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Abstract 

A market valuation is becoming more and more common, both in accounting and 

regulation. Some pension funds abroad need to evaluate their assets and liabilities 

with variable market interest according to the Solvency II legislation. If the market value 

of assets is smaller than the market value of guaranteed liabilities, the pension fund 

clearly has a solvency problem. Using a simulation model, this paper demonstrates the 

difference between fixed discount rate and market rates. The simulation model uses 

variable market interest which is extrapolated using the model by Nelson and Siegel 

and fixed interest rate according to Icelandic regulations. The results indicate that there 

is no major difference of the present value of liabilities using either fixed or variable 

interest rate.   

Keywords: Pension funds, assets, liabilities, variable market rates, fixed interest. 
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Ágrip 

Íslenskur titill ritgerðarinnar er, Verðmat eigna og skuldbindinga lífeyrissjóðanna: 

Samanburður á áhrifum fastra og breytilegra vaxta. 

Núvirðing eigna og skuldbindinga með breytilegum markaðsvöxtum er að verða sífellt 

algengari, bæði í bókhaldi og reglugerðum. Einhverjir lífeyrirssjóðir erlendis þurfa 

einnig að verðmeta eignir og skuldbindingar sínar með breytilegum markaðsvöxtum í 

samræmi við Solvency II tilskipunina. Ef markaðsvirði eigna er minni en skuldbindingar 

þá á sjóðurinn í vandræðum með gjaldþol. Með hjálp hermilíkans, þá er sýndur munur 

á milli þess að nota fasta vexti eða breytilega markaðsvexti til að meta eignir og 

skuldbindingar. Hermilíkanið ber saman breytilega markaðsvexti, sem eru 

framreiknaðir með aðferð Nelson og Siegel, og fasta vexti samkvæmt íslenskum 

reglum. Niðurstöðurnar gefa til kynna að það sé ekki mikill munur á núvirðingu skulda 

sama hvort það eru notaðir fastir vextir eða breytilegir. 

Efnisorð: Lífeyrissjóðir, eignir, skuldbindingar, breytilegir markaðsvextir, fastir vextir. 
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1 Introduction 

1.1 Background 

Discount rate is one of the most important parameters in the valuation of liabilities of 

pension funds. Icelandic pension funds use fixed interest rate models to evaluate their 

assets and liability portfolio. To evaluate these amounts foreign pension funds have 

started to discount their assets and liabilities by variable market interest rates [1]. This 

has the effect on Icelandic pension funds that liabilities do not change with different 

market rates in the actuarial audit. Interest rate risk is therefore hidden in the pension 

funds’ accounting. 

Liabilities of pension funds can be looked at as if they were bonds, and paid out 

pensions as the cash flows of the bonds. The same approach can, therefore, be used 

to assess the sensitivity of liabilities to interest rates and to evaluate their duration. In 

general, the interest rate sensitivity is higher as the maturity of the liabilities is longer. 

The interest rate sensitivity is higher for liabilities than for assets because the duration 

is longer for liabilities than assets [1]. In Icelandic pension funds, the average duration 

of liabilities is 30 years but 5-8 years for assets. In addition, only part of the assets of 

pension funds is sensitive to interest rate, i.e. assets in bonds. Since the Icelandic 

population is relatively young, the duration of liabilities is particularly high in 

comparison with other countries, and that contributes to generally higher interest rate 

sensitivity [1].  

1.2 Objectives 

The objective of this MSc Thesis is to analyze the difference between discounting 

liabilities using fixed versus variable interest rate. This is important with respect to the 

funds’ capability to meet their present and future obligation. It will also provide market-

based approach to hedging strategies which pension funds in Iceland may want to 

adopt to align their assets better to their liabilities. 

1.3 Structure of the thesis 

In chapter 2, I will cover some aspect of pension funds. I will take a look at pension 

payments and discuss how they are valued. The difference between funded and 

unfunded pension schemes will also be explained. I will discuss the actuarial audit and 

bring up some of the rules that apply to Icelandic pension funds. 
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In chapter 3, I will introduce some common risk measures used to value asset and 

liabilities.  

In chapter 4, I will review the techniques to model liabilities and calculate the term 

structure of interest rate. I will cover in details models by Nelson and Siegel, Smith and 

Wilson, and Vasicek. I will discuss the requirement of market consistent valuation 

according to the Solvency II legislation and finally how pension funds invest long-term. 

In chapter 5, I calculate the term structure using Nelson and Siegel model and compare 

the present value of liabilities, with a simulation model, using fixed discount rates 

versus the market rate.  

In chapter 6 and 7, I will present the results and finish with discussion and conclusion. 

2 Pension systems 

Pension funds are financial institutions that receive a premium from fund members and 

invest to reimburse members in the form of pension later on. Pension funds vary in 

terms of contribution and rights, risk due to variation in return, the scope of co-

insurance, relationship with the public sector and so on [2]. 

The Icelandic Pension System is based on three distinctive pillars. A public pension 

financed by public taxation, mandatory funded funds, which are financed by a 

percentage of the salary of each person, and the optional private funds. All employed 

persons from the age of 16 to 70 are obliged to be members of an approved pension 

fund with a minimum contribution of 12% of total earnings. The contributions shall 

ensure each member a minimum old-age benefits, providing that the member has been 

paying for 40 years [3]. 

2.1 Pension payments 

A pension is a series of payments made to retirees. The payments are estimated for 

the future for all potential retirees. Although an estimate, considering these payments 

as a certain stream of future cash flow is helpful to understand pension measurement. 

Expressing the value of this future series of payments as a single amount on a specific 

date is required for several purposes, including financial statement preparation, 

funding decisions, and regulatory compliance. This amount is an estimate of the 

present value of the obligation and is dependent on the discount rate, the interest rate 

used to bring future cash flow to the present to account for the time value of money. 
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The intended use of the estimated present value influences how the measurement is 

determined. Although the estimate is useful for several purposes, the actual obligation 

remains the payment of the benefits when due [4]. 

2.2 Funded vs. unfunded pension schemes 

The importance of pension funds has increased rapidly in the world in recent years. It 

is expected that this trend will continue in coming years as there is much talk about 

enhancing funded pension funds at the expense of unfunded ones [2]. 

In a funded pension plan, the pension benefits are paid from the premiums that have 

been received in the past. These premiums, paid by the participants of the pension 

fund, are gathered in the pension fund. The premiums are invested to generate returns. 

The assets, together with the investment return and the future premium payments, 

should be able to pay for future benefits, and should match or exceed liabilities.  

Pension funds often keep more capital than is required to pay the benefits, in order to 

take investment risk into account. When a pension scheme is unfunded, the benefits 

are paid for by the current contributors to the pension fund. There are some countries 

in which pension funds run such a scheme. The best examples of unfunded pension 

schemes are national pension funds run by governments. Most developed countries in 

the world have an unfunded national pension arrangement provided by the state. In 

this method of financing, the benefits for the current retirees are paid directly from taxes 

and contribution from the current workers [5]. 

2.3 Defined contribution 

Within an individual defined contribution (DC) pension scheme, individuals set aside 

money for their own pension benefits. During the working period, the participant will 

contribute to a fund and all the risks, such as investment risk, inflation risk, and 

longevity risk are borne by the participant. When the person reaches the pensionable 

age, the assets of the fund at that time are converted to benefit stream. This is a fully 

funded strategy. The main advantage of this pension scheme is the fact that the 

premium can be kept at a constant level, guaranteeing stability over the years. The 

main disadvantage of this scheme is the fact that all the risk is borne by the participant 

individually. Although this can be a good thing when stock returns are good, the 

downside should not be neglected. More uncertainty comes from the volatile interest 

rate. When converting the assets into a life annuity at the pensionable age, the interest 
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rate determines what the price of the annuity will be. For the participant, this is a major 

source of uncertainty for future benefit level [5].  

Collective defined contribution pension schemes have the same fixed premium as the 

individual scheme, but the participants carry the risk before and after retirement. The 

risk can be spread out over more participants, for e.g. the longevity risk, averaging out 

the life expectancies and therefore reduce the risk. The inflation risk and investment 

risk can be spread over many generations. These risk-sharing properties are some of 

the advantages. A constant premium has the same advantage as observed with the 

individual plan [5].  

2.4 Actuarial audit  

Revenues and expenses affect earnings of pension funds. The revenues are the 

premiums and returns on investments but the expenses are the retirement benefits 

and other costs. Since the liabilities of the pension funds are not due for long periods 

of time, often decades, there is a constant need to evaluate assets and liabilities to 

estimate if the pension funds are on track to meet their obligation. The assumption 

used in actuarial audit in Iceland is decided by regulation set by the financial minister. 

In the audit, 3.5% fixed real rate is used and probabilities of death and disabilities are 

based on information from the Icelandic Bureau of Statistics (Hagstofa Íslands). The 

present value of retirement benefits is calculated to see if pension funds have enough 

assets to meet their future liabilities [6]. 

2.4.1 Implementation of actuarial audits in Iceland 

When calculating the present value of expected pension payments and expected 

premium income of the Icelandic pension funds the 3.5% interest rate is used 

according to law and regulation [7].  

There is a reason for wanting to estimate how sensitive the outcome of actuarial audits 

is to changes in discount rates. Pension liabilities usually cover a much longer period 

than the assets and therefore the liabilities are much more sensitive to changes in the 

interest rate [1]. For illustration, we can take a look at an example from The Pension 

Fund Book, Lífeyrisbókin, demonstrating the effect discount rates have on assets and 

liabilities. 

Let’s take a look at a simple pension fund that receives one bond payment in 8 years 

for a total of 100 kr. The pension fund also has to pay pension after 30 years, a total 
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of 213 kr. According to law, the pension fund needs to discount these cash flows with 

3.5% interest rate in the actuarial audit. The present value of the assets, i.e. the present 

value of 100 kr. after 8 years is 76 kr. and the present value of liabilities, i.e. 213 kr. 

after 30 years, is also 76 kr. The fund is then in actuarial balance (Figure 1). If, however, 

another interest rate was used to discount, for example, 2.5% the results would look 

differently. With the discount rate at 2.5%, the present value of the assets would be 82 

kr. but the present value of liabilities would be 102 kr. In this case, the pension fund 

could not meet its obligation and the actuarial audit would be -24% (Figure 2). Although 

this is a simple example, this is the case for Icelandic pension funds. The average 

duration for assets is 5-8 years and liabilities are around 30 years. It is, therefore, 

important which interest rate is used to discount. 

 

Figure 1. Present value of assets and liabilities with 3.5% interest rate [1]. 
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Figure 2. Present value of assets and liabilities with 2.5% interest rate [1]. 
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Table 1. Special cases when calculating present value. 

a. If the security is issued domestically and not index-linked, it shall be discounted 

with 3.5% interest rate and an inflation premium according to the inflation 

objective of the Icelandic Central Bank. 

b. All foreign fixed income securities shall be valued at the 3.5% yield. 

c. Bonds with provision of floating rate shall discount as the bonds bear interest 

which is 1.5% lower than interest rate on due date, but never lower than 

minimum interest rate according to the bond. 

d. Bonds with settlement provision should be assessed for reduction in accordance 

with the rules published by the Association of Icelandic Actuaries. 

e. Treasury bonds shall be discounted with respect to the inflation in accordance 

with the Central Bank inflation target. 

f. Foreign bonds shall be discounted with a 3.5% yield without special premium 

regarding the inflation- or exchange rate [9]. 

2.4.3 Discounting rate in Iceland 

According to The Pension Fund Book (Lífeyrisbókin), the current methods for the 

actuarial audit have been used since 1990, when the pension environment was quite 

different from what it is today. These assessments that are used today were made for 

the pension funds environment as it was at that time, but it is easy to argue that this 

arrangement was appropriate at the time. There was no efficient bond market in 

Iceland at this time, and unlike today, almost nowhere in the world where pension funds 

using the market interest to value their liabilities. In this environment, it would have 

been essential to determine any real interest rate for the discounting. The 3.5% interest 

rate was chosen with caution as the real rate were much higher than they are today 

[1]. 

The decision of the 3.5% interest rate can be traced back to the years 1975 to 1987 

when a committee aimed to propose improvements to the Icelandic pension system. 

A legislative bill 129/1997, states that the 3.5% threshold would be a little too high for 

the long-term but is nonetheless justified since the new scheme covered all pensioners 

immediately. This would cause significant cost for the time being because the 

pensioners already over fifty would only pay premiums for a short period of time. The 

committee prepared a draft for a regulation 391/1998 and took into account that in the 
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nineties, the Housing Financing Fund (Íbúðalánasjóður) offered 5.1% lending rate and 

the real rate of housing bonds were 4.75%. The average return of the pension funds 

had been 6.7% in these years. The main criticism was that the 3.5% interest rate was 

a bit low, but nevertheless, it was decided to keep this level [10]. 

It is also stated in The Pension Book that the Icelandic bond market is more efficient 

today and therefore it should be easier to use market rate to discount liabilities. In 

1990's it would have been impossible for most of the pension funds to get the interest 

rate for their bonds but some way had to be used to assess them. The pension funds 

also held their bonds until they expired and therefore received the returns as the bonds 

promised, thus, to some extent it was natural to account for the bonds by their claim. 

Now it is possible to access the market price for the majority of funds bond as well as 

it should be easy to assess the price for the rest. Pension funds have also increasingly 

begun to pursue active management of their bonds and there it is more appropriate 

that the bonds are valued by market interest so that the benefits of active management 

will be clearer. The risk of bonds is also clearer when they are valued according to the 

market [1]. 

In those countries where there are funded pension funds it has increased that the 

pension funds value their liabilities at market rate and now most of the major countries 

discount their liabilities with market interest or intend to do so. The methodology to 

assess the market value of obligation varies between countries but the methods all 

include the market rates. These changes have had a major impact on asset and risk 

management of pension funds [1].  

