceleration','Maximum value','location','southeast'); 

  

  
%% 
% Now the displacements are calculated with convolution 
xi = zeros(length(wvec),1); 
xi(1:end) = 0.05; 

  
for i = 1:length(wvec); 
    f_bar = -modal_earthquake_excitation_factor(i).*gax; 
    wd = wvec(i)*sqrt(1-xi(i)^2); 
    a=(exp(-xi(i).*wvec(i).*t)/(generalized_mass(i)*wd)); 
    h=a.*sin(wd.*t); 
    u_modal(i,:) = conv(f_bar,h)*dt; 
end 
u_temp=u_modal(:,1:length(t)); 
u_real = PHI*u_temp; 

  

  
%% 
[maxu locu] = max(abs(u_real(22,:))); 
if u_real(22,(locu)) == maxu; 
    maxu = maxu; 
else 
    maxu = -maxu; 
end 

  

  

  
Figure 
plot(t,u_real(22,:)); 
xlabel 'Time (s)' 
ylabel 'Displacement (m)' 
hold on 
plot(t(locu),maxu,'ro'); 

  
suptitle('Displacement response of DOF 28'); 
legend('Displacement resposne','Maximum 

displacement','location','northeast'); 

  
save('verf.mat','u_real','f') 

  
close all 
clear all 
clc 
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load('verf2.mat'); 
dt = t(2)-t(1); 
uu = uu(1:6,1:3000); 
f = f(1:3000); 
data1 = iddata(uu',f,dt); 
ss14 = n4sid(data1,16); 
mu14 = eig(ss14.a); 
clear mu 
    clear lambda 
    clear T 
    clear xi 
    clear ind 
    clear wi_temp 
    name = 'mu'; 
    num = num2str(14); 
    var = [name num]; 
    mu = eval(var); 

  
lambda = log(mu)/dt; 

  
wi_temp = abs(lambda); 
T = (2*pi())./wi_temp; 
xi = -real(lambda)./wi_temp; 
[T1(1:length(T),1),ind] = sort(T,'descend'); 
xi1(1:length(T),1) = xi(ind); 
T1 
xi1 
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Appendix C:  MATLAB code for 

example 0 

%% Example 4.2 
% Designed and coded by Rajesh Rupakhety  
% 
% Edited and modified by Sigurbjörn Bárðarson 
% 
% Supervised by Rajesh Rupakhety and Ragnar Sigbjörnsson 
%% Clear all variables and load new timeseries 
%  

  
close all 
clear all 
clc 
form = {'fontname','times new roman','fontsize',12,'fontweight','bold'}; 
data=dlmread('1.txt'); 
t=data(:,1); 
ag=10*data(:,2); 

  
%% 
% Set up system matrices 
m=eye(2); 
c=[  0.7    -0.1;..... 
    -0.1     0.2]; 
k=[  2   -1;.... 
    -1    2]; 
%% 
% Set up Hamilton’s canonical Equations 
M=[zeros(size(m)) m;m c]; 
K=[-m zeros(size(m));zeros(size(m)) k]; 
%% 
% Solve the eigenvalueproblem 
[PHI beta]=polyeig(K,M); 
%%  
% Generalize all variables 

  
Ms=PHI.'*M*PHI; 
Ks=PHI.'*K*PHI; 
f=-m*[1;1]*ag'; 
Y=[zeros(2,length(t));f]; 
Z=PHI.'*Y; 
dt=t(2)-t(1); 
qo=[0;0]; 
qdo=[-0;0]; 
yo=[qdo;qo]; 
zo=PHI\yo; 
for i=1:length(beta) 
    % Forced vibration 
    temp=(1/Ms(i,i))*conv(Z(i,:),exp(beta(i)*t))*dt; 
    % free vibration part 
    temp1=zo(i)*exp(beta(i)*t); 
    % Summation of solutions 
    z(i,:)=temp(1:length(t))+temp1;   
end 
% Transformed back to real coordinates 
y=PHI*z; 
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% Pick out displacement responses 
q=y([3:4],:); 

