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Abstract

The focus of this work is to further our understanding of H2 and H2O formation in
interstellar molecular clouds. Such reactions are believed to proceed in a surface-
facilitated manner at ice-coated dust grains. Computer modeling is used to gain
unique insight into surface jumps of physisorbed H and O adatoms on ice, specif-
ically the di�usion of these species. The investigations are performed using three
realistic ice-models representing low-density and high-density amorphous ice as well
as crystalline hexagonal ice. The calculations are performed using a potential energy
function and density functional theory (DFT). In order to inspect the di�usion, both
classical and quantum corrected rates are calculated from results obtained using the
potential energy function, for all possible transitions that each system can undergo.
A kinetic Monte Carlo algorithm (KMC) is then used to simulate the dynamical
evolution of a H adatom, from which the di�usion coe�cients can be estimated for
various values of the simulation temperature. Energy surfaces are constructed using
DFT and used in combination with an advanced interpolation method to address the
importance of surface morphology and to provide a comparison to the potential en-
ergy function. It is observed that, at astronomical conditions, a di�using H adatom
will become stuck at deep energy minima and as these deep minima become �lled,
additional H adatoms di�use faster between the more shallow sites. This shows
that proper control of H adatom coverage is of great importance to experimental
research regarding di�usion on ice surfaces. It also shows that the ice surfaces can
easily provide a means of co-existence between two H adatoms on the surface, there-
fore facilitating H2 formation. The importance of dangling H atoms is noted and
the behavior of O adatoms is addressed.
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Útdráttur

Aðaláhersla ritgerðarinnar er að auka skilning okkar á H2 og H2O myndun í samein-
daskýjum en því hefur verið haldið fram að þessi efnahvörf eigi sér stað á ísilögðum
rykögnum út í geim. Tölvulíkön og reikningar eru notaðir til þess að fá nýja innsýn
á y�rborðs efnahvörfum veik bundinna H og O atóma á ís en sérstakt tillit er tekið
til sveimhegðunnar þessara frumefna. Rannsóknin er framkvæmd með þremur raun-
verulegum kerfum sem eiga að líkja eftir lág-þéttleika og há-þéttleika amorf ís y�r-
borðum sem og reglulegu ís y�rborði. Reikningar eru framkvæmdir með mættis-
falli og þéttfella-fræði (DFT). Við skoðun á sveimhegðun vetnis þarf að nota bæði
klassíska og skammtafræðilega hraðafasta sem reiknaðir eru út frá niðurstöðum sem
hafa fengist við notkun á mættis-fallinu fyrir allar mögulegar tilfærslur sem ker�n
geta tekið. Kinetic Monte Carlo (KMC) aðferðin er notuð til að líkja eftir tímaþróun
veik bundinna vetnis atóma á y�rborði, en með þessari aðferð er hægt að reikna sveim
fasta fyrir mismunandi hitastig. Orkuy�rborð eru smíðuð úr DFT reikningum og
eru notuð ásamt nákvæmri brúunaraðferð til að spá fyrir um mikilvægi y�rborðanna
ásamt því að vera til samanburðar fyrir mættis-fallið. Niðurstöðurnar eru þær að
í sömu skilyrðum og út í geim, munu sveimandi vetnisatóm festast í djúpum orku
lágmörkum. Eftir því sem þessi djúpu lágmörk fyllast, verður sveim annarra vet-
nisatóma hraðara á milli grynnri orkulágmarka, en það sýnir rannsóknarmönnum
mikilvægi þess að stýra vetnis-hulunni. Einnig sýnir niðurstaðan að slík y�rborð
geta leyft tveimur eða �eiri vetnisatómum að hittast þrátt fyrir langa tímaskala og
að y�rborðin hraða því á H2 myndun. Mikilvægi �hangandi� vetnisatóma er skoðað
og einnig er spáð fyrir um hegðun veik bundinna súrefnis atóma.
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1 Introduction

1.1 Astrochemistry

Astrochemistry is a young interdisciplinary area of science lying between the tra-
ditional �elds of astronomy, chemistry and physics. It is the study of the chemical
evolution of the universe with key issues such as the chemical compositions of celes-
tial objects, the abundance and origin of the elements, the formation of molecules in
interstellar space. Over 200 molecular species have been discovered in the interstel-
lar medium [1], including complex molecules such as glycolaldehyde and the amino
acid glycine. This shows that the complex chemistry which occurs in space may have
acted as a precursor for life and thus one of the main objectives of astrochemistry
is to shed light on the emergence of life.

The �eld of astrochemistry heavily relies upon spectroscopic methods, especially
radio, IR and UV spectroscopy. The emission and adsorption of electromagnetic ra-
diation from atoms and molecules in space is measured using telescopes. The unique
atomic and molecular spectra obtained from such observations can be compared to
experimentally observed spectra to gather information about the chemical environ-
ment and temperature. More recently, with improved technology and equipment,
experimentalist have started to mimic interstellar conditions in the laboratory in
hopes of answering some of the outlined issues. Theorists have as well begun to
research astrochemical phenomena, using computational modeling. Such methods
have proven to be absolutely vital for modern astrochemistry in order to gain a
better understanding of the mechanisms behind atomic-scale processes. They allow
the researcher to gain unique insight into the processes of adsorption, desorption,
di�usion, formation and the destruction of molecular species at given conditions.
In this study, a computational approach is taken to explore atomic-scale transition
processes.
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1 Introduction

1.2 H2 Formation

H2 is the most abundant molecule in the universe and thus plays a pivotal role in
the chemical evolution of the universe. Therefore, its formation mechanism is of
a particular interest to astrochemists. It is generally accepted that the gas-phase
formation of H2 is too slow to compete with the high destruction rate of molecular
hydrogen in space. A direct association of two H atoms is impossible, since a third
body would be needed to carry the reaction energy. If however a third body is
available, it is likely that the gas-phase formation proceeds in some sort of an ion-
atom mechanism. Because such reactions are usually barrier-less and can thus occur
spontaneously despite the extreme conditions of space. One proposed gas-phase
formation mechanism is the reaction of a hydride ion and a hydrogen atom, which
can be expressed as [2]

H + e� −→ H� + hν
H + H� −→ H2 + e�

In this mechanism, the electron will act as the third body. The proposed reaction
should be very slow, primarily of the low probability of a hydride ion and a hydrogen
atom meeting in space.

It is generally accepted that H2 forms dominantly through surface reactions on dust
grains [3] located inside molecular clouds, which are condensation of grains and
molecular gases that have assembled after gradually di�using through space. These
clouds are often referred to as stellar nurseries because they are the birthplaces of
stars. Dense molecular clouds have high density of grains which hinder interstellar
radiation from penetrating the core regions of the cloud (sometimes called dark
clouds). The dust grains are made out of carbonaceous or silicate cores with mantles
of amorphous solid water (ASW). This scenario is con�rmed by IR measurements,
which show that the mantle is primarily made up of H2O with slight contamination of
e.g. CO, CO2, NH3 and CH4 [7,9]. It was suggested by Smoluchowski in 1979 [4] that
H2 formation occurs at amorphous surfaces and most of the recent work regarding
H2 formation on ice has been performed on ASW surfaces. However, the nature
of ASW is still an open question. In experiment, where water molecules are vapor
deposited on a cold substrate, two types of ASW have been observed. These are the
high density amorphous ice (HDA) with density of approximately 1.10 g/cm3 and
the low density amorphous ice (LDA) with density of approximately 0.94 g/cm3. In
this work both LDA and HDA models have been used as well as hexagonal ice (ice
Ih), for the sake of comparison. The models will be used to study surface processes
of adsorbed H and O atoms ice surfaces.
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1.2 H2 Formation

It is highly likely that the ASW mantles on dust grains can explain the high forma-
tion rate of H2 because of the bene�ts of having surface facilitated reactions. One
of the key bene�ts is that the surface provides a means of co-existence between two
atomic or molecular species on the surface. In other words, the surface can allow two
adsorbed H atoms to meet and react. Another bene�t, is that the energy released
from an exothermic chemical reaction can be dissipated into the surface e.g. by cou-
pling to the vibrational modes of the surface. Additionally, the interaction between
the surface and the adsorbate might result in a lowering of the activation energy for
a particular atomic process which in turn enhances the rate of that process. That
is, the surface can act as a catalyst.

Because of the diluteness of space, low temperature (10 � 30 K) and lack of radiation
in dense molecular clouds, it is highly plausible that H2 surface formation occurs
through a sequence of elementary steps expressed by the Langmuir-Hinshelwood
mechanism [5]

HA + S −−⇀↽−− HAS
HB + S −−⇀↽−− HBS

HAS + HBS −→ HAB
2 + S

where HA and HB denote hydrogen atoms A and B, respectively. S denotes the
surface. First, a H atom will adsorb to the ice mantle and di�use along it until
meeting another H adatom. The two adatoms will react spontaneously and form
a H2 molecule, because the recombination of two H atoms is a barrierless radical-
radical reaction. Therefore, the di�usion of the adsorbed H must be the rate limiting
step in the overall formation of H2. The di�usion of H atoms on ice surfaces will be
the main focus of this work. Once the H2 molecule has formed, the reaction energy
can be used to desorb the molecule from the surface, perhaps with high rotational
and translational energy. Numerous theoretical studies have been performed in order
to shed some light on the H2 formation on ASW surfaces [6, 10�14]. However, only
one study has calculated the thermal di�usion coe�cient of H adatom on ASW [10]
and found it to be 1.09±0.04 ·10−5 cm2/s at 10 K. Hama et al. [15] pointed out that
this value corresponds to an average thermal di�usion activation energy of 5 meV,
meanwhile the average binding energy reported by Al-Halabi et al. is 56 meV. The
ratio of these two quantities should be a constant between 0.3-1.0 [16], indicating
that the average di�usion barrier predicted by Al-Halabi et al. is too low and thus
the di�usion coe�cient is too high. In this work an extensive study of H adatom
thermal and quantum di�usion is reported for all three model systems at various
temperature values.

Several recent experimental studies of H and D di�usion have been published [15,
17�21]. In the work of Manico et al. (2001) [17] and Perets et al. (2005) [18] the
di�usion of H adatom on ASW is reported to be slow, while in the work of Hornekær
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et al. (2003) [19] and Matar et al. (2008) [20] the di�usion of H adatom on similar
surfaces is reported to be fast. All four studies used the temperature programmed
desorption (TPD) technique. Perets et al. report an activation energy of H adatom
di�usion in the range of 41-55 meV and Matar et al. report an activation energy of
22 meV for D adatom di�usion. The former value indicates ine�cient H di�usion at
10 � 30 K. This discrepancy was credited to di�erence in the �ux of the molecular
beams and the resulting di�erence in H coverage [22]. This discrepancy between
the four experiments will be addressed by the �ndings of this work. In the 2010
study of Watanabe et al. [21] hydrogen atoms were deposited on a ASW surface
at 8 K, performing photo-stimulated desorption (PSD) to desorb the H atoms and
using resonance enhanced multiphoton ionization (REMPI) to quantify or measure
the desorbed atoms. It was concluded that two di�erent types of potential wells
exist on the surface, with adsorption energy of roughly 20 meV and > 50 meV. The
authors suggested that these two types of potential wells can explain the discrepancy
of the former experimental studies. In the work Hama et al. (2012) [15], which
re�nes the former work of Watanabe et al. [21], it was concluded that there are
three categories of potential wells, each with a characteristic activation energy for H
di�usion (≤ 18, 22 and ≥ 30) meV. It was proposed that a di�using H adatom will
become trapped at a deep potential well where another H adatom will eventually
arrive and recombine with the trapped H adatom to make a H2 molecule.
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1.3 H2O Formation

1.3 H2O Formation

The di�usion of H adatoms on ASW surfaces is not only important for the forma-
tion of H2 but also for the formation of more complex molecules e.g. NH3, H2O,
CH4, CH3OH and CH2O which have all been observed to be abundant in molecular
clouds. It is believed that the formation of such molecules occurs on the ASW sur-
faces analogous to the H2 formation, where H adatoms di�use and react with larger
atomic or molecular species in a step-wise fashion. Therefore, another reaction di-
rectly related to the di�usion of H and of great importance to astrochemistry is the
formation of H2O and by extension the formation of ASW mantles. The ASW is the
most abundant compound in the universe and its abundance can not be predicted
by gas-phase formation reactions of H2O alone [23]. The formation of ASW with
both gas-phase and surface facilitated reactions of H2O have been observed experi-
mentally. A molecular understanding of the formation and related mechanisms are
signi�cantly lacking. Three possible surface facilitated reaction mechanisms have
been proposed [24] and studied extensively [25�27]. The mechanisms can be ex-
pressed as

1. The step-wise H atom addition to an O atom

O + H −→ OH
OH + H −→ H2O

2. The reaction of OH and a H2 molecule

O + H −→ OH
OH + H2 −→ H2O + H

3. Step-wise H atom addition to an O2 molecule.

O + O −→ O2

O2 + H −→ HO2

HO2 + H −→ H2O2

H2O2 + H −→ H2O + OH

Observation of the proposed mechanisms and knowing that radical reactions usually
occur spontaneously, leads to the assumption that the di�usion of O and H adatoms
are the rate limiting steps in the formation of H2O. Therefore, to be able to build
on the poor understanding of the formation of interstellar H2O, a similar study of O
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adatoms on ice surfaces are performed. To the authors knowledge, this is the most
extensive theoretical study of the di�usion behavior of both H and O adatoms on
ASW surfaces to date.

Outline of the thesis

In chapter 2 the methods used in this work will be described in detail, i.e. density
functional theory and a potential energy function which are used to calculate the
energy and forces. Harmonic transition state theory along with the WKB-correction
method are discussed and will be used to estimate the classical and quantum rate
constants for a transition over calculated potential barriers. The Kinetic Monte
Carlo method is addressed since it will be used to simulate the dynamical evolution
of the H adatom on the ice surfaces. The chapter will then conclude with an overview
of the computational details. In chapter 3, the results obtained using the potential
energy function and DFT are reported, where the latter method is used to calculate
the activation energy of both H and O adatom transition processes (thermal jumps)
on ice surfaces and the former method is only used for calculations regarding H
adatoms. However the potential energy function adds to the results of DFT by
calculations of temperature dependent di�usion coe�cients. A future outlook is
given at the end of chapter 3 and in chapter 4 a �nal discussion is given.
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2 Methodology

2.1 Density Functional Theory

2.1.1 The Hamiltonian and Quantum Chemistry

A non-relativistic quantummechanical system can be described by the time-independent
Schrödinger equation [29]

Ĥψ = Eψ (2.1)

where ψ is the solution to the Schrödinger equation, for one particle it will be a
function of three spatial and one spin coordinate. From these solutions any variable
of interest can be extracted e.g. the probability density and energy. E is the energy.
Ĥ is the Hamiltonian operator, which is expressed as the sum of the kinetic and
potential energy of a system. For a given N+M particle coulombic system the
molecular Hamiltonian can be expressed in atomic units as

Ĥ = −1

2

N∑
i=1

∇2
i −

1

2

M∑
A=1

∇2
A −

N∑
i=1

M∑
A=1

ZA
riA

+
N∑
i=1

∑
j>i

1

rij
+

M∑
A

M∑
B<A

ZAZB
RAB

(2.2)

where the integers i and j denote the N electrons of the system and A,B denote
the M nuclei. The �rst two terms represent the kinetic energy of the electrons and
nuclei respectively. The third term, often referred to as the external potential, is the
attractive interaction between a nucleus and an electron. The fourth and �fth terms
are due to electron-electron repulsion and inter-nuclear repulsion, respectively. The
nuclei are considerably more massive than the electrons, therefore it is often safe
to assume that the positions of the nuclei are �xed relative to the position of the
electrons. This approach is known as the Born-Oppenheimer approximation [30]
and reduces the Hamiltonian to the electronic Hamiltonian

Ĥ = −1

2

N∑
i=1

∇2
i −

N∑
i=1

Vext(ri) +
N∑
i=1

∑
j>i

1

rij
+ C(RAB) (2.3)

where the C(RAB) notation is used to emphasize the fact that the inter-nuclear
repulsion term has become constant for a given molecular geometry. A simpler
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2 Methodology

notation is now used for the external potential in eq. 2.2. Still, the Schrödinger
equation remains impossible to solve exactly for systems containing more than one
electron. This stems from the fact that the third term in eq. 2.3 couples together the
motion of the electrons. Without this term, the Hamiltonian would simply become
a sum of one electron Hamiltonian operators and the N electronic wave function
would become a product of N one electron wave functions. In order to decouple
the motion of the electrons an e�ective potential U(ri) can be de�ned in such a way
that each electron moves in an average �eld of all the other electrons, which in turn
further reduces the Hamiltonian

Ĥ = −1

2

N∑
i=1

∇2
i −

N∑
i=1

Vext(ri) +
N∑
i=1

U(ri) (2.4)

This leads to a �rst principles electronic structure calculation method called Hartree-
Fock (HF) [31]. It is worth discussing in this context, both due to strong similarities
to the method being used in this work as well as being the basis of all quantum
chemistry methods. HF uses a one electron operator, termed the Fock operator of
the same form as eq. 2.4. HF neglects all dynamic correlation between the electrons,
yet it has been shown in many cases to give accurate results for both geometries and
relative energy. In order to explore the details of the method, the electronic energy
will be partitioned as

E = ET + EV + EJ + EX + EC (2.5)

where ET is the kinetic energy of the electrons, EV is the energy due to the external
potential, EJ is the coulombic energy due to the average inter-electronic potential
de�ned in eq. 2.4. EX is the exchange energy, which includes �accidental� correc-
tions to the self interaction error and the geometric tendency of keeping electrons
with parallel spin apart from each other (Pauli exclusion) which leads to a stabi-
lization e�ect. EC is the correlation energy resulting from the coupled motion of
the electrons. All of these partitions vary in magnitudes, where EX is a relatively
small fraction of the total energy and EC even smaller. Thus, HF which completely
neglects EC but includes exact EX can yield quite accurate results. However for
most chemical applications HF does not result in su�cient accuracy and methods
known as post-HF have been developed e.g. Con�guration Interaction [38], Möller-
Plesset Perturbation Theory [39] and Coupled Cluster [40]. These methods provide
means of obtaining good results with respect to experimental data and are therefore
often used as benchmarks for approximations. However such quality calculations
come at the expense of greatly increased computational cost and are therefore only
applicable to relatively small systems. It should be noted however that scaling and
performing accurate quantum chemistry methods to larger systems is an active �eld
of study.

An alternative to HF and post-HF methods is a �rst principles method callled
density functional theory (DFT) [32�37]. It originates from the dawn of the quantum
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2.1 Density Functional Theory

age when Thomas and Fermi [41, 42] (TF) in 1928 used the electron density to
derive the kinetic energy of the homogeneous electron gas without any inclusion of
the system wave function. In 1930, Dirac derived the density functional form of the
exchange energy of homogeneous electron gas [43]. Their combined model was crude
and had limitations for atomic and molecular systems. DFT has evolved signi�cantly
since then and modern DFT is the most widely used method for �rst principles
electronic structure calculations. The reason being, that it allows researchers to do
routine calculations on much larger systems then ever before, with both reasonable
computer resources and accuracy.

2.1.2 The Hohenberg-Kohn Theorem and Kohn-Sham

equations

The conceptual framework of DFT rests on a fundamental theorem proved by Kohn
and Hohenberg [44] and a set of equations known as the Kohn-Sham (KS) equations
[45]. The Hohenberg-Kohn theorem shows that the external potential is uniquely
determined by the corresponding ground state density. In theory it states that
the density contains all the information necessary to determine the Hamiltonian of
the system. A closer look will show that by integrating the electron density over
the entire system will yield the total number of electrons, N . The location where
the density displays cusps will yield the positions of the nuclei and the magnitude
of the density at that point will yield the value of the e�ective nuclear charge.
The latter two quantities are su�cient to determine the external potential, while
knowing N will allow the kinetic energy term and the electron-electron repulsion
term to be de�ned. It is the external potential that changes from system to system,
de�ning a particular coloumbic system, whether it is a crystal lattice, molecule or an
atom. The kinetic energy and electron-electron repulsion terms are however system
independent and universal. The energy can therefore in principle be expressed as a
density functional

E[n] = T [n] + Vext[n] + Vee[n] (2.6)

where the external potential functional can be de�ned explicitly in terms of the
density as

Vext[n] =

∫
n(r)vext(r)d

3r (2.7)

The average inter-electronic potential, often referred to as the Hartree potential,
constitutes a large part of the Vee term. It can be de�ned explicitly as a density
functional by

U =

∫∫
n(r)n(r′)

|r′ − r|
d3rd3r′ (2.8)
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2 Methodology

The second theorem of Hohenberg and Kohn was to show that DFT can be subjected
to variational treatment i.e. any input density n′ will yield an energy upper bound
to the true ground state energy E0.

E0[n0] ≤ T [n′] + Vext[n
′] + Vee[n

′] (2.9)

In fact, they showed that T [n′] and the unknown part of Vee[n′] would be at an
absolute minimum when n0 = n′. However, the explicit form of these two density
functionals is unknown. Therefore approximations have to be made for both the
kinetic energy and electron-electron repulsion. The solution given by Kohn and
Sham to improve the crude description of the kinetic energy resulting from the TF
model, was to decompose the kinetic energy term into two parts. In the �rst part
they introduce dependency on an orbital expression by �nding the kinetic energy
of a non-interacting imaginary system, Ts, which has the same electron density as
the physical system. The second part constitutes the kinetic energy attributed to
correlation e�ects, Tc. The former is expressed in a similar manner to that of HF
where the wave function is assumed to be a Slater determinant constructed from
Kohn-Sham orbitals φs, the KS orbitals are related to the density by the expression

n =
N∑
i

|φs,i|2 (2.10)

However the functional form of Tc remains unknown. It has been shown that the
kinetic energy approximated by the non-interacting imaginary system is remarkably
close to the real kinetic energy or Ts >> Tc.

The electron-electron repulsion can be decomposed into the Hartree potential and
an unknown remainder, which includes the exchange energy and the self interaction
error stemming from the use of eq. 2.8. Therefore, it is possible to de�ne a new
quantity, the exchange correlation-energy Exc. It is the remainder of everything
that is not known explicitly and can be expressed as

Exc = (T − Ts) + (U − UH) = Tc + (U − UH) (2.11)

The functional form of the xc-potential can be written as

vxc(r) =
δExc

δn(r)
(2.12)

and the one-electron e�ective KS potential ve� can be de�ned as

ve� = vext + VH + vxc = vext(r) +

∫
n(r)

|r′ − r|
d3r+

δExc
δn(r)

(2.13)

where the second term is the functional form of the Hartree potential. The KS
equation [46] can be expressed as[

−1

2
∇2 + ve�

]
φs,i(r) = εiφs,i(r) (2.14)
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2.1 Density Functional Theory

where εi is the i-th KS orbital energy. As seen in eq. 2.13 the e�ective potential
is dependent on the electron density which is constructed from the KS orbitals by
eq. 2.10. Therefore, the KS equation needs to be solved self-consistently. An initial
guess to the orbitals is made. The e�ective potential is constructed and solved for
new orbitals. These orbitals are used as input for the next cycle and the procedure is
continued until a set of self-consistent solutions is acquired, i.e. when no signi�cant
change in the orbital energy or orbital function occurs between cycles.

2.1.3 Exchange-Correlation Functionals

In order to use the KS scheme, an expression is needed for the Exc term. In modern
DFT, much of the development is to try to make better and better approxima-
tions to the exchange-correlation energy. These approximations are all referred to
as exchange-correlation functionals. The developed functionals and their quality is
so diverse, that it is actually quite hard to categorize them. The most common way
is by using Jacob's ladder as a metaphor [47]. At the �rst rung lies the fundamen-
tal local density approximation (LDA), ascending the ladder both complexity and
computational resources increase. Despite that, it is not certain that higher quality
results will be obtained. At the top of the ladder heaven is reached or a correct
functional form of the Exc term. This would result in exact practical KS-DFT, al-
lowing exact calculations to be performed on molecular and atomic systems. Exact
KS-DFT is of course only a dream.

As stated above, on the lowest rung lies the LDA. In which the Exc term is taken to
be the same as that of homogeneous electron gas at a given point r in space. The
LDA name comes from the local dependence. The exchange-correlation energy of
LDA is expressed as

ELDA
xc =

∫
εhomxc [n]n(r)dr (2.15)

where εhomxc [n] denotes the value of the homogeneous electron gas. It is possible to
divide the exchange correlation energy to its two constituents

Exc = Ex + Ec (2.16)

where Ec has been approximated accurately using Quantum Monte Carlo calcula-
tions and the functional form of the exchange energy has been derived analytically.
For the homogeneous electron gas, it is given by

Ex[n] =
−3q2

4

(
3

π

) 1
3
∫
n(r)

4
3 d3r (2.17)
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LDA is the simplest density functional and can provide reasonable results for systems
with slowly varying electron density, such as metals. LDA owes this success to
accidental cancellation of errors, since it overestimates the exchange energy and
underestimates the correlation energy. However for most chemical systems LDA does
not provide su�cient accuracy and has been shown to overbind molecules by roughly
1.3 eV [49]. The next logical advancement to the LDA method was the local spin
density approximation (LSDA) [48]. It includes dependency on the spin densities
or n = n ↑ +n ↓. Implementation of the spin density in eq. 2.15 is straightforward
and has allowed researchers to calculate systems where the magnitude of spin-up
and spin-down densities varies. All methods discussed in the following content are
equally valid for the spin density, but the notation will be neglected.