2.4.4 Simple equation for actuarial audit  

In his article, Turbulent pension finances (Sviptingar í fjárhag lífeyrirssjóðanna), Ólafur 

Ísleifsson describes a simple actuarial audit for pension funds. For each individual 

member of the pension fund, the retirement income is dependent on the premium paid 

and their return on investment. From the funds perspective, the income is dependent 

on the premiums paid and demographic factors. This can be expressed as  

 𝐿 = 𝐿(𝒄, 𝚿, 𝚽). (1) 

Where 𝐿 is the liabilities, 𝒄 is a vector with paid contribution of all the funds members 

with appropriate time criteria depending on whether we are looking at accrued position 

or total value of the funds balance sheet. The vector 𝚿 contains demographic 
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information about the funds members and the vector 𝚽 information about member’s 

rights to retirement income. Of demographic factors the life expectancy and the 

disability odds have the biggest impact. 

For simplicity, Ólafur Ísleifsson looks at a more general model. 𝐴 represents net assets 

of the pension fund, 𝐿 represents the accrued commitment, 𝐶 the premiums and 𝐵 the 

pension benefits. 𝐴 and 𝐿 are balances based on a given period e.g. one year. For the 

premium the following holds 𝐶 = 𝛿W where 𝛿 is the premium rate and 𝑊 is total income 

of working members on the period that we are looking at. Then he can write the 

accrued position of the pension fund 𝑈 as 

 𝑈 = 𝐴 − 𝐿 (2) 

Where 𝑈 stands for the fund’s assets in excess of liabilities. The overall status of the 

fund is then 𝑈∗ 

 𝑈∗ = 𝐴 + 𝑃𝑉(𝐶) − [𝐿 + 𝑃𝑉(𝐵)] = 𝐴 + 𝐹 − 𝐿∗ (3) 

where 𝐿∗ = 𝐿 + 𝑃𝑉(𝐵) the total liabilities i.e. the accrued obligation and the liabilities 

that are due to the future contribution of the funds member. 𝐹 stands for the present 

value of the future contribution and 𝑃𝑉(𝐵) the present value of the future payments to 

the pensioners with given discounting interest rate. 

The actuarial position of the fund as a fraction of its liabilities is represented by 𝐽, which 

can be written as 

 𝐽 = 𝑈/𝐿 (4) 

The actuarial position of the funds future contribution as a fraction of its total liabilities 

can be represented by 𝐽∗ which can be written as 

 𝐽∗ = 𝑈∗/𝐿∗ (5) 

When there is mention of the overall status of the pension funds, it is usually referred 

to as 𝐽∗. This will be the basis of the analysis of the fund’s financial standings when it 

comes to whether it has the financial strength to meet its obligation already established 

on the balance sheet and of the future contribution [8]. 

2.4.5 Disability and future demographic trends 

The financial status of the pension funds is not less dependent on demographic factors 

such as life expectancy and disabilities probabilities. In a regulation on the operation 
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of the pension funds, it is stated that in general assumptions for actuarial audits, the 

assessment of mortality and life expectancy [9]. 

Changes in the assumption for disability frequency and average age may increase the 

pension obligation significantly. In recent years, the development of disability and 

average age has been unfavorable for the pension funds, i.e. the obligation for 

disability has increased considerably and this has adversely affected the rights of the 

members. These liabilities are difficult to handle but there are examples of pension 

funds trying to cover their risk by buying derivatives which take into account the 

development of these variables and therefore function as some sort of insurance [1]. 

Over the next decade, OECD (Organization for Economic Cooperation and 

Development) countries will continue to age, leading to unprecedented shares of their 

population being 80 years and over. In 1950, less than 1% of the global population was 

aged 80 years old. By 2050, this share is expected to reach 4%. The most important 

increase is expected for the OECD countries, where by 2050, almost 10% of the 

population will be very old, compared to 1% in 1950. In Iceland, the portion of the oldest 

people is expected to increase by less than 5 percentage points between 2010 and 

2050, and reach levels under 9%. The growth of the share of very old will affect the 

future demand for long-term care.  

Although theories differ about expected relationship between the aging of societies and 

the need for care, all suggest that this will increase. Furthermore, life expectancies of 

those born and living with a disability have increased substantially due to better medical 

care and assistance to those with functional limitations. The aging of societies will also 

affect the potential supply of individuals available to provide both paid and unpaid long-

term care service. On average across OECD countries, the size of the working-age 

population as a share of the total population is expected to shrink by about 9 

percentage points, from 67% in 2010 to 58% by 2050 [11]. 

2.4.6 Solvency 

The law of compulsory pension rights and operations of pension funds [7] state that 

the net assets of a pension fund, plus the present value of future contribution, should 

equal the present value of the already paid contribution and the expected future 

contribution. If the difference between the assets and liabilities is more than 10% the 

fund has to make necessary changes to the pension funds policy. This applies for short 
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periods but if the difference has been more than 5% for more than five years it also 

calls for changes. This provision has been interpreted as the difference between assets 

and liabilities as a percentage of liabilities, meaning the overall status defined by 𝐽∗ in 

equation (5), i.e. the difference between assets, plus the value of contributions, and 

total liabilities [8].  

The contribution rate is usually bound by a collective agreement or law which means 

there is no other way than compromising the pensioner’s right unless there is foreseen 

a return on the fund’s asset that is sufficient to correct the deficit. In an ASÍ and VSÍ 

contract from 1995 about pensions, it states that mandatory pension requires that no 

one under the provision of a collective agreement has to pay the premium to a pension 

fund that may be unable to meet its obligation later on. As a result, the fund can’t 

compel anyone to pay the premium if deficit conflicts with the law. Therefore, the 

pension funds, at any moment in time, have to meet their obligation in the sense that 

assets are sufficient to cover the right of the members as has been promised. 

After the financial crisis in autumn of 2008, changes were made to the pension funds 

and they can now have up to 15% difference between the assets and future obligation 

without having to make changes [8].  

Aging population, people living longer and the interest rate environment has increased 

the cost of pension fund significantly. As the return on the financial market has been 

lower than expected, there might be a reason to tighten the legislation for pension 

funds. Solvency II is a legislation mainly for insurers where insurers need a security 

margin of 99.5%. The level of capital, which is needed to achieve 99.5% security 

margin, is called Solvency Capital Requirements. The solvency capital requirement is 

set at a level to ensure that insurers and pension funds can meet their obligations to 

policyholders and beneficiaries over the following 12 months with 99.5% probability. 

Under Solvency II, the assets have to be valued according to market valuation but the 

liabilities have to be discounted by a swap curve that is corrected for illiquidity risk. 

Where the liquidity premium is defined as the difference between the price of the illiquid 

assets and a similar liquid asset [12].  

Regulatory Capital Requirement under Solvency II is determined that the funding ratio 

after one year will be at least 100% with 99.5% confidence level [13]. Under Solvency 

II, wherever possible, the fair value or economic value of assets must be based on a 
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mark to market approach, based on readily available prices in orderly transactions that 

are sourced independently. Where marking to market is not possible, mark to model 

procedures should be used. Marking to model is any valuation which has to be 

benchmarked, extrapolated or otherwise calculated as far as possible from a market 

input [12]. 

2.4.7 Inflation risk 

One major factor in the actuarial audit in Iceland is the effect of inflation. The pension 

funds obligations are discounted using real rate and therefore are the liabilities 100% 

fixed to the CPI. The assets in the actuarial audit are however not totally fixed to the 

CPI. Future premiums are fixed to the CPI as the liabilities but the assets are often half 

in bonds, which of 80-90% are fixed to the CPI. Therefore, roughly 40% of the assets 

of pension funds are indexed to the CPI. There are considerable differences between 

assets and liabilities, which has the effect that when the index rises it can have a great 

effect on the actuarial audit. 

 

Figure 3. Inflation effect on the actuarial audit, as the inflation rises, the actuarial audit of the 
pension fund worsens [1]. 

 

As we can see in Figure 3, the actuarial audit can worsen by few percent if the inflation 

is high. Inflation is, therefore, a big risk factor in the pension fund operation and 

especially in Iceland where the rise in inflation is common [1]. 
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3 Conventional risk measures 

Conventional risk measures are used to measure volatility and potential loss. Higher 

volatility can lead to bigger losses and is, more riskier [1]. 

3.1 Introduction 

Traditional risk models were introduced in the middle of last century. Markowitz [14] 

came up with the efficient frontier model which shows the relationships between 

expected return and risk, how to choose together the assets to maximize expected 

return for a given risk, or minimize risk for a given expected return, using the standard 

deviation to assess the risk. Sharpe [15] introduced the CAPM model which assumes 

that the investors are being paid to take the risk. A beta indicates the expected return 

in the underlying investment relative to the markets return. Investment with a beta 

higher than 1 are more volatile than the market, but less if the beta is lower than 1 [1]. 

It became clear in the early nineties that it was not enough to consider standard 

deviation and beta as an indication of risk when the market crashed due to the advent 

of derivatives. Value at Risk is a model that offers flexibility in the choosing of the 

probability distribution. Conventional models are all dependent on historical data and 

pre-defined form of probability distribution [1]. The most common form of the probability 

distribution for the underlying risks factors are the normal and log-normal distributions. 

The normal distribution is usually the first choice when modeling asset return. It is easy 

to handle and stable under addition, meaning that a combination of jointly normal 

variables is itself normal. It also provides the limiting distribution of the average of 

independent random variables through the central limit theorem. The normal 

distribution provides a rough first-order approximation to the distribution of many 

random variables such as changes is stock prices, bonds and yields and so on. This 

may not be appropriate for measuring tail risk, however. We assume that stock price 

is a random variable following a normal distribution with mean 𝜇 and standard deviation 

𝜎. In this case the normal distribution cannot be theoretically correct because of limited 

liability, and stock price cannot go below zero. Similarly, bonds and yield cannot turn 

negative. This is why we use the log-normal distribution [16]. We will take a look at 

these models in more details in the following sub-chapters. 
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3.2 Present value 

For a stream of cash flow extending over a number of years, the present value is 

calculated by adding the discounted cash flow for 𝑛 years 

 
𝑃𝑉 =

𝐶1

1 + 𝑟
+

𝐶2

(1 + 𝑟)2
+ ⋯

𝐶𝑛

(1 + 𝑟)𝑛
 

(6) 

where 𝑟 is the discount rate and 𝐶1, 𝐶2, … 𝐶𝑛 is the cash flows. Cash flows are 

discounted for two reasons. A dollar today is worth more than dollar tomorrow and a 

safe dollar is worth more than a risky one. A dollar today is worth more than a dollar 

tomorrow because the dollar can be invested and earn a day’s worth of interest. By 

calculating the present value of an asset, we are estimating how much people are 

willing to pay for it [17]. The present value is always less than or equal to the future 

value because money has interest-earning potential, a characteristic referred to as the 

time value of money, except during times of negative interest rate, when the present 

value will be less than the future value [18]. Both coupon and principal payments 

delivered by inflation indexed bonds can be linked to a number of inflation indexes. An 

inflation indexed bond promises a fixed rate of return above inflation as measured by 

a selected index 𝐼(𝑖). The bond pays the real rate 𝑐𝑟 on the principal 𝑄 which is inflated 

over time according to the selected index. The present value of indexed coupons is 

calculated as follows 

 
𝑃𝑉𝑟(0) = ∑

𝐼(𝑖)

𝐼(0)
𝑐𝑟𝑄𝐷𝑛(0, 𝑇𝑖) +

𝐼(𝑁)

𝐼(0)
𝑄𝐷𝑛(0, 𝑇𝑁)

𝑁

𝑖=1

. 
(7) 

This can be simplified by setting 
𝐼(𝑖)

𝐼(0)
𝐷𝑛(0, 𝑇𝑖) = 𝐷𝑟(0, 𝑇𝑖), therefore 

 
𝑃𝑉𝑟(0) = ∑ 𝑐𝑟𝑄𝐷𝑟(0, 𝑇𝑖) + 𝑄𝐷𝑟(0, 𝑇𝑁)

𝑁

𝑖=1

. 
(8) 

 

3.3 Bonds 

A bond is a security that is issued in connection with borrowing arrangement. The 

borrower issues a bond to the lender for some amount of cash. The arrangement 

obligates the issuer to make specified payments to the bondholder on specified days. 

These are called coupon payments. When the bond matures, the issuer repays the 

debt by paying the bondholder the bond’s par value or face value. The coupon rate of 
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the bond determines the interest payments. Bonds are usually issued with coupon 

rates set just high enough to induce investors to pay par value to buy the bond. In the 

case of zero coupon bonds, where the bonds make no coupon payments, the investor 

receives par value at the maturity date but receives no interest payments until then. 

These bonds are issued at a price considerably below par value and the investor´s 

return comes solely from the difference between the issue price and the payment of 

par value at maturity. To value a bond, we discount its expected cash flow by the 

appropriate discount rate. The cash flow from a bond consists of coupon payments 

until the maturity date plus the final payment of par value. Therefore, 𝐵𝑜𝑛𝑑 𝑣𝑎𝑙𝑢𝑒 =

𝑃𝑟𝑒𝑠𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑐𝑜𝑢𝑝𝑜𝑛𝑠 + 𝑃𝑟𝑒𝑠𝑒𝑛𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑝𝑎𝑟 𝑣𝑎𝑙𝑢𝑒. If we call the maturity date 𝑇 

and the interest rate 𝑟, the bond value can be written as 

 
𝐵𝑜𝑛𝑑 𝑣𝑎𝑙𝑢𝑒 = ∑

𝐶𝑜𝑢𝑝𝑜𝑛

(1 + 𝑟)𝑡

𝑇

𝑡=1

+
𝑃𝑎𝑟 𝑣𝑎𝑙𝑢𝑒

(1 + 𝑟)𝑇
 

(9) 

The yield to maturity is a measure of the average rate of return to an investor who 

purchases the bond for the asked price and holds it until its maturity date. The yield to 

maturity, 𝑟, is defined as the interest rate that makes the present value of a bond’s 

payment equal to its price. For a premium bond, that is bonds that are selling above 

par value, coupon rate is greater than current yield, which in turn is greater than yield 

to maturity. For discount bonds, bonds that are selling below par value, these 

relationships are reversed. Current yield is the bond´s annual coupon payments 

divided by the bond price. 