  
%% 
% Plot excitation 
Figure 
plot(t,ag) 
title('Ground excitation (m/s^2)',form{:}); 
xlabel('Time (s)',form{:}) 
ylabel('Ground excitation (m/s^2)',form{:}) 
set(gcf,'color','w') 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
% eval(sprintf('%s%d','print -dpdf int1')) 
%% 
% Plot results 
Figure 
plot(t,real(q(1,:)),'b') 
hold on 
plot(t,real(q(2,:)),'r--') 
legend1 = legend('DOF 1','DOF2','location','best'); 
set(legend1,'YColor',[1 1 1],'XColor',[1 1 1],form{:}); 
xlabel('Time (s)',form{:}) 
ylabel('Displacement (m)',form{:}) 
set(gcf,'color','w') 
title('Displacement responses',form{:}); 
box off 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
% eval(sprintf('%s%d','print -dpdf comp1')) 
%% 
% Identification 
clearvars -except q ag dt beta 

  
data1 = iddata(q',ag,dt); 

  
ss1 = n4sid(data1,4); 
mu1 = eig(ss1.a); 
clear mu 
    clear lambda 
    clear T 
    clear xi 
    clear ind 
    clear wi_temp 
    name = 'mu'; 
    num = num2str(1);      % Select model order here 
    var = [name num]; 
    mu = eval(var); 

  
lambda = log(mu)/dt; 

  
wi_temp = abs(lambda); 
T = (2*pi())./wi_temp; 
xi = -real(lambda)./wi_temp; 
[T1(1:length(T),1),ind] = sort(T,'descend'); 
xi1(1:length(T),1) = xi(ind); 
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T1 
xi1 
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Appendix D: Code used for main 

calculations 

 

%% Calculations for thesis 
% Designed and coded by Sigurbjörn Bárðarson  

% 

% Function importfile.m is needed.  It is provided in the bottom of the  

% appendix 
% 
% Supervised by Rajesh Rupakhety and Ragnar Sigbjörnsson 
%  
% For additional codes and data-files contact sib38@hi.is or rajesh@hi.is 
%% Clear data 

  
close all 
clear all 
clc 

  
%% Load data 
% Ground motion data 
load('data3.mat'); 

  
%% 
% Different responses, as a function of damping ratio. 
damping = 30;  % 0 5 10 15 20 25 30 
zeta =['zeta' num2str(damping) '.txt']; 

  
%% 
% Loading data,  the function importfile is generated by matlab to import 

a 
% certain format of a text file 
[t,av_deck,ns_deck,un_deck,av_pillar,ns_pillar,un_pillar,av_span,ns_span,

un_span] = importfile(zeta); 
form = {'fontname','times new roman','fontsize',12,'fontweight','bold'}; 

  
resp = 

[av_deck,ns_deck,un_deck,av_pillar,ns_pillar,un_pillar,av_span,ns_span,un

_span]; 
resp_str = ['EW';'NS';'UN';'EW';'NS';'UN';'EW';'NS';'UN']; 
fact = 0.855; 
%% Plot data 
% Figure 
% for i = 1:3 
% subplot(3,1,i) 
% plot(t,resp(:,i)); 
% text(21,max((resp(:,i)))*fact,resp_str(i,:),form{:}) 
% ylabel('m/s^2',form{:}); 
% xlabel('Time (s)',form{:}); 
% axis tight 
% set(gcf,'color','w') 
% set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
% max_deck(i) = max(abs(resp(:,i))); 
% end 
% max_deck 
% suptitle('Deck'); 
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% eval(sprintf('%s%d','print -dpdf deck')); 
% Figure 
% for i = 4:6 
% subplot(3,1,i-3) 
% plot(t,resp(:,i)); 
% axis tight 
% text(21,max((resp(:,i)))*fact,resp_str(i,:),form{:}) 
% ylabel('m/s^2',form{:}); 
% xlabel('Time (s)',form{:}); 
% set(gcf,'color','w') 
% set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
% max_pill(i-3) = max(abs(resp(:,i))); 
% end 
% max_pill 
% suptitle('Pillar') 
% eval(sprintf('%s%d','print -dpdf pillar')); 
% Figure 
% for i = 7:9 
% subplot(3,1,i-6) 
% plot(t,resp(:,i)); 
% axis tight 
% text(21,max((resp(:,i)))*fact,resp_str(i,:),form{:}) 
% ylabel('m/s^2',form{:}); 
% xlabel('Time (s)',form{:}); 
% set(gcf,'color','w') 
% set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
% max_span(i-6) = max(abs(resp(:,i))); 
% end 
% max_span 
% suptitle('Span') 
% eval(sprintf('%s%d','print -dpdf span')); 
%% Identifying data 
% The difference in each data file is the combination of output used. 

