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Abstract 

With structures getting old and structural parameters changing with time, the ability to 
monitor their changes gets very useful. This thesis focusses on system identification and its 
ability to identify modal parameters. System identification is used to create mathematical 
models of structures which are then compared to a finite element model. After the 
comparison, the solution could be used to update the FEM as the structure changes. In the 
thesis, different system identification methods are introduced and their theoretical 
background is studied. Starting with identifying a simple SDOF system all the methods 
introduced are applied and compared. After comparing the different methods one of them is 
selected to be used in a case study where a modal identification is done on a base isolated 
steel arch bridge. A finite element model is created on the bridge and compered to the 
findings of the identification process. The results indicate the efficiency of system 
identification in the sense that the identified modal parameters are very similar to those 
obtained from the FEM of the structure created on the basis of structural drawings and 
specifications.  

Útdráttur 

Ýmsir eiginleikar mannvirkja breytast með aldri þess. Með því að fylgjast með þessum 
breytingum má greina ýmsar gagnlegar upplýsingar um ástand og heilsu burðarvirkis. Þessi 
ritgerð fjallar um kerfisauðkenningu (e. system identification) sem gengur út á að búa til 
stærðfræðilíkan af burðarkerfi og ákvarða sveifluhætti þess. Niðurstöðurnar má nota til 
samanburðar og kvörðun á reiknilíkönum, sem til dæmis byggja á einingaaðferðinni. Í 
ritgerðinni eru skoðaður fræðilegur bakgrunnur þriggja aðferða sem mikið eru notaðar við 
kerfisauðkenningu. Einnar frelsisgráðu kerfi er notað til að bera þær saman. Bestu aðferðinni 
er í framhaldinu beitt á raunverulegt mannvirki sem er stálbogabrú sem er 
jarðskjálftaeinangruð með blý-gúmmílegum. Einnig er búið til einingarlíkan af brúnni þar 
sem byggt er á upprunalegum burðarþolsteikningum og niðurstöður sem það líkan gefur 
bornar saman við sveifluhætti sem fundnir eru með kerfisauðkenningunni. Góð samsvörun 
fæst á milli sveiflueiginleika sem einingaraðferðin skilar af sér og stikana sem koma út úr 
kerfisauðkenningunni. 
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1 Introduction 

1.1 Problem statement 

With time, dynamical parameters of structures change and the risk of failure gets higher. 
This is more important when structures are subjected to repeated environmental actions, such 
as earthquakes and strong winds, which may not substantially compromise the integrity of 
the structure, but induce damage, that can accumulate over time and make the structure more 
vulnerable to future environmental actions. For important structures like bridges and large 
commercial buildings, the cost of failure can be extremely high. Bridges are a good example 
of structure with high failure cost, when a bridge fails there is not only the risk of injuries 
and the cost of rebuilding; there is also the added cost for users that must go longer and 
sometimes, hazardous roads to get where they need to go. Bridges form an important part of 
transportation network and are critical structures that should remain functional after a major 
earthquake to ensure minimal disruption of day to day activities, as well as to ensure access 
of emergency workers and relief suppliers to people in need. For this reason, the current 
study focuses on a bridge structure in the case study. However, the methods presented are 
equally valid for any structure. 

 In many cases, cumulative damage developed in a structure may not be visible from outside. 
In such cases, experimental methods are useful. Structural health monitoring is one such 
experimental method. In this method, the vibrations of a structure is continuously monitored. 
Through experimental modal analysis, also known as system identification, recorded 
vibration data can be used to estimate dynamic properties of the structure, which are, in a 
sense, indicators of the current health of the structure. Changes in such properties indicate 
possible damage or deterioration of structural components. For example, after an earthquake, 
the stiffness and strength of a structure may be reduced due to induced damage. Such 
reductions can be detected through continuous vibration monitoring and experimental modal 
analysis of the structure. In this context, this study focuses on the various aspects related to 
experimental modal analysis, or structural system identification. 

Apart from experimental methods, numerical modelling is a popular tool in structural 
engineering. In particular, the finite element method is a popular and powerful tool for 
structural analysis and design. Finite element models can be used to estimate modal 
properties of a structure. However, owing to the uncertainties behind the different parameters 
that are used to create a finite element model, the results given by such models are also 
uncertain. Experimental modal analysis is useful in such cases to validate finite element 
models or update them as the properties of a structure changes due to ageing or occurrence 
of some adverse natural events. 