On the next rung lies the Generalized Gradient Approximation (GGA) [48], its
precursor the Gradient Expansion Approximation (GEA) will not be discussed due
to its complete failure. GGA adds to the LDA method, a dependency on the gradient
at each point r, in a way introducing semi local e�ects of the density. GGA can be
expressed as

EGGA
xc =

∫
εhomxc [n(r),∇(r)]n(r)dr (2.18)

The added information in the GGA formalism results in increased computational
time and considerably better description of molecular systems, e.g. binding energy
and transition states. The most widely used GGA functionals are called BLYP [50]
and PBE [51]. The latter is the xc-functional used in this research and thus has
a signi�cant value for this text. It is named after Perdew, Burke and Ernzerhof
and is often considered to be the most universal GGA-functional since it can yield
reasonable results for many di�erent types of systems e.g. molecules and solids.
It is a non-empirical functional, meaning its parameters have not been �tted to
any particular type of system. Rather, they are deduced from general rules of
quantum mechanics and special limiting conditions. Experience has shown that the
errors resulting from PBE are usually an underestimate of the vibrational frequencies
and an overestimate of the bond distances. As long as the researcher keeps these
de�ciences and the fundamental limitations of the xc-functionals in mind, PBE can
come close to being used as a black-box approximation method.

The next two rungs are the so called meta-GGAs and hybrid functionals respec-
tively. The meta-GGAs are a natural extension of the former GGAs, by adding a
dependence on the kinetic energy density which is given as the sum over the Lapla-
cian of all occupied KS orbitals. The most popular functional of the meta-GGAs
is called TPSS. The hybrid functionals use a fraction of the exact exchange from
HF in terms of the KS orbitals and can therefore incorporate the e�ects of static
correlation. The xc-functional of a typical hybrid functional can be expressed as
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Ehyb
xc = ELDA

xc + a0(E
HF
x − ELDA

x ) + ax(E
GGA
x − ELDA

x ) + ac(E
GGA
c − ELDA

c ) (2.19)

where ax, ac and a0 are parameters that are empirically �tted. The most used hybrid
functional in modern DFT is of this form and is called B3LYP. Other hybrids often
have relatively simpler forms, skipping the LDA terms and use just one empirically
�tted parameter a0.

Ehyb
xc = EGGA

xc + a0(E
HF
x − EGGA

x ) (2.20)

A hybrid functional of this type, known as PBE0 [52] uses the GGA functional
PBE and an exact exchange mixing factor a0 of 0.25. The non-local exchange term
increases the computational resources needed for the calculation. However such
calculations have been shown to improve the atomization energy, geometries and
vibrational frequencies.

The higher rungs include range separated hybrids, hybrid-meta GGAs , the random
phase approximation and so forth. These methods will not be discussed in this text.
However the systematic approach to reach higher level of theory is to build on top
of the LDA method by including more and more information about the system at
each rung.

2.1.4 Inherent problems of XC-functionals

Inevitably the approach to systematically include more information in the approx-
imation method for the xc-energy increases the computational e�ort while it does
not necessarily guarantee higher accuracy. Such limitations can often arise from a
fundamental problem inherently found in the current xc-functionals at the �rst four
rungs.

One such problem is the failure of the xc-functionals to describe quantum phenomena
known as dispersion forces. They are long ranged weak inter-molecular forces which
arise from induced polarization of multipoles, caused by �uctuations in the charge
density. The current GGA functionals fail to describe the long asymptotic behavior
of the dispersion since the functionals are only semi local in the sense that they
depend only on the position and gradient at point r. The correct description of such
forces is very important e.g. in non-polar compounds, macromolecules, hydrogen
bonding networks and in the formation of both solids and liquids at low temperature.
Many methods have been proposed and developed that tackle this problem, both
empirical and non-empirical. Methods such as DFT-D [53, 54], vdW(TS) [55] and
vdW-DF [56] have been shown to be quite successful in treating the dispersion forces.
Their complexity arises in the given order. The method used in this research is the
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2 Methodology

DFT-D3 correction scheme of Grimme [57]. DFT-D3 adds a dispersion correction
term to the total energy,

Etot = EDFT + Edisp (2.21)

where Edisp is calculated by adding pair-wise atomic dispersion contributions over
all species. It is given by

Edisp = −
∑
A,B

f(rAB, A,B)
CAB

6

r6AB
(2.22)

where f is a damping function used to correct the unphysical behavior caused by
divergence at small values of rAB. The CAB denotes the dispersion coe�cient of
species A and B. In the D3 method the dispersion coe�cients can vary in terms of
the neighboring environment of the species. The environmental dependency reduces
errors which arose in previous methods due to di�erence of hybridization states. The
drawback of this method is that both the higher order decaying terms C8, C10 and
many-body dispersion e�ects are neglected, as well as the damping function needs
to be compatible with the xc-functional in use. This scheme has been shown to be
quite accurate and it does not require any additional computational resources.

Another fundamental limitation of the xc-functional is the self interaction error. The
Hartree potential in eq. 2.8 describes the interaction of the charge density and an
electron. However the electron contributes to the total charge density, the electron is
in a sense repulsively interacting with itself. A perfect example is the H+

2 molecule,
which has only one electron, yet in KS-DFT the Hartree potential for this molecule
is nonzero. This results in unphysical description of both band gaps and strongly
correlated materials. In the HF method, the self interaction error is completely
cancelled out due to contributions from the exchange energy. In KS-DFT however
the exact form of the xc-energy is not known and the use of normal GGAs results in
incomplete cancellation of the self interaction error. Some researchers claim that this
is a fundamental limitation of KS-DFT. However, hybrid functionals include only
a fraction of the exact exchange and are shown to cancel the self-interaction errors
partially. Hence, if the exact xc-functional form was known, the self interaction error
would be completely cancelled. Therefore, the self interaction error is a limitation
of the functional form of the exchange-correlation energy but not DFT [58].
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2.1 Density Functional Theory

2.1.5 Practical Approximations

In application of both KS-DFT and modern quantum chemistry methods, some
practical approximations have to be made in order to perform the calculations. An
essential approximation is to expand the unknown orbitals in a linear combination
of known functions. The set of functions is known as a basis set. The orbitals of eq.
2.14 can thus be expanded in a set of K basis functions, ηk.

φi =
K∑
k=1

ck,iηk (2.23)

where ck,i is a weighting factor. Inserting this expression in eq. 2.14 results in[
−1

2
∇2 + ve�

] K∑
k=1

ck,iηk = εi

K∑
k=1

ck,iηk (2.24)

performing basic manipulation and integration it is possible to rewrite the KS-
equation in the language of linear algebra

FKSC = SCε (2.25)

where FKS is the Kohn-Sham matrix of size K ×K and S is the overlap matrix of
the same size. Their form will not be discussed here but can be found in standard
textbooks [59]. This treatment and the resulting equation is analogous to that of
the Hartree-Fock-Roothaan equation [30].

In modern electronic structure codes, most of the basis sets are made from either
contracted Gaussian functions or plane waves. The Gaussian based basis sets try to
mimic the atomic orbitals. A Gaussian function is usually expressed in the form

ψ = Nxlxylyzlz exp(−ξr2) (2.26)

where the lx, ly, lz constants are used to determine the orbital and N is a normal-
ization factor. Many basis sets have been developed that use Gaussian functions
e.g. the Pople style basis [60], correlation-consistent basis set [61] and the Ahlrichs
type basis [62]. These sets can vary in the number of functions used per atomic
orbitals, polarization and di�use functions etc. These methods are often used for
atomic and molecular gas phase calculations and as the researcher increases the size
of the basis set, the accuracy and computational e�ort will increase. An expansion
in a plane wave basis is often more appropriate for periodic systems. In metals, the
electrons behave similarly to free electrons and as the system extends to in�nity
these electrons form a continuous collection of states or bands. It has been shown
that the plane wave approach is very e�ective in order to describe such systems and
can be expressed as

ψ = A exp(ik · r) (2.27)
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2 Methodology

where k is the wave vector and is related to the frequency and hence the wavelength
of the basis function. The size of the basis is decided by the magnitude of the wave
vector. This value is called the cuto� energy. A plane wave basis is usually much
larger than a Gaussian basis, however each function is computationally cheaper. To
summarize, plane waves are used for solid state systems and Gaussian functions for
molecular calculations and as the basis set size is increased the computational e�ort
increases as well as the accuracy. However, using both plane waves and Gaussians,
it becomes possible to reach a basis set limit for the system. In other words, at a
certain size of the basis set, the energy will begin to converge.

Another important approximation usually made in KS-DFT is to replace the explicit
treatment of the core electrons with pseudo-potentials. This approximation stems
from the fact that the core electrons are not important for chemical phenomena.
Thus, the core electrons can be replaced with an e�ective potential term and only
the valence electrons are treated explicitly, resulting in a signi�cant lowering of the
computational cost as well as maintaining high quality calculations. One needs
to bear in mind, in order to maintain high accuracy the basis sets and pseudo-
potentials need to be compatible, meaning they should be generated from similar
type of functions. [63]
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2.2 Potential Energy Function

2.2 Potential Energy Function

2.2.1 Transferable Interaction Potential

Water is the foundation of our existence, vital to both our biological functions and
everyday lives. A single water molecule may not be complicated but as the number
of molecules increases so does the complexity. The solid and liquid phases of water
have been shown to have a wide range of anomalous properties with respect to other
compounds. As such, extensive studies have been performed and in 1933 the �rst
realistic interaction potential for water was introduced by Bernal and Fowler [64].
Since then various water models have been developed and �tted in order to reproduce
chosen properties of liquid water and ice. These models often prove to be an accurate
description of certain properties while failing miserably for others. A more general
and accurate description, which can reproduce most of these anomalous properties,
is still lacking.

In this work, a water model based on the �Transferable Interaction Potential 4
Points� or TIP4P [65] for short has been used extensively. TIP4P is a water model
that was developed in 1983 by Jorgensen et al. to describe liquid water. It was found
to give reasonable estimates of both the thermodynamical and structural properties,
e.g. the O-O radial distribution function (RDF). It is a rigid water model, meaning
the bonds are not allowed to bend nor stretch. The two body dimer energy between
any two molecules, m and n, is given by

Vm,n =
e2

4πε0

on m∑
i=1

on n∑
j=1

qiqj
rij

+
A

r12OO
− C

r6OO
(2.28)

The �rst term corresponds to the electrostatic Coulomb interaction between any
two charged sites. The qi,j describe the e�ective charge of the speci�c site. The
second and third term represent the Lennard-Jones potential acting between an
oxygen-oxygen pair. The second term is the short ranged repulsion interaction and
the third term is the attractive dispersion interaction. The parameters A and C are
chosen to yield reasonable structural and energetic results for water complexes in
both the gas- and liquid phase. As the model name indicates, there are four sites
used in the TIP4P model, three sites are located in the positions of the atoms and
one located near the O atom in the bisector of the HOH angle, denoted as M . The
charge of the O atom is set to zero, while the H atoms have a positive charge and the
M site has a negative charge. The inclusion of 4 points has been shown to improve
the electrostatic distribution of the molecule.

There have been a number of reparametrizations of the TIP4P model, each serving
a speci�c purpose. One such model is the TIP4P/2005 model [66] which reproduces
many properties of liquid water as well as the phase diagram of water.
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2 Methodology

2.2.2 The H
2
O−H potential

The TIP4P is only suitable for describing a system consisting of water molecules,
while in this work the interest lies in the interaction of H or O adatoms to ice. As
an extension to the TIP4P model, Anderson et al. have developed an additional
potential, H−H2O [69] given by the following equation

VH
2
O−H =V H

disp

(
RH1H*

)
+ V H

disp

(
RH2H*

)
+ V H

disp

(
ROH*

)
(2.29)

+ V H
rep

(
RH1H*

)
+ V H

rep

(
RH2H*

)
+ V H

rep

(
ROH*

)
+ V H

Morse

(
ROH*

)
where H1, H2 and O denote the two H atoms and the O atom of water. The H*

is the additional interacting H. RH1H* is the distance between a molecular H atom
with index 1 and the additional H adatom. The dispersion terms can be expressed
as

V H
disp

(
RXH*

)
= −DH

(
RXH*

) C
XH*

6(
RXH*

)6 (2.30)

where X denotes the relevant species, H1, H2 and O. The parameter CXH*

6 denotes
the dispersion coe�cient. DH is a damping function given by the relation

DH
(
RXH*

)
=


1 if RXH* ≥ RC;

exp

[
−
(

RC
R
XH

*

− 1

)2
]

if RXH* < RC;
(2.31)

where RC is a �tted parameter corresponding to a speci�c cuto� distance. The
repulsive terms can be expressed as

V H
rep

(
RXH*

)
= aXH* exp

(
−bXH*RXH*

)
(2.32)

where aXH* and bXH* are parameters to be �tted. The Morse potential can be written
as

V H
Morse

(
ROH*

)
=DOH* exp

[
−2βOH*

(
Re −ROH*

)]
(2.33)

− 2 exp
[
−βOH*

(
Re −ROH*

)]
where DOH* denotes the potential well depth of the OH curve, βOH* is a �tted
parameter and re denotes the optimal bond distance.
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2.2 Potential Energy Function

It can be seen from the equations above, that pair-wise repulsive and atomic disper-
sion interactions are included for all species as well as a O−H Morse potential. The
parameters used in the equations above are �tted to the highly accurate YZCL2
H3O potential energy surface [70], using a rigid TIP4P H2O molecule by varying
the distances and orientations of an interacting H adatom. Andersson et al. noted
that in the �low energy� attractive region, the TIP4P-H provides reasonably good
estimates in comparison to the YZCL2 data. Only one test case was observed, where
the TIP4P-H method was clearly more attractive than the YZCL2 data indicated.
The repulsive regions were also described surprisingly well, given the simple descrip-
tion of the potential. They compared their model to other H2O−H potentials in the
literature and found it to be the best one available. In this study, the combination
of the TIP4P-2005/f and the H2O−H potential will be used in order to inspect H
adatom di�usion on ice surfaces. In future discussion this combination will be re-
ferred to as the TIP4P-H. Unfortunately to the authors knowledge, no parametrized
O−H2O potential exists in the literature.
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2.3 Nudged Elastic Band

A method used extensively in this work is the Nudged Elastic Band (NEB) [71�73].
It is a robust method developed in order to �nd a �rst order saddle point along the
reaction coordinate of two adjacent potential energy basins. The minima of these
two basins is de�ned as the initial and �nal state. Once these two states have been
found, an initial guess of the reaction path is made by creating a set of discrete images
or points on the multidimensional potential energy surface (PES). This initial guess
is often a linear interpolation of images connecting the two states. The images are
connected by a spring in order to form an elastic band. A minimization algorithm
can be employed, to relax the entire band simultaneously.

Two problems can occur during a direct minimization of the elastic band. �Corner-
cutting� where the images tend to slide down towards the curved part of the reaction
path and �down-sliding� where the images group together at the minimum of the
energy basin. These problems can be alleviated, using an e�ective or �nudging� force
de�ned as the sum of the spring force parallel to the tangent of the path and the
true force perpendicular to the tangent. The parallel spring force constrains the
images to be evenly spaced and the perpendicular true force allows the images to
feel the potential energy surface. The nudging force is given by

Fi = F
spring
‖ + Ftrue

⊥ (2.34)

where Ftrue
⊥ is the potential energy force. It is a function of the coordinates of each

image i and is given by

Ftrue
⊥,i = ∇E(ri)−∇E(ri)τ̂i (2.35)

and the spring force is expressed as

F
spring
‖ = k (|Ri+1 −Ri| − |Ri −Ri−1|) τ̂i (2.36)

The NEB method can yield both saddle points and reaction paths quite easily for
complex systems. It has been performed successfully on huge systems, consisting of
up to millions of atoms and it only requires input of the initial and �nal states, no
saddle point guesses are needed. One downside of NEB is the need to interpolate
between the discrete images in order to obtain the saddle point energy. If too few
images are used or the potential barrier is relatively narrow, the interpolation can
result in a quite inaccurate estimate of the saddle point energy. An improvement
has been developed, called the Climbing Image NEB (CI-NEB), where the highest
energy image is forced to converge on the saddle point, resulting in a very accurate
estimate. However, the CI-NEB method is not used in this work. The points are
interpolated with a spline function, the image closest to the maximum of the spline
is used as an initial guess for a saddle point search using the minimum-mode Lanczos
algorithm [74].
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2.3 Nudged Elastic Band

The reaction path obtained from a successful NEB calculation, is referred to as the
minimum energy path (MEP). The forces perpendicular to the path must equal zero
and the highest point on the path is a �rst order saddle point, meaning it is at a
maximum for that particular degree of freedom while being a minimum for any other
degree. The negative curvature of the saddle point corresponds to the direction of
the reaction path. The saddle point is a very important quantity for any study of
rate theory and chemical kinetics.
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2.4 Classical Rate Theory

2.4.1 Harmonic Transition State Theory

Given that a solid state system, e.g. a metal, is in a stable reactant-state or an
energy-basin denoted as R, the system's atoms will vibrate on a timescale of femto-
seconds (10−15 s) around the optimal position of the basin, which is the position
where the potential energy is at a minimum. On a much longer timescale, perhaps
10−6 s, rare-events can occur where the system gets kicked out of state R over
to an adjacent energy basin denoted as P. The system will �uctuate around the
optimal position of P, until another rare-event occurs and the system moves back
to R or simply to any other possible product state. These rare-events are caused by
thermal �uctuations coupled to the right degrees of freedom causing a thermal-kick
to the system. It should be obvious that the system spends most of its time in
the neighborhood of the optimal position, vibrating around the minimum. As an
example, from the given timescales, the system will execute 109 vibrational motions
in R before moving on to P. In the study of atomic di�usion and chemical reactions,
which are considered rare-events in solid state systems, it becomes impossible to
simulate the complete dynamical behavior of the system by propagating the classical
equations of motion in time.

Rather than a classical approach, a statistical approach can be taken. One such
method is the Transition State Theory (TST) [75]. Again, the transition from R →
P shall be discussed. The con�guration space of R and P needs to be separated and
well de�ned on the 3N -dimensional PES, where N is the number of non-constrained
atoms. A dividing surface needs to be found that separates R from any adjacent
product state P. This surface has 3N−1 degrees of freedom and the term transition
state (TS) refers to the saddle point along the path from R to P. The TST rate
constant is taken to be the product of the probability of the system being found at
the TS and the �ux of going from R to P. The main approximation made within
TST is that, once the system transits from R to P it will spend considerable amount
of time in P. In other words, the system does not recross the TS in one transition. If
the system would do so, the rate would be overestimated and TST would give a the-
oretical upper bound to the true rate constant, allowing for variational corrections.
Another two assumptions are that the Born-Oppenheimer approximation is valid
and that after each transition, the system reaches equilibrium, allowing Boltzman
distribution to describe the energetics of each degree of freedom.

For practical purposes, the potential function of the most important regions, the TS
and the minimum of the energy basin can be expanded in two individual second order
Taylor series. The expansion for the TS is performed on the �rst order saddle point
which corresponds to the lowest energy along the TS. Thus, for both expansions the

22



2.4 Classical Rate Theory

�rst derivative vanishes. Inserting these expansions into the expression for the TST
rate, will yield the harmonic Transition State approximation (hTST) which can be
expressed as

kHTST =
1

2π

∏3N
i=1 ω

m
i∏3N−1

j=1 ωSPj
exp

(
−Ea

kBT

)
(2.37)

where Ea is the activation energy given by Ea = VSP−Vmin. The angular vibrational
frequencies, ωSP and ωm, are proportional to the eigenvalues of the Hessian matrix
at the saddle point and the minimum respectively. Note that the product of the
denominator goes to 3N − 1, not 3N . This stems from the fact that a �rst order
saddle point should always have one imaginary vibrational frequency due to the
corresponding negative curvature, such frequencies are excluded in rate calculations.
The entire product term before the exponential function is often referred to as the
prefactor and its value is in�uenced by the underlying energy landscape. It is derived
from the vibrational entropy and can be thought of as an attempt frequency to cross
the potential barrier.

2.4.2 Quantum Corrections

The classical rate expression can give remarkably good results for �high� values of the
temperature, such as room temperature. However at lower temperature the estimate
often predicts much lower rates than observed. This is because the quantum nature
of a system becomes more evident as the temperature decreases. It often becomes
vital to include corrections due to quantum delocalization. One such correction is
to simply add the zero point energy to the activation barrier of the hTST rate, the
correction is given by

Ea =

(
VSP +

3N−1∑
j=1

~ωSPj
2

)
+

(
Vm +

3N∑
i=1

~ωmi
2

)
(2.38)

This correction is only exact for purely harmonic systems. A much more accu-
rate correction due to zero point energy e�ects is to replace the classical harmonic
partition functions of the vibrational modes for the respective quantum vibrational
partition functions. This method is referred to as quasi-quantum hTST and is given
by

kqq =
kBT

h

∏3N
i=1 2 sinh(~ωmi /2kBT )∏3N−1

j=1 2 sinh(~ωSPj /2kBT )
exp

(
−Ea

kBT

)
(2.39)

For some molecular systems, especially those involving light species, it can be vital
to approximate the e�ects of quantum tunneling, which is signi�cantly more com-
plicated than the zero point energy e�ects. One of the simpler approximations, is
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the semi-classical Wentzel-Kramer-Brillouin (WKB) method [76], where the rate is
given as a product of a correction factor and the hTST classical rate. The factor
is calculated as the ratio of quantum transmission probability through a one di-
mensional potential barrier over the classical transmission probability of the same
barrier. Thus, when a MEP has been obtained it is possible to calculate the corrected
rate by the following expression

kcorr =

∫∞
0
P (E) exp(−Ea/kBT )dE∫∞

0
H(E − VSP) exp(−Ea/kBT )dE

khTST (2.40)

The denominator represents the thermally averaged classical transmission proba-
bility. The Heaviside function H is included, since the classical probability should
be zero for any value of the energy lower than the potential energy of the saddle
point, VSP. The numerator represents the thermally averaged quantum transmission
probability, where P(E) is given by

P (E) =
1

1 + exp (2θ(E))
(2.41)

where the barrier penetration integral θ(E) is

θ(E) =
1

~

∫ s2

s1

√
2µ(s)(V (s)− E)ds (2.42)

The integral extends over the classically forbidden region V (s1) = V (s2) = E and
µ(s) represents the e�ective mass along the reaction coordinate, s. However, in this
work, only a single atom is participating in the tunneling process and the underlying
PES remains constant. Therefore, the e�ective mass is replaced with an atomic mass
of the relevant species. From eq. 2.40�2.42 it can easily be deduced that tunneling
is dependent upon both the mass of the particle and the height and width of the
potential barrier.

In this work, an algorithm is constructed that interpolates between the discrete set
of images with a spline function and calculates the correction factor by the method
described above. It is written in such a way, that the correction factor can be
calculated for any given MEP regardless of the shape. A duplicate MEP is shifted
down by an input energy value and the intermediate value theorem (IVT) is used
to �nd two adjacent points, where the phase of the curve changes, resulting in the
positions of the classically forbidden turning points for that particular value of E. If
more than two such points are found, e.g. a double barrier, the algorithm integrates
over the classically forbidden regions which ful�ll the condition E < V (s). In the
case of a double barrier, the barrier penetration of both barriers is calculated and
summed.
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2.5 Instanton Theory

A much more elaborate method to estimate the e�ects of tunneling is the quantum
analog of hTST, referred to as the harmonic Quantum Transition State Theory
(hQTST) [76,77,79]. It is based on instanton theory which originates from quantum
�eld theory and nuclear physics.

By the use of Feynman's path integrals [78] and Wick rotation, it is possible to
express the transition amplitude to transit from state q1 to q2 as the density matrix
ρ. The canonical quantum partition function Q is the trace of ρ and expressed as

Q = Tr [ρ(q1, q2, β~)] =

∫ q(β~)

q(0)

exp

(
−1

~
SE[q(τ)]

)
D(q1 → q2) (2.43)

Here β = 1
kBT

and q(τ) is the parameterization of the path connecting q1 and q2. The
di�erential operator D(q1 → q2) denotes integration over all closed paths referred
to as closed Feynman paths (CFP) which are subjected to the periodic boundary
condition; q(0) = q(β~). Another way to look at this, is to note that the partition
function is the trace of the density matrix, meaning only the paths described by
the diagonal are included. In other words, the path originates at the coordinate
q1, travels along the path described by q(τ) and returns to the origin over a time
interval of β~. SE denotes the Euclidean action

SE[q(τ)] =

∫ β~

0

(
µ

2

(
dq(τ)

dτ

)2

+ V (q(τ))

)
dτ (2.44)

where µ denotes the e�ective mass and V is as always, the potential at state q(τ).
For practical purposes a �nite number of points or time steps along q(τ) have to be
used. In order to do so, P replicas are distributed uniformly along the path and the
imaginary time step can be expressed as

∆τ =
(β~)

P
=

~
kBTP

(2.45)

In analogy to the elastic band methods, the replicas are connected together by
springs. However, in hQTST, the springs are temperature dependent and expressed
as

kspring(T ) = µP

(
kBT

~

)2

(2.46)

reducing the Euclidean action to

SE(q) =
~

kBT

P∑
i=1

[
1

2
kspring(T ) (|qi+1 − qi|)2 +

V (qi)

P

]
(2.47)
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Similar to the previously discussed MEP, is the minimum-action path (MAP). It is
the path with the lowest Euclidean action of every closed path connecting the two
states, q1 and q2. As such, it is the path with the highest statistical weight. The
point of maximum action along the path is referred to as the instanton, which is
at a maximum for only one degree of freedom and the transition state is normal
to the direction of that degree. An even stronger connection between hQTST and
hTST results from the fact that the Euclidean action at the instanton and reactant
state need to be expanded in a second order Taylor series in order to evaluate the
partition functions over all closed paths.