Data1 
% 1 uses all 6 output channels,  

  
data1 = iddata([av_deck,ns_deck,un_deck av_span,ns_span,un_span],[g_av 

g_ns g_un],dt); 

  

  
%% 
% For sensitivity analysis run all model sizes.  
% ss1 = n4sid(data1,2,'TS',dt); 
% ss2 = n4sid(data1,4,'TS',dt); 
% ss3 = n4sid(data1,6,'TS',dt); 
% ss4 = n4sid(data1,8,'TS',dt); 
% ss5 = n4sid(data1,10,'TS',dt); 
% ss6 = n4sid(data1,12,'TS',dt); 
% ss7 = n4sid(data1,14,'TS',dt); 
% ss8 = n4sid(data1,16,'TS',dt); 
% ss9 = n4sid(data1,18,'TS',dt); 
ss10 = n4sid(data1,20,'TS',dt); 
% ss11 = n4sid(data1,22,'TS',dt); 
% ss12 = n4sid(data1,24,'TS',dt); 
% ss13 = n4sid(data1,26,'TS',dt); 
% ss14 = n4sid(data1,28,'TS',dt); 
% ss15 = n4sid(data1,30,'TS',dt); 
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%% Calculate period and damping ratio 
% For sensitivity analysis run all eigenvalue problems 
% mu1 = eig(ss1.a); 
% mu2 = eig(ss2.a); 
% mu3 = eig(ss3.a); 
% mu4 = eig(ss4.a); 
% mu5 = eig(ss5.a); 
% mu6 = eig(ss6.a); 
% mu7 = eig(ss7.a); 
% mu8 = eig(ss8.a); 
% mu9 = eig(ss9.a); 
mu10 = eig(ss10.a); 
% mu11 = eig(ss11.a); 
% mu12 = eig(ss12.a); 
% mu13 = eig(ss13.a); 
% mu14 = eig(ss14.a); 
% mu15 = eig(ss15.a); 

  
%% 
% For sensitivity analysis run loop 
% T1 = zeros(30,15); 
% xi1 = zeros(30,15); 

  
% for i=1:15 
%     clear mu 
%     clear lambda 
%     clear T 
%     clear xi 
%     clear ind 
%     clear wi_temp 
%     name = 'mu'; 
%     num = num2str(i); 
%     var = [name num]; 
%     mu = eval(var); 
%  
% lambda = log(mu)/dt; 
%  
% wi_temp = abs(lambda); 
% T = (2*pi())./wi_temp; 
% xi = -real(lambda)./wi_temp; 
% [T1(1:2*i,i),ind] = sort(T,'descend'); 
% xi1(1:2*i,i) = xi(ind); 
% end 

  
%% 
% For detailed analysis run this part, for a single model order 
clear mu 
    clear lambda 
    clear T 
    clear xi 
    clear ind 
    clear wi_temp 
    name = 'mu'; 
    num = num2str(10);      % Select model order here 
    var = [name num]; 
    mu = eval(var); 

  
lambda = log(mu)/dt; 
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wi_temp = abs(lambda); 
T = (2*pi())./wi_temp; 
xi = -real(lambda)./wi_temp; 
[T1(1:length(T),1),ind] = sort(T,'descend'); 
xi1(1:length(T),1) = xi(ind); 
%% 
% Gives periods, and respective damping ratio, in order of descending 
% periods. 
T1 
xi1 
%% 
% For sensitivity analysis run this section 
% Figure 
% for i = 1:15; 
%     

semilogx(T1(1:2*i,i),ones(2*i,1)*2*i,'o','markersize',4,'MarkerFaceColor'