In this context, this thesis focuses on both finite element modelling and experimental modal 
analysis. Finite element models are created based on available drawings and specifications 
of the structure. Experimental modal analysis is based on the recorded response of the 
structures during a strong earthquake.  
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1.2 Aims and objectives 

This thesis will consider the possibility of using mathematical methods to estimate system 
parameters of dynamic system by using input and output data. By using data from different 
times, changes in the dynamic properties induced by potential damage can be detected. Such 
models can be used to simulate response of the structure for future environmental actions. 
Alternatively, they can be used to calibrate/update finite element models of the structures, 
which can then be used for detailed stress analysis of the structure. These operations are 
useful to evaluate the safety of existing structures, and are more relevant for critical 
infrastructure, which should remain functional after an adverse environmental event such as 
a strong earthquake. Taking these considerations, the main aims and objectives of this thesis 
are outlined as 

1. To understand the theoretical background of system identification and structural 
health monitoring. 

2. Applying the theory in a practical case study, which is a base isolated steel arch 
bridge that was shaken by strong earthquakes in June 2000 in South Iceland 

3. To further enhance the understanding of system identification method, using the case 
study to design an optimal measurement sensor array so that most of the important 
modes can be identified. To accomplish this, and to compare results of system 
identification with what is expected from structural drawings and specifications, 
finite element modelling is used. 

1.3 Research methodology 

The research methodology presented herein is both theoretical and experimental. The 
theoretical aspects are related to finite element analysis. In this aspect, creating a detailed 
finite element model of the structure being studied is undertaken. This model is used for 
estimation of vibration frequencies and mode shapes of the structure as well to simulate its 
dynamic response using time history analysis when subjected to earthquake induced ground 
motion. The other theoretical aspects are related to the theory of linear systems, spectral 
estimation methods, parametric time series modelling, and system identification (also known 
as experimental modal analysis). The experimental methods used in this study relies on the 
case study structure, which is a base isolated steel arch bridge. Ground motion and structural 
response data during a strong earthquake that occurred in South Iceland in June 2000 is used 
for system identification of the bridge. The results obtained from theoretical finite element 
models and those obtained from system identification are critically compared. Apart from 
this, an important exercise is conducted by using the finite element model. This exercise is 
related to simulating the response of the model for a given ground motion and using 
simulated response time series from different locations in the bridge deck to check their 
efficiency in correctly identifying the modal properties of the different vibration modes of 
the structure. This exercise was useful in determining the suitable order of parametric time 
series models used in system identification, as well as in designing an efficient and optimal 
sensor configuration if further measurements are to me made in the structure. Although the 
latter might not be the case, the method presented here is equally valid for designing sensor 
configuration for other similar structures for conducting vibration measurement and system 
identification.  
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1.4 Organization of the thesis 

This thesis is divided into six main chapters with addition of references and appendices. 

The first chapter introduces the project to the reader and clarifies the problem 
statement, aims and objectives and then presents the organization of the thesis. 

The second chapter gives a brief overview of structural dynamics theory in relation to 
structural system identification. It also introduces the reader to the background 
information on System Identification (SI) and Structural Health Monitoring (SHM).  

The third chapter presents the different methods of SI. Using a simple SDOF model, 
the basic principles and methods of SI are presented with examples and simulated 
response.  

The fourth chapter introduces the case study used in the thesis. It describes the 
structure and its main parameters. It goes over previous research that has been done on 
the bridge and their findings. 

The fifth chapter deals with the finite element modelling and analysis of the bridge. It 
goes over how the FEM model is created and then introduces the time-series used in 
the project. It uses the N4SID to estimate the system parameters based on simulated 
response. Performance and efficiency of the N4SID method to correctly estimate 
vibration frequencies of the structure are then tested using different response channels 
(sensor configurations). 

The sixth chapter includes system identification of the bridge based on real 
measurements, which are earthquake ground motion excitation and the corresponding 
structural response. It briefly goes over the impact of the base isolators and then 
compares the findings with the findings in chapter 5. 