The product of the quantum vibrational partition function and the instanton rate
is given by

QR
vibkinst =

√
S0

2π~
1

∆τ |
∏′

j λj|
exp

(
−1

~
SA

)
(2.48)

The λj are the frequencies of the normal modes of vibrations at the instanton. One
frequency is zero and has to be omitted. Another frequency is imaginary and hence
the absolute sign on the product. The rest are real and positive. The SA denotes
the di�erence of the Euclidean action at the instanton and reactant state, analogous
to Ea of hTST. S0 is the free action, which is related to the kinetic energy and can
be expressed as

S0 =
µP

β~

P∑
i=1

(|qi+1 − qi|)2 (2.49)

In order obtain the instanton rate constant, QR
vib needs to be approximated by the

following expression

QR
vib ≈

3N−6∏
i=1

[
P∏
k=1

(
4 sin2

(
πk

P

)
+ ∆τ 2ω2

i

)− 1
2

]
(2.50)

The product function runs over 3N − 6, since there are three global rotational
and translational degrees of freedom for non-linear molecules. These global degrees
have to be treated separately. The ωi are the angular vibrational frequencies of
the reactant state corresponding to a speci�c degree of freedom. If the number of
replicas, P , tends to in�nity, the expression in eq. 2.50 will equal the exact quantum
vibrational partition function. The closed form of the partition function has already
been mentioned in eq. 2.39 and is given by

QR
vib =

3N−6∏
i=1

1

2 sinh(~ω/2kBT )
(2.51)

It is more appropriate to use the approximation rather than the closed form for the
partition function of the reactant state, since the approximation partially cancels
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out the errors introduced from using a �nite set of replicas to calculate the partition
function at the instanton.

In a more general perspective, it can be seen that the hQTST method only becomes
applicable for a temperature below a certain value. This value is known as the
cross-over temperature, denoted as Tc and is given by

Tc =
~ω

2πkB
(2.52)

where ω is the magnitude of the imaginary frequency. Thus, the cross-over temper-
ature is system-dependent and deduced from the curvature of the MEP. However, at
temperature above Tc, the CFP will be collapsed onto the classical saddle point and
the free action will be zero. As the temperature is lowered (below the Tc) the CFP
will open up and spread over the potential barrier, representing quantum delocal-
ization. As the temperature is further lowered the replicas will spread over a larger
portion of the barrier. The e�ective instanton potential barrier can be de�ned as the
mean potential energy of all the replicas subtracted from the reference energy. Thus,
by decreasing the temperature, the e�ective instanton potential decreases, meaning
the e�ective barrier, which the transition is subjected to, decreases. At very low
temperature values, most of the replicas will slide down towards the minimum of
the potential basins and the e�ective instanton barrier will approach zero, meaning
the system will enter the deep tunneling regime. In this regime, the instanton rate
will approach a constant and the MAP will most likely di�er signi�cantly from the
MEP. It can be thought of as the system taking a �shortcut� through the PES.
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2.6 Kinetic Monte Carlo

In sections 2.4 and 2.5 it was discussed how to calculate the rate constant for a given
temperature, using both classical and quantum descriptions. The rate constant
denotes the probability (per time unit) of the system being kicked out of state R to
state P by a particular transition process or a jump. As such, it is relatively easy
to calculate the average residence time of the system at each state by the following
expression

tres =
1∑N
i=1 ki

(2.53)

where N is the total number of possible transition paths from R to any adjacent
state P1,P2, ..,PN . A system that is located in a particular state will be just as likely
to �nd an escape path during any short increment of time. It has no recollection of
its transitions in any previous time steps. The rate constants thus have nothing to
do with any prior states, they are only dependent upon the current state (Markov
process). As such, if all the rate constants are known for every possible state it
becomes possible to simulate a state-to-state trajectory of the system. One such
algorithm, which evolves the system dynamically is called the kinetic Monte Carlo
(KMC) method [80] and is implemented in the EON code [81].

The procedure is quite simple [82], suppose the system is located in state i at t = 0,
where t denotes real time. From state i there should be N possible events migrating
the system to any state j with associated rate constants kij. In order to select an
appropriate event to carry out, a total rate function Ki needs to be calculated by

ktot =
N∑
j=1

kij (2.54)

where i = 1, ..., N . Then a uniformly distributed random number, r1, on the interval
(0, 1] is generated and multiplied to ktot. This will allow the algorithm to select an
appropriate event q by the relation

q∑
i=1

ki ≥ rktot ≥
q−1∑
i=1

ki (2.55)

In other words, N boxes are aligned on top of each other, where the height of each
box is proportional to the corresponding rate constant. The height of the entire stack
should obviously equal the total rate. Thus, generating a random number on the
interval (0, 1] and multiplying it to ktot will allow one to select events appropriately
with respect to their probability. Once an event or a pathway has been selected, it
is carried out. A new random number on the same interval is drawn, r2, and the

28
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time is advanced by ∆t or t = t+ ∆t where

∆t = − ln r2 ·
1

ktot
(2.56)

The system should now be in state j with time t1. The entire procedure can be
repeated over and over again in order to obtain the dynamical evolution of the
system. KMC can be exact in principle if every rate is known exactly. However, it
is often impossible and beyond our intuition to know every possible pathway that a
system can take beforehand. This limitation has led to an improvement of the KMC
algorithm which is called adaptive kinetic Monte Carlo (AKMC) [83]. It makes
saddle point searches on the �y and calculates the rate constants for every state
that the algorithm visits. AKMC eliminates the fundamental limitation of having
to know the rates beforehand, at the cost of signi�cantly increased computational
demand. In this work the KMC method will su�ce, since all possible transition
processes are mapped out prior to the KMC simulations.

It is of great importance to make sure that detailed balance is ful�lled, which states
that the probability �ux for the system migrating from state X to state Y should
equal the probability �ux of the system making a transition from state Y to state
X. This requirement can be expressed in terms of the rate constants kXY, kYX and
the fractional population of each state χX, χY, by the following expression

χXkXY = χYkYX (2.57)

This equation stems from the fact that the number of transitions out of each state is
proportional to the product of the population and the probability of escape. If the
requirement is not ful�lled, the simulation will not result in a dynamical evolution of
a physical system. One way to know, whether detailed balance is broken, is to inspect
the trajectories. If a trajectory shows e�ects of anisotropy and the e�ects are shown
to become more pronounced as the simulation temperature is decreased, the chances
are that the requirements of detailed balance are not met. The requirement is very
sensitive and the slightest numerical errors can break detailed balance. However, it
is known that using hTST calculated transition rates, given that proper numerical
treatment is in order, will not break the requirements of detailed balance. It is easy
to prove that the WKB-corrected rates will meet these requirements, as well. By
replacing the rate constants in eq. 2.57 with the WKB-corrected rate constants

χX
[
τXYk

hTST
XY

]
= χY

[
τYXk

hTST
YX

]
(2.58)

where τ is the the quantum correction factor of eq. 2.40 and noting the relation,
that the quantum correction factor is equal in both directions, τXY = τYX, allows
the original expression of eq. 2.57 to be regained with the rate constants calculated
by hTST, which is known to meet the requirements of detailed balance.
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A quantity of interest obtainable from a KMC calculation is the di�usion coe�cient.
In a Markov process the di�usion coe�cient is given by the relation (Brownian
motion)

D =
〈r(t)− r(0)〉2

2dt
(2.59)

where the numerator is the mean squared displacement (MSD) of the particle at
time t. It is the statistical variance of the position, the di�usion coe�cient can thus
be described as the rate at which the variance changes. The total dimension of the
di�usion is given by d. In this work, the di�usion is located on the surface or in
the x, y plane, thus d = 2 and the di�usion coe�cient is only dependent upon the
position of a single particle at a given time.

KMC calculations have non-equidistant time steps making the calculations of MSD
quite complicated and the methods used in the literature are usually poorly de-
scribed, at least to the authors knowledge. In this work, an algorithm was written
which calculates the MSD from a single KMC calculation. First, it generates the
complete trajectory from a KMC calculation with minimum image convention turned
o�. It splits the trajectory into ten evenly spaced intervals. For each interval an
equidistant time bin is generated and the average position traveled by the particle
at each time step relative to the initial position is placed within the appropriate bin.
Thus, ten MSD curves are obtained. In order to calculate the di�usion coe�cient
with proper statistical distribution, the ten MSD curves obtained are averaged and
plotted, resulting in a near-linear relationship between the MSD and time. This lin-
ear curve is �tted by a method of least square regression or a �rst order polynomial
and the slope is multiplied by 1

4
, from which the di�usion coe�cient is obtained.

30



2.7 Computational Details

2.7 Computational Details

2.7.1 The Structure

Aiming to represent interstellar ASW properly, two models have been designed, low
density amorphous ice (LDA) and high density amorphous ice (HDA). The use of
both LDA and HDA results from the fact that the density of interstellar ASW is
still disputed, since experimental conditions are not accurate enough to describe
interstellar environments. One of the reasons, is that the lowest possible deposition
rate of molecules during an experiment is signi�cantly larger than any plausible
deposition rate in molecular clouds, resulting in a quite inaccurate description of
the realistic ASW by experimental techniques. Other reasons are e.g. the e�ects of
radiation, chemical reactions and contamination in the ASW mantle.

A hexagonal ice model is included in this work, for the sake of comparison. It is not
a trivial task to generate such a model, which can be regarded as physically realistic.
The so-called Bernal-Fowler conditions (or ice-rules) have to be ful�lled [64]. Each
O atom sits in a tetrahedral lattice site covalently bonded to two H atoms. These
partially positive H atoms form hydrogen bonds to two neighboring O atoms, such
that, between any two O atoms lies a single H atom, resulting in a random hydrogen
bonding network. As such, hexagonal ice crystals are regarded as proton disordered.
These conditions can not be ful�lled at the surface itself since some of the H atoms
stick out of the surface and are termed dangling H (DH) atoms. In order to reach a
more energetically favorable surface con�guration, the DH at the surface are believed
to form linear striped patterns along the surface in order to minimize repulsive
interactions between themselves [84]. This proton-order is often referred to as the
Fletcher phase [85]. It is entropically more unfavorable compared to the disordered
surfaces. In this work a slight distortion of the Fletcher phase is introduced, which
the author believes to be a more physical representation of hexagonal ice. Increasing
the disorder of the DH, also results in a broadening of the distribution of available
adsorption sites.

Additionally and more recently, Hayward and Reimers [86] postulated four condi-
tions needed in order to select appropriate unit cells for ice systems. Their research
was based on previous work by Cota and Hoover [87]. Apart from the previously
mentioned rules, they argue that the net dipole moment has to be zero, which can
be achieved by including equal amounts of every possible hydrogen bond orientation
in the unit cell. It is also argued that the quadrupole moment needs to vanish, such
that long-range interactions between any two periodic cells will be minimized.

A hexagonal ice model, ful�lling every criteria mentioned above, was used in this
work. One of the models created by Hayward and Reimers was selected, where
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the basal plane surface was chosen so the DH were aligned in a near-linear fashion.
The HDA and LDA were generated by running isothermal-isobaric (NPT) molecular
dynamics simulations of liquid water at ambient temperature using a classical force
�eld, SPC/E, at 1 bar and 10kbar respectively and rapidly cooling the systems until
they glassify as amorphous solids. The resulting structures were then cut by adding
a vacuum region along the z direction to create slabs. The slabs were then optimized
with DFT using the PBE xc-functional and the D3 dispersion correction.

(a) Ice Ih (b) LDA (c) HDA

Figure 2.1: Top and side view of the ice Ih (a), LDA (b) and HDA (c) systems used
in this work. The upper panel shows the systems viewed from above. The lower
panel shows the structures viewed from the side. White and red sphere denote H
and O atoms, respectively. The blue box surrounding each system denotes the unit
cell.

Each of the three models consists of 96 O atoms and 192 H atoms, making a total
of 288 atoms or 96 water molecules. As can be seen in Fig. 2.1, each surface is quite
distinctive. The HDA is very compact and non-porous, while LDA is relatively less
dense and includes deep pores within the surface. The DH patterns on both the
amorphous surfaces are completely disordered, such that one could expect a diverse
collection of adsorption sites. The ice Ih system is very regular as the O atoms form
a repeating pattern of 12 hexagons. The system consists of 4 bilayers each made up
of 24 water molecules. The upper surface bilayer contains 6 slightly disordered DH
and 6 dangling oxygen lone pairs.

A few structural parameters have been calculated in order to compare the distinc-
tive features of each model. Descriptive parameters such as the density, average
intra-molecular OH distances and average HOH angles can be seen in Table 2.1.
The densities were calculated on the original unit cells before a vacuum region was
introduced. It is observed that the density is relatively lower for LDA and sig-
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Table 2.1: The structural parameters of ice Ih, LDA and HDA are calculated and
listed. The columns denote the systems dimensions, the density of each system,
the average OH distances and the average HOH angles along with the calculated
standard deviation (σ) of these two quantities.

System Dimensions [Å] Density [g/cm3] OH [Å] σOH [Å] HOH [◦] σHOH [◦]

ice Ih
13.52
15.61
13.93

0.99 0.98 0.02 105.22 0.61

LDA
13.52
15.61
14.65

0.93 1.00 0.01 105.25 2.14

HDA
12.02
13.87
14.76

1.17 1.00 0.01 105.66 2.77

ni�cantly higher for HDA compared to that of crystalline ice. The HDA and LDA
bond distances are only slightly higher than that of ice Ih, which should be expected
since the inter-molecular hydrogen bonding network is only able to slightly alter the
intra-molecular bonds. However, the distribution of angles is far broader than that
of ice Ih indicating a much higher irregularity for both LDA and HDA.

To inspect the distribution of inter-molecular OO distances for each system, the
distance between every O atom to every other O atom was calculated and binned.
The bins were then �tted by a fourth degree polynomial see Fig. 2.2.

Figure 2.2: The OO pair distances are calculated, binned and �tted with a fourth
degree polynomial for the ice Ih (pink), LDA (blue) and HDA (red). Distances are
given in Å by the x-axis and the corresponding number of each distance observed
is given by the y-axis.
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This method is not equivalent to calculating, e.g. the RDF of a liquid system.
However, it is able to give a quantitative and descriptive image of the OO packing
for each system, similar to the RDF. It might seem surprising that the ice Ih system
has slightly higher OO distances compared to the LDA, since LDA has lower density.
It stems from the fact that the O atoms occupy regular lattice sites in the ice Ih,
while occupying relatively random sites in the LDA. Comparison of the HDA and
LDA curves is as it should be, showing that the HDA is much more dense.

In Table 2.1 the size of each system is given. However, during any calculation, the
unit cell is increased by roughly 15 Å in the z-direction, to mimick a surface slab.
The magnitude of the increment is assumed, from previous experience, to be large
enough such that the interaction between two periodic images in the z direction,
vanishes. When doing structural relaxations, the lower half of each system is chosen
to be �xed, in such a way that they will not deviate from their position during a
minimization procedure. The validity of this approximation can easily be justi�ed,
by pointing out that the system size is relatively large. Therefore, the lower half
of the system should not have any special e�ects on any events at the surface.
Additionally, this speeds up the calculations and o�ers a way to introduce bulk
e�ects.

2.7.2 DFT Parameters and Convergence Tests

For each of the previously discussed systems, 3-dimensional PES were constructed
for both O and H adatom adsorption. The general method was to create a set of
uniformly distributed grid points, in 3-dimensions, placed at and above the surface.
The set of points is encapsulated by the boundaries of the unit cell, such that each
plane of grid points is periodic with respect to the x, y boundaries. The distance
between any two adjacent points in any direction was chosen to be roughly 0.3 Å.
Since the systems in question are disordered, no symmetry operations were possible,
rendering the entire grid to be calculated.

The energy at every grid point is calculated, for both H and O adatom adsorption on
ice surfaces, by DFT implemented within the CP2K software [88]. The advantage
of using CP2K is the Quickstep-scheme (QS) [89]. It uses a combination of mixed
Gaussian functions to represent the KS matrix and plane-waves to represent the
electron density, which is integrated on regular grids. The dual basis scheme has
allowed researchers to perform routine DFT calculations using CP2K on larger and
more computationally heavy systems than before. The systems used in this work can
be quite demanding for most DFT codes and to limit the computational resources,
CP2K was chosen. Another scheme, built in the CP2K code and used in this work, is
the orbital transformation (OT) algorithm [90]. The OT method is used to optimize
the wave function during SCF iterations, similar to the popular direct inversion in
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the iterative subspace (DIIS) method. For relatively large systems, the OT has been
shown to outperform DIIS signi�cantly with respect to the computational demand.
The SCF iterations are continued until an accuracy of 2.7 ·10−5 eV has been reached
in all calculations.

As stated in previous sections, this work employs the PBE xc-functional with the D3
dispersion correction of Grimme. The core electrons are described by Goedecker-
Tetter-Hutter (GTH) pseudo-potentials [91]. These potentials were developed to
have optimal properties for numerical calculations, e.g. integration of grids in real
space, while still maintaining high accuracy. In order to describe the valence elec-
trons with su�cient numerical accuracy and reasonable computational expenses,
convergence tests were performed. A simple but descriptive test model was chosen,
the cyclic water hexamer, aimed to mimic some of the plausible adsorption sites
found in the model systems of this work, especially on ice Ih. H or O adatoms are
placed in a linear chain of 30 replicas over the center of the hexamer at a distance
of roughly 3 Å above the hexamer, where the species are certain to be physisorbed
rather than chemisorbed. The adsorption energy is calculated for each replica with
two basis sets, each with a di�erent plane-wave cuto� (280 Ry and 400 Ry) and
plotted as a function of the reaction coordinate (see Fig. 2.3). By inspection, it
can be seen that the relative energy for the 280 Ry basis is su�ciently converged
for both species, with a maximum error of 1 meV and 6 meV for H and O adatom
adsorption, respectively.

(a) (b)

Figure 2.3: Comparison of di�erent plane wave cuto�s (280 Ry and 400 Ry), per-
formed for both physisorption of H (a) and O (b) adatoms on a cyclic hexamer.
The adsorption energy (meV) is plotted as a function of the reaction coordinate
(Å). In both sub�gures, the physisorption calculated at 280 Ry is shown by the red
curve and the physisorption calculated at 400 Ry is shown by the blue curve.

For the Gaussian basis sets, a molecularly optimized (MOLOPT) basis [92] was
selected which is compatible with the GTH pseudo-potentials. This basis set has
been shown to outperform similar and slightly larger Gaussian basis sets. A vital
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property in the simulations of water/ice systems is a proper description of weak
interactions, such description is very sensitive to the basis set superposition error
(BSSE). The MOLOPT basis were shown to have low BSSE and are thus suited for
the purpose of this work.

In order to determine the size of the Gaussian basis set, convergence tests were
performed. The same test case as before and the adsorption energy of both H and
O adatoms were calculated for each replica.

(a) (b)

Figure 2.4: Comparison of di�erent MOLOPT basis sets (m-DZVP and m-TZV2P),
performed for both physisorption of H (a) and O (b) adatoms on a cyclic hexamer.
The adsorption energy (meV) is plotted as a function of the reaction coordinate
(Å). In both sub�gures, the physisorption calculated with m-DZVP is shown by
the red curve and the physisorption calculated with m-TZV2P is shown by the
blue curve.

The tests were performed for the m-SZV, m-DZVP, m-TZVP, m-TZV2P basis sets.
The molecularly optimized double zeta-valence plus polarization (m-DZVP) basis
was selected to expand the KS orbitals. In Fig. 2.5 the comparison of m-DZVP and
m-TZV2P can be seen, where the largest deviation for the H adatoms is roughly 3
meV. The deviation for the O adatom is at most 12 meV. The overall trend remains
una�ected by the Gaussian basis set. When choosing an appropriate basis set size,
the decision will always become a trade-o� between computational e�ciency and
numerical accuracy.

In this work, only adsorption energy will be discussed, which correspond to the
negative of the binding energy. Therefore, the lower (more negative) the adsorption
energy the stronger the binding. The adsorption energy is calculated with respect
to gas-phase species, atomic O and H, given by the following expression

Ebind = Eads − (Eref + nEspecies) (2.60)
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Eads denotes the system along with the adsorbed species, Eref denotes the energy of a
clean ice-surface and Especies is the energy of either O or H adatom in the gas-phase.
n = 1 in most cases and represents the number of adsorbed atoms on the speci�c
surface.

Figure 2.5: Energetic ordering of
known water hexamers (cyclic,
prism, book and cage) using
PBE+D3. The adsorption en-
ergy is plotted on the y-axis and
calculated with respect to the water
monomer.

To further assess the accuracy of the com-
putational setup, a comparison is made
to benchmark calculations on the water
hexamer. The energetic ordering of the
four gas-phase water hexamers has ear-
lier been benchmarked by MP2, CCSD(T)
and Quantum Monte Carlo calculations
[93]. These methods all agree that the
four hexamers cyclic-book-cage-prism have
stronger binding in that order. The ener-
getic di�erence between prism, book and
cage is predicted by MP2 calculations to
be very small, at maximum 2 meV per H2O
molecule. The cyclic hexamer is predicted
to be relatively less bound or a di�erence of
max. 8 meV per H2O. For CCSD(T) and
QMC, this di�erence is slightly increased.
PBE however predicts the hexamer order-
ing to be prism-cage-cyclic-book where the
book has the strongest binding. Clearly,
the PBE description is lacking. When the
DFT-D3 dispersion correction is added, it
is seen that the energetic ordering from the least bound to the most bound becomes
cyclic-prism-book-cage (see Fig. 2.5). This indicates that the calculations can not
resolve the �ne di�erence in energetics of prism, book and cage. However it does
predict the cyclic hexamer to have relatively less binding than the other con�gura-
tions which is a considerable improvement over the normal PBE method, showing
the importance of dispersion in the description of water clusters. By adding a simple
and computationally cheap pair-wise dispersion correction, one comes much closer
to the results of accurate quantum chemistry methods.
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2.7.3 The Pandora Code

Calculations of energy minima, energy barriers, instanton rates etc. are performed
with an in-house code called Pandora, written by Dr. Andri Arnaldsson. Dr. Kjar-
tan Thor Wikfeldt has extended several routines relevant to this work and imple-
mented them into the code, e.g. the TIP4P-H potential and the tricubic interpola-
tion scheme.

The tricubic method was developed as an interpolation scheme for calculating La-
grangian structures in ocean dynamics [94]. Unlike most 3D interpolation schemes,
the problem is not divided into three 1D interpolation functions. Rather the inter-
polation function is dependent on all three dimensions at the same time, resulting in
higher accuracy when calculating higher order derivatives. The function is derived
from the condition that the �rst derivative should be de�ned and globally contin-
uous. It is a local scheme or the function is estimated from the local environment
of a volume element, rather than the whole data set, which is often the case for 3D
interpolants. The function is given by the piecewise polynomial

F (x, y, z) = F (x0, y0, z0) +
N=3∑
i,j,k=0

aijkx
iyjzk (2.61)

where aijk are the interpolation coe�cients determined from the data of the local
environment and (x0, y0, z0) are the coordinates of the grid point at the origin of the
volume element in which the point (x, y, z) is found. Therefore, the method needs
only the data points as an input. The �rst derivatives are approximated using �nite
di�erences.

In this work, the tricubic interpolation scheme is used to interpolate between the
previously discussed grid points, resulting in a continuous 3D potential energy cube
regarding H and O adatom adsorption on all of the model systems. The idea is to be
able to perform optimization procedures, NEB calculations, saddle point searches,
vibrational analysis and instanton calculations in a matter of minutes or seconds at
DFT level.

To test the quality of the tricubic scheme, a PES was constructed for the ice Ih
system using the TIP4P-H potential. This PES is analogous to the one calculated
with CP2K and is built on top of a constrained and DFT optimized structure of
hexagonal ice. The next step was to calculate a MEP consisting of 40 replicas be-
tween two energy minima using two di�erent approaches. The tricubic interpolation
and an analytic expression of the TIP4P-H potential. A comparison of the energy
(see Fig. 2.6a) shows that the accuracy of the tricubic method is excellent, at least
in this particular case. To ensure that the system is translating correctly along the
MEP, the relative distance traveled from the origin, is plotted along each degree
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(a) (b)

Figure 2.6: (a) MEP between two minima calculated using the tricubic scheme based
on a PES calculated with the TIP4P-H and by the analytic expression of the same
potential. The tricubic scheme is denoted by the blue curve and the analytic form
of the potential by the red curve. The energy is plotted as a function of the reaction
coordinate. (b) The relative distances along the reaction coordinate for the two
methods are compared for each degree of freedom. The distance from initial state
is plotted against the image or replica number. The tricubic method is denoted by
dashed lines and the analytic form by solid lines. Each color denotes a speci�c
degree of freedom.

of freedom (see Fig. 2.6b). It is clear that the paths taken by the system using
both approaches are nearly identical. As such, the tricubic method is expected to
properly describe a systems energetics, given the initial PES data is accurate.
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3.1 Hydrogen adatom transition processes

computed using the TIP4P-H potential

In this section, results obtained using the TIP4P-H potential will be discussed.
Starting with the observed energy minima and minimum energy paths, moving on to
thermal and quantum calculated rates and the section is concluded with estimates
of temperature dependent di�usion coe�cients calculated from KMC simulations
and a short study on scaling relations between the adsorption energy and activation
energy.