3.4 Portfolio theory 

Portfolio theory is a mathematical framework for assembling a portfolio of assets such 

that the expected return is maximized for a given level of risk. Its key insight is that an 

asset's risk and return should not be assessed by itself, but by how it contributes to a 

portfolio's overall risk and return. Portfolio theory assumes that investors are risk 

averse, meaning that given two portfolios that offer the same expected return, investors 

will prefer the less risky one. Thus, an investor will take on increased risk only if 

compensated by higher expected returns. Different investors will evaluate the trade-off 

differently based on how risk averse they are but a rational investor will not invest in a 

portfolio if there exists a second portfolio with higher expected return but with the same 

risk. Portfolio return is the proportion weighted combination of the constituent assets 
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returns. And the volatility is a function of the correlation 𝜌𝑖𝑗 of the portfolio’s assets, for 

all asset pairs. The expected return is calculated as 

 𝐸(𝑅𝑝) = ∑ 𝑤𝑖𝐸(𝑅𝑖)

𝑖

 (10) 

where 𝑅𝑝 is the return on the portfolio, 𝑅𝑖 is the return on asset 𝑖 and 𝑤𝑖 is the weighting 

of asset 𝑖. The variance is calculated as 

 𝜎𝑝
2 = ∑ 𝑤𝑖

2𝜎𝑖
2

𝑖

+ ∑ ∑ 𝑤𝑖𝑤𝑗𝜎𝑖𝜎𝑗𝜌𝑖𝑗

𝑗≠𝑖𝑖

 (11) 

 where 𝜌𝑖𝑗 = 1 for 𝑖 = 𝑗. 

3.5 Standard deviation 

The standard deviation, 𝜎, of the rate of return, 𝑟, is a measure of risk. It is defined as 

the square root of the variance, which in turn is the expected value of the squared 

deviations from the expected return. Standard deviation is often used as a measure of 

risk associated with price fluctuation of a given asset or portfolio. 

Standard deviation is a measure used to quantify variation in a dataset. A standard 

deviation that is close to zero indicates that the data points are close to the expected 

value or the mean. In finance, the standard deviation of the rate of return measures 

the volatility of the asset. The higher the volatility the riskier the asset, as the price of 

the asset can change intensely over a short period. If 𝑋 takes random values from a 

finite data set 𝑥1, 𝑥2, … , 𝑥𝑁 with each value having different probability 𝑝𝑖. Let 𝑥1 have 

probability 𝑝1 and so forth to 𝑥𝑁 having probability 𝑝𝑁. In this case, the standard 

deviation is [19]  

 

𝜎 = √∑ 𝑝𝑖(𝑥𝑖 − 𝜇)2

𝑁

𝑖=1

, 

(12) 

where  

 
𝜇 = ∑ 𝑝𝑖𝑥𝑖

𝑁

𝑖=1

. 
(13) 

The standard deviation of a continuous real-valued random variable 𝑋 with probability 

density function 𝑝(𝑥) is 
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𝜎 = √∫ (𝑥 − 𝜇)2𝑝(𝑥)𝑑𝑥
𝑋

, 

(14) 

where  

 
𝜇 = ∫ 𝑥𝑝(𝑥)𝑑𝑥

𝑋

. 
(15) 

 

3.6 Beta 

Beta measures the extent to which returns on the stock and market move together. It 

is estimated by regression 

 𝑟𝑖 ≈ 𝛼𝑖 + 𝛽𝑖𝑟𝑀. (16) 

Beta is defined as  

 
𝛽𝑖 =

𝐶𝑜𝑣(𝑟𝑖, 𝑟𝑀)

𝜎𝑀
2   

 
(17) 

where 𝛼 is the active return on an investment, 𝑟𝑖 is the return on the relative security, 

𝑟𝑀 is the return on the market and 𝜎𝑀
2  is the systematic risk since 𝑀, the market 

portfolio, is diversified across all stocks. Beta therefore measures the volatility of stocks 

compared to the market. A beta less than one indicates that the investment is less 

volatile than the market, while a beta more than one indicates that it is more volatile 

than the market. Negative betas are possible for investments that tend to go down 

when the market goes up and vice versa. Beta measures the risk of an investment that 

cannot be reduced by diversification. In the capital asset pricing model, investor should 

receive a higher expected return, compared to the risk free rate, when taking on higher 

beta risk [19].  

3.7 Capital asset pricing model (CAPM) 

CAPM is a cornerstone in modern financial economics. The model gives a precise 

prediction of the relationship that is observed between the risk of an asset and its 

expected return. This relationship serves two vital functions. It provides a benchmark 

rate of return for evaluating possible investments. For example, whether the expected 

return that is forecasted for a stock is more or less than its “fair” return given its risk. 

Or the model can help to make an educated guess to the expected return on assets 
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that have not yet been traded in the market, for example, initial public offering of a 

stock. 

For individual securities, we take a look at the security market line, see Figure 4, which 

describes a relation between the beta (systematic risk) and the asset’s expected rate 

of return. 

  

Figure 4. The security market line. The x-axis represents the risk and y-axis the expected 
return. 

 

The market risk premium is determined from the slope of the security market line. This 

enables us to calculate the reward to risk ratio for securities in relation to that of the 

overall market. When the expected return for a security is deflated by its beta 

coefficient, the reward to risk ratio for any individual security in the market is equal to 

the market reward to risk ratio, that is  

 𝐸(𝑟𝑖) − 𝑟𝑓

𝛽𝑖
= 𝐸(𝑟𝑚) − 𝑟𝑓 

(18) 

The market reward to risk ratio is effectively the market risk premium and by 

rearranging eq. (18) and solving for 𝐸(𝑟𝑖), we obtain the capital asset pricing model. 

 𝐸(𝑟𝑖) = 𝑟𝑓 + 𝛽𝑖(𝐸(𝑟𝑚) − 𝑟𝑓) (19) 

where 𝐸(𝑟𝑖) is the expected return on the capital asset, 𝑟𝑓 is the risk free rate of interest 

and 𝐸(𝑟𝑚) is the expected return of the market [19]. 

Systematic risk (β )

rf

E(ri)

E(rM) M

1
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3.8 Value at risk (VaR) 

Value at risk is a measure of risk of investments. It estimates how much a set of 

investments might lose in a given timeframe under normal market conditions [19]. VaR 

is defined, for a given portfolio, time horizon, and probability 𝑝, as the threshold loss 

value. Such that the probability that the loss on the portfolio over given time horizon 

exceed this value, is 𝑝. Given a confidence level 𝛼 ∈ (0,1), the VaR of the portfolio at 

the confidence level 𝛼 is given by the smallest number 𝑙 such that the probability that 

the loss 𝐿 exceeds 𝑙 is at most (1 − 𝛼). Mathematically, if 𝐿 is the loss of a portfolio, 

then 𝑉𝑎𝑅𝛼(𝐿) is the 𝛼-quantile, that is 

 𝑉𝑎𝑅𝛼(𝐿) = inf{𝑙 ∈ ℝ: 𝑃(𝐿 > 𝑙) ≤ 1 − 𝛼} = inf {𝑙 ∈ ℝ: 𝐹𝐿(𝑙) ≥ 𝛼}. (20) 

The left equality is a definition of VaR and the right equality assumes an underlying 

probability distribution, which makes it true only for parametric VaR [20]. 

The sample space Ω of the expected rates of return r on the investment 𝑊 in some 

arbitrary assets is mathematically represented by the set ℝ. Let’s assume that the 

expected rates of return 𝑟(𝑡) with respect to the time horizon 𝑡 of the investment is a 

random variable determined by the distribution function 𝐹: Ω → [0,1] and 𝐹(𝑥) =

∫ 𝑝(𝑟)𝑑𝑟
𝑥

−∞
, where 𝑝 is the corresponding probability density. This means in particular 

that the expected rate of return 𝑟(𝑡) will achieve a value less than 𝑥% (𝑥 ∈ ℝ) after 

time 𝑡 with probability 𝑃(𝑟(𝑡) ≤ 𝑥) = 𝐹(𝑥). Let Ω̃ = ℝ be the sample space of currency-

valued returns 𝑅 = 𝑟(𝑡)𝑊. The expected loss 𝐿(𝑡) with respect to the time horizon 𝑡 of 

the investment 𝑊 is then given as the negative difference between the return and the 

mean value, 𝐿(𝑡) = 𝜇𝑊 − 𝑅(𝑡) = (𝜇 − 𝑟(𝑡))𝑊. Note that any return less than the 

expected one means an effective loss, even if it is positive. Positive values of 𝐿(𝑡) 

mean a loss after time 𝑡, and negative ones a gain. Its distribution function �̃�: Ω̃ → [0,1] 

is simply given by �̃�(𝐿) = 1 − 𝐹 (
𝐿

𝑊
− 𝜇), or  

 
�̃�(𝐿) = 1 − ∫ 𝑝 (

𝐿′

𝑊
− 𝜇) 𝑑𝐿′,

𝐿

−∞

 
(21) 

with the probability density −𝑝(𝐿′𝑊 − 𝜇). The Value at Risk with respect to the time 

horizon 𝑡 of the investment then is defined as the maximal expected loss 𝐿(𝑇) not 

exceeded with probability (1 − 𝛼): 
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 𝑃(𝐿𝑡) ≤ 𝑉𝑎𝑅) = 1 − 𝛼,   0 ≤ 𝛼 ≤ 1. (22) 

𝛼 is the default or downfall probability of the Value at Risk and the Value at Risk is 

nothing else than the (1 − 𝛼)-quantile of the random variable [21] 𝐿(𝑡):  

 𝑉𝑎𝑅 = �̃�−1(1 − 𝛼). (23) 

3.9 Markowitz portfolio selection 

Harry Markowitz divides the process of selecting portfolios into two stages.  The first 

stage starts with observation and experience and beliefs about the future performance 

of securities. The second stage starts with relevant beliefs about future performances 

and ends with the choice of the portfolio. His paper focuses on the second stage. 

Markowitz expects investors to maximize discounted expected or anticipated returns 

and also that investors consider expected return desirable but the variance of return 

an undesirable thing. Markowitz states that a rule of behavior which does not imply the 

superiority of diversification must be rejected as a hypothesis and considers a rule 

which implies both that the investor should diversify and maximize expected return. 

The rule states that the investor should diversify his funds among all those securities 

which give maximum expected return. The portfolio with maximum expected return is 

not necessarily the one with minimum variance but there is a rate at which the investor 

can gain expected return by taking on variance, or reducing variance by giving up 

expected return. Markowitz considers this rule and presents few concepts. He starts 

with letting 𝑌 be a random variable that can take finite numbers of values 𝑦1, 𝑦2, … , 𝑦𝑁 

and the probability of 𝑌 = 𝑦1 be 𝑝1, 𝑌 = 𝑦2 be 𝑝2 and so on. The expected value of 𝑌 is 

defined as 

 𝐸 = 𝑝1𝑦1 + 𝑝2𝑦2 + ⋯ + 𝑝𝑁𝑦𝑁, (24) 

and the variance as 

 𝑉 = 𝑝1(𝑦1 − 𝐸)2 + 𝑝2(𝑦2 − 𝐸)2 + ⋯ + 𝑝𝑁(𝑦𝑁 − 𝐸)2 (25) 

Markowitz then introduces the random variables 𝑅1, 𝑅2, … 𝑅𝑛 and lets 𝑅 be a weighted 

sum of 𝑅𝑖  

 𝑅 = 𝑎1𝑅1 + 𝑎2𝑅2 + ⋯ + 𝑎𝑛𝑅𝑛. (26) 

Then 𝑅 is also a random variable. The expected value of a weighted sum is the 

weighted sum of the expected values, or  
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 𝐸(𝑅) = 𝑎1𝐸(𝑅1) + 𝑎2𝐸(𝑅2) + ⋯ + 𝑎𝑛𝐸(𝑅𝑛) (27) 

To calculate the variance, the covariance must first be defined. For random variable 𝑅𝑖 

and 𝑅𝑗, the covariance is defined as  

 𝜎𝑖𝑗 = 𝐸[(𝑅𝑖 − 𝐸(𝑅𝑖)) (𝑅𝑗 − 𝐸(𝑅𝑗))] (28) 

The variance of a weighted sum is 

 
𝑉(𝑅) = ∑ 𝑎𝑖

2𝑉(𝑅𝑖) + 2 ∑ ∑ 𝑎𝑖𝑎𝑗𝜎𝑖𝑗

𝑁

𝑖>𝑗

𝑁

𝑖=1

𝑁

𝑖=1

 
(29) 

 Let 𝑅𝑖 be the return of the 𝑖𝑡ℎ security, 𝜇𝑖 be the expected value of 𝑅𝑖 and 𝜎𝑖𝑗 the 

covariance between 𝑅𝑖 and 𝑅𝑗. If 𝑋𝑖 is the percentage of the investor’s assets, which 

are invested in the 𝑖𝑡ℎ security, the yield 𝑅 on the portfolio is  

 
𝑅 = ∑ 𝑅𝑖𝑋𝑖

𝑁

𝑖=1

 
(30) 

From this discussion of weighted sum Markowitz expects the return 𝐸 from the portfolio 

to be 

 
𝐸 = ∑ 𝜇𝑖𝑋𝑖

𝑁

𝑖=1

 
(31) 

and the variance 

 
𝑅 = ∑ ∑ 𝜎𝑖𝑗𝑋𝑖𝑋𝑗

𝑁

𝑗=1

𝑁

𝑖=1

. 
(32) 

For fixed probability beliefs (𝜇𝑖, 𝜎𝑖𝑗) the investor has a choice of various combination 

of 𝐸 and 𝑉 depending on his choice of portfolio 𝑋1, … , 𝑋𝑁 according to Markowitz. He 

supposes that the set of all obtainable (𝐸, 𝑉) combinations were as in Figure 5.  
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Figure 5. The efficient frontier of all obtainable (E,V) combination. 