,'b'); 
%     hold on 
%     grid on 
%     ylabel('Model Order',form{:}); 
%     xlabel('Period (s)',form{:}); 
%     axis tight 
%     set(gcf,'color','w') 
%     set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 
%     axis([0 2.5 0 30]); 
%     set(gca,'XTick',[0.05 0.1 0.2 0.3 0.5 0.8 1.0]) 
%     set(gca,'YTick',[2:2:2*i]) 
%     title([num2str(damping) '% damping in rubber bearing'],form{:}); 
% %     title('No additional damping in bearing',form{:}) 
%  
% end 
%     eval(sprintf('%s%d','print -dpdf zeta30')); 
%% 
%% Rayleigh damping model 
% For details on model order run this section 
T00 = 0.15; 
T11 = 0.75; 
clear zeta 
clear wvec 
clear T_xi 
w0 = (2*pi())/T00; 
w1 = (2*pi())/T11; 

  
zeta0 = 0.05; 
zeta1 = 0.05; 

  
a0 = 2*w0*w1/(w0^2-w1^2)*(zeta1*w0 - zeta0*w1); 
a1 = 2/(w0^2-w1^2)*(zeta0*w0 - zeta1*w1); 

  
T_xi = 0.01:0.001:1.5; 
wvec = 2*pi()./T_xi; 

  
for i = 1:1:length(wvec) 
    zeta(i) = a0/(2*wvec(i))+a1*wvec(i)/2; 
end 

  
Figure 
xlabel('Period (s)',form{:}); 
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ylabel('Damping ratio (c/c_cr)',form{:}); 
hold on 
plot(T_xi,zeta,'r--') 
plot(T1(1:20,1),xi1(1:20,1),'bo','markersize',4,'MarkerFaceColor','b') 
legend('Rayleigh Damping model','Identified periods and damping 

ratios','location','northeast') 
axis([0 1.5 0 1]) 
set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 

6],'paperpositionmode','auto'); 

  
title([num2str(damping) '% damping in rubber bearing'],form{:}); 
eval(sprintf('%s%d','print -dpdf Rayleigh30')); 

 

 

 

function 

[t,av_deck,ns_deck,un_deck,av_pillar,ns_pillar,un_pillar,av_span,ns_span,

un_span] = importfile(filename, startRow, endRow) 
%IMPORTFILE1 Import numeric data from a text file as column vectors. 
%   

[T,AV_DECK,NS_DECK,UN_DECK,AV_PILLAR,NS_PILLAR,UN_PILLAR,AV_SPAN,NS_SPAN,

UN_SPAN] 
%   = IMPORTFILE1(FILENAME) Reads data from text file FILENAME for the 
%   default selection. 
% 
%   

[T,AV_DECK,NS_DECK,UN_DECK,AV_PILLAR,NS_PILLAR,UN_PILLAR,AV_SPAN,NS_SPAN,

UN_SPAN] 
%   = IMPORTFILE1(FILENAME, STARTROW, ENDROW) Reads data from rows 

STARTROW 
%   through ENDROW of text file FILENAME. 
% 
% Example: 
%   

[t,av_deck,ns_deck,un_deck,av_pillar,ns_pillar,un_pillar,av_span,ns_span,

un_span] 
%   = importfile1('gm_data_all_2.txt',23, 8727); 
% 
%    See also TEXTSCAN. 

  
% Auto-generated by MATLAB on 2014/09/28 16:52:17 

  
%% Initialize variables. 
if nargin<=2 
    startRow = 23; 
    endRow = inf; 
end 

  
%% Format string for each line of text: 
%   column1: double (%f) 
%   column2: double (%f) 
%   column3: double (%f) 
%   column4: double (%f) 
%   column5: double (%f) 
%   column6: double (%f) 
%   column7: double (%f) 
%   column8: double (%f) 
%   column9: double (%f) 
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%   column10: double (%f) 
% For more information, see the TEXTSCAN documentation. 
formatSpec = '%11f%12f%12f%12f%12f%12f%12f%12f%12f%f%[^\n\r]'; 

  
%% Open the text file. 
fileID = fopen(filename,'r'); 

  
%% Read columns of data according to format string. 
% This call is based on the structure of the file used to generate this 
% code. If an error occurs for a different file, try regenerating the 

code 
% from the Import Tool. 
dataArray = textscan(fileID, formatSpec, endRow(1)-startRow(1)+1, 