3.1.1 Energy minima

For the ice Ih basal plane, a total of 24 energy minima were found (see Fig. 3.1a)
which can be divided into two separate groups, the deep minima and the shallow
minima. The deep minima are found to be at the center of each hexagon, while the
shallow minima are located at the corners of each hexagon, on top of an O atom in
the lower bilayer. Both groups consist of 12 energy minima. The adsorption energy
or the potential well depth for the deep minima ranges from -43 to -41 meV, while
the adsorption energy for the shallow minima ranges from -36 to -34 meV (see Fig.
3.1b).

The two groups are found to have the minimum of their potential wells located at
similar heights (z). The average height of the deep minima is found to be z =
15.11 ± 0.07 Å and for the shallow minima it is found to be z = 15.54 ± 0.04
Å. This indicates that the deeper minima are closer to the surface, resulting in
a less favorable interaction between the adsorbed H atom and the surface. The
narrow range observed for both the well depths and the distribution of heights is a
descriptive feature of the �at and regular crystalline surface.

12 energy minima were found on the LDA (see Fig. 3.2a) with adsorption energy
ranging from -77 meV to -30 meV (see Fig. 3.2b) which is considerably less than the
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number of minima observed on the ice Ih surface. However, more than half of these
adsorption sites, provide a more favorable interaction to the H adatom compared to
that of the adsorption sites of ice Ih.

(a) (b)

Figure 3.1: (a) A top view of the ice Ih surface exhibiting and indexing all minima
found in the system. The minima are denoted by green spheres, the red and white
spheres denote O and H atoms, respectively. Each minimum is given a speci�c
index number, used in the text, ranging from 1 to 12. H

2
O molecules in deeper

layers of the surface are not shown for clarity. (b) A histogram of the adsorption
energy calculated at the minima. The adsorption energy is given by the x-axis and
the number of minima corresponding to a speci�c interval of adsorption energy by
the y-axis.

The height at which the energy minima are located on the LDA surface, spans
more than 4 Å. Similar to the ice Ih, the general correlation between height and
adsorption energy is observed to be that the lower the height of a particular minima,
the stronger the binding. The two most strongly bound minima observed in Fig.
3.2 are located at z = 12.13 Å and z = 12.64 Å while the least bound minima is
located at z = 16.37 Å, showing that the deepest adsorption sites are found within
the interior of the LDA surface. A closer inspection reveals that these sites are
actually located within the pores of the LDA. The wide range of adsorption energy
and height values observed here, paints a quite descriptive picture of a porous and
non-compact amorphous surface with a diverse variety of adsorption sites.

Similar to the LDA, the HDA provides a considerably stronger adsorption than the
ice Ih. A total of 10 energy minima were found (see Fig. 3.3a) and only two of those
have less favorable interaction between the surface and the adatom than any of the
deep minima found on ice Ih. The adsorption energy of the minima in HDA ranges
from -79 to -36 meV (see Fig. 3.3b).

The near-linear correlation between height and adsorption energy observed for ice
Ih and LDA is not as clear for HDA. Only the deepest minima with a adsorption
energy of roughly -80 meV seems to be located within a surface pore or roughly
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(a) (b)

Figure 3.2: (a) A top view of the LDA surface exhibiting and indexing all the minima
found in the system. The minima are denoted by green spheres, the red and white
spheres denote O and H atoms, respectively. Each minimum is given a speci�c
index, used in the text, ranging from 1 to 12. H

2
O molecules in deeper layers of

the surface are not shown for clarity. (b) A histogram of the adsorption energy
calculated at the minima. The adsorption energy is given by the x-axis and the
number of minima corresponding to a speci�c interval of adsorption energy by the
y-axis.

(a) (b)

Figure 3.3: (a) A top view of the HDA surface exhibiting all the minima found in
the system. The minima are denoted by green spheres, the red and white spheres
denote O and H atoms, respectively. The light blue dashed circles represent a
superbasin, meaning all the minima encapsulated by the circle are assumed to be a
single minimum. The minima are given a speci�c index, used in the text, ranging
from 1 to 7. Note that, minima 4 and 5 are superbasins. H

2
O molecules in deeper

layers of the surface are not shown for clarity. (b) A histogram of the adsorption
energy calculated at the minima. The adsorption energy is given by the x-axis and
the number of minima corresponding to a speci�c interval of adsorption energy by
the y-axis.
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2 Å below the second deepest minima. The most shallow minima are located far
above any other energy minima. The rest of the observed minima have an average
height of 13.12 ± 0.55 Å. The broad distribution of energy is descriptive for an
amorphous surface while the more even distribution of height values indicates a
compact amorphous surface.

3.1.2 Minimum Energy Paths and Saddle points

It was observed for the ice Ih surface that the shallow minima found at the corner of
each hexagon vanish during inclusion of zero point energy e�ects, i.e. the minimum
energy becomes higher than the saddle point energy. This shows that these minima
are in fact not a minimum when quantum e�ects are considered. In what follows,
the MEPs will only be calculated from a particular deep energy minimum to another
adjacent deep energy minimum.

Each deep minimum is, as stated, located at the center of each hexagon. Every
hexagon is surrounded by 6 other hexagons and therefore there should be at least 6
distinctive paths for the system to move out of a particular energy minimum. This
counts to a total of 72 paths for the 12 minima. In Fig. 3.1 each minimum is denoted
by a number, ranging from 1 to 12. In any future discussion of these minima, they
will be referred to as states and the numbers shall be used as indexes. If the H
adatom or the system is located at state 5, it will be able to move to states 2, 3, 6,
8, 7 and 4. In a similar manner, if the system is located at state 6 it will be able to
make transitions to states 2, 3, 4, 5, 8 and 9. For each reaction path there will be
a characteristic MEP and an energy threshold referred to as the activation energy
Ea. In this work, the MEPs that are calculated and used, most often describe a
single potential barrier. As such, the terms potential barrier and MEP might be
used interchangeably.

A quite unique feature of the ice Ih surface is that when the system transits from
one state to another, it will have to cross the shallow energy minima. When looking
at the MEPs or the energy as a function of the reaction coordinate (see Fig. 3.4)
there will always be two saddle points along each reaction coordinate, separated by
a shallow minimum. A feature which results from this requirement, is that there
will initially only be three possible reaction paths leading out of each state. The
system will move along one of these three paths, through the shallow minimum
where it will encounter two reaction paths leading to two di�erent states (recrossing
is not included) and thus there will be 6 distinctive overall reaction paths out of
each hexagon.

The MEPs chosen in Fig. 3.4 are selected as representative for the rest of the
calculated reaction paths. They show the general trend for all of the MEPs at the
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(a) State 5 (b) State 6

Figure 3.4: MEPs calculated using a 40 replica NEB on the ice Ih surface. The
adsorption energy (meV) is plotted against the reaction path (Å). (a) The MEPs
connecting state 5 to states 4, 7, 8, 6, 2 and 1. (b) MEPs connecting state 6 to
5, 8, 9, 4, 3 and 2.

ice Ih surface. The reaction coordinate always spans a distance of roughly 5 or 6 Å.
For each state, roughly the �rst half of the reaction coordinate along the MEPs will
only include 3 distinctive curves as stated above. Each curve will have two saddle
points which di�er in energy. The saddle point with the higher energy will be used
to calculate the activation energy. The lowest calculated activation energy for all of
the states, was found to be 6 meV and the highest activation energy was found to
be 12 meV, resulting in a very narrow range of 6 meV (see Fig. 3.5). This range of
barrier heights and reaction coordinates further depicts the regularity found on the
ice Ih surface. It needs to be emphasized that these potential barriers are extremely
low because the H adatom is physisorbed on the surface.

In Fig. 3.2a the energy minima found on the LDA surface are denoted by numbers,
ranging from 1 to 12. These numbers will serve as indexes for the 12 di�erent
states on LDA. Due to the irregularity of the system, it was a slight challenge to
determine all of the possible reaction paths leading away from each state. In fact,
NEB calculations were performed for every state to every other plausible state. The
resulting MEPs which were found to have an intermediate minimum were thrown
out. In the end, a total of 42 unique paths were found for the 12 minima, which is
considerably less in comparison to the number of MEPs at the ice Ih.

The number of reaction paths leading out of a particular state can vary from 3 to 5
possible paths (see Table 3.1). The index numbers given in Fig. 3.2a were actually
labeled in the order of increased binding, hence states 1 and 2 are the deepest states.
They can be seen as two separate bins in Fig. 3.2b. In these states the adsorbed H
atom is caged deep within the LDA surface. Therefore, it is expected that transitions
away from such states should have signi�cantly higher activation energy compared
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Figure 3.5: Distribution of the calculated activation energy for every transition pro-
cess observed in ice Ih. A total of 72 values are used. The x-axis represents the
activation energy (meV) and the y-axis the number of transition processes corre-
sponding to that speci�c interval of energy.

to that of other states, as depicted in the second row of Table 3.1. It can be seen as
well, that the activation energy will decline as the states become less bound to the
surface, which is to be expected.

Table 3.1: List of possible transition pathways in the LDA system, along with the
highest activation energy migrating the system out of each state. The �rst row
denotes a particular initial state, the second row and same column denote all
possible �nal states, third row and the same column denote the highest activation
energy along the possible reaction paths.
State No. 1 2 3 4 5 6 7 8 9 10 11 12

Final states 4,9,11,12 3,4,5,7,12 2,9,12 1,2,8 2,6,10 5,11,12 2,10,11 4,9,10,11 1,3,8 5,7,8 1,6,7,8 1,2,3,6
Max(Ea) (meV) 56 47 24 26 22 16 21 13 9 10 13 12

Each calculated MEP di�ers signi�cantly in shape, reaction coordinate, path length
and height. Two states, 1 and 12, have been selected to be representative for the
rest of the calculated paths (see Fig. 3.6). The reaction coordinate for these two
states tends to a maximum of 10 Å, while the shortest reaction coordinate, the
transition from 12 to 6 only spans a distance of roughly 4.5 Å. Thus, the reaction
coordinates of the LDA can be either signi�cantly shorter or longer than any of the
paths calculated for the ice Ih.

From Fig. 3.6 it can be observed that all the reaction paths leading out of state
1 are highly endothermic and all transitions out of state 12 are highly exothermic.
The activation energy of transition processes for state 1 have an energy range of 19
meV, where the lowest activation energy is 37 meV. It is roughly 25 meV higher than
the highest activation energy for state 12. This indicates that the system will dwell
for a much longer period of time at state 1 in comparison to that of state 12. It
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(a) State 1 (b) State 12

Figure 3.6: MEPs calculated using a 40 replica NEB on the LDA surface. The
adsorption energy (meV) is plotted against the reaction path (Å). (a) The MEPs
connecting state 1 to states 4 ,9, 11 and 12. (b) MEPs connecting state 12 to 1,
2, 3 and 6.

can be seen as well, that the transitions from state 12 to states 3 and 6 have almost
non-existent potential barriers. Thus, if the system would be located at state 12 it
would almost instantaneously transit to either state 3 or 6, even at an extremely
low temperature.

Figure 3.7: Distribution of the calculated activation energy for every transition pro-
cess observed on LDA. A total of 42 values are used. The x-axis represents the
activation energy (meV) and the y-axis the number of transition processes corre-
sponding to that speci�c interval of energy.

The highest activation energy calculated was 56 meV while the lowest one was found
to be 1 meV, making a total span of 55 meV (see Fig. 3.7). This range shows how
diverse the reaction paths can be for amorphous surfaces.
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For the HDA system, a coarse-graining procedure of the located minima was needed
and the reason will become apparent later. Coarse-graining is a method often used
in AKMC calculations when two or more states are combined into one so-called
superbasin. The superbasin is then used in further calculations. Fig. 3.3a shows
all of the states found for the HDA. They are denoted by numbers ranging from 1
to 7, where states 4 and 5, bound by a dashed circle, are superbasins made from
the combination of three and two states, respectively. The deepest state within a
superbasin is chosen to be the representative for the entire basin. Identical to the
LDA, the states are labeled in a order of increasing binding, in order to obtain all of
the possible reaction paths out of every state. NEB calculations were performed for
every state to every other plausible state. This procedure resulted in a total of 26
unique MEPs which is a signi�cantly smaller than the number of observed reaction
paths of ice Ih and LDA. The number of possible transitions leading out of each
state on the HDA surface is either 3 or 4 (see Table 3.2). As in the case of LDA,
state 1 is selected to be the deepest state. Hence, the energy needed to make a
transition out of that state is signi�cantly higher compared to the rest of the states
found in the HDA.

Table 3.2: The �rst row denotes a particular initial state or a superbasin, the second
row and same column denote all possible �nal states (or superbasin), third row and
the same column denote the highest activation energy along the possible reaction
paths.

Minimum No. 1 2 3 4 5 6 7
Final states 2,3,4,6 1,3,5,7 1,2,5,6 1,5,6 2,3,4,7 1,3,4,7 2,5,6

Max(Ea) (meV) 51 41 29 25 25 13 3

Comparable to the LDA, a diverse collection of MEPs is found for the HDA, with
respect to both shapes and heights of the potential barriers. Two states, 1 and 4,
have been selected to be representative for the rest of the calculated MEPs (see Fig.
3.8). State 1 can transit to states 2, 3, 4 and 6, where state 2 is only 8 meV above
state 1 in energy, rendering the transition process slightly endothermic. Yet the
activation energy is above 30 meV, showing that the rate for such a transition should
be very slow at low temperature. The rest of the reaction paths are considerably
more endothermic and include high activation energy for jumps as well, rendering
the total rate out of state 1 to be very slow. State 4 can transit to state 1, 5 and 6.
Looking at the transition from 4 to 1 reveals an activation energy of 3 meV, which
can be considered a negligible potential barrier. This transition is as well highly
exothermic. However, inspection of the reverse MEP, going from state 1 to 4 reveals
a barrier height of 30 meV. Therefore, this transition from state 1 to 4 will be rather
slow and the reverse transition should occur almost instantaneously after the system
enters state 4, even at a low temperature. The MEPs shown for both the transitions
from state 4 to states 5 and 6 reveal the e�ects of coarse graining. The MEP e.g. for 4
to 6 makes a transition through all three states found inside the superbasin. As such,
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(a) State 1 (b) State 4

Figure 3.8: MEPs calculated using a 40 replica NEB on the HDA surface. The
adsorption energy (meV) is plotted against the reaction path (Å). (a) The MEPs
connecting state 1 to states 2, 3, 4 and 6. (b) MEPs connecting state 4 to 1, 5 and
6. These MEPs are chosen to be representative for the rest of the LDA system.

the MEP includes a total of 4 local minima. The �rst three minima are observed to
be in very close proximity and have almost non-existent potential barriers, providing
the justi�cation needed for the use of the coarse graining procedure.

Figure 3.9: Distribution of the calculated activation energy for every transition pro-
cess observed on HDA. A total of 26 values are used. The x-axis represents the
activation energy (meV) and the y-axis the number of transition processes corre-
sponding to that speci�c interval of energy.

The highest activation energy calculated for HDA was 51 meV while the lowest one
was found to be 1.30 meV, resulting in a total span of 50 meV (see Fig. 3.9).
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(a) (b) (c)

Figure 3.10: All of the minima, MEPs and saddle points found in the ice Ih, LDA
and HDA systems are visualized along with the surfaces. As usual, the O atoms,
H atoms and the minima are represented by red, white and green spheres, respec-
tively. The saddle points are represented by blue spheres and the replicas of the
MEP are represented by smaller yellow spheres. The blue boxes indicate the unit
cell. The visualizations are made for ice Ih (a), LDA (b) and HDA (c). H

2
O

molecules in deeper layers of the surface are not shown for clarity. Note that, in
HDA only the states chosen to be representative for a superbasin are visualized as
a green sphere.

To summarize, the ice Ih system has really small potential barriers with a very
narrow distribution barrier heights. This indicates nearly-equal rates, in and out of
each state. The MEPs are all regular and of similar lengths. The LDA and HDA have
irregular MEPs with a diverse set of barrier heights, where the highest activation
energy is found for adsorption sites located in surface pores. The transition processes
include both highly exothermic and endothermic jumps. This variety of reaction
paths suggest di�erent transition rates in and out of each state for the ASW surfaces.
In order to visualize the di�erence of these MEPs and the e�ects of the surface see
Fig. 3.10.

A characteristic behavior observed from Fig. 3.10, is that the MEPs seem to sway
away from dangling oxygen lone pairs and dangling H atoms, caused by short-ranged
repulsive forces. Also, the saddle points are usually located above a lower lying O
atom but slightly o�-center or located in close proximity to neighboring dangling H
atoms.
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3.1.3 Classical and Quantum Rates

The hTST rate is calculated using eq. 2.37 by inputting the calculated activation
energy and vibrational frequencies at the minimum and saddle point of a speci�c
transition. In order to incorporate quantum tunneling e�ects, the hTST rate is
multiplied by a WKB-correction factor which is estimated from the shape, height
and width of the MEPs using eq. 2.40.

In order to inspect the e�ects of temperature on the transition rates discussed above,
a graphical representation known as an Arrhenius plot is used. The logarithm of
the rate constant is plotted against the reciprocal of temperature. For thermally
activated jumps or transitions, this method will yield a decreasing straight line
with a slope that is proportional to the activation energy. Therefore, the higher
the activation energy, the steeper the slope. At high temperature, quantum e�ects
will be negligible since thermally activated jumps will usually be many orders of
magnitude more frequent.

However, as the temperature drops, the classical rate will decrease and tunneling
e�ects become more apparent. When the temperature approaches the cross-over
temperature the Arrhenius curve starts to level o�, introducing a second slope,
completely dominated by the e�ects of tunneling. For some very favorable barri-
ers with respect to tunneling, the second slope tends to zero as the temperature
approaches absolute zero.

Hexagonal ice

Fig. 3.11 shows Arrhenius curves for all possible reaction paths along the ice Ih
surface. The indexes shown in Fig. 3.1 will still be used. It can be observed that
the slopes of these curves are all very similar due to the narrow range of activation
energy of jumps, as reported in section 3.1.2. The potential barrier heights are all
very small and as such the thermally activated transitions are very fast. Inspection
of all of the curves, shows that at x ≈ 8 or at a temperature of roughly 120 K,
the logarithm of the rate constants is usually in the neighborhood of 12. Therefore,
each transition approximately occurs 1012 times per second at 120 K. At such rates,
quantum e�ects can be assumed to be completely irrelevant. Most of the curves show
a distinctive linear feature with a slope approximately equal to the slope obtained
from hTST. Once the temperature drops below 7 K, the previously discussed second
slope starts to appear. Even at 5 K, the rates are exceedingly fast, e.g. for states
5, 7 and 10 most of the transitions are still occurring million times per second. By
inspection of the curves, it can be deduced that these fast transitions are rather an
e�ect of the small potential barriers than due to e�ects of tunneling.
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(a) State: 1 (b) State: 2 (c) State: 3

(d) State: 4 (e) State: 5 (f) State: 6

(g) State: 7 (h) State: 8 (i) State: 9

(j) State: 10 (k) State: 11 (l) State: 12

Figure 3.11: Arrhenius plots calculated for transition processes on the ice Ih surface
using the WKB-correction method are shown in 12 sub�gures, from (a) to (l).
Each sub�gure shows 6 Arrhenius curves which correspond to transitions migrating
away from a particular initial state, given by the subcaption, to a speci�c �nal
state, explained by the color scheme.
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There are two underlying features of the ice Ih system, which are likely to cause
the exceedingly low weight of quantum e�ects, as calculated by the correction factor
of WKB. First, the width of the potential barriers found on the ice Ih, are quite
large and range from 5 to 6 Å, as stated in the previous section. Second, the MEPs
are assumed to be a single barrier (the shallow minima should vanish) with a very
low curvature for the entire potential barrier. This curvature can be observed from
the slowly decaying width of the barrier along the reaction coordinate, see Fig. 3.4
as an example. The combination of these two features results in an increase in θ,
which in turn results in a decrease of the quantum transmission probability, which
is calculated by eq. 2.41. The combination of these features completely outweighs
the increase of quantum e�ects due to the small activation energy shown to be
characteristic for transitions on the ice Ih system.

A great deal of information about the kinetics of a system can be obtained by
inspection of the residence time of the energy minima as a function of temperature.
The residence time of a state is the reciprocal of the sum of all of the transition rates
leading out of a particular state, given by eq. 2.53. It proves to be a valuable tool to
compare di�erences in total rates of particular states or to observe the importance
of quantum e�ects. In Fig. 3.12 it can be observed that the residence time of each
state is comparable, as expected from Fig. 3.11. Therefore it is safe to assume that
the system will spend nearly equal amounts of time at each state regardless of the
temperature range.

(a) (b)

Figure 3.12: The residence time of each state in the ice Ih system, calculated and
plotted as a function of temperature. (a) The residence time was calculated using
a classical description of the rates. (b) The residence time was calculated using a
quantum description of the rates. Each state of the system is given by a speci�c
color.
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The overall e�ect of tunneling can be seen in Fig. 3.12. At 5 K the total residence
time of each state, using the classical description, is in the range of microseconds
to milliseconds. At the same temperature, with a quantum description, tunneling is
shown to lower the residence time by approximately 2 orders of magnitude for most
minima. For comparison, at 120 K the system approximately spends 1 picosecond
at each state, regardless of whether quantum e�ects are included.

Low density amorphous ice

The Arrhenius plots for the LDA can be seen in Fig. 3.13. The indexes shown in
Fig. 3.2 are used. The wide range of barrier heights presented in the LDA leads to
a large distribution of slopes on the Arrhenius curves. The e�ects of tunneling are
also noticeable higher for LDA than ice Ih, caused by the various shapes and sizes
of potential curves present in the system (see Fig. 3.6) as an example.

It appears that the e�ects of tunneling predicted by the WKB-correction are rela-
tively low for cases where the H adatom is trapped in the deep binding sites, at least
the second slope can not be distinguished from the classical slope (see Fig. 3.13a,b).
These curves decrease exceedingly fast as the temperature drops compared to the
other curves due to the high activation energy of each transition. At low temperature
such as 5 K, the transition rates will have decreased drastically and the transitions
become virtually impossible, e.g. see transition rates from states 1 and 2 to state
12.

An interesting observation can be made, from looking at the transitions from state
2 to states 4, 5 and 7. The classical slopes of the curves are all relatively similar in
magnitude, indicating a narrow range of barrier heights, calculated to be from 20 to
25 meV. These transitions are highly endothermic, yielding low e�ective tunneling
barriers (< 5 meV) and short reaction coordinates (< 2 Å). However, the e�ective
barrier is only a slight fraction of the classical potential barrier for any of these
transitions, rendering the calculated tunneling e�ects negligible compared to the
rapid decrease of the curve itself as the temperature drops.

Inspection of the reverse jumps (transitions from states 4,5 and 7 to state 2) show
clear e�ects of tunneling. As an example, the logarithm of the transition rate for
a transition made from state 4 to state 2 should drop below 10 at approximately
x = 120, that is if the classical description would be used (see Fig. 3.13d). However,
due to quantum tunneling the curve starts to level o� in that neighborhood and will
thus never drop below a value of 1011 transitions per second. The classical description
would yield roughly 109 transitions per second at 5 K. Here, the classical potential
barrier and the e�ective barrier are the same and detailed balance demands that
both the forward and reverse transitions are equally a�ected. Therefore, the e�ects
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(a) State: 1 (b) State: 2 (c) State: 3

(d) State: 4 (e) State: 5 (f) State: 6

(g) State: 7 (h) State: 8 (i) State: 9

(j) State: 10 (k) State: 11 (l) State: 12

Figure 3.13: Arrhenius plots calculated for transitions on the LDA surface using
the WKB-correction method are shown in 12 sub�gures, from (a) to (l). Each
sub�gure shows 3-5 Arrhenius curves which correspond to transitions migrating
away from a particular initial state, given by the subcaption, to a speci�c �nal
state.
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of tunneling do not become hidden within the classical slope in the reverse direction,
suggesting that in order for the WKB predicted tunneling to be equally pronounced,
in both directions, the initial and �nal state need to be of similar energy. Then,
quantum tunneling can compete with the thermal transition in both directions. This
observation is supported by the results of ice Ih, where all of the states were shown
to be of similar energy and thus the e�ects of tunneling were found to be of similar
magnitude for both the forward and reverse transitions of any path.

The most pronounced tunneling e�ects observed for state 2 are found in the transi-
tion to state 3. In this case the e�ective tunneling potential is parabolic in nature,
with a reaction coordinate of approximately 4.5 Å and an e�ective barrier height of
roughly 16 meV, where the classical barrier height is around 36 meV, making the
e�ective barrier a considerable fraction of the classical barrier. Inspection of the
reverse transition (state 3 to 2) shows just how important the inclusion of quantum
tunneling can be, since the curve completely levels o� at approximately 10K, which
can be regarded as the WKB predicted cross-over temperature for this particular
transition.