 

The (𝐸, 𝑉) rule states that the investor would want to select one of those portfolios 

indicated as efficient in Figure 5, that is those with minimum 𝑉 and for a given 𝐸 or 

maximum 𝐸 for a given 𝑉. There are techniques by which the set of efficient portfolios 

and efficient (𝐸, 𝑉) combinations can be computed for a given 𝜇𝑖 and 𝜎𝑖𝑗. If the investor 

were to be informed of what (𝐸, 𝑉) combinations were attainable, he could then state 

which he desires and that portfolio could be found [14].  

4 Valuation of assets and liabilities 

Wherever possible, a market-consistent valuation should be used for the economic 

valuation of assets and liabilities.  A valuation that is based on principles, 

methodologies and parameters that the financial markets would expect to be used is 

termed a market consistent valuation. The market consistent value of an asset or 

liability may be determined using different techniques, or a combination thereof. For 

example, in valuing technical provisions. If the pension obligations are traded in a 

sufficiently deep and liquid market, the observed prices may be used to arrive at a 

market consistent value. The availability and reliability of the prices should be taken 

into account when deriving the market consistent value. If some or all of the cash flows 

associated with the pensions obligations can be replicated using financial instruments, 

the market value of the replicating financial instruments may be used as the value of 

those cash flows. Or if the cash flows associated with the insurance obligations cannot 

be replicated perfectly, the remaining cash flows may be valued using a discounted 

V

E
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cash flow model. To be market consistent, the methodology used needs to deliver a 

proxy for a market value based on market consistent valuation principles and to reflect 

the uncertainty or unavailability of market information. This approach to valuation is 

sometimes termed the “components approach”, under which risk components are 

valued at a market value where such a value is useful and reliable. The components 

approach helps to improve market consistency and reduce modeling error. It should 

be noted that where there is no sufficiently deep and liquid market from which to 

determine a market consistent value for a risk component, the additional liquidity risk 

needs to be considered [22].  

For unconditional pension rights, the market valuation principle leads to increased 

transparency and accountability. If the market value of assets is smaller than the 

market value of guaranteed liabilities, the pension fund clearly has a solvency problem. 

For conditional pension rights, the market valuation principle does not lead to higher 

transparency. The reason is that the target asset level of the pension fund is no longer 

solely determined by the fund’s ambition regarding the pension arrangement it 

provides, but also by the probability of reaching this ambition. Higher total funding 

ratios, defined as total assets divided by the market value of both conditional and 

unconditional pension rights, may in this case either reflect higher asset levels, higher 

expected returns (e.g. higher interest rate), lower expected indexation or a higher 

market price for risk taking. Compared to the fixed discount rate method, taking 

account of changing expected returns probably improves transparency, but this is more 

than offset by the counterintuitive fact that the worsening indexation perspectives, 

which are clearly not in the interest of the pension fund’s participants, also results in 

higher total funding ratios. If pension fund policy is primarily geared towards reaching 

higher total funding ratios, market valuation of conditional rights might even give rise 

to perverse incentives for pension funds as policies resulting in a certain but low level 

of indexation lead to higher total funding ratios than policies with (from the perspective 

of the participants) better but uncertain indexation outcomes [23]. 

4.1 Modeling liabilities 

Future payments to the beneficiaries of a pension scheme will depend on the specific 

terms promised by the scheme, the lifespan of the members, inflation and a number of 

other factors. Liabilities are calculated by making projections of the annual future 

payments and then, discounting them to the present. After projecting a pension 
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scheme’s future payments, it is possible to calculate how much money will be required 

today to meet those future payments. These projections rely heavily on the rate used 

to discount. A lower discount rate, reflecting a low-risk investment strategy, would lead 

to a larger present value of liabilities. Discount rates are typically linked to low-risk 

government bond yields. As these yields have fallen in recent years, most pension 

schemes have experienced a dramatic increase in the present value of their liabilities 

[24].  

New rules that have taken effect in many countries require a market valuation. One 

problem, when the modeling interest rate is the development of the term structure, is 

that it needs to be modeled as there is a different rate for each future maturity. Pension 

liabilities are difficult to forecast because they are long-term liabilities. Markets reward 

short-term earnings and are less concerned about liabilities twenty years in the future 

[25].  

After projecting the inflation or interest rates on the present value of liabilities, it is 

possible to invest in specific bonds and swaps to match the impact of any change. 

Pension schemes usually do not hold enough bonds to match their liabilities, and 

bonds bear limited hedging characteristics. By applying swaps over a pension 

scheme’s bond portfolio it is possible to build a more precise and effective hedge for 

liability risks. This means that when inflation or interest rate change, the pension 

scheme assets will rise and fall in value in line with liabilities, effectively offsetting any 

impact on the scheme’s funding level [24]. 

4.2 The term structure of interest rate 

The relationship between time to maturity and yield to maturity can vary dramatically 

from one period to another. The structure of interest rate for discounting cash flows to 

different maturities is called the term structure of interest rate. The term structure of 

interest rate can to some extent reveal market consensus forecasts of future interest 

rate. The relationship between yield and maturity is commonly summarized graphically 

in a yield curve, which is a plot of yield to maturity as a function of time to maturity and 

is central to bond valuation. If yields on different maturity bonds are not all equal, how 

should coupon bonds that make payments at many different times be valued? If we 

have multiple zero coupon bonds with different maturity and different yield to maturity, 

we should use all of the rates and consider each bond´s cash flow, either coupon or 

principal payment.  
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For example, a 3-year coupon bond may be thought of as a portfolio of three implicit 

zero-coupon bonds, one corresponding to each cash flow. The yield on the coupon 

bond is then a combination of the yields on each of the three components of the 

“portfolio”. This means, if their coupon rates differ, bonds of the maturity generally will 

not have the same yield to maturity. To distinguish between yields on long-term bonds 

versus short-term rates that will be available in the future, practitioners use the 

following terminology. They call the yield to maturity on zero-coupon bonds the spot 

rate, meaning the rate that prevails today for a time period corresponding to the zero´s 

maturity. In contrast, the short rate for a given time interval refers to the interest rate 

for that interval available at different points in time [19]. 

The following equation is a general approach to infer a future short rate from the yield 

curve of zero-coupon bonds. It equates the total return on two 𝑛-year investment 

strategies: buying and holding an 𝑛-year zero-coupon bond versus buying an (𝑛 − 1)-

year zero-coupon bond and rolling over the proceeds into a 1-year bond.  

 (1 + 𝑦𝑛)𝑛 = (1 + 𝑦𝑛−1)𝑛−1 ∗ (1 + 𝑓𝑛) (33) 

where 𝑛 denotes the period in question and 𝑦𝑛 is the yield to maturity of a zero-coupon 

bond with an 𝑛-period maturity. When future interest rates are uncertain, as they are 

in reality, there is no meaning to inferring the future short rate. No one knows today 

what the interest rate will be. Their expected value and associated uncertainty can only 

be speculated. Recognizing that future interest rates are uncertain, we call the interest 

rate that we infer in this matter the forward interest rate. The forward rate for period 𝑛 

is denoted 𝑓𝑛 and is defined by the equation  

 
(1 + 𝑓𝑛) =

(1 + 𝑦𝑛)𝑛

(1 + 𝑦𝑛−1)𝑛−1
. 

(34) 

In this formulation, the forward rate is defined as the break-even interest rate that 

equates the return on a 𝑛-period zero-coupon bond to that of a (𝑛 − 1)-period zero-

coupon bond rolled over into a 1-year bond in year 𝑛. The actual total returns on the 

two 𝑛-year strategies will be equal if the short interest rate in year 𝑛 turns out to equal 

𝑓𝑛 [19]. 

The simplest theory of the term structure is the expectation hypothesis. A common 

version of this hypothesis states that the forward rate equals the market consensus 

expectation of the future short interest rate, that is, 𝑓2 = 𝐸(𝑟2) and liquidity premiums 
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are zero. If 𝑓2 = 𝐸(𝑟2), we may relate yields on long-term bonds to expectations of 

future interest rates. In addition, we can use the forward rates derived from the yield 

curve to infer market expectations of future short rates. For example, with (1 + 𝑦2)2 =

(1 + 𝑟1) ∗ (1 + 𝑓2) from eq. (33), if the expectation hypothesis is correct we may also 

write that (1 + 𝑦2)2 = (1 + 𝑟1) ∗ [1 + 𝐸(𝑟2)]. The yield to maturity would thus be 

determined solely by current and expected future one-period interest rate. An upward-

sloping yield curve would be clear evidence that the investors anticipate increases in 

interest rate [19]. 

Interest rates vary through time, primarily because inflation rate is expected to change 

over time. To clarify how term structure is calculated, I use the example in Principles 

of Corporate finance [17].  

Consider two zero coupon bonds. Bond A is a one-year bond and bond B is a two-year 

bond, both with a face value of $1,000. One-year interest rate, 𝑟1, is 8% and the two 

year, 𝑟2, is 10%. To calculate the present value for bond A and B we do the following. 

  

 
𝑃𝑉𝐴 =

$1,000

(1.08)
= $925.93  

 

 
𝑃𝑉𝐵 =

$1,000

(1.10)2
= $826.45  

 

And if 𝑃𝑉𝐴 and 𝑃𝑉𝐵 are observable but the spot rates are not, the following can be done 

to calculate them using the 𝑃𝑉 formulas. 

 
𝑃𝑉𝐴 = $925.93 =  

$1,000

(1 + 𝑟1)
 → 𝑟1 = 8% 

 

 
𝑃𝑉𝐵 = $826.45 =  

$1,000

(1 + 𝑟2)2
 → 𝑟2 = 10% 

 

To find a single rate for a two-year bond that has a 5% coupon, we start by analyzing 

the present value.  

 
𝑃𝑉 =  

$50

(1 + 0.08)
+

$1,050

(1 + 0.10)2
= $914.06 

 

Then using this result to solve for 𝑦  

 
$914.06 =  

$50

(1 + 𝑦)
+

$1,050

(1 + 𝑦)2
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This gives the yield to maturity on the bond 𝑦 = 9.95%.  

The term structure describes the relationship of spot rates with different maturities. 

Graphing the term structure is relatively easy if we have the spot rates. This can be 

done when there are enough zero coupon governments bond. Each term structure can 

only exist for a moment in time as the result of ever-changing interest rates. 

With the international trend in accounting rules and a regulatory framework going 

towards market valuation, to be able to predict future changes in interest rates of all 

maturities becomes more important, as the valuation of their liabilities depends 

significantly on the term structure. The obligation of pension funds stretches far into 

the future, so a model for the pension funds needs to be able to describe the long end 

of the term structure as the short one. However, the majority of estimated term 

structure models focuses on the short end of the yield curve, often only up to five years, 

primarily due to data availability. The average duration of liabilities is far greater than 

assets and the sensitivity of these long-term liabilities to interest change is high. 

Relatively small yield changes might have a considerable effect. Thus, the volatility 

and the probability of extremely low values have to be correctly modeled for all yields 

[26].  

4.3 Term structure models 

Long maturity discount rates are essential for valuing liabilities of pension funds. 

Available liquid instruments in the market have however much shorter maturities than 

liabilities. In most countries the rates on government bonds can only be observed up 

to 20 or 30 years. Various methods have been proposed to extend the observed yield 

curve, such as the Smith-Wilson methodology [27] which extrapolates the forward 

curve using the exponential function. This method provides a smooth extension from 

the yield at the last liquid point to an externally specified ultimate forward rate (UFR) 

and a chosen convergence speed parameter. The UFR method is used to extrapolate 

the ultra-long end of the liability discounting curve beyond 50 years where market 

liquidity is limited. Another method is the Nelson-Siegel methodology that first fits level, 

slope and curvature factors using data on the liquid part of the yield curve and then 

extend it with the parameters of the fitted model. In the Nelson-Siegel model, long rates 

converge to a time-varying factor estimated from the current term structure, but in the 

Smith-Wilson model, the yield curve converges to the same constant. The problem 
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with these methods is that they are not based on a formal term structure model but on 

curve fitting [28]. 

Extrapolation techniques range from simple to advanced methods. The simplest way 

to extrapolate is to take the last observed interest rate and assume that the rate holds 

for the following terms. This simplicity will most likely lead to extrapolated rates that 

vary from the true interest rate. More advanced extrapolation methods are necessary. 

The Nelson-Siegel method models the yield curve using three components – level, 

slope and curvature [29]. 