The seventh chapter provides a summary of the main results, and discusses some scope 
for further research. 
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2 Background and basic theory 

2.1 Structural dynamics 

A system can be described as an object, physical or not, where different variables act together 
to produce a signal. These signals are called outputs (response for structural systems). A 
system can also be effected by external signals, which are called as inputs. For structural 
systems, inputs are generally environmental actions such as wind load, earthquake ground 
motion, etc. When a well-defined phenomenon cannot be considered as the cause of 
vibration of a system (output), the system is said to be responding to noise (disturbances). 
Noise is a broad term used to describe signals that are not related to a well-defined physical 
process, but are due to various small disturbances, often small in amplitude. In mathematical 
modelling, excitation of a system by an input signal generated by a well-defined physical 
process or by some small amplitude disturbances (ambient noise) can be largely considered 
in the same framework, which case, the term input is used to denote the action on the system, 
and the term output is used to denote its response. A system is called a dynamic system if the 
response (output) of the system at the current time depends both on the current and past input 
to the system (Ljung, 1987).  

2.1.1 Basics equations in structural dynamics 

A dynamic system has three components: input, output and the physical parameters of the 
system. Depending of which components are known, different methods of analysis and 
modelling are needed. For example, when the input and the system parameters are given, the 
process of estimating the output of the system is called as response analysis (Ljung, 1987). 
When both input and output (or certain bounds on it) are specified, the process of creating 
and estimating optimal system parameters is called as system design. When the output is 
given to either a known input or unknown disturbance (noise), the process of identifying the 
parameters of the system is called as system identification (SI). 

This thesis will focus on the methods used to find physical parameters of a system that 
responds in a certain way to a given input.  When only the output is known, and the input is 
unknown, identification of system parameters is called as blind system identification (Ljung, 
1987).  

The dynamic equation of forced vibration of a structural modelled as a discrete system can 
be written in matrix form as 

 [�]{�̈} + [�]{�̇} + [�]{�} = {�} (1) 

Where [M], [C] and [K] is the mass, damping and stiffness matrixes, {y} is the displacement 
response vector of the system, {p} is the dynamic force vector, and dots and single dots over 
a variable denote single and double differentiation with respect to time, respectively. When 
the force is inertial action due to earthquake ground motion, the equation can be written as 
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 [�]{�̈} + [�]{�̇} + [�]{�} = −[�]{�}�̈� (2) 

where �̈� is ground acceleration, and {�} is the influence vector which represents the 
displacement of the structure if a unit displacement is applied statically in the same direction 
as the ground acceleration is acting. For classically damped systems, the matrix system of 
equation can be decoupled with normal models of vibration, resulting in a set of scalar 
equations, which can be solved independently, and then superimposed to estimate total 
response. Such equations represent equivalent single degree of freedom system (SDOF), for 
which the concept of unit impulse response function is very crucial. Unit impulse response 
function is the response of the system to an impulse of unit magnitude. In discrete time, the 
response of a SDOF system due to a dynamic excitation is by the following  

 
�(�) = � ℎ(� − �)�(�) + �(�)

�

���

 (3) 

where h(k) is the unit impulse response function, �(�) is the excitation,  �(�) represents 
unexplained noise or disturbance. The summation in equation (3) is equivalent to 
convolution integral in continuous time. 

2.2 System identification 

System identification can be described as methods used to estimate system parameters of a 
structure, such as natural frequencies and critical damping ratio, using experimental data. 
The classical process of system identification can be seen in Figure 2.1. It has widespread 
applications in many areas. In control and system engineering, it is used in the synthesis of 
regulators and design of prediction algorithms, among other applications. In structural 
engineering, the field of this thesis, system identification can be used for spectral analysis 
and fault detection and other purposes. System identification methods can also be used in 
other fields such as biology, environmental sciences and econometrics to develop models 
that are used to get a better understanding of an object or a system.  

 

Figure 2.1 System identification process 

In this thesis, system identification is performed using measured input and output where a 
structure is responding to strong earthquakes. It could also be done using other data such as 
wind-induced vibrations, or in some cases, using only ambient vibrations. 