States 8, 9, 10, 11 and 12 all have relatively fast transition rates, some with very
apparent tunneling features. The curves indicate that in a state to state time evolu-
tion, the system will dwell only for short periods of time at these shallow states. The
transitions migrating the system to state 2 are fast and the transitions leading out
of that state are slow. Therefore, the system will dwell there for extended periods
of time at state 2. The lowest transition rate calculated at 5 K for state 2, is large
or roughly 104 transitions per second. Similar conclusions can be drawn about the
average residence time of state 1.

Fig. 3.14 shows the residence time of each state in the LDA as a function of tem-
perature. The residence time of state 1 is calculated to be approximately 1025 s and
1020 s, at a temperature of 5 K, using the classical and quantum description, respec-
tively. An estimate of the age of the universe, aside from uncertainty, indicates that
the universe is on the order of 1017 s old, meaning that the residence time of state
1 in the LDA at 5 K is much longer than the age of the universe.

The �gure shows, as well, quantitatively just how important quantum tunneling can
be, the residence time of states 1, 2 and especially state 3 are greatly reduced for
temperature values below 20 K, e.g. the residence time of state 3 at 5 K drops by
roughly 8 orders of magnitude. Note that, in the classical description, states 4, 5,
6, 7, 8, 9, 10, 11 and 12 start to split up into two di�erent tails at roughly 20 K.
Inclusion of quantum e�ects minimizes this split and evens out the tails of the curves
for each state, introducing higher correlation (more even distribution) between the
quantum-corrected residence times. It is certain that during any dynamical evolution
of the system at low temperature, the H adatom or the system will become stuck at
states 1 or 2.
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(a) (b)

Figure 3.14: The residence time of each state in the LDA system, calculated and
plotted as a function of temperature. (a) The residence time were calculated using
a classical description of the rates. (b) The residence time was calculated using a
quantum description of the rates. Each state of the system is given by a speci�c
color.

High density amorphous ice

In order to ensure the validity of the HDA superbasin scheme, the classical rates
between the individual states in the superbasin were calculated. Due to the low ac-
tivation energy of transitions, the Arrhenius curves were found to be nearly constant
as the temperature was decreased, making it safe to assume, that in any dynamical
evolution where the system will be found at an individual state within a superbasin,
it will most likely be found at the state which was selected to represent the basin.

Even more pronounced e�ects of tunneling can be observed for the Arrhenius curves
of HDA (see Fig. 3.15). Nearly, every curve has a well de�ned second slope, even
state 1 which is located in the deepest adsorption site. It was expected, that state 1
in the HDA would show similar trends of negligible quantum e�ects as states 1 and
2 do, in the LDA. By observing the MEP for state 1 (see Fig. 3.8) it is obvious that
the e�ective tunneling potential barriers for transitions from state 1 to states 2 and
3 are a considerable fraction of the classical potential barriers. Thus, the tunneling
mechanism can become distinguishable from thermal transitions. The transitions
from state 1 to states 4 and 6, are shown to yield lower observable tunneling e�ects
due to the same reason.

In the same manner as the LDA analysis, it is obvious that the H adatom will dwell
for considerable periods of time in state 1, due to the rapid transitions leading into
the state and the slow transitions leading out of it. However, as stated, tunneling
plays a larger role here and its e�ects should be even more visible in Fig. 3.16.
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(a) State: 1 (b) State: 2 (c) State: 3

(d) State: 4 (e) State: 5 (f) State: 6

(g) State: 7

Figure 3.15: Arrhenius plots calculated for transitions on the HDA surface using the
WKB-correction method are shown in 7 sub�gures, from (a) to (l). Each sub�gure
shows 3-4 Arrhenius curves which correspond to transitions migrating away from
a particular initial state or a superbasin, given by the subcaption, to a speci�c �nal
state.

At 5 K, the residence time of state 1 and 2 drop by 10 and 12 orders of magnitude,
respectively, indicating large e�ects of tunneling in HDA. Another observation is
that in the classical description, the curves for states 3 and 5 are nearly identical.
Inclusion of tunneling causes the two curves to split at approximately 10 K, where
the residence time of state 3 becomes much shorter than that of state 5. The
residence time of state 4 is signi�cantly shorter than that of state 5 and 6, despite
state 4 providing stronger binding. This is caused by the direct transition from state
4 to state 1 as seen in Fig. 3.16d. Even at 5 K this transition will occur 1010 times
per second.
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(a) (b)

Figure 3.16: The residence time of each state in the HDA system, calculated and
plotted as a function of temperature. (a) The residence time was calculated using
a classical description of the rates. (b) The residence time was calculated using a
quantum description of the rates. Each state or superbasin of the system is given
by a speci�c color.

Cross-over temperature

Two methods can be used to estimate cross-over temperature. These temperature
values should not be regarded as values at which the system starts to exhibit tun-
neling. Rather, they provide a rough means of calculating an e�ective temperature
range where quantum tunneling will become the dominant mechanism. The �rst
method is the graphical WKB approach. The Arrhenius curves for hTST and WKB
are plotted on the same �gure and the point where the two curves start to deviate
signi�cantly, should be used as the WKB predicted cross-over temperature, sub-
ject to observational errors. The other method is to use the imaginary frequencies
obtained from vibrational analysis to calculate the cross-over temperature directly,
using eq. 2.52.

The former approach can be applied on �gures 3.11, 3.13 and 3.15. In a very
rough approximation, the average of the cross-over temperature for selected reaction
paths (MEPs), seems to be around 7, 9 and 10 K for the ice Ih, LDA and HDA,
respectively. The temperature values were obtained, by inspection of where the
second slope became dominant. At these temperature values, the classical and
quantum-corrected Arrhenius curves have already started to deviate signi�cantly, in
most cases. Therefore, it is highly likely that quantum behavior is already making
a di�erence.

Using the latter approach, which obviously is less prone to human errors, gives the
temperature value where the CFP start to open up and spread over the potential
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barrier, representing quantum delocalization. In temperature ranges higher than
this value, the CFP will remain collapsed on a single point (the classical saddle
point) and instanton theory will not be applicable.

Figure 3.17: A histogram plot of cross-over temperature calculated for ice Ih (blue),
LDA (red) and HDA(green) systems. Included is the mean cross-over temperature
of each system and the corresponding standard mean error which are shown as
horizontal error bars.

In Fig. 3.17, the cross-over temperature values were calculated and binned for
each system. This approach predicts the same temperature interval as the WKB-
correction. The results of the second approach show that the cross-over temperature
should be on average the highest for ice Ih, then HDA and LDA. A closer look reveals
that the cross-over temperature values predicted by the two approaches for the ice
Ih system can not be compared, because the former approach assumes the entire
double barrier (or MEP) to be a single barrier, while the imaginary frequency is
merely calculated for the higher energy saddle point along the MEP, resulting in a
much higher curvature. However, the general result can be interpreted to be that
the e�ective temperature range where tunneling should begin to dominate is usually
at and below 10 K.

60



3.1 Hydrogen adatom transition processes computed using the TIP4P-H potential

3.1.4 Predictions by Instanton Theory

To serve as a comparison to the WKB-correction used in the previous sections, in-
stanton calculations were performed. To obtain the instanton rates, the resulting
quantities were divided by the reactant state quantum vibrational partition func-
tions, which are approximated by eq. 2.50. The rates were calculated for transition
processes consisting of the highest cross-over temperature found within each system.
Each instanton calculation, regardless of temperature, used 150 replicas to represent
the CFP. The validity of the number of replicas was tested by performing a single
instanton calculation with 300 replicas at a temperature of 5 K. The test yielded the
same results as that of a corresponding 150 replica calculation, showing that using
150 replicas for any temperature above and at 5 K should be more than su�cient.

For the LDA the highest cross-over temperature observed corresponds to the saddle
point along the reaction path of states 3 and 9. In Fig. 3.18a, a comparison is
made between the classical, WKB-corrected and instanton rates for a transition
from state 3 to state 9 and vice versa. The di�erence between the instanton rate
and the WKB-corrected rate is shown to di�er by at least 2 orders of magnitude, in
all cases. The di�erence becomes even more pronounced for the transition process
from state 9 to 3. The quantum dominated second slope of WKB is comparable
to that of the instanton slope, showing that WKB should properly describe the
temperature dependence of tunneling.

(a) (b)

Figure 3.18: (a) Comparison of hTST, WKB-corrected hTST and instanton rates in
an Arrhenius plot for both the forward and reverse transition process corresponding
to the highest cross-over temperature on LDA. (b) The replicas of the CFP are
plotted alongside the MEP of that same transitions for temperature values of 9, 8,
7, 6 and 5 K. The MEP is denoted by dashed line and the replicas by solid circles.
The replicas are given a speci�c color corresponding to the value of temperature.
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In Fig. 3.18b, the MEP (the classical potential barrier) is plotted alongside the
replicas of the CFP which result from the instanton calculations. Three observa-
tions can be made; the CFP replicas spread over the parabolic part of the classical
potential barrier, properly describing the delocalization of a quantum system. The
most probable tunneling energy, corresponding to the turning points, can be ob-
served from the location of the lowest-lying replicas. As the temperature is lowered,
the CFP replicas spread over larger and larger portions of the classical barrier. That
is, the turning points approach the higher energy minimum. At 5 K, the system has
seemingly reached the higher energy minimum of the MEP and as such the system
can be thought of (in 1 dimension) to tunnel straight through the entire parabola.
However, in reality the instantons are calculated for three degrees of freedom and
as such the tunneling path does not need to even coincide with the MEP. Fig 3.19
shows that the tunneling path is slightly less curved and lies below that of the MEP
in a 3-dimensional coordinate space, indicating that when the system tunnels be-
tween state 3 and 9, it takes a shortcut through the PES. This is one possible reason
for the signi�cantly higher tunneling rates with the instanton method compared to
WKB, because this corner-cutting behavior is neglected in WKB.

(a) (b)

Figure 3.19: The MEP and MAP are shown for the paths connecting state 3 and
state 9 on the LDA. The paths are visualized along with the surface in a top view
manner (a) and in an angled side view (b). The red, white, green, yellow and
blue spheres have the usual meaning of denoting O atoms, H atoms, the minima,
images on the MEP and the saddle point, respectively. The black spheres denote
replicas along the MAP. The blue box denotes the unit cell.

One way to quantify tunneling is to use the e�ective instanton barrier height. For a
temperature higher than the cross-over temperature, as stated before, the replicas
will be collapsed onto the saddle point and the e�ective instanton barrier will yield
the same activation energy as that of the classical barrier. However, as the temper-
ature is lowered, the replicas spread out over the classical barrier, which results in
a reduction of the e�ective instanton barrier making the transition over the barrier
in either direction easier. See Table 3.3 for calculations of the e�ective instanton
barrier. It can be seen how the activation energy drops slightly as the temperature
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Table 3.3: The reduction of the e�ective instanton barrier is tabulated for transitions
from state 3 to state 9 and vice versa on the LDA. At 100K, the classical potential
barrier and e�ective instanton barrier can be assumed to be the same. As the
temperature is dropped, the e�ective instanton barrier is reduced.

Transition 100 K 9 K 8 K 7 K 6 K 5 K

3 to 9 (meV) 24 24 24 23 22 21
9 to 3 (meV) 9 9 8 7 6 5

drops. At 5 K, the e�ective instanton barrier and the classical barrier height (100
K) di�er by roughly 4 meV.

For the HDA the highest cross-over temperature observed corresponds to the sad-
dle point along the reaction path of states 1 and 3. The hTST, WKB-corrected
hTST and instanton rates for this transition are shown in Fig. 3.20a. The quan-
tum e�ects are underestimated by the WKB-correction for both the LDA and HDA
systems in comparison to the instanton method. However, the di�erence between
the WKB-corrected rates and the instanton rates for HDA is relatively lower than
the observed di�erence for LDA. Especially in the transition from state 3 to state
1. Again, the second slope of the WKB-correction and the instanton slope are
seemingly identical, indicating that the WKB-correction predicts correct tempera-
ture dependence of tunneling for HDA. Fig. 3.20b shows the CFP replicas plotted
alongside the corresponding MEP for temperature values of 9 and 5 K. For both
temperature values, the replicas have already spread over the entire classical barrier
and reached the higher energy minimum. The CFP replicas at 9 K seemingly form
a continuous path, while the replicas at 5 K are distinctively discrete and as such
most of the replicas are grouped together at the end points of the CFP, indicating
deep tunneling.

Table 3.4 shows that the e�ective instanton barrier is, at 5 K, 11 meV lower than
the classical potential barrier. Again, this illustrates how quantum e�ects are more
pronounced for the HDA than the LDA. The main reason being that the average
width of the potential barriers is signi�cantly shorter for HDA than LDA.

Table 3.4: The reduction of the e�ective instanton barrier is tabulated for transitions
from state 1 to state 3 and vice versa on the HDA. At 100K, the classical potential
barrier and e�ective instanton barrier can be assumed to be the same. As the
temperature is dropped, the e�ective instanton barrier is reduced.

Transition 100 K 9 K 8 K 7 K 6 K 5 K

1 to 3 (meV) 44 41 39 37 35 33
3 to 1 (meV) 20 17 15 13 11 9
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(a) (b)

Figure 3.20: (a) Comparison of hTST, WKB-corrected hTST and instanton rates in
an Arrhenius plot for both the forward and reverse transition process corresponding
to the highest cross-over temperature on HDA. (b) The replicas of the CFP are
plotted alongside the MEP of that same transition for temperature values of 9 and
5 K. The MEP is denoted by dashed line and the replicas by solid circles. The
replicas are given a speci�c color corresponding to the value of temperature.

In the case of ice Ih, the highest cross-over temperature observed, corresponds to the
saddle point along the reaction path of states 7 and 10. The resulting instanton rate
is many orders of magnitude larger than the WKB-corrected rate, by far exceeding
the di�erence observed in the HDA and LDA. A closer inspection reveals that the
replicas of the CFP only spread out over half of the classical barrier, they become
stuck in the arti�cial shallow energy minimum (see Fig. 3.21). Therefore, the
instanton rates only describe tunneling away from or towards the shallow minimum,
rather than from a deep minimum to an adjacent deep minimum, which is the case
of the calculated WKB-corrected rate. It was attempted to force the instantons to
spread over the entire potential barrier, using a 150 replica MEP as an initial guess
and performing an instanton calculation. The calculation failed to converge.

The WKB-corrected rates for LDA and HDA are shown to be smaller than the
instanton rates, which can be explained partly by the lack of zero point energy
e�ects in the WKB-corrected hTST description. By inclusion of zero point energy
e�ects, the potential energy of the minima would be raised slightly, hence lowering
the activation energy, resulting in a decrease of the hTST slope. Also, the WKB-
correction does not account for corner-cutting e�ects which were seen to play a role
on the ice surfaces (see Fig. 3.19). However, these e�ects can most likely only
explain a fraction of the observed di�erences between the WKB-corrected rates and
the instanton rates. The reason behind the remaining di�erence remains unknown
to the author. The discontinuous intersection of hTST and instantons has been
observed in the work of other researchers [14,79] and it still remains an open question.
An attempt was made to include zero point energy e�ects by swapping the hTST
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Figure 3.21: The replicas of the CFP calculated for the path connecting states 7 and
10 on the ice Ih are plotted alongside the MEP of that same transition process, for
temperature values of 9,8,7,6 and 5 K. The MEP is denoted by dashed line and
the replicas by solid circles. The replicas are given a speci�c color correspnding to
the value of temperature.

rate constant for the quasi-quantum rate constant but the resulting Arrhenius curves
were observed to be ill-behaved at low values of the temperature, illustrating that
the combination of WKB-correction and qq-hTST does not work.

The second slope of WKB-corrected hTST and the instanton slopes are very similar
for both LDA and HDA and by the use of WKB-correction there will be no disconti-
nuity between the classical and quantum dominated parts of the curves. Therefore,
the WKB-correction method remains a good option to incorporate tunneling e�ects,
if one keeps in mind that the e�ects are possibly underestimated at a temperature
lower than the cross-over temperature.
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3.1.5 Dynamical Evolution and Di�usion Coe�cients

The state to state trajectory of a system can be simulated by using a KMC algorithm,
given that all the relevant transition rates, for each system, have been mapped and
calculated at a speci�c temperature. In this context, the trajectory was used to
inspect the di�usion of physisorbed H adatom hopping between adjacent energy
minima on the ice Ih, LDA and HDA surfaces for various values of the temperature.
As such, both classical and quantum rates discussed in previous sections, were used
to perform the simulations and in order to sample a trajectory with proper statistical
sampling, every simulation was performed for exactly 10 million iterations. The
resulting trajectories were then used to calculate the di�usion coe�cients.

Hexagonal ice

The KMC simulations of ice Ih were performed for temperature of 120.0, 70.7, 40.2,
26.1, 9.7, 6.9, 5.5 and 5.0 K using both classical and quantum descriptions. All of
the 12 deep energy minima along with the 6 transition rates leading out of each state
were included in the simulation. The trajectories and number of visits per state can
be seen in the upper and lower panel of Fig. 3.22, respectively. Three temperature
values were chosen to be shown in the �gure, 120, 26.1 K and 9.7 K. The latter two
values are used to depict the upper and lower bounds of temperature observed in
dense interstellar molecular clouds.

The �gure was created from simulations using the quantum rates, because it was
observed that there were no notable di�erences from the use of the two descriptions
at the three temperature values used, supported by observations of Fig. 3.11. The
amount of area explored by the system, decreases as the simulation temperature is
further lowered since the transition rates become slower as the temperature drops.
Another direct consequence of lowering the temperature, is that the achievable sim-
ulation time becomes higher with decreasing temperature. For instance, at 120 K
the total simulation time is found to be 1.8 µs. At 9.7 and 5 K the total simulation
time is found to be to 0.2 ms and 18.5 s, respectively.

Due to the characteristic traits of ice Ih, it can be observed that at a temperature of
26.1 K and higher, the amount of visits per state are quite evenly distributed among
the 12 states, such that the simulation supports the former speculation regarding
the ice Ih rates. However, at 9.7 K, the number of visits per states 2 and 6 rise
up, an e�ect which becomes more and more apparent as the temperature is further
lowered to 5 K. This is because the transition rates, corresponding to the system
migrating from state 2 to 6 or from 6 to 2 become more favorable than the other
transition processes, as the temperature is lowered to 5 K (see Fig. 3.11b,f).
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(a) T = 120.0 K (b) T = 26.1 K (c) T = 9.7 K

Figure 3.22: The results of KMC simulations using WKB-corrected rates on the
ice Ih, all 12 states and the corresponding transition processes are included. The
upper and lower panels are divided into three sub�gures, each representing a sim-
ulation performed at a temperature of 120 K (a), 26.1 K (b) and 9.7 K (c). The
upper panel shows the 2D trajectories created from the x,y coordinates of the visited
states, with the minimum image convention turned o�. In total there are 10 mil-
lion discrete steps per trajectory. The trajectory is divided into 10 sub-trajectories
where each is marked by a speci�c color. The origin or the starting point of the
trajectory is at (0,0) in the x,y plane. The lower panel corresponds to the number
of times the KMC algorithm visits each of the 12 states included in the simulation
by a histogram. The x-axis is given by the speci�c state index number and the
y-axis by the number of visits per state.

The next step was to calculate the mean-squared displacement (MSD) and in order
to achieve proper statistical sampling, each simulation trajectory was evenly split
into 10 sub-trajectories. The average MSD of these 10 curves was calculated and
plotted as a function of time (see Fig. 3.23). The average MSD curves exhibit linear
trends with statistical �uctuations. If the sample size was in�nitely large, the curves
would be perfectly linear. The slope of the �rst order polynomial that is �tted to the
average MSD curve is proportional to the di�usion coe�cients at each temperature.
In Fig. 3.24, the di�usion coe�cients are plotted in an Arrhenius plot.
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(a) T = 26.1 K (b) T = 9.6 K

(c) T = 6.9 K

Figure 3.23: The average MSD is plotted as a function of simulation time, using
both classical and quantum descriptions, for temperature of 26.1 K (a), 9.6 K (b)
and 6.9 K (c). Each sub�gure shows the average MSD curve as a solid red or blue
curve, for quantum and classical descriptions respectively. The curves are �tted
using a �rst order polynomial, which is plotted as a dashed straight line of the
same color.

Figure 3.24: The logarithm of the di�usion coe�cients is plotted against the recip-
rocal of temperature. The red curve represents the di�usion coe�cients estimated
from a classical description. The blue curve represents the di�usion coe�cients
estimated from a quantum description.
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As expected the calculated di�usion coe�cients of both descriptions are nearly iden-
tical for temperature above and at 9.7 K. Once that temperature has been reached,
the curves start to separate. At 5 K the quantum di�usion coe�cient is 2-3 orders
of magnitude higher than that of the classical coe�cient. As previously stated, the
temperature of 26.1 and 9.7 K were chosen to represent the conditions of dense
interstellar molecular clouds. At this temperature range the quantum di�usion co-
e�cient changes from 1.0 · 10−4 to 1.1 · 10−7 cm2/s. In comparison, Al-Halabi et
al. [10] estimated the classical di�usion coe�cient to be 1.09±0.04 ·10−5 cm2/s at a
temperature of 10 K. They used molecular dynamics employing the TIP4P-H poten-
tial. Accordingly, their estimate is comparable to the calculated range observed for
the ice Ih. However, their calculations were performed on an amorphous ice surface
(LDA to be precise), which according to previous results of this work should have
signi�cantly slower di�usion than that of ice Ih. This is most likely because their
simulation only proceeded for 22 ps and thus they were unable to properly explore
a large portion of the surface. Most likely, the H adatom only migrated over small
potential barriers, while the large barriers are the ones who really determine the
di�usion coe�cient.

Low density amorphous ice

KMC simulations were performed for the LDA using temperature values of 120.0,
70.7, 40.2, 26.1, 9.7 and 5.0 K. Each simulation included all of the 12 states of
the LDA system, along with the respective transition processes. The trajectories
and number of visits per state can be seen in the upper and lower panel of Fig.
3.25, respectively. In the �gure the simulations were performed with the quantum
description at a temperature of 120, 26.1 K and 9.7 K.

At 120 K the simulation visits each state, with varying number of visits per state.
States 2 and 4 are visited roughly 2.0 · 106 and 1.4 · 106 times, respectively. As the
simulation temperature is lowered further, the number of visits of these two states
goes up. As an example, in the case of 26.1 K, state 2 is being visited nearly 5 · 106

times, while state 4 is being visited over 4 · 106 times. This results in a signi�cant
decrease in the surface area explored by the trajectory compared to that of 120 K.
At 9.7 K, the system is almost exclusively visiting states 2 and 4 and the trajectory
is observed to simply become a set of 5 points, illustrating how the system starts to
jump back and forth between the same states during the simulation. The physical
interpretation is that a H adatom di�using along the LDA surface, at a temperature
of 26.1 K and lower, would most likely be stuck at state 2. As such, the total rate
migrating the system to state 2, must be much higher than the total rate migrating
the system to the other states. The high count of visits per state 4 can be explained
in terms of state 2. The highest transition rate calculated which migrates the system
out of state 2 is the transition from state 2 to state 4 (see Fig. 3.13b). Therefore,
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(a) T = 120.0 K (b) T = 26.1 K (c) T = 9.7 K

Figure 3.25: The results of KMC simulations using WKB-corrected rates on the
LDA. All 12 states and the corresponding transitions are included. The upper and
lower panels are divided into three sub�gures, each representing a simulation per-
formed at a temperature of 120 K (a), 26.1 K (b) and 9.7 K (c). The upper panel
shows the 2D trajectories created from the x,y coordinates of the visited states, with
the minimum image convention turned o�. In total there are 10 million discrete
steps per trajectory. The trajectory is divided into 10 sub-trajectories where each
is marked by a speci�c color. The origin or the starting point of the trajectory
is at (0,0) in the x,y plane. The lower panel corresponds to the number of times
the KMC algorithm visits each of the 12 states included in the simulation by a
histogram. The x-axis is given by the speci�c state index number and the y-axis
by the number of visits per state.

each time the simulation enters state 2, it will need to migrate out of it in the next
iteration, since the migration to state 4 has the highest probability, the algorithm
is most likely to select state 4 as the successive state. This causes the visit count of
state 4 to rise along with that of state 2. The underlying cause of this phenomena,
that the system gets stuck at speci�c states, can be traced to the asymmetry of
the PES. In other words, this behavior can be traced to the diverse collection of
adsorption sites and activation energy of transitions found in the LDA, which is
exactly the same reason that this behavior is not observed for the ice Ih.

The next logical question is, what happens if state 2 is unavailable? Say, the state
might be occupied by another inert species, resulting in a non-stabilizing interaction
between that of the �ctitious species and the H adatom, when in close proximity.
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(a) T = 120.0 K (b) T = 26.1 K (c) T = 9.7 K

Figure 3.26: The results of KMC simulations using WKB-corrected rates on the
LDA, with state 2 arti�cially excluded from the simulation and the corresponding
transitions. The upper and lower panels are divided into three sub�gures, each
representing a simulation performed at a temperature of 120 K (a), 26.1 K (b)
and 9.7 K (c). The upper panel shows the 2D trajectories created from the x,y
coordinates of the visited states, with the minimum image convention turned o�.
In total there are 10 million discrete steps per trajectory. The trajectory is divided
into 10 sub-trajectories where each is marked by a speci�c color. The origin or
the starting point of the trajectory is at (0,0) in the x,y plane. The lower panel
corresponds to the number of times the KMC algorithm visits each of the 12 states
included in the simulation by a histogram. The x-axis is given by the speci�c state
index number and the y-axis by the number of visits per state.