'Delimiter', '', 'WhiteSpace', '', 'EmptyValue' ,NaN,'HeaderLines', 

startRow(1)-1, 'ReturnOnError', false); 
for block=2:length(startRow) 
    frewind(fileID); 
    dataArrayBlock = textscan(fileID, formatSpec, endRow(block)-

startRow(block)+1, 'Delimiter', '', 'WhiteSpace', '', 'EmptyValue' 

,NaN,'HeaderLines', startRow(block)-1, 'ReturnOnError', false); 
    for col=1:length(dataArray) 
        dataArray{col} = [dataArray{col};dataArrayBlock{col}]; 
    end 
end 

  
%% Close the text file. 
fclose(fileID); 

  
%% Post processing for unimportable data. 
% No unimportable data rules were applied during the import, so no post 
% processing code is included. To generate code which works for 
% unimportable data, select unimportable cells in a file and regenerate 

the 
% script. 

  
%% Allocate imported array to column variable names 
t = dataArray{:, 1}; 
av_deck = dataArray{:, 2}; 
ns_deck = dataArray{:, 3}; 
un_deck = dataArray{:, 4}; 
av_pillar = dataArray{:, 5}; 
ns_pillar = dataArray{:, 6}; 
un_pillar = dataArray{:, 7}; 
av_span = dataArray{:, 8}; 
ns_span = dataArray{:, 9}; 
un_span = dataArray{:, 10}; 
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Appendix E: Structural drawings for 

Óseyri-Bridge 

From the whole drawing set, only relevant drawings are included, for example detailed 

cross sections, bearing locations, longitudinal sections etc.  
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Appendix F: Acceleration response 

calculated with SAP2000 for various 

damping ratios 

5% damping ratio  

 

    Maximum Acceleration respectivly (𝑚/𝑠2) :  0.2266  ,  0.2210,   0.1026  



121 

 

Maximum Acceleration respectivly (𝑚/𝑠2) : 0.2257 ,  0.2296 , 0.1761 

 

10% damping 

 
Maximum Acceleration respectivly (𝑚/𝑠2):  0.2051 , 0.2042,  0.1011 
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Maximum Acceleration respectivly (𝑚/𝑠2): 0.2048 ,0.2254 , 0.1751 
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15% damping 

 

 
Maximum Acceleration respectivly (𝑚/𝑠2): 0.1878,  0.1912, 0.1020 

 

 

 
Maximum Acceleration respectivly (𝑚/𝑠2): 0.1875 ,0.2207, 0.1755 
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20% damping                                   

 

 
 

Maximum Acceleration respectivly (𝑚/𝑠2): 0.1776 ,0.1779, 0.1066 

 

Maximum Acceleration respectivly (𝑚/𝑠2):  0.1785, 0.2146, 0.1688 
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25% damping 

 
Maximum Acceleration respectivly (𝑚/𝑠2): 0.1688, 0.1720, 0.1063 

 

 
Maximum Acceleration respectivly (𝑚/𝑠2): 0.1695, 0.2086,  0.1686 
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30% damping 

 
Maximum Acceleration respectivly (𝑚/𝑠2): 0.1602 ,0.1669, 0.1060 

 

Maximum Acceleration respectivly (𝑚/𝑠2): 0.1610, 0.2028,  0.1685 
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Appendix G: Table with 100 modal 