Input System Output

Unknown 
Known Known 



7 

2.3 Structural health monitoring 

For many years, performance and deterioration of structures with their age has always been 
a great concern to both owners and maintenance engineers. When a structure is designed, a 
model is created to find some key parameters that control the dynamic response, such as the 
natural frequencies, mode shapes, and damping. As time passes, the components of the 
structure deteriorate and lose their initial strength and stiffness. In its lifetime, a structure 
will be affected by the environment and be weathered which may cause cracks rust spalling 
etc. but it may also be subjected to some extreme loading from isolated events such as 
accidents, earthquakes or high winds, or it can be subjected to smaller amplitude repeated 
loads that lead to fatigue in the structural elements. Both of these, sudden extreme loads and 
repeated loads, can induce micro cracks to large-scale defects in the structure. For example, 
cracking of concrete, yielding and corrosion of steel reinforcement, and damage to 
connections due to fatigue are some of the reasons that lead to reduced structural stiffness 
and strength. Most of the time, the rate of deterioration is low, except in the case of sudden 
extreme environmental actions but in the long term, these effects can significantly reduce 
the reliability of a structure. The process of monitoring these changes, and other changes in 
a structure, is called Structural Health Monitoring (SHM). The reason engineers and owners 
have started monitoring structures is to detect potential damage before the risk of failure 
becomes intolerable (Sirca Jr. and Adeli, 2012).  

The main benefits of regular SHM for an owner is prolonged lifetime due to constant 
improvements of the structure and lower maintenance cost due to early detection of potential 
failure (Chatzi, 2014). The steps involved in a typical SHM is schematically shown in Figure 
2.2.  

 

Figure 2.2 Flowchart for SHM  
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SI can be used for structural health monitoring. If changes in structural parameters are 
detected, safety analysis is conducted. In addition, original mechanical models such as finite 
element models of the structure are updated. Based on the results of safety analysis, the 
structure might need to be repaired/retrofitted or demolished and built new.  

In most cases strain-, displacement-, or accelerometers are used as measurement parameters 
in SI. The measurements from the sensors are used identify current system parameters, and 
to detect deviations from those that were assumed in design or when they were built. The 
input or excitation to the system is sometimes a known variable, for instance a measured 
environmental process or a controlled measurement where a measured load is used, but often 
the excitation is unknown or unmeasured. 

In SHM, especially when the excitation is not a completely known variable, continuous 
monitoring of the structure can give better results. By analysing the changes in the structure 
regularly, the changes in the condition of the structure can be seen early on and warning can 
be sent out or an automatic shutdown mechanism can be implemented.  

When the complexity of structures becomes high, the use of system identification in SHM 
becomes very important. With high complexity, uncertainties in mechanical properties and 
interaction between members gets higher, that makes modelling the structure very difficult. 
Be creating an approximate model and then using site measurements and system 
identification to estimate the accuracy of the model, the overall uncertainties in numerical 
modelling can be reduced. If the model is not accurate enough, system identification results 
can be used to update the model. This is especially helpful with black box models. In black 
box models, the designer only knows the input and/or output of the system and relies on 
system identification methods to get a better understanding of the system. In structural 
engineering, interaction of soil with the structure is often difficult to model due to inherent 
uncertainties in geotechnical knowledge of the site. In such cases, system identification can 
be used to estimate the parameters of soil-structure system, thereby reducing model 
uncertainties. Such an application can be viewed as calibration of a part of a numerical model 
based on SI results.  

With computer and communication technology becoming more accurate and economical, 
SHM also becomes more feasible and commonly used. Apart from this, research and 
development of reliable algorithms to monitor the health of different types of structures using 
vibration measurements play a vital role. 
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3 Models 

3.1 FE-model 

Structural systems can be complex, and their behaviour can be described by differential 
equations based on laws of mechanics. For real-life structures, where geometry and 
boundary conditions can be very complex, solution of the exact differential equations is not 
feasible, and numerical approximations need to be introduced. On such approximation is 
provided by the efficient and powerful Finite Element Method (FEM). This method relies 
on discretization of the problem space domain and reduction of differential equations to 
matrix equations.  

In recent years, FEM is the most popular discretization technique in structural mechanics 
(Bundschuh and Arriaga, 2010). The basic concept involves subdividing the continuous 
model into disjoint components of simple geometry called finite elements. The response of 
each element is expressed in term of a finite element of degrees of freedom characterized by 
the value of an unknown function, or functions, at a set of nodal points. 