Therefore, another set of KMC simulations was performed for the LDA, using the
same approach and the same range of temperature as before. However, the energy
of the saddle points surrounding state 2 were arti�cially increased by 1 eV, resulting
in a signi�cant overall decrease in the transition rates migrating the system to state
2, rendering the state inaccessible to the KMC algorithm. In the same manner as
before, the number of visits and trajectories are shown in the upper and lower panel
of Fig. 3.26.

From the �gure it can be noted that this procedure results in a signi�cant increase
in the number of visits per states 6 to 12, at temperature above 26.1 K. The total
surface area explored is comparable to that of the original set of simulations. A
more drastic observation is that at the lower temperature values used, the simulation
algorithm will visit considerably more states and as such explore more of the surface
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area, especially in the case of 26.1 K where the trajectory is observed to be much
longer than the original one. However, at these temperature values, the number of
visits per states 1 and 4 have begun to dominate and at 5 K the system is exclusively
visiting states 1 and 4. Therefore, if state 2 is inaccessible, the system will simply
become stuck at state 1. As before, the high count of visits per state 4 can be
explained by the transition rates in Fig. 3.13a.

(a) T = 120.0 K (b) T = 26.1 K (c) T = 9.7 K

Figure 3.27: The results of KMC simulations using WKB-corrected rates on the
LDA, with states 1 and 2 arti�cially excluded from the simulation and the corre-
sponding transitions. The upper and lower panels are divided into three sub�gures,
each representing a simulation performed at a temperature of 120 K (a), 26.1 K
(b) and 9.7 K (c). The upper panel shows the 2D trajectories created from the x,y
coordinates of the visited states, with the minimum image convention turned o�.
In total there are 10 million discrete steps per trajectory. The trajectory is divided
into 10 sub-trajectories where each is marked by a speci�c color. The origin or
the starting point of the trajectory is at (0,0) in the x,y plane. The lower panel
corresponds to the number of times the KMC algorithm visits each of the 12 states
included in the simulation by a histogram. The x-axis is given by the speci�c state
index number and the y-axis by the number of visits per state.

States 1 and 2 are located in the most favorable adsorption sites resulting in a
stronger binding compared to that of other viable adsorption sites. The simulations
have shown that the system will become stuck at these states or sites at low temper-
ature. Therefore, yet another set of simulations was performed in the same manner
as before but with states 1 and 2 both inaccessible (see Fig. 3.27). The distribution
of visits appears to be much more even at 120 K than before, resembling that of
ice Ih. However, as the temperature is further lowered, the visits to states 5 and 6
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become much more pronounced. It is clear from the histogram at 26.1 K that the
system is mainly jumping between states 5 and 6. However, the trajectory shows
that the system explores a much larger portion of the surface area than before, in-
dicating higher di�usivity at a lower simulation temperature. At 5 K the system is
exclusively jumping between states 5 and 6.

Figure 3.28: The logarithm of the di�usion coe�cients of LDA are plotted against the
reciprocal of temperature. The red and brown curves represent di�usion coe�cients
estimated from a classical and quantum description, where all states are included.
The green and and darkgreen curves represent di�usion coe�cients estimated from
a classical and quantum description, where state 2 has been excluded. The blue
and and darkblue curves represent di�usion coe�cients estimated from a classical
and quantum description, where states 1 and 2 have been excluded

The di�usion coe�cients will approach zero at a temperature where the KMC al-
gorithm starts to jump back and forth between any two states, since the H adatom
simply becomes trapped. Therefore, for the LDA system, the coe�cients can only
be estimated for temperature of 26.1 K and above (see Fig. 3.28). Thus, it is im-
possible to observe how much tunneling can alter the di�usion coe�cient for LDA.
In other words, all three sets of simulations are included in Fig. 3.28 and since only
temperature of 26.1 K and above are included, the quantum and classical di�usion
coe�cients exhibited in the �gure are similar at all points, as expected.

The simulation procedure where states 1 and 2 were excluded yields the highest
di�usion coe�cients at all values of the temperature. The other two sets of simu-
lations result in di�usion coe�cients of similar magnitudes for temperature at and
above 40 K. However, unexpectedly at 26.1 K the simulation procedure where state
2 is excluded predicts a coe�cient which is roughly 1 order of magnitude lower than
that of the simulation set where all of the states are included. This is because, when
state 2 is removed the hydrogen will become stuck at state 1. State 1 is deeper than
state 2 and thus the H adatom will dwell for longer periods of time at state 1 (com-
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pared to state 2) resulting in a decrease in the curve where only state 2 has been
excluded. The simulation in which states 1 and 2 are excluded, yields a di�usion
coe�cients which at 120 K are one order of magnitude lower than that of ice Ih.
As the simulation temperature is decreased, the di�erence increases. At 26.1 K the
coe�cients di�er by approximately three orders of magnitude.

In comparison to Al-Halabi et al. the di�usion coe�cient estimated using all states
is 5 · 10−11 cm2/s at 26.1 K. Therefore, this work predicts a much lower di�usion
coe�cient for LDA at 26.1 K than the one predicted by Al-Halabi et al. at 10 K (
1.09 ± 0.04 · 10−5 cm2/s) [10]. Again, indicative that the simulation time was too
short in the work of Al-Halabi et al.

High density amorphous ice

KMC simulations were performed for the HDA using temperature values of 120.0,
70.7, 40.2, 26.1, 9.7 and 5.0 K. Each simulation included each of the 7 states, 2 of
which are coarse grained, along with the respective transitions. The trajectories and
number of visits per state can be seen in the upper and lower panels of Fig. 3.29,
respectively. In the �gure the simulations are performed with the WKB-corrected
rates at a temperature of 120, 26.1 K and 9.7 K.

As in the case of LDA, the KMC simulations of HDA will visit every state at 120 K
and as the temperature is lowered further the system begins to get stuck at speci�c
states. At 9.7 K using the quantum description the system is jumping back and
forth from state 1 to states 2 and 4. Interestingly, the classical description at 9.7
K predicts that the system will barely visit state 2 at all, it will mainly jump back
and forth between states 1 and 4, showing the importance of quantum tunneling, as
it can open up new pathways or transition mechanisms. At 5 K, this e�ect is much
more apparent (see Fig. 3.30).

The quantum description predicts the system to jump back and forth between states
1 and 2, while the classical description predicts the system to jump back and forth
between states 1 and 4. The cause of this disagreement is the important in�uence
of tunneling in the reaction pathway between states 1 and 2 (see Fig. 3.13a). The
classical slope of the transition from state 1 to state 2 is slightly higher than the
slope of the transition from state 1 to state 4, causing a steeper curve. However
at a temperature slightly below that of 10 K, the Arrhenius curve of the transition
from state 1 to state 2 begins to level o�. Therefore, the transition rate for the
jumps between states 1 and 2 become near-constant as the simulation temperature
is lowered, while the Arrhenius curve of the transitions from state 1 to state 4 keeps
decreasing.
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(a) T = 120.0 K (b) T = 26.1 K (c) T = 9.7 K

Figure 3.29: The results of KMC simulations using WKB-corrected rates on the
HDA, all 7 states, two of which are superbasins, and the corresponding transitions
are included. The upper and lower panels are divided into three sub�gures, each
representing a simulation performed at a temperature of 120 K (a), 26.1 K (b)
and 9.7 K (c). The upper panel shows the 2D trajectories created from the x,y
coordinates of the visited states, with the minimum image convention turned o�.
In total there are 10 million discrete steps per trajectory. The trajectory is divided
into 10 sub-trajectories where each is marked by a speci�c color. The origin or
the starting point of the trajectory is at (0,0) in the x,y plane. The lower panel
corresponds to the number of times the KMC algorithm visits each of the 12 states
included in the simulation by a histogram. The x-axis is given by the speci�c state
index number and the y-axis by the number of visits per state.

In the HDA the system becomes stuck at state 1 during low temperature simulations.
Therefore, analogous in the results of LDA, another set of simulations is performed
for the HDA with state 1 arti�cially inaccessible to the simulation algorithm. For
this set of simulations, the system starts to jump back and forth between states 2
and 3 at low temperature. Identical to the previous results of LDA, the HDA system
initially becomes stuck at the deepest adsorption site. If that site is removed, the
system will become stuck at another state. Similar to the LDA, the HDA surface is
irregular and the same conclusions can be drawn about the cause of this behavior.

The di�usion coe�cients for both simulation procedures have been estimated and are
shown in Fig. 3.31. It is impossible to estimate to which extent tunneling alters the
coe�cient at a low temperature for this system, because analogous to the LDA it gets
stuck at a simulation temperature lower than 26.1 K. As expected, the simulation
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procedure with state 1 excluded predicts higher di�usivity than the simulation with
all states included. This trend, which is observed in the LDA results as well, suggests
that during experiments which focus on H atom adsorption and di�usion on ice
surfaces it is of great importance to control the H adatom coverage. If the H atom
coverage is not known, the experimentally estimated di�usion coe�cient can not
be regarded as accurate or used as a benchmark, because the di�usion coe�cients
are observed to be a function of the coverage. Another interesting observation, is
that the simulation of LDA and HDA with all states included, predict di�usion
coe�cients on the same order of magnitude for all temperature values, indicating
that the di�usion coe�cients are not dependent upon the speci�c surface morphology
of ASW at 40 K and higher.
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3.1 Hydrogen adatom transition processes computed using the TIP4P-H potential

(a) (b)

Figure 3.30: The number of visits per states 1,2 and 4 are compared for classical
and quantum descriptions at 5 K in the KMC simulations of HDA, where all the
states and the corresponding transitions leading out of each state are included. The
results obtained using the classical description are shown in (a) as a histogram and
the results obtained using the quantum description are shown in (b) in the same
manner.

Figure 3.31: The logarithm of the di�usion coe�cients of HDA are plotted against
the reciprocal of temperature. The red and brown curves represent di�usion coef-
�cients estimated from a classical and quantum description, where all states are
included. The green and and dark green curves represent di�usion coe�cients es-
timated from a classical and quantum description, where state 1 has been excluded.
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3.1.6 Scaling Relations

Another important aspect of the current work is the information on the relevance of
scaling relations, which can be obtained by inspection of the relationship between
adsorption energy and activation energy. These type of relations are often used in
the study of heterogeneous catalysis and if such relations can be found, it can su�ce
to only calculate the adsorption energy and then estimate the activation energy
using the relation. In Fig. 3.32, the adsorption energy of each indexed state for ice
Ih (a), LDA (b) and HDA (c) are plotted on the x-axis and the lowest activation
energy on the y-axis.

(a) (b)

(c)

Figure 3.32: The lowest activation energy (meV) for hydrogen migrating out of a
particular state is plotted against the absolute adsorption energy (binding energy)
(meV). This was performed for ice Ih (a), LDA (b) and HDA (c) using the results
of TIP4P-H. The red �lled circles represent the data and the black line corresponds
to a �rst order polynomial �t. Equation of the straight line is written in the upper-
left corner.
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It can be observed that all the data is �tted quite well by straight lines, especially
in the case of ice Ih. The mean and standard deviation of the absolute di�erences
of the data points and the �tted lines are calculated to be 0.4± 0.3 meV, 4.4± 2.6
meV and 2.3± 2.7 meV for ice Ih, LDA and HDA, respectively. Thus, using linear
scaling relations to estimate the lowest activation energy of H adatom transition
process from the adsorption energy is observed to be relatively accurate. Also, there
is remarkably good agreement in the slope of the �tted lines for ice Ih, LDA and
HDA. These results suggest that a proportionality constant of roughly 0.65 between
the adsorption and activation energy for H adatom di�usion on ice, regardless of the
ice struture can be assumed with relatively good accuracy.
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3.2 Hydrogen adatom transition processes

computed using PBE+D3

In this section, results obtained with DFT calculations (PBE+D3) on hydrogen
adsorption will be presented. Comparison to the TIP4P-H results discussed above
will be outlined when relevant. First, results for ice Ih will be described, followed
by results of HDA and LDA. The discussion will include H adatom energy surfaces,
adsorption sites and the activation energy of reaction paths.

3.2.1 Hexagonal Ice

The H atom adsorption PES of ice Ih was constructed from the adsorption energy
of approximately 27000 grid points. The energy at each point is calculated by a
single-point calculation of physisorbed H adatom on the optimized ice Ih surface.
The adsorption energy at each point is then calculated using eq. 2.60. Further
computational details are found in the preceding chapter. The lowest x, y plane
(denoted by z′ = 0) was selected to have the same z value as that of the highest
point on the surface, which corresponds to a DH. The total height of the PES is
exactly 3 Å.

In order to visualize the PES, snapshots or slice-�gures of speci�c x, y planes were
created (see Fig. 3.33). The adsorption energy is described by the color scheme.
At the lowest plane or z′ = 0 Å, see (a), most of the �gure is covered by dark red
regions, corresponding to positive and non-binding energy. In other words, at these
sites there will be repulsive forces acting between the surface and the H adatom.
A glimpse of 12 physical adsorption sites can be observed, each with a adsorption
energy of approximately -10 to -20 meV. These 12 sites are located slightly above
the center of each hexagon.

As the z′ position of the H adatom is increased by 0.6 Å, see (b), the adsorption
at these 12 sites becomes signi�cantly stronger, or below that of -50 meV. Each of
the sites now corresponds to a well de�ned energy minimum, where the H adatom
would be highly likely to be found.

At z′ = 1.2 Å, see (c), the H adatom will be, in a sense, more �uid on the surface.
That is, it can move more freely at this particular height, since a large portion of the
plane corresponds to a more favorable interaction between the H adatom and the
surface, these regions connect at the center of the hexagons, with adsorption energy
of roughly -40 to -50 meV in between the energy minima. There are 12 notable non-
binding regions observed at this plane. They can be divided into two subgroups,
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(a) z' = 0.0 Å (b) z' = 0.6 Å (c) z' = 1.2 Å

(d) z' = 1.8 Å (e) z' = 2.4 Å (f) z' = 3.0 Å

Figure 3.33: Visualization of the ice Ih PES for H atom adsorption using 3D ren-
dered contour plots. Each sub�gure (a to f) represents a speci�c (x, y) plane of the
PES given by a corresponding value of z. The z value of the lowest x, y plane is
chosen to be 0. The horizontal and vertical directions of each sub�gure correspond
to the x and y directions, respectively. The potential energy is visualized by using
a color scheme, denoted by the colorbar located below the sub�gures. The energy
values given in the colorbar are expressed in units of meV.
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large and small repulsive regions. Comparison to the ice Ih structure (see Fig. 2.1a)
shows that the large and small repulsive regions correspond to dangling H atoms
and dangling oxygen lone pairs, respectively. Thus, a di�using H adatom moving
from a potential well to another, would sway away from these repulsive sites and
follow the path of the more favorable interaction.

As z′ is increased further, see (d), (e) and (f), the interaction between the surface
and the H adatom will become weaker and weaker. At z′ = 1.8 Å, the adsorption
energy of the regions with a favorable interaction is roughly -30 meV. At z′ = 3.0
Å this energy will have dropped down to approximately -5 to 0 meV. The physical
interpretation at this height, would be a H adatom located in the gas-phase above
the surface with zero to very little interaction. However, these higher lying planes
show a very interesting trend or a mechanism of adsorption from the gas-phase. As
an example, considering a H adatom in the gas-phase located 3 Å above the surface,
the previously repulsive DH provide the most favorable interaction to the surface,
thus proving to be the best possible means for the H adatom to di�use down to the
surface and become further physisorbed. This e�ect is increased at z′ = 2.4 Å where
the adsorption energy, directly above the DH, becomes roughly -30 meV. As the H
adatom further descends towards the surface, short ranged repulsive forces acting
between the DH and the H adatom will become dominant and push the atom away
from the DH towards the center of the hexamers or the deep energy minima. Based
on this argument it appears that the DH play a pivotal role in the adsorption of H,
in a way, by acting as a funnel.

It is obvious from the PES snapshots that the 12 deep minima on the surface are
found at the center of each hexamer. Thus, the location of the deep energy minima,
observed from the PES were used to create initial guesses for structural optimization.
However, due to convergence issues of the tricubic method, a pre-screening algorithm
was written, its ideology is similar to that of the Bader algorithm [95]. It uses a
discrete set of data and its objective is to �nd all the minima of the data set. It
selects a particular point in the data set, draws 3 planes through it (xy, yz, xz) and
two adjacent parallel planes to each of those 3 planes, yielding a total of 9 planes.
The location where all the planes intersect should contain 27 points, the selected
point and its 26 neighbors in 3D. Conditionals are then used to �nd out whether this
point is a minimum with respect to its neighbors. If it is found to be a minimum,
its coordinates are saved and used as initial guesses for structural relaxations.

For the ice Ih, the pre-screening algorithm located all of the 12 deep minima, along
with 7 other plausible guesses. Performing structural relaxation using the tricubic
method and a quick-min algorithm resulted in 17 unique minima. All of the deep
energy minima were found to be unique and 5 other minima which correspond to
the shallow energy minima previously observed in the TIP4P-H results.
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(a) (b)

Figure 3.34: (a) A top view of the ice Ih surface exhibiting and indexing all minima
found for H adatom in the system using PBE+D3. The minima are denoted
by green spheres, the red and white spheres denote O and H atoms, respectively.
Each of the deep minima is given a speci�c index number, used in the text, ranging
from 1 to 12. H

2
O molecules in deeper layers of the surface are not shown for

clarity. (b) A histogram of the H atom adsorption energy calculated at all of the
minima. The adsorption energy is given by the x-axis and the number of minima
corresponding to a speci�c interval of adsorption energy by the y-axis.

The location and the adsorption energy of the states (minima) can be found in Fig.
3.34. PBE+D3, similarly to the TIP4P-H method, predicts two subgroups of states,
shallow and deep. However, PBE+D3 predicts more favorable interactions between
the surface and the adatom and a relatively larger distribution of binding sites.
There are only 11 values of the adsorption energy located in the deeper subgroup of
the histogram, see (b), meaning one of the deep energy minimum is found to have
an energy on the same interval as that of the shallow energy minima. Inspection
reveals that state 11 is noticeably more shallow than all the other deep states in the
system. The shallow minimum, located between states 11 and 12 is also observed
to be less shallow than any of the other shallow minima. It corresponds to the
outlier in the histogram with a adsorption energy of approximately -35 meV. The
only di�erence observed for these states compared to the others, is the lack of any
neighboring DH. Therefore, it can be noted that the DH are not only important for
adsorption from gas-phase, they also signi�cantly stabilize the energy minima. This
behavior was not observed in the results of the TIP4P-H. Further investigation is
needed, but it can be speculated that the relatively larger distribution of binding
sites and more favorable interactions in the PBE+D3 results compared to that of the
TIP4P-H results is because of the more detailed description of DH acquired using
the PBE+D3 approach.

The calculated PES is a static energy surface, in the sense that the ice surface was
not allowed to respond to the H adatom. Calculations were performed in order
to inspect the e�ects of the surface. The deep states obtained using the tricubic
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method were used as initial guesses and both the adatom and the surface were
allowed to relax. The di�erence between the adsorption energy obtained using the
tricubic method and the structural relaxation, will be referred to as trapping energy
or Etrap. The physical meaning of this quantity is how much stabilization or trapping
the adatom will be subjected to by the ice surface. The results can be seen in Table
3.5

Table 3.5: Adsorption energy calculated and tabulated for all deep states of ice Ih,
using two di�erent approaches. First approach, denoted as Tricubic, uses the
tricubic interpolation method on a static PES computed by PBE+D3. The second
approach, denoted as Optimization, employs a PBE+D3 optimization of the same
states, allowing both the adatom and the surface to relax. The adsorption energy
of these two methods are reported in the �rst two rows, respectively. The third row
reports the di�erences of these two values, i.e. the trapping energy.

State 1 2 3 4 5 6 7 8 9 10 11 12

Tricubic (meV) -56 -54 -54 -57 -53 -53 -54 -57 -58 -56 -44 -54
Optimization (meV) -57 -61 -61 -64 -64 -61 -62 -64 -65 -64 -45 -62
Etrap (meV) -1 -7 -7 -7 -11 -8 -8 -7 -7 -8 -1 -8

All the Etrap are negative and thus the structural optimization of the surface sta-
bilizes the H adatom in each case, by 1 to 11 meV. It is only a fraction of the
total interaction, providing a justi�cation for using a static PES. The mean trap-
ping energy is 7 meV. The largest stabilization takes place for state 5, where the
bond distance of the DH and the adatom is predicted to be roughly 0.1 Å shorter in
the optimization procedure compared to that of the static PES. To make sure that
the optimization procedure is converged to the same states as the tricubic method,
the mean absolute di�erence of position of each state, using both methods, was
calculated and found to be 0.02 Å, 0.00 Å and 0.06 Å in the x, y, z directions, re-
spectively. An additional outcome of this comparison is a further veri�cation of the
tricubic scheme. It is apparently able to properly predict the correct minima with
excellent precision in coordinates.

In Fig. 3.35ab, all MEPs leading out of states 5 and 6 can be observed. In compari-
son to the MEPs of the same states using the TIP4P-H potential, it is obvious that
PBE+D3 calculated MEPs are more irregular in shape. The shallow minima which
exist in all of the MEPs in the TIP4P-H calculations, are only observed in a couple
of these MEPs in agreement to the results of the minima search. The two saddle
points along the reaction coordinate of each path, containing a shallow minimum,
can di�er signi�cantly in energy using this more accurate description, while always
found to be very similar in the TIP4P-H analysis. However, the reaction coordinates
are similar and the three pathways leading out of each state still exist in all reaction
paths of PBE+D3.
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(a) State 5 (b) State 6 (c) State 11

Figure 3.35: MEPs calculated using a combination of the tricubic method and a 30
replica NEB calculation on the ice Ih surface. The adsorption energy (meV) is
plotted against the reaction path (Å). (a) The MEPs connecting state 5 to states
4, 7, 8, 6, 2 and 1 . (b) MEPs connecting state 6 to states 5, 8, 9, 4, 3 and 2.(c)
MEPs connecting state 11 to states 10, 1, 2, 12, 8 and 7. These MEPs are chosen
to be representative for the rest of the ice Ih system.

To further investigate the e�ects of DH, the MEPs leading out of state 11 will be
used, Fig. 3.35c and 3.34 can be used for reference. Beginning at state 11, the
transition from state 11 to state 10 and 7 will initially be the same. It will cross
the �rst saddle point somewhere above an O atom in the lower surface bi-layer
of the same hexamer. This barrier height is roughly 9 meV. The reaction path
now splits into two separate paths, one leading to state 10 and the other to 7.
However, the saddle points along both these paths are in the neighborhood of a DH,
which is observed to stabilize the second saddle point and thus decrease the second
barrier. In fact the stabilization is large enough that there will be no second saddle
point or barrier in the transition from 7 to 11 and a negligible barrier for the other
transition. Additionally, the second half of the transition has stronger binding than
that of state 11. This same argument can be made for the transition from state
11 to states 1 and 2. The last two reactions paths, from state 11 to states 8 and
12 show that both reaction paths consist of two saddle points. The former saddle
point is energetically higher than the �rst saddle points in the other transitions or
with a barrier height of roughly 11 meV. The second saddle point is signi�cantly
less favorable than the second saddle point of the other paths. Inspection of the
model, reveals that there are no DH along the reaction path from state 11 to states
8 and 12, only the outlier shallow state, which can be noted to be extremely shallow
and almost non-existent. Another observation is that all of the paths leading out of
state 11 are quite exothermic (on this scale) with the �nal states being at least 10
meV deeper than the initial state.

The distribution of barrier heights, calculated using PBE+D3, can be seen in Fig.
3.36. The calculated activation energy span 17 meV which is a considerably higher
distribution of barrier heights than the TIP4P-H predicted for ice Ih. However,
compared to the amorphous surfaces this is quite a narrow distribution. It needs
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Figure 3.36: Distribution of the calculated activation energy for every H adatom
transition process observed in the ice Ih using PBE+D3. A total of 72 values are
used. The x-axis represents the activation energy(meV) and the y-axis the number
of transitions corresponding to that speci�c interval of energy.

to be noted as well that a portion of the larger potential heights observed in the
histogram can be attributed to transitions leading towards state 11. The activation
energy is on the interval of 10-16 meV, which is still slightly higher than the majority
of energy values observed using the TIP4P-H method.

In order to visualize the di�erence of these MEPs and the e�ects of surface mor-
phology, the MEPs, saddle points and minima are visualized along with the ice Ih
surface �gure (see Fig. 3.37). First, the MEPs in close proximity to DH are observed
to be particularly curved compared to other reaction paths. Second, the e�ects of
dangling oxygen lone pairs on the positions of the MEPs are not noticeable. At last,
similar to some of the observed saddle points using the TIP4P-H method, most of
the saddle points are located o� center and above an O atom in the lower surface
bilayer.