4.3.1 The Nelson-Siegel model 

Charles R. Nelson and Andrew F. Siegel wrote the paper Parsimonious modeling of 

yield curves [30] to introduce a simple parsimonious model that is flexible enough to 

represent the range of shapes generally associated with yield curves, that is 

monotonic, humped or occasionally S-shaped. If the instantaneous forward rate at 

maturity 𝑚, denoted 𝑟(𝑚), is given by the solution to a second-order differential 

equation with real and unequal roots, Nelson and Siegel state that 

 𝑟(𝑚) = 𝛽0 + 𝛽1 ∗ exp (−
𝑚

𝜏1
) + 𝛽2 ∗ exp (−

𝑚

𝜏2
), (35) 

where 𝜏1and 𝜏2 are the time constants associated with the equation and 𝛽0, 𝛽1 and 𝛽2 

are determined by a initial conditions. This equation generates a family of forward rate 

curves that take on monotonic, humped and S-shapes depending on the values of 

𝛽1and 𝛽2 and that also have asymptote 𝛽0. The yield to maturity on a bond denoted 

𝑅(𝑚), is the average of the forward rates 

 
𝑅(𝑚) = 1/𝑚 ∫ 𝑟(𝑥)𝑑𝑥

𝑚

0

, 
(36) 

and the yield curve implied by the model displays the same range of shapes. According 

to Nelson and Siegel, experimenting with fitting this model to bond yields suggests that 

it is over-parameterized. As the value of 𝜏1and 𝜏2were varied, they found out that it was 

possible to find values of 𝛽′𝑠 that gave nearly the same fit. A more parsimonious model 

that can generate the same range of shapes is given by the solution equation for the 

case of the roots as  

 𝑟(𝑚) = 𝛽0 + 𝛽1 ∗ exp (−
𝑚

𝜏
) + 𝛽2[

𝑚

𝜏
∗ exp (−

𝑚

𝜏
)]. (37) 
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Eq. (37) may also be viewed as a constant plus a Laguerre function, which suggest a 

method for generalization to higher-order models [30]. A Laguerre function consists of 

polynomials and an exponential decay term and is a mathematical class of 

approximating functions. To obtain yield as a function of maturity for the equal roots, 

model (37) integrates 𝑟(∗) in (37) from zero to 𝑚 and divides by 𝑚. The resulting 

function is (see appendix A)  

 

𝑅(𝑚) = 𝛽0 + (𝛽1 + 𝛽2) ∗
[1 − exp (−

𝑚
𝜏 )]

𝑚/𝜏
) − 𝛽2 ∗ exp (−𝑚/𝜏), 

(38) 

which is also linear in coefficients, given 𝜏. The limiting value of 𝑅(𝑚) as 𝑚 gets large 

is 𝛽0 and as 𝑚 gets small is (𝛽0 + 𝛽1), which are necessarily the same as for the 

forward rate function since 𝑅(𝑚) depends on single parameter since for 𝜏 = 1. 𝛽0 = 1 

and (𝛽0 + 𝛽1) = 0, then Nelson and Siegel have that  

 
𝑅(𝑚) = 1 − (1 − 𝑎) ∗

[1 − exp(−𝑚)]

𝑚
− 𝑎 ∗ exp(−𝑚). 

(39) 

 

 

Figure 6. Yield curve shape with a different value for parameter 𝒂 [30].  

 

Allowing the parameter 𝑎 in eq. (39), to take on values from minus six to 12 in equal 

increments generates the shapes displayed in Figure 6, which includes monotonic, 

humps and S-shape curves. On the basis of the range of shapes in the second order 

model, Nelson and Siegel hypothesis that they will be able to show the underlying 
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Time to maturity
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relation between yield and term to maturity without using more complex models 

involving more parameters.  

 

Figure 7. Components of the forward curve. Where 𝜷𝟎 represents by the long-term, 𝜷𝟏 
represents the short-term and 𝜷𝟐 the medium-term [30]. 

 

Nelson and Siegel point out that there is another way to see the shape flexibility of the 

second order model, that is to interpret the coefficients of the model (37) as measuring 

the strengths of the short-, medium- and long-term components of the forward rate 

curve and therefore the yield curve. The authors state that the contribution of the long-

term components is 𝛽0, the short-term component is 𝛽1 = 𝑒−𝑚 and 𝛽2 = 𝑚𝑒−𝑚 

indicates the contribution of the medium term component. Nelson and Siegel illustrate 

their point by using Figure 7. The long-term component is a constant that does not 

decay to zero in the limit. The medium term curve is the only function within this model 

that starts out as zero and decays to zero, meaning that it is neither short term nor long 

term. The short-term curve has the fastest decay of all functions in the model that 

decays monotonically to zero. With appropriate choices of weights for these 

components, Nelson and Siegel state that varieties of yield curves can be generated 

based on forward rate curves with monotonic and humped shapes. In their paper they 

tested U.S. Treasury bond data, which suggested that a very simple model with a 

single shape parameter is able to characterize the shape of the term structure. The 

model imposes sufficient smoothness to reveal a maturity-specific pattern that can be 

related to lower transaction costs for bonds at the maturities issued by the Treasury. If 

the model reflects the basic shape of the term structure, not just a local approximation, 

then it should be able to predict yields at maturity beyond the range of the sample [30].  
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4.3.2 The Smith-Wilson model 

The Smith-Wilson technique [27] is a macro economical approach where spot rate 

curve is fitted to observed prices of financial instruments, with the ultimate long-term 

forward rate as an input parameter. The output from the Smith-Wilson calculation is 

the discount factor 𝑃(𝑡), 𝑡 > 0 where 𝑃(𝑡) is the market price at valuing time for a zero-

coupon bond paying one unit of currency at maturity 𝑡. Depending on whether we need 

the spot rates as continuously compounded rates �̃�𝑡 or as rates 𝑅𝑟 with annual 

compounding, the following relation between the discount factor and the spot rates can 

be used to assess the spot rates. 

 𝑃(𝑡) = exp (−𝑡 ∗ �̃�𝑡) (40) 

For continuously compounded rates, and  

 𝑃(𝑡) = (1 + R𝑡)−𝑡 (41) 

for annual compounding. The relation between the two rates is  

 �̃�𝑡 = ln (1 + 𝑅𝑡) (42) 

The aim is to assess the price function 𝑃(𝑡) for all maturities 𝑡. From these relations 

the whole risk-free term structure at valuing date is defined. Smith and Wilson start by 

assuming that in the liquid part of the term structure the price function is known for a 

fixed number of 𝑁 maturities, 𝑢1, 𝑢2, … 𝑢𝑁. This is the same as saying that the risk-free 

zero-coupon rates for these 𝑁 liquid maturities are given beforehand. The input zero-

coupon bond prices at maturities 𝑢𝑖 can be expressed as   

 𝑚𝑖 = 𝑃(𝑢𝑖) = exp (−𝑢𝑖 ∗ �̃�𝑢𝑖
) (43) 

for continuously compounded rates and 

 𝑚𝑖 = 𝑃(𝑢𝑖) = (1 + 𝑅𝑢𝑖
)−𝑢𝑖 (44) 

for annual compounding. When the zero-coupon bond price is the input, the task 

consists in assessing the spot rates for the remaining maturities. These can be both 

maturities in the liquid end of the term structure where risk-free zero-coupon rates are 

missing (interpolation) and maturities beyond the last observable maturity 

(extrapolation). The pricing function proposed by Smith and Wilson reduces to this 

simple case to  
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𝑃(𝑡) = 𝑒−𝑈𝐹𝑅∗𝑡 + ∑ 𝜁𝑗 ∗ 𝑊(𝑡, 𝑢𝑗), 𝑡 ≥ 0

𝑁

𝑗=1

. 
(45) 

Where the symmetric Wilson function 𝑊(𝑡, 𝑢𝑗) defined as 

 𝑊(𝑡, 𝑢𝑗) = 𝑒−𝑈𝐹𝑅∗(𝑡+𝑢𝑗) ∗ {𝛼 ∗ min(𝑡, 𝑢𝑗) − 0,5 ∗ 𝑒−𝛼∗max(𝑡,𝑢𝑗)

∗ (𝑒𝛼∗min(𝑡,𝑢𝑗) − 𝑒−𝛼∗min(𝑡,𝑢𝑗))} 

(46) 

with the following notation, 𝑁 is the number of zero-coupon bonds with known price 

function, 𝑚𝑖, 𝑖 = 1,2, . . . , 𝑁 is the market price of the zero-coupon bond, 𝑢𝑖 , 𝑖 = 1,2, … , 𝑁 

is the maturities of the zero-coupon bond with known prices, 𝑡 is the term to maturity 

in the price function, UFR is the ultimate forward rate, continuously compounded, 𝛼 is 

the mean reversion, a measure for the speed of convergence to the UFR and 𝜁𝑖 , 𝑖 =

1,2, … , 𝑁 is the parameters to fit the actual yield curve. The so called kernel functions 

𝐾𝑗(𝑡) are defined as functions of the maturity 𝑡 as 

 𝐾𝑗(𝑡) = 𝑊(𝑡, 𝑢𝑗), 𝑡 > 0 𝑎𝑛𝑑 𝑗 = 1,2, … , 𝑁. (47) 

They depend only on the input parameters and on data from the input zero-coupon 

bonds. For each input bond, a particular kernel function is computed from this 

definition. The intuition behind the model is to assess the function 𝑃(𝑡) as the linear 

combination of all the kernel functions, similar to the Nelson-Siegel method, where the 

forward rate function is assessed as the sum of a flat-, sloped- and a humped curve. 

The unknown parameters needed to compute the linear combination of the kernel 

functions, 𝜁𝑗 , 𝑗 = 1,2, … , 𝑁, are given as solution of the following linear system of 

equations, 

 
𝑚1 = 𝑃(𝑢1) = 𝑒−𝑈𝐹𝑅∗𝑢1 + ∑ 𝜁𝑗

𝑁

𝑗=1

∗ 𝑊(𝑢1, 𝑢𝑗)  

𝑚2 = 𝑃(𝑢2) = 𝑒−𝑈𝐹𝑅∗𝑢2 + ∑ 𝜁𝑗

𝑁

𝑗=1

∗ 𝑊(𝑢2, 𝑢𝑗) 

… 

𝑚𝑁 = 𝑃(𝑢𝑁) = 𝑒−𝑈𝐹𝑅∗𝑢𝑁 + ∑ 𝜁𝑗

𝑁

𝑗=1

∗ 𝑊(𝑢𝑁 , 𝑢𝑗). 

 

 

(48) 

In vector space notation this becomes, 
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 𝒎 = 𝒑 = 𝝁 + 𝑾𝜻. (49) 

with 

 𝒎 = (𝑚1, 𝑚2, … , 𝑚𝑁)𝑇 , 

𝒑 = (𝑃(𝑢1), 𝑃(𝑢2), … , 𝑃(𝑢𝑁))𝑇, 

𝝁 = (𝑒−𝑈𝐹𝑅∗𝑢1 , 𝑒−𝑈𝐹𝑅∗𝑢2 , … , 𝑒−𝑈𝐹𝑅∗𝑢𝑁)𝑇 , 

𝜻 = (𝜁1, 𝜁2, … 𝜁𝑁) 

(50) 

and  

 𝑾 = (𝑊(𝑢𝑖 , 𝑢𝑗))𝑖=1,…,𝑁;𝑗=1,…,𝑁 (51) 

is a 𝑁 × 𝑁 matrix of a certain Wilson functions. 

It follows from eq. (49) that the solution 𝜻 = (𝜁1, 𝜁2, … , 𝜁𝑁)𝑇 is the product of the inverted 

𝑁 × 𝑁 matrix 𝑾 and the difference between the 𝒑-vector and the 𝝁-vector, that is the 

difference between the market prices of the zero-coupon bonds and the asymptotical 

term is  

 𝜻 = 𝑾−1(𝒑 − 𝝁) = 𝑾−1(𝒎 − 𝝁). (52) 

If we plug the parameters of 𝜻 into the pricing function and get the value of the zero-

coupon bond price for all maturities 𝑡 for no zero-coupon bonds, prices are given to 

begin with in eq. (45). From that value it’s straightforward to calculate the spot rates by 

using the definition of the zero-coupon bond price. The spot rates are calculated as 

(see appendix A) �̃�𝑡 =
1

𝑡
∗ ln (

1

𝑃(𝑡)
) for continuous compounded rates and 𝑅𝑡 = (

1

𝑃(𝑡)
)

1

𝑡 −

1 if annual compounding is used [31]. 

Companies that mainly hold long-term obligations can benefit from a reduced duration, 

which is also easier to hedge. The Smith-Wilson method has a small upward bias 

because one major factor responsible for the common overestimation is that no model 

is able to capture the convexity effect, a phenomenon that arises due to the non-linear 

price-yield relation for fixed income securities inducing longer-term instruments to trade 

at a lower yield. Any overestimated extrapolation directly translates to higher discount 

rates, which means that liability estimates decrease and funding ratios increase. For 

instance, the recent financial crisis has led to strong monetary easing that has heavily 

brought down the interest rates. Low actual long-term yield means that the Ultimate 

Forward Rate (UFR) and the resulting extrapolation are too high [29]. 
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Monetary policy can affect long-term rates by directly affecting short-term rates or by 

changing forward rates. Depending on how market participants interpret policy 

changes, the reaction of forwards rate to policy changes may differ over time, resulting 

in a variable response of long-term rates to policy actions. In the case of an unchanged 

monetary policy in which investors foresee no changes in the funds target in future, 

then market participants believe that policy will not change, all forward rates will be 

unchanged and the term structure will be flat at all maturities. If investors interpret the 

policy action as only the first stage in tightening and so expect a further increase in the 

funds target. As a result, medium-term and long-term rates will actually increase more 

than short-term rates in response to the policy action and the yield curve will steepen 

[32]. 

4.3.3 The Vasicek model  

In his paper [33], Oldrich Vasicek describes the equilibrium characterization of the term 

structure. He makes few assumptions, the instantaneous (spot) rate follows a diffusion 

process, the price of a discount bond depends only on spot rate over its term and that 

the market is efficient. The development of the model is based on an arbitrage 

argument similar to that of Black and Scholes for option pricing. The model is 

formulated in continuous time and instantaneous interest rate follows the stochastic 

differential equation: 

 𝑑𝑟𝑡 = 𝑎(𝑏 − 𝑟𝑡)𝑑𝑡 + 𝜎𝑑𝑊𝑡. (53) 

where 𝑊𝑡 is a Wiener process modelling the random market risk factor, 𝜎 determines 

the volatility of the interest rate, 𝑏 is the long-term mean level, 𝑎 is the speed of 

reversion. 

Vasicek considers a market where investors buy and issue default free claims on a 

specific sum of money to be delivered on a future date, these claims are called 

(discount) bonds. He lets 𝑃(𝑡, 𝑠) denote the price at time 𝑡 to discount bond maturing 

at time 𝑠, 𝑡 ≤ 𝑠 with unit maturity value, 𝑃(𝑠, 𝑠) = 1. The yield to maturity 𝑅(𝑡, 𝑇) is the 

internal rate of return at time t on a bond with maturity date 𝑠 = 𝑡 + 𝑇, 

 
𝑅(𝑡, 𝑇) = −

1

𝑇
𝑙𝑜𝑔𝑃(𝑡, 𝑡 + 𝑇), 𝑇 > 0. 