periods, and mass participation 

factor 

Mode  Period (s) 
EW - Mass 
Participation 

NS - Mass 
Participation 

UD - Mass 
Participation 

1 0.747 0.000 0.490 0.000 

2 0.729 0.000 0.000 0.000 

3 0.679 0.000 0.056 0.000 

4 0.678 0.000 0.000 0.000 

5 0.640 0.000 0.000 0.001 

6 0.593 0.000 0.000 0.000 

7 0.591 0.000 0.000 0.000 

8 0.542 0.000 0.000 0.012 

9 0.501 0.000 0.000 0.000 

10 0.490 0.000 0.020 0.000 

11 0.472 0.000 0.000 0.250 

12 0.463 0.610 0.000 0.000 

13 0.409 0.000 0.000 0.230 

14 0.409 0.005 0.000 0.000 

15 0.393 0.000 0.000 0.000 

16 0.311 0.000 0.012 0.000 

17 0.263 0.000 0.000 0.000 

18 0.231 0.000 0.000 0.000 

19 0.222 0.000 0.000 0.000 

20 0.221 0.000 0.000 0.000 

21 0.219 0.000 0.000 0.000 

22 0.218 0.000 0.000 0.000 

23 0.215 0.000 0.000 0.000 

24 0.213 0.000 0.000 0.000 

25 0.213 0.000 0.007 0.000 

26 0.178 0.000 0.000 0.000 

27 0.157 0.000 0.000 0.020 

28 0.157 0.000 0.000 0.000 

29 0.152 0.000 0.005 0.000 

30 0.143 0.000 0.000 0.064 

31 0.140 0.009 0.000 0.000 

32 0.136 0.000 0.000 0.000 

33 0.131 0.000 0.000 0.000 

34 0.128 0.000 0.000 0.008 

35 0.120 0.000 0.000 0.000 

36 0.115 0.000 0.004 0.000 

37 0.112 0.000 0.000 0.004 

38 0.105 0.000 0.000 0.000 
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39 0.101 0.000 0.000 0.000 

40 0.098 0.000 0.000 0.000 

41 0.094 0.000 0.000 0.004 

42 0.092 0.000 0.001 0.000 

43 0.091 0.000 0.000 0.000 

44 0.086 0.000 0.000 0.004 

45 0.081 0.000 0.000 0.000 

46 0.080 0.000 0.000 0.000 

47 0.076 0.000 0.000 0.003 

48 0.075 0.002 0.000 0.000 

49 0.074 0.000 0.002 0.000 

50 0.071 0.000 0.000 0.000 

51 0.068 0.000 0.000 0.000 

52 0.067 0.000 0.000 0.002 

53 0.064 0.000 0.000 0.000 

54 0.062 0.000 0.002 0.000 

55 0.061 0.000 0.000 0.000 

56 0.061 0.000 0.000 0.000 

57 0.058 0.000 0.000 0.000 

58 0.057 0.001 0.000 0.000 

59 0.054 0.000 0.000 0.001 

60 0.054 0.000 0.003 0.000 

61 0.052 0.000 0.000 0.000 

62 0.051 0.001 0.000 0.000 

63 0.050 0.000 0.000 0.000 

64 0.049 0.000 0.000 0.000 

65 0.048 0.000 0.004 0.000 

66 0.047 0.000 0.000 0.000 

67 0.045 0.000 0.000 0.000 

68 0.045 0.000 0.000 0.000 

69 0.043 0.000 0.000 0.000 

70 0.043 0.000 0.000 0.000 

71 0.042 0.000 0.003 0.000 

72 0.041 0.000 0.000 0.000 

73 0.040 0.000 0.000 0.000 

74 0.039 0.001 0.000 0.000 

75 0.039 0.000 0.000 0.000 

76 0.038 0.000 0.004 0.000 

77 0.038 0.000 0.000 0.000 

78 0.037 0.000 0.001 0.000 

79 0.037 0.000 0.000 0.000 

80 0.036 0.000 0.000 0.000 

81 0.035 0.002 0.000 0.000 

82 0.035 0.000 0.004 0.000 

83 0.035 0.000 0.000 0.000 
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84 0.035 0.063 0.000 0.000 

85 0.035 0.002 0.000 0.000 

86 0.034 0.000 0.000 0.000 

87 0.034 0.000 0.000 0.000 

88 0.034 0.000 0.000 0.000 

89 0.033 0.000 0.015 0.000 

90 0.033 0.000 0.000 0.000 

91 0.032 0.000 0.009 0.000 

92 0.032 0.000 0.000 0.000 

93 0.031 0.000 0.000 0.000 

94 0.031 0.024 0.000 0.000 

95 0.031 0.000 0.002 0.000 

96 0.030 0.000 0.011 0.000 

97 0.030 0.051 0.000 0.000 

98 0.030 0.005 0.000 0.000 

99 0.030 0.000 0.000 0.000 

100 0.029 0.000 0.003 0.000 

 

 