The general results of the comparison between PBE+D3 and TIP4P-H, is that the
latter gives a surprisingly accurate description of some of the ice Ih features in
comparison to the former. However, it was not able to predict the importance of
DH in surface processes. The PBE+D3 results, indicate that the surface morphology
and the DH disorder is much more important than concluded using TIP4P-H and
because of the slightly higher activation energy predicted by PBE+D3, it is safe to
assume that the classical di�usion coe�cients calculated using TIP4P-H might be
slightly overestimated. The e�ects of tunneling should be very similar or slightly
smaller than predicted by the TIP4P-H potential, because of the comparable widths
and curvature of the MEPs and the slightly higher activation energy along the
reaction paths.
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Figure 3.37: All of the minima, MEPs and saddle points found in the ice Ih system
are visualized along with the surface. As usual, the O atoms, H atoms and the
minima are represented by red, white and green spheres, respectively. The saddle
points are represented by blue spheres and the replicas of the MEP are represented
by smaller yellow spheres. The blue box indicates the unit cell.H

2
O molecules in

deeper layers of the surface are not shown for clarity.

3.2.2 Amorphous Ice

High density amorphous ice

The H atom adsorption PES of HDA was constructed from the adsorption energy
of roughly 28000 grid points. The lowest x, y plane (denoted by z′ = 0.0) Å was
selected to be 2.1 Å lower than the highest point on the surface. The total height
of the PES is exactly 4.2 Å.

Visualization of the PES using slice-�gures can be observed in Fig. 3.38. The irregu-
larities of the HDA surface can be observed very clearly from the �gure. At z′ = 0 Å,
most of the adsorption sites are non-binding. However, there are two binding sites
with adsorption energy of approximately -40 meV. As the H atom further ascends
the surface, a third binding site starts to appear and the former two grow larger and
deeper. At z′ = 1.8 Å the three binding sites become connected with adsorption
energy in the range of -50 to -60 meV. A very deep energy minimum has emerged
at the intersection of two of the larger binding regions with adsorption energy lower
(deeper) than -80 meV. At z = 2.4 Å, the observed energy minimum reaches a max-
imum size, while the interaction of H adatom to the binding sites becomes weaker.
At z = 3.0 Å, the overall interaction has weakened signi�cantly compared to z′ = 1.8
Å, with the energy minimum still being the strongest interaction. At z = 3.6 Å,
most of the regions describe little to zero interaction between the H adatom and
the surface with adsorption energy in the range of -20 meV to 0 meV. Interestingly,
the deepest sites at this height are found to encircle the two small repulsive regions.
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(a) z' = 0.0 Å (b) z' = 0.6 Å (c) z' = 1.2 Å

(d) z' = 1.8 Å (e) z' = 2.4 Å (f) z' = 3.0 Å

(g) z' = 3.6 Å (h) z' = 4.2 Å

Figure 3.38: Visualization of the HDA PES for H atom adsorption using 3D rendered
contour plots. Each sub�gure (a to h) represents a speci�c (x, y) plane of the PES
given by a corresponding value of z. The z value of the lowest x, y plane is chosen
to be 0. The horizontal and vertical directions of each sub�gure correspond to the
x and y directions, respectively. The potential energy is visualized by using a color
scheme, denoted by the colorbar located below the sub�gures. The energy values
given in the colorbar are expressed in units of meV.
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At z = 4.2 Å, these repulsive regions have vanished and provide the most favorable
sites, analogous to the funnel mechanism of ice Ih.

(a) (b)

Figure 3.39: (a) A top view of the HDA surface exhibiting and indexing all states
found for H adatom in the system using PBE+D3. The states are denoted by green
spheres, the red and white spheres denote O and H atoms, respectively. Each of
the states is given a speci�c index number, used in the text, ranging from 1 to
20. H

2
O molecules in deeper layers of the surface are not shown for clarity. (b)

A histogram of the H atom adsorption energy calculated at all of the states. The
adsorption energy is given by the x-axis and the number of states corresponding
to a speci�c interval of adsorption energy by the y-axis.

The search for minima or states was performed in the same manner as that of ice Ih,
using a pre-screening and a quick-min algorithm. A total of 20 states were found,
which is signi�cantly more than the number of states observed in the TIP4P-H
analysis of HDA. A comparison of the positions of the states obtained using both
methods, reveals that the 7 minima obtained using the TIP4P-H method have some
similarities to the positions of the states predicted by PBE+D3.

The 20 observed states are clustered together over small regions along the surface
(see Fig. 3.39a). A comparison of this �gure and Fig 3.38d,e shows that state 10
is directly above the observed deep energy minimum. There are three subgroups
of states, which intersect at state 4, the �rst group contains states 2 and 5. The
second contains states 18, 8 and 9. Finally, the third group contains states 20,
3, 7 and 10. The alignment of the states can be observed in the slice-�gures as
well. As one can observe from the PES, state 10 is shown to provide, by far, the
most favorable interaction between the adatom and the surface, with a adsorption
energy of roughly -120 meV. Another larger cluster of minima containing states 1,
17, 16, 13, 12 15, 6, 11 and 20 can be seen. In Fig. 3.39b the energy distribution
for the 20 states is shown. The adsorption energy ranges from roughly -40 to -120
meV, where the average adsorption energy is in the range of -50 to -60 meV. This
is in good agreement with the heterogeneity of adsorption sites expected for an
amorphous surface. Interestingly, the average adsorption energy is similar to the
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one predicted by the TIP4P-H method. However, the two methods do not predict
the same energy ordering. In the tricubic method, the deepest state is actually
predicted to be signi�cantly above the surface but not deep within it. In fact, it is
located almost directly above a DH with a distance of approximately 1.6 Å.

Table 3.6: Adsorption energy calculated and tabulated for 4 selected states of HDA,
using two di�erent approaches. First approach, denoted as Tricubic, uses the
tricubic interpolation method on a static PES computed by PBE+D3. The second
approach, denoted as Optimization, employs a PBE+D3 optimization of the same
states, allowing both the adatom and the surface to relax. The adsorption energy
predicted by the two methods are reported in the �rst two rows, respectively. The
third row reports the di�erences of these two values, i.e. the trapping energy.

State 1 2 3 10
Tricubic (meV) -75 -60 -65 -126
Optimization (meV) -72 -60 -66 -180
Etrap (meV) 3 0 -1 -54

To examine the e�ects of the HDA surface on the physisorbed H, the trapping energy
is calculated for a few selected states; 1, 2, 3 and 10 (see Table 3.6). It is observed
that states 1, 2 and 3 are barely a�ected by structural optimization. Interestingly,
in the case of state 1, the procedure predicts a slightly less favorable interaction.
The mean deviation in the position of these three states is 0.00 Å, 0.00 Å and 0.00
Å in x,y and z, respectively. These results are in good agreement to the calculated
trapping energy of ice Ih. It can be added, that the optimization for these three
states only took two iterations before reaching convergence. Thus, the initial guesses
provided by the tricubic method were very close to the exact position of the minima.
A completely di�erent observation is made for state 10, where the trapping energy is
calculated to be -54 meV, showing that the structural optimization of this state really
alters the predicted binding. In this case, the absolute deviation of position is 0.01
Å, 0.00 Å and 0.16 Å for x, y and z, respectively. This shows that the H adatom
translates further towards the DH in the z-direction, with a �nal bond distance
of approximately 1.4 Å. This is most likely because of large relaxation e�ects. The
calculated grid is likely to be too coarse and the tricubic method is unable to predict
the seemingly sharp drop in the energy on the true PES. It is almost like the H
adatom is beginning to chemisorb to the DH. This behavior was not observed in the
analysis of ice Ih and is solely based on the observed bond lengths. At this stage,
this is only a speculation and in order to properly understand the behavior, further
investigation is needed.

Because of the large number of individual states and the observed clusters, NEB
calculations were performed between a single selected state to all states within a
5 Å radius of the selected state. This procedure was performed for every state
and if a acquired MEP intersected more states, it was thrown out. This procedure
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(a) State 1 (b) State 3 (c) State 4

(d) State 10 (e) State 17 (f) State 19

Figure 3.40: MEPs calculated using a combination of the tricubic method and a
30 replica NEB calculation on the HDA surface. The adsorption energy (meV) is
plotted against the reaction path (Å). (a) The MEPs connecting state 5 to states 2,
12 and 13. (b) MEPs connecting state 3 to states 7 and 20. (c) MEPs connecting
state 4 to states 9, 10 and 15. (d) State 10 to states 2, 4, 7 and 8. (e) State
17 to states 16 and 20. (f) State 19 to state 7. These MEPs are chosen to be
representative for the rest of the LDA system.

is very cumbersome but it allows one to determine the connectivity between the
states. The MEPs leading out of the 6 deepest states are shown in Fig. 3.40.
The number of pathways leading out of each state varies from 1 to 4. The rugged
shape of all the curves stems from the irregularities of the HDA surface, in the
previous TIP4P-H study, the barriers for HDA were predicted to be smooth and
parabolic in nature. However, that model is much simpler and is shown to fail in
predicting the importance of DH. There is no general shape observed in the MEPs
acquired using the PBE+D3. Some of the paths have negligible e�ective tunneling
barriers, through which tunneling can not proceed in the forward direction. Other
potential barriers have seemingly �parabolic� shape, where tunneling can occur in
both directions. The curvature of these �parabolic-like� barriers is relatively larger
than the one predicted by the TIP4P-H method, meaning quantum e�ects will be
more e�ective and observed at a higher temperature than before. However, in some
of the cases such as for the transitions from state 10 to all adjacent states the
parabolic-like barrier is only a slight fraction of the total barrier height. In such
cases, tunneling e�ects can be expected to be only slight in the forward direction.
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Figure 3.41: Distribution of the calculated activation energy for every H adatom
transition process observed on HDA using PBE+D3. A total of 52 values are used.
The x-axis represents the activation energy (meV) and the y-axis the number of
transition processes corresponding to that speci�c interval of energy.

The distribution of the activation energy can be observed in Fig. 3.41. The 4
barrier heights corresponding to migration out of state 10 are all presented in the
two outlier bins, located in the histogram to the far right. It is evident that in
a dynamical evolution the system will dwell at state 10 for enormous amounts of
time. If it were to be removed, the remaining potential heights are in the range of
0 to 40 meV, which is comparable to the range predicted by the TIP4P-H where
the deepest binding site had been removed. Thus, the classical di�usion coe�cients
predicted by the two methods are likely to be of similar magnitudes. It is impossible
to make an assumption about the relation of the quantum di�usion coe�cients of
both methods, because of the irregular MEPs observed for the PBE+D3 method.

In Fig. 3.42 the states, MEPs and saddle points are visualized along with the HDA
surface. From the �gure, it is evident that state 4 is the point of intersection of all
4 clusters. Interestingly, the transition from state 4 to state 10 has a low activation
energy (see Fig. 3.40). Thus, in a dynamical evolution of the system, the H adatom
will be bound to enter state 10 and become stuck. The number of pathways leading
out of each state are observed to be quite small, this is mostly because of the
energetically favorable binding sites which result in a clustered distribution of the
states.

Two calculations were performed, in order to gain further insight into the H2 for-
mation on amorphous ices. First, two H adatoms are physisorbed on the surface,
one in state 10, where it is known that the H adatom will dwell for long periods of
time and another in state 2 from which it can di�use towards state 10. The second
calculation, replaces the H adatom in state 2 on top of the physisorbed H adatom
in state 10 and allows the former to relax. It was observed that a H2 molecule was
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Figure 3.42: All of the minima, MEPs and saddle points found in the HDA system
are visualized along with the surface. As usual, the O atoms, H atoms and the
minima are represented by red, white and green spheres, respectively. The saddle
points are represented by blue spheres and the replicas of the MEP are represented
by smaller yellow spheres. The blue box indicates the unit cell.H

2
O molecules in

deeper layers of the surface are not shown for clarity.

formed with a bond distance of 0.75 Å. The reaction energy released, calculated by
the di�erence in energy of each calculation, was found to be 418 meV. Therefore,
the energy can be used to thermally desorb the newly-formed H2 molecule from the
surface or be dissipated into the vibrational modes of the surface.

Low density amorphous ice

The H atom adsorption PES of LDA was constructed from the adsorption energy
of roughly 47000 grid points. The lowest x, y plane (denoted by z′ = 0.0) Å was
selected to be 3.3 Å lower than the highest point on the surface. The total height
of the PES is exactly 5.4 Å. The irregularities of the LDA surface are evident in the
slice-�gures, shown in Fig. 3.43. At z′ = 0 Å or the H adatom located 3.3 Å lower
than the highest point on the surface, two physical binding sites with adsorption
energy of approximately -60 meV can be observed, illustrating how deep the binding
sites of the LDA can be. Analogous to the HDA PES, as the H adatom further
ascends the surface, these deep adsorption sites will initially grow larger and more
favorable until �nally connecting. At this point, the overall interaction of the surface
and the H adatom has weakened. Interestingly, at z′ = 3.0 Å, a signi�cant portion of
the surface is still inaccessible to the H adatom due to repulsive forces. This suggests
that, the inaccessible portion has a much higher z′ value than the other parts of the
surface, depicting a very uneven landscape. Again analogous to the HDA, as the
H adatom further ascends up to z′ = 5.2 Å, the heavily repulsive regions become
attractive, while the previously favorable interactions become small to non-existent
with adsorption energy in the range of 0 to -20 meV.
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(a) z' = 0.0 Å (b) z' = 0.6 Å (c) z' = 1.2 Å

(d) z' = 1.8 Å (e) z' = 2.4 Å (f) z' = 3.0 Å

(g) z' = 3.6 Å (h) z' = 4.2 Å (i) z' = 5.2 Å

Figure 3.43: Visualization of the LDA PES for H atom adsorption using 3D rendered
contour plots. Each sub�gure (a to f) represents a speci�c (x, y) plane of the PES
given by a corresponding value of z. The z value of the lowest x, y plane is chosen
to be 0. The horizontal and vertical directions of each sub�gure correspond to the
x and y directions, respectively. The potential energy is visualized by using a color
scheme, denoted by the colorbar located below the sub�gures. The energy values
given in the colorbar are expressed in units of meV.
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(a) (b)

Figure 3.44: (a) A top view of the LDA surface exhibiting and indexing all states
found for H adatom in the system using PBE+D3. The states are denoted by green
spheres, the red and white spheres denote O and H atoms, respectively. Each of the
states is given a speci�c index number, used in the text, ranging from 1 to 13. (b)
A histogram of the H atom adsorption energy calculated at all of the states. The
adsorption energy is given by the x-axis and the number of minima corresponding
to a speci�c interval of adsorption energy by the y-axis. H

2
O molecules in deeper

layers of the surface are not shown for clarity.

The location of each state and the adsorption energy distribution, calculated in the
same manner as before, is shown in Fig. 3.44. There were 13 unique states found,
11 of which have comparable position to the states observed using the TIP4P-H.
The range of z values for each state is shown to span roughly 4 Å, again, indicative
of a porous surface. The adsorption energy can range from -38 meV to -84 meV,
with an overall span of 46 meV, which is in an excellent agreement to the results
acquired using the TIP4P-H potential.
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3.2.3 Scaling Relations

In Fig. 3.45, the adsorption energy of selected states for ice Ih (a) and for HDA (b)
are plotted on the x-axis and the lowest activation energy calculated for a speci�c
state on the y-axis.

(a) (b)

Figure 3.45: The lowest activation energy (meV) for hydrogen migrating out of a
particular state is plotted against the absolute adsorption energy (binding energy)
(meV). This was performed for ice Ih (a) where the 11 deepest states were in-
cluded and HDA (b) where all 8 states are included. Results were obtained using
PBE+D3. The red �lled circles represent the data and the black line corresponds
to a �rst order polynomial �t. Equation of the straight line is written in the
upper-left corner.

It can be observed that both the data for ice Ih and HDA computed using PBE+D3
is �tted quite well by the straight lines. Especially, in the case of ice Ih where the
average and standard deviation of the absolute di�erences between the data set and
the �tted line is 0.4 ± 0.4 meV. These results are in excellent agreement to that
of TIP4P-H. The slope of the �tted line is calculated to be 0.68. In the case of
HDA, the average and standard deviation of the absolute di�erences is 5.7±4.4 and
the slope of the �t is calculated to be 0.85, which is slightly higher than the slope
predicted by TIP4P-H. If the anomalous outlier (state 10) is removed from the set,
the slope will reduce to 0.73. Therfore, both the ice Ih and HDA data computed
using PBE+D3 predict a proportional constant between the adsorption energy and
activation energy of roughly 0.7, in comparison to the 0.65 predicted using TIP4P-H.
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3.3 Oxygen adatom transition processes computed

using PBE+D3

In this section, results obtained by DFT calculations (PBE+D3) on oxygen ad-
sorption will be presented. First, results for ice Ih will be described, followed by
the results of HDA and then LDA. The discussion will include O adatom energy
surfaces, adsorption sites and the activation energy of reaction paths.

3.3.1 Hexagonal Ice

The PES surface constructed for the O adsorption was calculated using approxi-
mately 26000 grid points. It is apparent from Fig. 3.46 that the O adatom binds
signi�cantly stronger than H adatoms. The total height of the PES is 3.0 Å, where
z′ = 0 Å equals the highest point along the surface. At this height, the O adatom
PES is similar to that of the H adatom PES. The center of each hexamer allows for
a favorable interaction between the surface and the O adatom. There are 3 sites
that are noticeable deeper than the others, with adsorption energy of -250 meV and
lower. As z′ increases to 0.6 Å, the repulsive regions become smaller. Analogous to
the H adatom PES, the DH and dangling oxygen lone pairs can be observed from
the large and small repulsive regions, respectively (cf. Fig. 3.33). The three deep
adsorption sites observed grow larger and deeper. As the O adatom further ascends
the surface, the interaction grows weaker and weaker. At z′ = 1.8 Å, the DH begin
to provide the most favorable interaction to the surface and the e�ect becomes even
more evident at z′ = 2.4 Å. Thus, the funnel mechanism of the DH observed for the
H atom adsorption from gas-phase also applies to O atom adsorption. In comparison
to the previously discussed H adatom PES of the same system, the overall landscape
does not appear to be as regular or smooth.

The combination of the pre-screening and quick-min algorithm was used to �nd
all possible O atom adsorption minima (see Fig. 3.47). A total of 34 states were
found, which is signi�cantly higher than the number of states found for the H atom
adsorption. The states do not depict the previously observed regularity of ice Ih.
The general trend or the locations of the states can be divided into two subgroups,
depending on their environment. One group, containing the majority of the states,
are the states that are clustered together all within close proximity to the O atoms
located in the upper surface bilayer, indicative of complex O-O attractive interaction
with both shallow and deep minima. The other group consists of states that are
observed to be located almost directly above DH. The cluster of energy minima
observed, need to be coarse grained in order to have a manageable number of reaction
pathways. The right half of the �gure shows the coarse grained system where each
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(a) z' = 0.0 Å (b) z' = 0.6 Å (c) z' = 1.2 Å

(d) z' = 1.8 Å (e) z' = 2.4 Å (f) z' = 3.0 Å

Figure 3.46: Visualization of the ice Ih PES for O atom adsorption using 3D ren-
dered contour plots. Each sub�gure (a to f) represents a speci�c (x, y) plane of the
PES given by a corresponding value of z. The z value of the lowest x, y plane is
chosen to be 0. The horizontal and vertical directions of each sub�gure correspond
to the x and y directions, respectively. The potential energy is visualized by using
a color scheme, denoted by the colorbar located below the sub�gures. The energy
values given in the colorbar are expressed in units of meV.
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Figure 3.47: A top view of the ice Ih surface exhibiting all the states found for
O atom adsorption is shown to the left. The right �gure exhibits and indexes the
states that will be included in further calculations. The states are denoted by green
spheres, the red and white spheres denote O and H atoms, respectively. Each of
the states is given a speci�c index number, used in the text, ranging from 1 to 16.
H
2
O molecules in deeper layers of the surface are not shown for clarity.

state or superbasin has been given an index. The deepest states of each superbasin
were selected to be representative for the rest. This treatment can cause some of
the MEPs to have irregular shapes consisting of many local minima. States 1, 2 and
3 correspond to the deepest sites observed in the PES at z′ = 0.6 Å. These three
states have a characteristic bonding, they are all located approximately 2.4 Å from
an O atom in the upper surface bilayer and roughly 3.1 Å from two DH of the same
hexamer. Generally, the clustered states located above surface oxygen atoms are
deeper than the ones located above a DH.

The adsorption energy distribution for the 34 states is shown in Fig. 3.48. Unlike
the H atom adsorption, the O atom adsorption consists of a wide range of adsorption
energy for the binding sites, running from -150 meV to -350 meV. Only four states
have adsorption energy lower than -300 meV. The average adsorption energy appears
to be on the interval of -200 meV to -250 meV, which is observed to be a adsorption
energy corresponding to the majority of the states found within each cluster.

There are 33 MEPs found for the coarse grained system, which appear unique, from
which 66 values of the activation energy can be extracted. The distribution of these
values is shown in Fig. 3.49 and ranges from 0 to 200 meV. This wide activation
energy distribution can be traced back to the large range of adsorption energy values
obtained for the system. Exactly half of the activation energy values are located
within the �rst 2 bins which are given by energy lower than that of 40 meV. This
indicates that the e�ective tunneling barriers are quite low in comparison to the
di�erence of binding of the two adjacent states. In other words, a transition from
X to Y will be highly exothermic and highly endothermic in the other direction.
That is, there will be a signi�cant energy di�erence between the two states X and
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Figure 3.48: A histogram of the adsorption energy calculated at all of the O atom
states found in the ice Ih system. The adsorption energy (meV) is given by the
x-axis and the number of states corresponding to a speci�c interval of adsorption
energy by the y-axis.

Y . Thus, a large portion of the activation energy can be attributed to this di�erence
of adsorption energy between the two adjacent states, X and Y .

Figure 3.49: Distribution of the calculated activation energy for every O adatom
transition process observed in the ice Ih using PBE+D3. A total of 66 values
are used. The x-axis represents the activation energy (meV) and the y-axis the
number of transition processes corresponding to that speci�c interval of energy.

The much larger barrier heights observed for O adatom di�usion will result in a
signi�cantly lower classical di�usion coe�cient than the one observed for H adatom
di�usion on the same surface. It is also evident that due to the uneven distribution of
both adsorption energy and activation energy, the O adatom will most likely become
stuck at the deepest states or states 1, 2 and 3. The e�ects of tunneling can be
speculated to be much smaller for O adatom di�usion, because the e�ective barriers
are only a small fraction of the classical barriers (due to the energy di�erences)
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and because the O adatom is 16 times heavier than the H adatom. The former
explanation implies that tunneling will be e�ective in di�using towards the deep
states and negligible to di�use away from them. The second explanation implies
that O adatoms have a much shorter observable wavelength than the H, thus for O
adatom tunneling the width of the potential barriers has to be more narrow than
that of H.

3.3.2 Amorphous Ice

High density amorphous ice

The O atom adsorption PES of HDA was constructed from approximately 23000
grid points. The total height of the PES is 3.0 Å, where the lowest grid (z′ = 0
Å) was selected to be 0.9 Å lower than that of the highest point along the surface.
Slice-�gures are used to visualize the PES (see Fig. 3.50). The calculated adsorption
energy is much lower than both H atom adsorption on the same surface and O atom
adsorption on the ice Ih surface. The adsorption energy observed can take values
below that of -800 meV. The slice-�gures appear to have some resemblance to the
PES constructed for the adsorption of H adatom on the same surface, (see Fig.
3.38). However, in order to compare the two, it needs to be noted that the relative
coordinates (z′) are not subjected to the same reference points in both cases, i.e.
z′ = 0 Å in both �gures does not have the same meaning. The deep energy minimum
observed in the H adatom PES can be observed in the O adatom PES, as well. The
energy minima have similar coordinates but di�er slightly in shape and size, being
larger for the O atom adsorption. Obviously, the energy minimum shown in both
the O and H adatom PES provides a much more favorable interaction between the
O adatom and the surface than for the H adatom.

In the case of O atom adsorption, it is evident that at z′ = 0 Å the deep energy
minimum is already apparent. As the height is increased to z′ = 0.6 Å the size and
binding increase, reaching a maximum at z′ = 1.2 Å. At this same value of height,
a second deep energy minimum has formed from a previously repulsive region. It is
located at the boundaries of the upper and lower right corners and appears to be
of comparable binding as the other one. This energy minimum does not appear to
exist in the case of H atom adsorption. As usual, as the atom further ascends the
surface, the interaction becomes weaker and at the highest planes of grid points, the
previously repulsive regions become the most favorable sites. Interestingly, in the
case of O atom adsorption on HDA, the overall interaction between the surface and
the O adatom remains quite strong at z′ = 3.0 Å. The most attractive sites have
adsorption energy in proximity of -500 meV, which is a more favorable interaction
than that of the deepest sites observed for the O atom adsorption on ice Ih. At
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this height the O adatom is still only 2.1 Å above the highest point on the surface,
perhaps further calculations are needed to properly complete the PES.

There were only 8 states found for O atom adsorption on HDA, using the same
procedure as before. Both the position and distribution of adsorption sites can be
seen in Fig. 3.39a,b. The position of the states is in good agreement to Fig. 3.50.
State 1 is located in the deep energy minimum, slightly o�-center above the DH.
States 2 and 3, are nearly identical and located at the second energy minimum
shown to be formed at z′ = 1.2 Å. The same goes for states 7 and 8. The surface
�gure shows that most of the surface is completely devoid of potential minima. A
closer inspection reveals that the z coordinate of the water molecules located in this
portion are relatively lower than the z coordinates of the molecules located at other
parts of the surface. It appears that the grid is not large enough to su�ciently
inspect this. However it is highly likely that the O atom simply does not ��t� in this
lower-lying region (lower z) and the grid points within this region will most likely
have non-binding energy values, supported by the H atom adsorption PES.