(54) 

The rates 𝑅(𝑡, 𝑇) considered as a function of 𝑇 will be referred to as the term structure 

at time 𝑡. 
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The forward rate 𝐹(𝑡, 𝑠) will be defined by the equation  

 
𝑅(𝑡, 𝑇) =

1

𝑇
∫ 𝐹(𝑡, 𝜏)𝑑𝜏

𝑇

𝑡

. 
(55) 

In the form explicit for the forward rate, this equation can be written as 

 
𝐹(𝑡, 𝑠) =

𝛿

𝛿𝑠
[(𝑠 − 𝑡)𝑅(𝑟, 𝑠 − 𝑡)]. 

(56) 

The forward rate can be interpreted as the marginal rate of return from committing a 

bond investment for an additional instant. Spot rates, defined as the instantaneous 

borrowing and lending rate,  

 𝑟(𝑡) = 𝑅(𝑟, 0) = lim
𝑇→0

𝑅(𝑡, 𝑇). (57) 

A loan of amount 𝑊at the spot rate will therefore increase in value by the increment 

 𝑑𝑊 = 𝑊𝑟(𝑡)𝑑𝑡. (58) 

This equation holds with certainty. At any time 𝑡, the current value 𝑟(𝑡) of the spot rate 

is the instantaneous rate of increase of the loan value. The subsequent values of the 

spot rate are nevertheless not necessarily certain. Vasicek assumes that 𝑟(𝑡) is a 

stochastic process, subject to two requirements: 𝑟(𝑡) is a continuous function of time 

and follows a Markov process. Under these assumptions, the future development of 

the spot rate given its present value is independent of the past development that has 

led to the present level. He makes, therefore, the following assumptions: The spot rate 

follows a continuous Markov's process. 

The Markov property implies that the spot rate process is characterized by a single 

state variable, namely its current value. The probability distribution of the segment 

{𝑟(𝜏), 𝜏 ≥ 𝑡} is thus completely determined by the value of 𝑟(𝑡). Process that are 

Markov and continuous are called diffusion processes. They can be described by a 

stochastic differential equation of the form [34], [35]  

 𝑑𝑟 = 𝑓(𝑟, 𝑡)𝑑𝑡 + 𝜌(𝑟, 𝑡)𝑑𝑧, (59) 

 where 𝑧(𝑡) is a Wiener process with incremental variance 𝑑𝑡. The functions 

𝑓(𝑟, 𝑡),  𝜌2(𝑟, 𝑡) are the instantaneous drift and variance, respectively, of the process 

𝑟(𝑡). 



36 

It is natural to expect that the price of a discount bond will be determined solely by the 

spot rate over its term, more accurately, by the current assessment of the development 

of the spot rate over the term of the bond. No particular form of such relationship is 

presumed. The second assumption will, therefore, be: The price 𝑃(𝑡, 𝑠) of a discount 

bond is determined by the assessment at time 𝑡, of the segment {𝑟(𝜏), 𝑡 ≤ 𝜏 ≤ 𝑠} of the 

spot rate process over the term of the bond. 

Vasicek notes that the expectation hypothesis, the market segmentation hypothesis 

and the liquidity hypothesis all conform to the assumption already stated since they all 

postulate that 

 
𝑅(𝑡, 𝑇) = 𝐸𝑡(

1

𝑇
∫ 𝑟(𝜏)𝑑𝜏) + �̅�(𝑡, 𝑇, 𝑟(𝑡)),

𝑡+𝑇

𝑡

 
(60) 

with the various specification for the function �̅�. The difference between the forward 

rates and expected spot rates, considered as a function of the term is usually referred 

to as the liquidity premium. The liquidity premium implied by the term structure is given 

by 𝜋(𝑇) = 𝐹(𝑡, 𝑡 + 𝑇) − 𝐸𝑡𝑟(𝑡 + 𝑇), 𝑇 ≥ 0. 

The following will also be assumed to be true: The market is efficient, that is, there are 

no transaction costs, information is available to all investors simultaneously, and every 

investor acts rationally (prefers more wealth to less and uses all available information). 

This assumption implies that investors have homogeneous expectations and that no 

profitable riskless arbitrage is possible. 

By the first assumption, the development of the spot rate process over an interval 

(𝑡, 𝑠), 𝑡 ≤ 𝑠, given its value prior to time 𝑡, depends only on the current value 𝑟(𝑡). The 

second assumption implies that the price 𝑃(𝑡, 𝑠) is a function of 𝑟(𝑡),  

 𝑃(𝑡, 𝑠) = 𝑃(𝑡, 𝑠, 𝑟(𝑡)). (61) 

Thus, the value of the spot rate is the only state variable for the whole term structure. 

Expectations formed with the knowledge of the whole past development of rates of all 

maturities, including the present term structure, are equivalent to expectations 

conditional only on the present value of the spot rate. Since there exists only one state 

variable, Vasicek concludes that the instantaneous returns on bonds of different 

maturities are perfectly correlated. This means that the short-term bond and just one 

other type of bond can span the whole of the term structure. It should be noted that 
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bond returns over a finite period are not correlated perfectly. Investors unwilling to 

revise the composition of their portfolio continuously will need a spectrum of maturities 

to fulfill their investment objectives. 

It follows from eq. (59) and (60) and by Itô differentiation rule [34] that the bond price 

satisfies a stochastic differential equation 

 𝑑𝑃 = 𝑃µ(𝑡, 𝑠)𝑑𝑡 − 𝑃𝜎(𝑡, 𝑠)𝑑𝑧, (62) 

where the parameters µ(𝑡, 𝑠) = µ(𝑡, 𝑠, 𝑟(𝑡)), 𝜎(𝑡, 𝑠) = 𝜎(𝑡, 𝑠, 𝑟(𝑡)) are given by 

 
µ(𝑡, 𝑠, 𝑟) =

1

𝑃(𝑡, 𝑠, 𝑟)
[

𝛿

𝛿𝑡
+ 𝑓

𝛿

𝛿𝑟
+

1

2
𝜌2

𝛿2

𝛿𝑟2
] 𝑃(𝑡, 𝑠, 𝑟), 

(63) 

 
𝜎(𝑡, 𝑠, 𝑟) = −

1

𝑃(𝑡, 𝑠, 𝑟)
𝜌

𝛿

𝛿𝑟
𝑃(𝑡, 𝑠, 𝑟). 

(64) 

The functions µ(𝑡, 𝑠, 𝑟) and 𝜎2(𝑡, 𝑠, 𝑟) are the mean and variance of the instantaneous 

rate of return at time 𝑡 on a bond with maturity date 𝑠, given that the current spot rate 

is 𝑟(𝑡) = 𝑟. 

Vasicek considers an investor who at time 𝑡 issues an amount 𝑊1of a bond with 

maturity date 𝑠1, and simultaneously buys an amount 𝑊2 of a bond maturing at time 

𝑠2. The total worth 𝑊 = 𝑊2 − 𝑊1 of the portfolio thus constructed changes over time 

according to the accumulation equation 

 𝑑𝑊 = (𝑊2𝜇(𝑡, 𝑠2) − 𝑊1𝜇(𝑡, 𝑠1))𝑑𝑡 − ((𝑊2𝜎(𝑡, 𝑠2) − 𝑊1𝜎(𝑡, 𝑠1))𝑑𝑧 (65) 

This equation follows from eq. (62) by application of the Itô rule. 

Suppose that the amounts 𝑊1, 𝑊2 are chosen to be proportional to 𝜎(𝑡, 𝑠2), 𝜎(𝑡, 𝑠1) 

respectively, 

 
𝑊1 =

𝑊𝜎(𝑡, 𝑠2)

𝜎(𝑡, 𝑠1) − 𝜎(𝑡, 𝑠2)
, 

(66) 

 
𝑊2 =

𝑊𝜎(𝑡, 𝑠1)

𝜎(𝑡, 𝑠1) − 𝜎(𝑡, 𝑠2)
. 

(67) 

Then the second term in eq. (65) disappears and the equation takes the form  

 𝑑𝑊 = 𝑊(𝜇(𝑡, 𝑠2)𝜎(𝑡, 𝑠1) − 𝜇(𝑡, 𝑠1)𝜎(𝑡, 𝑠2))(𝜎(𝑡, 𝑠1) − 𝜎(𝑡, 𝑠2))−1𝑑𝑡. (68) 

According to Vasicek, a portfolio composed of such amounts of the two bonds is 

instantaneously riskless, since the stochastic element 𝑑𝑧 is not present in eq. (68). It 
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should therefore realize the same return as a loan at the spot rate described by eq. 

(58). If not, the portfolio can be bought with funds borrowed at the spot rate or otherwise 

sold and the proceeds lent out to accomplish a riskless arbitrage. As such arbitrage 

opportunities are ruled out by assumption that the market is efficient, comparison of 

eqs. (58) and (68) yields 

 (𝜇(𝑡, 𝑠2)𝜎(𝑡, 𝑠1) − 𝜇(𝑡, 𝑠1)𝜎(𝑡, 𝑠2))

𝜎(𝑡, 𝑠1) − 𝜎(𝑡, 𝑠2)
= 𝑟(𝑡). 

(69) 

Or equivalent 

 (𝜇(𝑡, 𝑠1) − 𝑟(𝑡))/𝜎(𝑡, 𝑠1) = (𝜇(𝑡, 𝑠2) − 𝑟(𝑡))/𝜎(𝑡, 𝑠2) (70) 

Since eq. (70) is valid for arbitrary maturity dates 𝑠1, 𝑠2, it follows that the ratio (𝜇(𝑡, 𝑠) −

𝑟(𝑡))/𝜎(𝑡, 𝑠) is independent of 𝑠. Vasicek lets 𝑞(𝑡, 𝑟) denotes the common value of 

such ratio for a bond of any maturity date, given that the current spot rate is 𝑟(𝑡) = 𝑟, 

 
q(t, r) =

𝜇(𝑡, 𝑠, 𝑟) − 𝑟

𝜎(𝑡, 𝑠, 𝑟)
, 𝑠 ≥ 𝑡. 

(71) 

The quantity 𝑞(𝑡, 𝑟) can be called the market price of risk, as it specifies the increase 

in expected instantaneous rate of return on a bond per an additional unit of risk. Eq. 

(71) is used to derive an equation for the price of a discount bond. Writing eq. (71) as 

𝜇(𝑡, 𝑠, 𝑟) − 𝑟 = 𝑞(𝑡, 𝑟)𝜎(𝑡, 𝑠, 𝑟), and substituting for 𝜇, 𝜎 from eqs. (63) and (64) yields 

after rearranging, 

 𝛿𝑃

𝛿𝑡
+ (f + pq)

𝛿𝑃

𝛿𝑟
+

1

2
𝜌2

𝛿2𝑃

𝛿𝑟2
− 𝑟𝑃 = 0, 𝑡 ≤ 𝑠. 

(72) 

Eq. (72) is the basic equation for pricing discount bonds in a market characterized by 

assumption made earlier. Vasicek calls this equation the term structure equation. The 

term structure equation is a partial differential equation for 𝑃(𝑡, 𝑠, 𝑟). Once the character 

of the spot rate process 𝑟(𝑡) is described and the market price of risk 𝑞(𝑡, 𝑟) specified, 

the bond price are obtained by solving eq. (72) subject to the boundary condition 

 𝑃(𝑠, 𝑠, 𝑟) = 1 (73) 

The term structure 𝑅(𝑡, 𝑇) of interest rates is then readily evaluated from the equation  

 
𝑅(𝑡, 𝑇) = −

1

𝑇
𝑙𝑜𝑔𝑃(𝑡, 𝑡 + 𝑇, 𝑟(𝑡)). 

(74) 
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4.4 Market consistent valuation 

Market consistent valuation means that the entry in the balance sheet is determined 

by the price for which an asset or liability could be traded in the market. A mark to the 

market method should be used for assets and liabilities when prices can be observed 

in the liquid market. In other cases, the mark to the model method must be used where 

the models include all of the relevant market information. Benefits of market valuation 

are increased transparency and accountability of pension schemes. But there are 

concerns that market valuation based on the actual term structure of interest rates 

leads to excessive volatility in funding ratios [23].  

If regulators impose solvency regulations in term of these market-based funding ratios, 

a contribution may become more volatile. This could mean tougher negotiations, with 

the sponsors of the pension scheme, for the pension fund board and more bad news 

message caused by downward movement in the discount rate. To avoid these 

problems, for example, the new regulatory framework in the Netherlands, called the 

Financial Assessment Framework (Dutch. Financieel Toetstingskader) or FTK allows 

pension funds to use smoothed or fixed discount rate to determine contribution, even 

though their solvency is always determined by the term structure of interest rate. The 

cost-effective contribution level under the FTK contains four elements: normal costs of 

guaranteed pension rights, administrative costs, normal costs of conditional rights, and 

the costs to build up the required solvency buffer. To calculate these costs, pension 

funds may use either the prevailing yield curve or expected returns, up to a prescribed 

limit. A smooth version of these interest rate or returns using a smooth period of at 

most ten years, or a fixed value reflecting long-returns [36]. The European Union has 

prepared a new set of rules for the supervision of pension funds called Solvency II, 

similar to the Basle II framework for banking supervision. 