Out of these 8 states, 5 are found to have adsorption energy of -700 meV and lower.
This strong binding is not completely understood and further analysis should be
performed. Inspection of the neighboring geometry of each state reveals that state
1 is interacting with three surface O atoms with bond distances of 2.7 Å, 2.9 Å and
3.2 Å and two surface H atoms with bond distances of 1.9 and 2.2 Å. States 2 and 3
are located at a distance of roughly 2.5 Å and 2.7 Å from two surface O atoms and
approximately 1.7 Å from a single surface H atom. State 4 is interacting with two
surface O atoms and two surface H atoms with a bond distance of 2.3 Å, 2.8 Å, 1.9
Å and 2.1 Å, respectively.

A total of 16 unique MEPs were found, including the MEPs connecting states 7 and
8, as well as states 2 and 3. The distribution of the barrier heights can be seen in
Fig. 3.52 and it is found to range from 0 to approximately 420 meV, representing the
largest distribution of activation energy values observed in this work. Analogous to
the ice Ih, the high number of activation energy values located in the �rst bin with
energy values lower than 50 meV, indicates that the e�ective tunneling barrier is only
a slight fraction of the classical barrier for the forward reaction pathways. Therefore,
using the same reasoning as before, tunneling e�ects for transitions out of the deep
states can be assumed to be negligible. The classical di�usion coe�cients will most
likely approach zero at low temperature values, because of the high activation energy.
In other words, at a temperature of 30 K and below the O adatom will be stuck at
one of the deep states.
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(a) z' = 0.0 Å (b) z' = 0.6 Å (c) z' = 1.2 Å

(d) z' = 1.8 Å (e) z' = 2.4 Å (f) z' = 3.0 Å

Figure 3.50: Visualization of the HDA PES for O adatom adsorption using 3D
rendered contour plots. Each sub�gure (a to f) represents a speci�c (x, y) plane of
the PES given by a corresponding value of z. The z value of the lowest x, y plane is
chosen to be 0. The horizontal and vertical directions of each sub�gure correspond
to the x and y directions, respectively. The potential energy is visualized by using
a color scheme, denoted by the colorbar located below the sub�gures. The energy
values given in the colorbar are expressed in units of meV.
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(a) (b)

Figure 3.51: (a) A top view of the HDA surface exhibiting and indexing all states
found for O adatom in the system using PBE+D3. The states are denoted by
green spheres, the red and white spheres denote O and H atoms, respectively.
Each of the states is given a speci�c index number, used in the text, ranging from
1 to 8. H

2
O molecules in deeper layers of the surface are not shown for clarity.

(b) A histogram of the adsorption energy calculated at all of the O atom states.
The adsorption energy (meV) is given by the x-axis and the number of minima
corresponding to a speci�c interval of adsorption energy by the y-axis.

Figure 3.52: Distribution of the calculated activation energy for every O adatom
transition process observed on HDA using PBE+D3. A total of 16 values are used.
The x-axis represents the activation energy (meV) and the y-axis the number of
transition processes corresponding to that speci�c interval of energy.
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Low density amorphous ice

The LDA O adatom PES was created from calculations of roughly 28000 grid points.
The total height of the PES is 3.3 Å and z′ = 0 Å is chosen to be 1.5 Å below the
highest point along the surface (see Fig. 3.53). The deepest sites are observed to
have adsorption energy of approximately -350 meV, which corresponds to slightly
stronger binding than the deepest sites of ice Ih. The PES itself bears a resemblance
to the H atom adsorption PES of the same surface.

At z′ = 0 Å, most of the interactions between the O adatom and the surface are
repulsive. At z′ = 0.6 Å, four narrow potential wells emerge which encircle two
di�erent repulsive regions. These sites have adsorption energy of -250 meV and
lower. As the height is further increased to z′ = 1.2 Å, the two repulsive regions
become highly favorable themselves and connect to the former narrow wells. At this
point, the adsorption energy reaches a minimum of -350 meV. A quite interesting
observation is that at z′ = 3.0 Å, a highly non-binding region which is observed at
z′ = 2.4 Å has turned into a energy minima with adsorption energy less than -300
meV. Thus, despite the large relative height it proves to be one of the deepest sites
observed for the entire PES. This also depicts the irregularities of the amorphous
surfaces, �nding favorable adsorption sites at various heights. However, it may
indicate that the PES is not complete and further calculations may be needed with
larger z-values.

The states found for O atom adsorption on the LDA surface, analogous to the results
of ice Ih, seem to cluster together above O adatoms with dangling oxygen lone pairs
(see Fig. 3.54). Therefore, in future NEB calculations, the deepest state of each
cluster is chosen to representative for its respective cluster. Contrary to the results
of ice Ih, it appears that in the case of LDA some of the DH do not have any bound
states in close proximity. This is most likely due to the fact that the PES only
extends 1.8 Å above the highest point on the surface. However, as shown in the
results of ice Ih, these states are usually much more shallow than the ones located
above a surface O atom.

The distribution of calculated adsorption energy in LDA is shown in Fig. 3.55. The
energy can range from -140 meV to -350 meV, in good agreement to the results of ice
Ih. In order to further investigate the di�erence in binding between LDA and HDA,
three of the deepest states of LDA are selected, i.e. states 1, 2 and 3. Only bond
lengths lower than 3 Å will be reported, because these are the bond lengths that
have the largest impact on the binding of the adatom. State 1 is located in an angled
position above a DH, with bond lengths of roughly 1.9 Å and 2.7 Å to a surface
H and a surface O atom, respectively. State 2 is found to be located at a distance
of 2.4 Å away from a surface O atom and roughly 2.5 Å away from two surface H
atoms. State 3 is located approximately 2.6 Å, 2.8 Å, 2.0 Å and 2.6 Å away from
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(a) z' = 0.0 Å (b) z' = 0.6 Å (c) z' = 1.2 Å

(d) z' = 1.8 Å (e) z' = 2.4 Å (f) z' = 3.0 Å

Figure 3.53: Visualization of the LDA PES for O atom adsorption using 3D rendered
contour plots. Each sub�gure (a to f) represents a speci�c (x, y) plane of the PES
given by a corresponding value of z. The z value of the lowest x, y plane is chosen
to be 0. The horizontal and vertical directions of each sub�gure correspond to the
x and y directions, respectively. The potential energy is visualized by using a color
scheme, denoted by the colorbar located below the sub�gures. The energy values
given in the colorbar are expressed in units of meV.
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Figure 3.54: A top view of the LDA surface exhibiting all the states found for O atom
adsorption is shown to the left. The right �gure exhibits and indexes the states that
will be included in further calculations. The states are denoted by green spheres,
the red and white spheres denote O and H atoms, respectively. Each of the states
is given a speci�c index number, used in the text, ranging from 1 to 12. H

2
O

molecules in deeper layers of the surface are not shown for clarity.

two surface O atoms and two surface H atoms, respectively. From a comparison
to the previously discussed HDA bond lengths, it is evident that the signi�cantly
stronger binding in O atom adsorption observed in HDA can be attributed to a
larger number of neighboring surface atoms with smaller bond lengths, especially in
the case of neighboring surface O atoms.

Figure 3.55: A histogram of the adsorption energy calculated at all of the O adatom
states found in the LDA system. The adsorption energy (meV) is given by the
x-axis and the number of states corresponding to a speci�c interval of adsorption
energy by the y-axis.

The distribution of activation energy is shown in Fig. 3.56, ranging from 0 to 210
meV. The distribution appears to be much more even in the case of LDA than for
the other two systems, still almost half of the barriers are found to have activation
energy lower than 50 meV, while the highest barriers are on the order of 200 meV
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Figure 3.56: Distribution of the calculated activation energy for every O adatom
transition process observed on LDA using PBE+D3. A total of 40 values are used.
The x-axis represents the activation energy (meV) and the y-axis the number of
transition processes corresponding to that speci�c interval of energy.

indicative of a small e�ective tunneling barrier. Transitions out of states 1 and
2 exhibit the largest activation energy values, such that during a low-temperature
dynamical evolution of the system, it is certain that the O adatom will become stuck
at these states.

3.3.3 Scaling Relations

Scaling relations become even more important when dealing with O adatom tran-
sition processes, since calculations involving O adatoms are signi�cantly more ex-
pensive than that of calculations involving H adatoms. In Fig. 3.57, the adsorption
energy of each indexed state for ice Ih (a), LDA (b) and HDA (c) is plotted against
the lowest activation energy corresponding to a transition of that state.

It is clear from the �gure that the best agreement between the data set and the �tted
line is for ice Ih, which predicts a slope of roughly 0.83. It is slightly higher than the
slope predicted for H adatom jumps on the same surface. The average and standard
deviation of the absolute di�erences is 16.8 ± 8.1 meV, which is relatively larger
than the deviation observed for H. However, it has to be noted that the adsorption
and activation energy are much higher in the case of O adatom transition processes
and thus higher deviation is to be expected. In the case of LDA, the average and
standard deviation of the absolute di�erences is 18± 9.4 meV, which is only slightly
higher than that of ice Ih. For HDA the same average and standard deviation is
found to be 64±55 meV. Again, it has to be noted that the adsorption and activation
energy are much higher for HDA than for ice Ih and LDA. However, it is obvious
that the HDA data does not compare to the straight line, in the same manner as the
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(a) (b)

(c)

Figure 3.57: The lowest activation energy (meV) for oxygen migrating out of a
particular state is plotted against the absolute adsorption energy (meV). This was
performed for ice Ih (a), LDA (b) and HDA (c) using the results of PBE+ D3.
Only the coarse grained state are included in all sub�gures. The red �lled circles
represent the data and the black line corresponds to a �rst order polynomial �t.
Equation of the straight line is written in the upper-left corner.

other two surfaces. The slopes of both LDA and HDA are predicted to be roughly
0.4, meaning that the activation energy of oxygen transitions increases gradually for
amorphous surface in comparison to that of ice Ih.
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3.4 Future Work

Further calculations need to be performed on the oxygen adsorption data. The dy-
namical evolution of the O adatom needs to be simulated to determine the di�usion
coe�cient of oxygen on ASW and ice Ih. To be able to achieve a complete analysis
of the O PES, some of the energy surfaces may need further calculations of grid
points, with higher z values.

The same size of the model systems (ice Ih, LDA and HDA) are used in both
the TIP4P-H and PBE+D3 calculations, on hydrogen adsorption, for the sake of
comparison between the two computational methods. However, since the TIP4P-
H is a computationally cheap method, it is important and not to mention easy to
enlarge the model systems and perform similar study on larger surfaces, which will
result in a more accurate distribution of the quantities (adsorption energy, activation
energy etc.) presented in this work.

It would be interesting to build on this study and inspect the formation pathways
of both H2 and H2O. Calculations of H2 formation might include NEB calculations
where the initial image has two H adatoms located in adjacent energy minima and
the �nal image has the two hydrogen atoms bonded in the deep energy minima to
form a H2 molecule. This could be performed for H adatoms located in deep and
shallow minima, where one H adatom is stuck while the other one di�uses along the
surface. Another similar calculation, would be that the two H adatoms are located
at adjacent shallow minima in the initial state and in the �nal state they form a
H2 molecule at one of the shallow minima. This would yield both the barrier of
formation, from which classical and quantum rates can be calculated and the energy
released during the reaction (given that it is spontaneous). Furthermore, molecular
dynamics simulations can be used to assess the fraction of the energy used to desorb
the H2 molecule or quantify how much energy is dissipated into the surface. In the
case of H2O formation, it would be informative to do NEB calculations where the
O adatom is stuck and H adatoms are added to it in a step-wise fashion.

An interesting observation was the relatively deep energy minima observed in the
HDA system for both H and O atom adsorption. Further analysis of the interaction
of the compact ice surface (HDA) and the adsorbates needs to be performed. This
might additionally address the problem where the description of HDA using TIP4P-
H was shown to provide worse agreement to the PBE+D3 computed data than for
the ice Ih and LDA, especially in the spatial distribution of energy minima. The
cause was attributed to the lack of many-body e�ects in the TIP4P-H potential, but
really it needs to be investigated further.
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4 Discussion

This work has aimed to analyze in detail the adsorption and di�usion behavior of
H and O adatoms on both crystalline and amorphous surfaces. For H adatoms, the
analysis was performed both with TIP4P-H, previously developed [69], and DFT
PBE+D3 calculations, while for O atoms only DFT calculations are reported due to
the lack of H2O−O potentials in the literature. In the case of TIP4P-H, the analysis
was carried through to obtain di�usion rates of H adatom on ice surfaces with explicit
account of quantum tunneling, while the DFT calculations are currently limited to
an analysis of adsorption energy and activation energy.

4.1 H2 formation

Hexagonal Ice

In the study of H adatom di�usion on ice Ih, the average adsorption energy is
found to be 51 meV and 38 meV using PBE+D3 and TIP4P-H respectively. Both
methods predict two types of adsorption sites, deep and shallow, which are located
at the center of the hexamers and on top of surface O atoms in the upper bi-layer,
respectively. These two types of energy minima have previously been observed in an
unpublished study of Senevirathne et al. [14] which used the TIP4P-H potential on
a much larger hexagonal ice system. As expected the adsorption energy predicted
by Senevirathne et al. is in excellent agreement to the TIP4P-H results of this
work. The study of Al-Halabi et al. [96] reported an average adsorption energy of
H adatoms on ice Ih to be 34 meV using a di�erent H2O−H potential [97], again in
good agreement to the TIP4P-H results.

The discrepancy in adsorption energy between the TIP4P-H and PBE+D3 can be
attributed to the attractive interaction of surface dangling H atoms to H adatoms
predicted by PBE+D3. It appears that a proper description of DH is lacking in
the TIP4P-H potential and thus TIP4P-H yields higher adsorption energy (lower
binding energy) than PBE+D3. Another interesting observation regarding the DH
is that they are found to play a pivotal role in the adsorption of H adatoms from the
gas-phase, where the DH provide the most favorable interaction to the H adatom
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at large distances above the surface. The importance of DH has previously been
pointed out in the work of Batista et al. [98] where DH were found to interact in an
attractive manner to H2O admolecules.

The average activation energy of di�usion for H adatom on ice Ih is predicted to be
13 and 9 meV for PBE+D3 and TIP4P-H respectively, where both methods predict
a narrow distribution of barrier heights (in comparison to the ASW surfaces). Again,
the reported values are in excellent agreement to the work of Senevirathne et al.

The low average activation energy of di�usion for H adatom on ice Ih reported,
indicates fast H adatom di�usion on ice Ih even at 10 K. The di�usion coe�cients
of H on ice Ih are calculated for a temperature of 120 K down to 5 K from KMC
simulations using both classical and WKB-corrected transition rates computed using
the TIP4P-H potential. It is observed that quantum tunneling does not alter the
di�usion coe�cient until the temperature is lower than 10 K, which is the proposed
lower bound temperature on dust grains. Even at 5 K, tunneling is only found to
decrease the average residence time of H adatom, in the energy minima, by up to
3 orders of magnitude. The cause of ine�cient tunneling can be traced to the low
curvature observed for the potential barriers of ice Ih. The di�usion coe�cient at
30 K and 9.6 K are calculated to be approximately 1.0 · 10−4 and 1.0 · 10−7 cm2/s,
which suggests a very rapid H adatom thermal di�usion on ice Ih even at extreme
temperature values.

Amorphous Ice

The energy distribution of the observed binding sites on the LDA surface were found
to range from -38 to -84 meV and from -30 to -70 meV using the PBE+D3 and
TIP4P-H methods, respectively. In comparison to the energy distribution obtained
for ice Ih, it is clear that the distribution is much wider for LDA than ice Ih and
the average value thus does not hold as much meaning for the results of LDA. The
activation energy of di�usion was computed using only TIP4P-H and was found to
be in the range of 0 to 60 meV with an average activation energy of 17 meV. It
is clear that there is a good agreement between the predictions of PBE+D3 and
TIP4P-H for LDA.

The energy of the adsorption sites on the HDA surface were found to range from
-36 to -76 meV using PBE+D3. However within the given range, the outlier or
the anomalous deep adsorption site (state 10) has been excluded. However, if that
particular adsorption site (energy minima) would be included the energy range would
be from -36 to -120 meV. The nature of that particular adsorption site is still not
properly understood and thus the results with and without that adsorption site are
reported. The energy range of the adsorption sites using the TIP4P-H potential
were found to be from -39 to -79 meV, in good agreement to the PBE+D3 results.
The activation energy of di�usion was found to range from 0-40 meV (0-80 meV if
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the outlier is included) and 0-56 meV with an average activation energy of 19 and
21 meV using the PBE+D3 and TIP4P-H methods, respectively. Analogous to both
LDA and ice Ih, it is evident that TIP4P-H and PBE+D3 compare quite nicely for
HDA. The energetic range for both adsorption and di�usion on LDA and HDA are
much larger than that of ice Ih. It is evident that because of the irregular structures
of both the amorphous surfaces, a diverse collection of adsorption sites and potential
barriers is obtained. Interestingly, the energetic range of both H adsorption and H
adatom di�usion is comparable for the two surfaces (again, if the anomalous state
of HDA is excluded).

In the work of Senevirathne et al. [14] the range of adsorption energy is reported
to be from -39 to -89 meV for a surface which most likely corresponds to HDA.
However the value of the density is not reported. The activation energy of di�usion
is reported to range from 0-70 meV. The distribution of both quantities is slightly
larger than the one predicted here using TIP4P-H. Overall, the agreement is good.
In the theoretical work of Al-Halabi et al. [10] they predict an average adsorption
energy of -56 meV for a LDA surface with a density of 0.94 g/cm3 [99]. This average
value for the adsorption energy is close to the predicted average adsorption energy
of this work, which was found to be -59 meV and -51 meV for LDA and HDA
respectively using PBE+D3. Watanabe et al. [21] at least two types of potential
wells are reported with an adsorption energy of approximately −20 meV and < −50
meV. Hama et al. [15] reported at least three groups of potential wells each with an
average activation energy of di�usion of ≤ 18 meV for the most shallow sites, 22 and
meV for the middle sites ≥ 30 meV for the deep potential sites. Both Watanabe et
al. and Hama et al. used a HDA surface with a density of roughly 1.1 g/cm3. These
results �t within the energetic range of both LDA and HDA predicted in this work.
However, rather than having a �nite set of adsorption sites on the ASW surfaces,
it is evident from this work that the distribution is much rather a continuum of
sites located within a certain energy interval. It is important to keep in mind that
the surface morphology varies from study to study and will therefore in�uence the
comparison.

To summarize, the general behavior of H adatom on a ASW surface is that there will
be all sorts of adsorption sites and a diverse set of potential barriers for transition
processes out of each site. To further investigate the behavior of H on ASW, the
dynamical evolution of the H adatom was performed using KMC implemented in
the EON code [81]. For both LDA and HDA, it was observed that the H adatom
became immobile when located at deep adsorption sites on the ASW surfaces at
a temperature of 10 K and lower. Therefore, the di�usion coe�cients could only
be estimated for T ≥ 26.1 K and higher. At that temperature, quantum tunneling
was found to be ine�cient and thus it was impossible to estimate to which extent
tunneling was able to alter the di�usion coe�cient at a temperature lower than 26.1
K. However, from the residence time of each energy minima it was apparent that
quantum tunneling became the dominant transition mechanism in both LDA and
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HDA at roughly 10 K, where the residence time of certain adsorption sites on LDA
was lowered by up to 8 orders of magnitude at 5 K and the residence time of certain
sites on HDA was lowered by up to 12 orders of magnitude. It is clear that tunneling
plays a much larger role in H adatom di�usion on ASW than on ice Ih. The reason
for this importance of tunneling on HDA than LDA can be attributed to the width
of the potential barriers which are on average shorter for HDA than LDA.

The di�usion coe�cients at T = 26.1 K, where all adsorption sites are included in
the simulation, were calculated to be 8 · 10−11 cm/s2 and 5 · 10−11 cm/s2 for HDA
and LDA respectively. Interestingly, the calculated values of the two systems are
comparable. Another set of simulations was performed where the deepest adsorption
sites of both the ASW systems (state 1 for HDA and state 1,2 for LDA) had been
excluded. It was found that the di�usion coe�cients increased drastically from the
previous simulations (where all sites were included). The di�usion coe�cients were
calculated to be 3 · 10−9 cm/s2 and 2 · 10−7 cm/s2 for HDA and LDA respectively
at T = 26.1 K. To the authors knowledge, only one theoretical study has calculated
the thermal di�usion coe�cient of H adatom on ASW (LDA to be precise) and
found it to be 1.09± 0.04 · 10−5 cm2/s. The simulation was performed by molecular
dynamics using the TIP4P-H potential at T = 10 K and it only lasted for 22 ps.
Their estimate is comparable to the di�usion coe�cients of this work calculated for
ice Ih between T = 26.1 K and T = 9.6 K, which is many orders of magnitude
higher than the di�usion coe�cient predicted for ASW at T = 26.1 K. This is most
likely because the simulation of Al-Halabi et al. only lasted for 22 ps and thus the
H adatom was only able to encounter very small potential barriers. It was pointed
out by Hama et al. [15] that the di�usion coe�cient of Al-Halabi et al. corresponds
to an average activation energy of di�usion of roughly 5 meV, which is in agreement
to the comparison presented here.

Discussion of H
2
formation

The results of this work show that the H2 formation on ice Ih proceeds through
fast thermal hopping of H adatoms between adjacent adsorption sites located at the
center of each hexamer, where the atoms will meet and react to form H2. The DH
assist in both H adsorption from gas-phase and by stabilizing the adsorption sites
and saddle points.

This work has shown that the formation of H2 on ASW surfaces is highly depen-
dent on the H atom coverage. The H adatoms will di�use along the more shallow
adsorption sites until becoming trapped in the deep adsorption sites. Once these
sites become occupied, the overall di�usion increases and thus further facilitate H2

formation. That is, the additional H adatoms thermally hop between shallow sites
more rapdily and thus are able to meet and react with trapped H atoms faster.
These conclusions are in agreement to the proposed H2 formation mechanism of
Watanabe et al. [21] and Hama et al. [15]. To the authors knowledge, this is the
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�rst theoretical study that properly addresses the discrepancy between the former
experimental work [17�20] regarding the controversy of slow and fast di�usion of H
adatom on ASW.

4.2 H2O formation

The oxygen adsorption results

The results of the O adsorption PES show that an O adatom is more strongly bound
to the ice surfaces than a H adatom. The adsorption energy for ice Ih can range from
-150 to -350 meV and for LDA it can range from -130 to -350 meV. The oxygen atom
appears to be even more strongly bound to the HDA surface with the adsorption
energy ranging from roughly -320 to -860 meV. The much stronger binding of HDA
than LDA and ice Ih, can be traced back to the density of the HDA. The HDA is a
much denser surface and thus each adsorption site is attractively interacting with a
larger count of water molecules than on LDA and ice Ih. The activation energy of
di�usion is also found to be much higher for O adatoms than for H adatoms. For
ice Ih, LDA and HDA the activation energy can range from 0�220 meV, 0-230 meV
and 0�450 meV, respectively. Therefore, it is safe to assume that O adatoms are
immobile in respect to the H adatoms. To the authors knowledge, there are no O
adatom studies on such surfaces which can serve as a comparison to the calculated
quantities.

Back to the proposed H
2
O formation mechanism

Two of the three ASW formation mechanisms mentioned in the introduction can
now be addressed. The step-wise H atom addition to an O atom can be assumed
to be of great importance in respect to the other two. Given that two hydrogen
atoms and an oxygen atom have adsorbed to an ice surface. The O adatom will
be immobile in comparison to the H adatoms, because of the much lower activation
energy of di�usion observed for H adatom jumps. Therefore, the H adatoms will
di�use along the surface and eventually react with the O adatom in a step-wise
fashion. Most likely, all of the deep H adatom binding sites become occupied �rst.
The step-wise H atom addition to an oxygen molecule can be rendered irrelevant
with respect to the former mechanism, since it requires two O adatoms to di�use
along the surface and react. This reaction mechanism will thus be much slower than
the former mechanism, this argument is only valid if the neighboring environment is
not O2 rich and the oxygen molecule has to form on the surface itself. The third and
last proposed mechanism in the introduction can not be addressed without further
investigation of the behavior of H2 on ice surfaces.
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4.3 Scaling relations

Another important aspect of the current work is the information on the relevance of
scaling relations, which can be obtained by inspection of the relationship between
adsorption energy and activation energy. It was observed using both PBE+D3 and
TIP4P-H for H adatom transition processes, that the correlation between activation
energy and adsorption energy of H, resulted in a quite linear relation for all surfaces.
The agreement between the data and the �tted straight line was observed to be
excellent, especially in the case of ice Ih. Therefore, a proportionality constant
between the two quantities was found to exist and be roughly 0.65 and 0.7 for TIP4P-
H and PBE+D3, respectively. Scaling relations of O adatom transition processes,
were also found to be near-linear in the case of ice Ih. Scaling relations are not
ful�lled to the same extent for O adatoms as that of H adatoms for ASW surfaces.
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