4.5 Portfolio Selection and asset allocation 

When Robert C. Merton wrote his paper Lifetime Portfolio Selection Under Uncertainty: 

The Continuous Case [37], most models of portfolio selection had been one-period 

models. He examined the combined problem of optimal portfolio selection and 

consumption rules for an individual in a continuous-time model where his income is 

generated by returns on assets and these returns or instantaneous growth rate are 

stochastic. Merton derives the optimality equations for a multi-asset problem when the 

rate of return is generated by a Wiener Brownian-motion process. He examines a 



40 

particular case in details, the two-asset model with constant relative risk aversion. The 

investor lives from time 0 to time 𝑇, his wealth at time 𝑡 is denoted 𝑊𝑡. He starts with a 

known initial wealth 𝑊0. At time 𝑡 he must choose what amount of his wealth to 

consume, 𝑐𝑡, and what fraction of wealth to invest in a stock portfolio, 𝜋𝑡, and the 

remaining 1 − 𝜋𝑡 being invested in the risk-free asset. The objective is 

 
max 𝐸[∫ 𝑒−𝜌𝑠𝑢(𝑐𝑠)𝑑𝑠 + 𝑒−𝜌𝑇𝑢(𝑊𝑇)]

𝑇

0

.  
(75) 

Where 𝐸 is the expectation operator, 𝑢 is a known utility function and 𝜌 is the subjective 

discount rate. The wealth evolves according to the stochastic differential equation 

 𝑑𝑊𝑡 = [(𝑟 + 𝜋𝑡(𝜇 − 𝑟))𝑊𝑡 − 𝑐𝑡]𝑑𝑡 + 𝑊𝑡𝜋𝑡𝜎𝑑𝐵𝑡  (76) 

where 𝑟 is the risk-free rate, (𝜇, 𝜎) are the expected return and volatility of the stock 

market and 𝑑𝐵𝑡 is the increment of the Wiener process, or the stochastic term of the 

stochastic differential equation. The utility function is of the constant relative risk 

aversion (CRRA) form, 𝑢(𝑥) =
𝑥1−𝛾

1−𝛾
, where 𝛾 is a constant which expresses the 

investor’s risk aversion. A closed-form solution exists. The optimal consumption and 

stock allocation depend on wealth and time as follows: 

 𝜋(𝑊, 𝑡) =
𝜇 − 𝑟

𝜎2𝛾
. (77) 

Brennan and Xia [38] developed a simple framework for analyzing a finite-horizon 

investor’s asset allocation problem under inflation when only nominal assets are 

available. An investor who has a long-term but finite horizon and can invest only in 

nominal bonds or stocks faces a basic problem. Is it better to purchase a zero coupon 

bond corresponding to the horizon and bear the inflation risk, to follow a policy of rolling 

over short-term bonds or to adopt some quite different strategy? According to Brennan 

and Xia, despite the simplicity of this problem, there is still no well-accepted framework 

for analyzing it because nominal long-term bonds have two important characteristics 

that cannot be represented adequately within the classical static, single-period 

framework introduced by Markowitz. First, the prices of bonds decline as interest rates 

rise so that long-term bonds can provide a hedge against adverse shifts in the 

investor’s future investment opportunity set. Secondly, is the sensitivity of their prices 

to change in expectations about future inflation. To address the problem faced by the 

hypothetical long-term investor, a counterpart to the classical static portfolio is needed. 
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It must yield simple closed form expression for optimal portfolios for investors with 

different horizon and attitudes towards risk, and it must deal realistically with both the 

price and return characteristics of long-term bonds, as well as inflation. Brennan and 

Xia developed a model that satisfies these criteria. The investor’s optimal portfolio is 

shown to be a sum of two components, first, the mean-variance tangency portfolio and, 

second, a portfolio that mimics as closely as possible a hypothetical indexed bond with 

maturity equal to investment horizon. Brennan and Xia show that the optimal portfolio 

position can be achieved by investments in stocks, cash, and two nominal bonds. 

When the investor is constrained from holding short positions or borrowing, the optimal 

portfolio was shown to be achievable with an investment in stock, cash and a single 

bond with an optimally chosen maturity. 

4.6 Long-term investment for pension funds 

According to the paper, Pension fund investment and the valuation under conditional 

indexation [39], Frank de Jong describes a Defined Benefit pension plan as somewhat 

like a long-term riskless investment. Therefore, it can be used as the hedge part in the 

optimal portfolio. The optimal investment for the pension fund is therefore 100% in 

index-linked bonds. However, index linked bonds may be unavailable to the investor. 

In that case, matching the long-term risks as closely as possible by buying assets that 

have the highest correlation with the long-term risk exposures, i.e. real interest rate 

and inflation is essential. For the hedge portfolio, an index-linked bond with the same 

maturity as the pension liability is the ideal asset. Overall optimal portfolio depends on 

risk aversion. A very conservative fund that wants to replicate defined benefit 

guarantees should invest almost exclusively in long-term index-linked bonds. Without 

indexed linked bonds, medium terminal bonds are the best alternative. A fund with less 

risk averse or younger members should invest more in stocks. Then the fund partly 

runs a speculative investment portfolio on behalf of its participants. The drawback of a 

more aggressive investment strategy is that the implicitly limited indexation options in 

the plans become more valuable, decreasing the present value of the future pension 

payouts to the participants. For an optimal design of a pension fund investment 

strategy, both features have to be traded off.  

De Jong based his model structure on the Brennan and Xia model (Dynamic asset 

allocation under inflation [38]) because of the explicit solutions for optimal portfolio’s 

for investors with a long but finite investment horizon. The Brennan-Xia model 
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considers an investor with investment horizon T, which can be thought of as retirement 

date. The investor’s objective is to maximize the utility of end of period real wealth. The 

investor is assumed to have a constant relative risk aversion (CRRA) utility function 

with relative risk aversion parameter 𝛾. Investor with CRRA utility function holds the 

same percentage of wealth in risky assets as his wealth increases. Utility function 

measures preferences over a set of good or service, based on the assumption of 

observed behavior [40]. The investor’s problem is therefore 

 
max 𝐸 [𝑈 (

𝑊𝑇

Π𝑇
)] ,   𝑈(𝜔) = 𝜔1−𝛾/(1 − 𝛾)  

(78) 

where 𝑊𝑇 denotes end-of-period nominal wealth and Π𝑇 the price level, which is a  

measure of overall prices for some set of goods or services. The budget constraints of 

the investor is given by the initial wealth 𝑊0 and the nominal wealth dynamics equation  

 𝑑𝑊

𝑊
= [𝑥′𝜇 + (1 − 𝜄′𝑥)𝑅𝑓] + 𝑥′𝜎𝑑𝑍. 

(79) 

In this expression x are the vector of portfolio weights on the risky assets, with expected 

return 𝜇, and 1 − 𝜄′𝑥 is the weight on the nominally riskless asset, with return 𝑅𝑓. The 

matrix 𝜎 denotes the exposure of the asset returns to the risk factors 𝑑𝑍. According to 

Jong the wealth dynamics can also be written as 

 𝑑𝑊

𝑊
= [𝑅𝑓 + 𝑥′𝜎𝜆] + 𝑥′𝜎𝑑𝑍. 

(80) 

Where 𝜆 is the vector of market prices of risk and 𝜇 − 𝑅𝑓 = 𝜎𝜆 is the vector of asset 

risk premium. In the Brennan-Xia model the risk factors dynamics can be summarized 

in the following state variables: the stock price 𝑆, the instantaneous real interest rate 

𝑟, the instantaneous expected inflation 𝜋 and the price level Π. Stock prices follow a 

geometric Brownian motion as in the Black and Scholes model and the real interest 

rate and expected inflation follow Ornstein-Uhlenbeck process, which means normally 

distributed around a fixed long run mean. The actual inflation equals the expected 

inflation plus a random shock. The equations driving the state variable are the following 

 𝑑𝑆

𝑆
= 𝜇𝑆𝑑𝑡 + 𝜎𝑆𝑑𝑍𝑆 

(81) 

 𝑑𝑟 = 𝜅(�̅� − 𝑟)𝑑𝑡 + 𝜎𝑟𝑑𝑍𝑟 (82) 

 𝑑𝜋 = 𝛼(�̅� − 𝜋)𝑑𝑡 + 𝜎𝜋𝑑𝑍𝜋 (83) 
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 𝑑Π

Π
= 𝜋𝑑𝑡 + 𝜎Π𝑑𝑍Π 

(84) 

Jong then points out that it is sometimes useful to orthogonalize the equation for 

unexpected inflation 

 𝑑Π

Π
= 𝜋𝑑𝑡 + 𝜉𝑆𝑑𝑍𝑆 + 𝜉𝑟𝑑𝑍𝑟 + 𝜉𝜋𝑑𝑍𝜋 + 𝜉𝑢𝑑𝑍𝑢 = 𝜉′𝑑𝑍 

(85) 

where 𝑑𝑍𝑢 is the part of the 𝑑𝑍Π orthogonal to (𝑑𝑍𝑆, 𝑑𝑍𝑟 , 𝑑𝑍𝜋).  

The investment vehicles in this model are stocks, nominal bonds, and index-linked 

bonds with price dynamics of the stock given by the first equation of this system. The 

bond price dynamics follows from the Vasicek model, an equilibrium characterization 

of the term structure. The price dynamics of nominal zero-coupon bond is given by  

 𝑑P

P
= [𝑅𝑓 − 𝐵(𝜏)𝜎𝑟𝜆𝑟 − 𝐶(𝜏)𝜎𝜋𝜆𝜋]𝑑𝑡 − 𝐵(𝜏)𝜎𝑟𝑑𝑍𝑟 − 𝐶(𝜏)𝜎𝜋𝑑𝑍𝜋 

(86) 

and the nominal price dynamics for an Index Linked Bond (ILB) are 

 𝑑ILB

ILB
= [𝑟 + 𝜋 − 𝐵(𝜏)𝜎𝑟𝜆𝑟]𝑑𝑡 − 𝐵(𝜏)𝜎𝑟𝑑𝑍𝑟 + 𝜎Π𝑑𝑍Π 

(87) 

where 𝜏 is the time to maturity of the bond and  

 
𝐵(𝜏) =

1 − 𝑒−𝜅𝜏

𝜅
, 𝐶(𝜏) =

1 − 𝑒−𝑎𝜏

𝑎
 

(88) 

Jong explains that these equations show that a nominal bond provides a hedge against 

real interest rate and expected inflation risk, but not against unexpected inflation risk. 

The ILB price moves one-for-one with realized inflation and depends on the level of 

the real interest rate. The risk premium in this model is time invariant. The risk premium 

on stocks is given by 𝜇𝑆 − 𝑅𝑓 = 𝜆𝑆𝜎𝑆, and the risk premium on long-term bonds follows 

from the drift of eq. (86), 

 𝜇𝐵 − 𝑅𝑓 = −𝐵(𝜏)𝜎r𝜆𝑟 − 𝐶(𝜏)𝜎π𝜆π. (89) 

The risk premium on an index-linked bond is derived from eq. (87) and substituting 

using 𝑅𝑓 = 𝑟 + 𝜋 + 𝜆Π𝜎Π: 

 𝜇𝐼𝐿𝐵 − 𝑅𝑓 = −𝐵(𝜏)𝜎r𝜆𝑟 − 𝜎Π𝜆Π. (90) 

Jong points out that ILBs don’t have a risk premium for expected inflation risk, but they 

do have a risk premium for unexpected inflation. 
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Jong also derives, using the Brennan and Xia model, that the optimal composition for 

the long-term investor is 

 
𝑥𝑜𝑝𝑡 =

1

𝛾
(𝜎𝜌𝜎′)−1𝜎𝜆 + (1 −

1

𝛾
)(𝜎𝜌𝜎′)−1𝜎𝜌(𝑏 + 𝜉)′ 

(91) 

where 𝑏 = (0, −𝐵(𝑇)𝜎𝑟, 0,0)′ and 𝜉 = (𝜉𝑆, 𝜉𝑟 , 𝜉𝜋 , 𝜉𝑢)′. The portfolio consists of 

speculative part and a hedge part. The speculative part is equal to the optimal portfolio 

of Merton’s investment problem, which gives the mean-variance tradeoff between risk 

and risk premium in terms of nominal returns. The hedge part gives the minimum 

variance hedge against the long-term risks for the investor, 𝑏′𝑑𝑍 is the long-term real 

interest rate risk, and 𝜉′𝑑𝑍 is the unexpected inflation risk exposure. Jong expresses 

the effectiveness of this hedge in a coefficient of determination measure 

 
𝑅ℎ𝑒𝑑𝑔𝑒

2 =
(𝑏 + 𝜉)′𝜌𝜎′(𝜎𝜌𝜎′)−1𝜎𝜌(𝑏 + 𝜉)

(𝑏 + 𝜉)′𝜌(𝑏 + 𝜉)
 

(92) 

The long-term risk of the investor is exactly the risk exposure of an ILB with a maturity 

equal to the investment horizon 𝑇. Jong writes the nominal price dynamics of an ILB 

as  

 𝑑𝐼𝐿𝐵

𝐼𝐿𝐵
= [𝑟 + 𝜋 − 𝐵(𝜏)𝜎𝑟𝜆𝑟]𝑑𝑡 + (𝑏 + 𝜉)′𝑑𝑍 

(93) 

This also implies that if there is an ILB, it is an ideal hedge instrument. If there are 𝑛 

assets and the ILB is the last element in the vector of assets, then its row can be written 

in the return exposure matrix 𝜎 as (𝑏 + 𝜉)′. It follows that 

 
𝑏 + 𝜉 = 𝜎′ (

𝟎

1
) 

(94) 

and the optimal portfolio simplifies to  

 
(

𝑥
𝑥𝐼𝐿𝐵

) =
1

𝛾
(𝜎𝜌𝜎′)−1𝜎𝜆 + (1 −

1

𝛾
) (

𝟎

1
) 

(95) 

This shows that the hedge part of the portfolio is completely dominated by an ILB with 

maturity 𝑇, which is the perfect hedge instrument (𝑅ℎ𝑒𝑑𝑔𝑒
2 = 1). 

Which fraction of wealth the investor puts into each of these two portfolios is 

determined by the inverse of the risk aversion parameter, 
1

𝛾
. According to Jong, a log-

utility investor (𝛾 = 1) will invest everything in the speculative portfolio. A more risk 
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averse investor will invest only a fraction of his wealth in the speculative portfolio and 

the remains in the hedge portfolio. An extremely risk averse investor (𝛾 going to infinity) 

will invest everything in the hedge portfolio [39]. 

5 Case study and results 

5.1 Calculating the optimal portfolio composition 

In order to calculate the optimal portfolio composition for the long-term investor based 

on de Jong’s model, see eq. (91), I use parameter values from Brennan and Xia [38] 

shown in Table 2. Brennan and Xia estimate the parameters maximum likelihood for 

the joint process of real interest rate, expected rate of inflation, and stock returns by 

implementing Kalman filters using the monthly yield of 11 U.S. constant maturity 

Treasury bonds, CPI data, and value-weighted stock returns for the period from 

January 1970 to December 1995. 

Table 2. This table shows the parameter values from Brennan and Xia [38] as used in this paper. 

Proportional drift of the price level 𝛼 0.027 

Terminal wealth objective 𝜅 0.630 

Standard deviation of equity 𝜎𝑆 0.158 

Standard deviation of interest rate 𝜎𝑟 0.026 

Standard deviation of inflation 𝜎𝜋 0.014 

Realized inflation 𝜎Π 0.013 

Correlation coefficient for equity and interest rate 𝜌𝑆𝑟 -0.129 

Correlation coefficient for equity and inflation 𝜌𝑆𝜋 -0.024 

Correlation coefficient for interest rate and inflation 𝜌𝑟𝜋 -0.061 

Risk premium of equity 𝜆𝑆 0.343 

Risk premium of interest rate 𝜆𝑟 -0.209 

Risk premium of inflation 𝜆𝜋 -0.105 

Risk premium of realized inflation 𝜆Π NA 

 

I use these parameters as input in the model described by de Jong in section 4.6. The 

results can be seen in Table 3, where we can see the optimal portfolio composition 

with different CRRA risk aversion coefficients 𝛾. This is how an investor should invest 

in equity, 20-year bonds, indexed linked bonds based on his risk aversion coefficient.  
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Table 3. The table shows the optimal portfolio composition for an investor with CRRA risk 

aversion coefficient 𝜸 and investment horizon of 20 years. 

𝑥𝑜𝑝𝑡 Equity 20-year bond Index linked bond Cash 

𝛾 = 1 1.99 -0.20 -0.05 -0.74 

𝛾 = 2 1.45 0.36 0.43 -1.24 

𝛾 = 5 1.13 0.69 0.72 -1.54 

𝛾 = 10 1.02 0.80 0.82 -1.64 

 

The results in Table 3 indicates that as the CRRA risk aversion coefficient 𝛾 increases 

or as the investor gets more risk averse, the proportion invested in equity and cash 

decreases but the proportions invested in 20-year bond and indexed linked bonds 

increases. 

5.2 Calculating the term structure 

In order to be able to use market rate to discount liabilities with a long duration, I have 

to construct the term structure. I will use one type of government bond, the non-indexed 

RIKB bonds. The RIKB bond with the longest duration has a maturity in 2031, which is 

not enough for calculating the present value of a pension fund’s liabilities. In order to 

extend the term structure, I will extrapolate the term structure using the Nelson-Siegel 

model with the RIKB bond as input. The term structure of the Nelson-Siegel model is 

calculated by using information on the RIKB bonds at March 23, 2016, see Table 4.   

Table 4. The table shows the information on RIKB bonds on 23.3.2016. 

Symbol Maturity Coupon Price 

RIKB 16 1013 13.10.2016 6.00% 99.98 

RIKB 19 0226 26.2.2019 8.75% 107.25 

RIKB 20 0205 5.2.2020 6.25% 101.00 

RIKB 22 1026 26.10.2022 7.25% 107.15 

RIKB 25 0612 12.6.2025 8.00% 114.70 

RIKB 31 0124 24.1.2031 6.50% 105.90 

 

The model is based on the information on maturity, coupon rate and the price of each 

bond. The price changes as conditions on the market changes, resulting in different 

shaped term structure from the Nelson-Siegel model. The Nelson-Siegel model is an 

optimization model which tries to express the term structure by changing parameters 
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(𝛽𝑖, 𝜏) which has an effect on the short, middle and the long end of the calculated term 

structure. The model changes the values for the three 𝛽𝑖 factors and 𝜏, described in 

section 4.3.1. The model generates a curve which runs as close to the observed data 

points, the RIKB bonds, as possible. The model shows good results compared to the 

observed RIKB bonds in the middle of the term structure but there is a spike in the 

short end, see results in Figure 8. The root mean square error of the results from the 

Nelson-Siegel model and the RIKB input is 1.12 ∗ 10−4 or average error of 0.01%. 

 

Figure 8. Term structure, calculated using Nelson and Siegel model. 

 

The term structure of the Nelson-Siegel model is then used to calculate the discount 

factors using the formula, 𝐷𝑖𝑠𝑐𝑜𝑢𝑛𝑡𝐹𝑎𝑐𝑡𝑜𝑟(𝑖) = 1/(1 + 𝑆𝑝𝑜𝑡𝑅𝑎𝑡𝑒𝑠(𝑖))𝑖 at year 𝑖. These 

discount factors are then used to calculate the liabilities in section 5.3. The discount 

factors can be seen in Figure 9. 
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Figure 9. Discount factors calculated using the term structure from Nelson-Siegel model. 

 

5.3 Calculating liabilities 

When calculating the liabilities, I use a model that calculates the present value of 

liabilities that needs to be paid out every year for all retirement years. This amount 

needs to grow according to inflation expectations but reduce in line with survival rates. 

These future payments are then discounted at the appropriate discount rate. The 

model uses annual inflation which follows a normally distributed random variable with 

assumed mean and standard deviation. 

The following results show the probability of total liabilities and the present value of 

liabilities for each year after retirement. The assumptions made about inflation, type of 

interest rate and gender when calculating the liabilities are shown on the graphs. The 

model is based on different inputs of mean inflation but the inflation distribution is 

normally distributed with standard deviation 𝜎 = 0.1. The market interest rate used in 

the model were calculated using the Nelson-Siegel model. The model is based on 

retirement starting when retirees are 67 years old and with upper limits at the age of 

110 years.  

I start by comparing the different effect men and women have on pension fund’s 

liabilities using mean inflation 𝜇 = 0.04 and fixed discount rate of 3.5%. The cumulative 

probability distribution of life expectancy of men and women can be seen in Figure 10. 

As we can see the life expectancy of women’s is higher than men’s. 
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Figure 10. Cumulative probability of life expectancy between men and women. 

  

In Figure 11 and Figure 12, I compare the difference between the probability of total 

liabilities between men and women and the present value of liabilities as a function of 

years after retirement. In Figure 11, we can see that the red curve (women) is shifted 

to the right compared to the blue curve (men). And in Figure 12, that the present value 

of women’s liability is lower than men’s until approximately 27 years after retirement. 

This is the result of women living longer than men as shown in Figure 10. 
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Figure 11. The probability of total liability. Comparison between men(blue) and women(red). 

 

Figure 12. The present value of liability for each year after retirement. Comparison between 
men(blue) and women(red). 

 

In Figure 13 to Figure 24, I’ll compare the probability of total liability and the present 

value of liability each year after retirement when changing the inflation rate and 

discounting using fixed 3.5% interest rate versus changing the inflation rate using 

market rates when discounting. For simplicity, I only consider the cases where the 

gender of the pensioner is male. I examine the difference between the figures as the 

inflation level is increased, starting with fixed rate in Figure 13 to Figure 20 but then 

switching to market rates from the Nelson-Siegel model in Figure 21 to Figure 24. 
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Figure 13. The probability of total liability. Simulations average(blue) and one standard 
deviation(green). 

 

Figure 14. The present value of liability for each year after retirement. Each simulation(blue), 
average simulation(red) and one standard deviation(green). 
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Figure 15. The probability of total liability. Simulations average(blue) and one standard 
deviation(green). 

 

Figure 16. The present value of liability for each year after retirement. Each simulation(blue), 
average simulation(red) and one standard deviation(green). 
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Figure 17. Th probability of total liability. Simulations average(blue) and one standard 
deviation(green). 

 

Figure 18. The present value of liability for each year after retirement. Each simulation(blue), 
average simulation(red) and one standard deviation(green). 
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Figure 19. The probability of total liability. Simulations average(blue) and one standard 
deviation(green). 

 

Figure 20. The present value of liability for each year after retirement. Each simulation(blue), 
average simulation(red) and one standard deviation(green). 
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Figure 21. The probability of total liability. Simulations average(blue) and one standard 
deviation(green).  

 

Figure 22. The present value of liability for each year after retirement. Each simulation(blue), 
average simulation(red) and one standard deviation(green). 
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Figure 23. The probability of total liability. Simulations average(blue) and one standard 
deviation(green). 

 

Figure 24. The present value of liability for each year after retirement. Each simulation(blue), 
average simulation(red) and one standard deviation(green). 
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By examining Figure 13 to Figure 24 it is clear that the probability of total liability 

increases when the inflation rises and the interest rate is fixed. This effect on the 

probability of the total liability is the same if I use market rates. The present value of 

liabilities also increases as the inflation increases both for fixed interest rate and market 

rates. In Figure 25 and Figure 26 we can see the comparison on the effect of different 

discount rate (variable versus fixed) on the pension fund liabilities more clearly with 

mean inflation 4%. 

The probability of total liabilities in Figure 25 shows that the probability curve of fixed 

interest rate shifts to the right compared to the curve based on market rate. This shows 

that the fixed probability of total liabilities is higher for the fixed interest rate than market 

rates. In Figure 26 we can see that the difference between fixed interest rate and the 

market interest rate is small when we compare the present value of liabilities as a 

function of years after retirement. 
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Figure 25. The probability of total liability. Simulations averages of fixed discount rate of 
3.5%(red) and market discount rate(blue). 

 

Figure 26. The present value of liability for each year after retirement. Simulations averages of 
fixed discount rate of 3.5%(red) and market discount rate(blue). 
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6 Discussion and conclusion 

Interest rates play a critical role in calculating pension plan obligations. The interest 

rates are used to determine the plan’s expected risk-free return in the future. If the 

discount rate decreases, a pension plan needs more assets today in order to be sure 

it can generate sufficient investment returns to pay a projected amount of benefits in 

the future. If they cannot meet their obligation in the future, they become insolvent.  

The Icelandic pension funds might have to meet the Solvency II standard in the future, 

and start to use market rates instead of the fixed interest rate to discount their liabilities. 

If that is the case, the fair value accounting in calculating the funding ratios has the 

potential to have a huge impact on the pension fund policy as the present value of 

liabilities could grow due to lower interest rates.  

In this paper, I have compared the valuation based on fixed interest rate and variable 

market interest rate to determine the value of liabilities held by a pension fund to be 

used in actuarial valuation. The simulation results show that the fair value of liabilities 

does not have a major consequence for the pension funds, although volatility when 

assessing liabilities, is more when we have variable interest rates. This has the effect 

that the potential benefits of market valuation, comes with the price of higher volatility. 

If liabilities will fluctuate with the market, the interplay between asset value and liability 

value becomes critical, since assets are valued marked to market. The capital markets 

are anything but smooth, but their view of the appropriate discount rate is immediate 

and inescapable and the markets are undoubtedly more accurate than the view of a 

single individual or organization. Thus, discounting using market rates would probably 

give the pension fund a more realistic assessment of the relation between their assets 

and liabilities.  
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Appendices 

Appendix A. 

The spot rate 𝑅(𝑡, 𝑇) is the interest payable on a loan taken at time 𝑡 for maturity 𝑇, i.e. 

rates are payable for the period 𝑇 − 𝑡. The price of a 𝑇-bond at time 𝑡 is 𝐷(𝑡, 𝑇). In the 

case of continuous compounding the following holds, 

 𝐷(𝑡, 𝑇) exp(𝑅(𝑡, 𝑇)(𝑇 − 𝑡)) = 1  

and therefore  

 𝐷(𝑡, 𝑇) = exp(−𝑅(𝑡, 𝑇)(𝑇 − 𝑡))  

and  

 
𝑅(𝑡, 𝑇) =

−1

𝑇 − 𝑡
𝑙𝑜𝑔𝐷(𝑡, 𝑇) 

 

The term structure for discount rates is 

 
𝐷(𝑡, 𝑇) = exp (− ∫ 𝑓𝑡, 𝜏)𝑑𝜏

𝑇

𝑡

). 
 

The relationship between 𝑅(𝑡, 𝑇) and 𝐷(𝑡, 𝑇) gives 

 
𝑅(𝑡, 𝑇) =

1

𝑇 − 𝑡
∫ 𝑓𝑡, 𝜏)𝑑𝜏

𝑇

𝑡

 
 

The spot rate 𝑅(𝑡, 𝑇) can be expressed as the average instantenous forward rate at 

time 𝑡, with continuously progressing maturity in the interval from 𝑡 to 𝑇. If an analytical 

expression for 𝑓(𝑡, 𝜏) is known for 𝑡 ≤ 𝜏 ≤ 𝑇 the spot rate for any maturity between 𝑡 

and 𝑇 can be found by integration. 

Nelson and Siegel make the following assumption for the instantaneous forward rates  

 
𝑓(𝑇) = 𝛽0 + 𝛽1 exp (−

𝑇

𝜏1
) +

𝛽2

𝜏1
𝑇 exp (−

𝑇

𝜏1
). 

 

Then the term structure for spot rates is 

 
𝑅(𝑡, 𝑇) =

1

𝑇 − 𝑡
∫ 𝑓𝑡, 𝜏)𝑑𝜏

𝑇

𝑡

= 𝛽0 + (𝛽1 + 𝛽2)
𝜏1

𝑇
(1 − exp (−

𝑇

𝜏1
)) − 𝛽2 + exp (−

𝑇

𝜏1
). 

 

 