The response of the continuous model is then considered to be approximated by that of the 
discrete model obtained by connecting or assembling the collection of all elements. The 
discretization and assembly concepts occur naturally when examining many mechanical 
systems. For example, it is easy to visualize an engine, bridge, building, airplane or skeleton 
as fabricated from simpler components.  

A typical finite element analysis on a software system requires the following information 
(Berkeley, 2016): 

1. Nodal point spatial geometry 
2. Element connectivity 
3. Mass properties  
4. Boundary conditions or restrains 
5. Loading or forcing function details 
6. Analysis options 

Because FEM is a discretization method, the number of degrees of freedom of a FEM model 
is necessarily finite. They are collected in a column vector. This vector is generally called 
the DOF vector or state vector. The term nodal displacement vector for u is reserved to 
mechanical applications. 

The FEM solution process can be described in these four steps (Berkeley, 2016) 

1. Divide structure into pieces (elements connected at nodes) casually called meshing 
2. Formulate the equations for each element separately, and assemble them to form an 

approximate system of equations for the whole structure. 
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3. Solve the system of equations involving unknown quantities at the nodes (e.g., 
displacement) 

4. Calculate desired quantities (e.g., stress and strain) at selected elements. 

 

 

Figure 3.1 Comparison of a real building and its Finite Element Model (Skolnik, Yu, Wallace, 
and Taciroglu, 2007) 

Figure 3.1 show a comparison of a research building in Los Angeles and its finite element 
model. Columns and beams have been modelled as line elements while walls and floors are 
modelled as two-dimensional plane objects. Finite element models can be created at varying 
levels of complexity. The choice of element types and complexity in modelling depends on 
the information available to an analyst as well as the objectives of the analysis, in addition 
to the response variables that are needed.  

3.2 Spectral analysis for SI 

One of the methods of estimating system parameters is spectral analysis. In simple terms, 
this involves inspection of spectral content of input and/or output from a system, to estimate 
the spectral transfer function of the system. As such, the method is based on frequency 
domain analysis, and Fourier transformation is the most popular method for spectral 
analysis. For a continuous time signal �(�), the fourier transform is defined as  

 
�(�) = � �(�)

�

��

����� �� 
(4) 

where � is the angular frequency measured in rad/s.  
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The original signal can be recovered in the time domain by inverse Fourier transformation 
as: 

 
�(�) =

1

2�
� �(�)

�

��

���� �� 
(5) 

For signals sampled at discrete time intervals, Fourier transforms for the response �(�) and 
input �(�) can be computed using the following summations: 

 
��(�) = � �(�)

�

� ��

�����  
(6) 

  
��(�) = � �(�)

�

� ��

�����  
(7) 

For a linear time invariant system, the response is related to the input by the following 
equation in the frequency domain. 

 ��(�) = �(�)��(�) (8) 

where �(�) is the complex frequency response function and is the Fourier transform of the 
unit impulse response function of the system. Using �� and �� from measured data, an 
estimate of the complex frequency function can be found: 

 
��(�) =

��(�)

��(�)
 

(9) 

If the mechanical properties of the system are known, the complex frequency response 
function can be accurately computed. For example, for a SDOF system with mass M, 
stiffness K, and damping coefficient C, the complex frequency response function is given by  

 
�(�) =

1

� + ���− ���
 

(10) 

The complex frequency response function can be used directly to find natural frequencies 
and damping ratios. A more common method is to use the power spectral density function 
(PSDF) of the excitation and response. Periodogram estimate of the PSDF can be obtained 
from the Fourier Amplitude Spectrum (FAS) as  

 
���(�) =

�Δ�

2�
|�(�)|� 

(11) 

where �(�) is the Fourier Transform of a signal �(�) with a sampling interval of Δ� and N 
is the total number of samples. 

Given the estimates of the PSDF of the input and excitation, the complex transfer function 
of the system can be estimated as  
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|�(�)|� =

���(�)

���(�)
 

(12) 

Periodogram estimates of PSDF are associated with bias and large variance. Biased is related 
to the finite duration of the sampled signal, which can be partly reduced by increasing the 
measurement time. However, the variance of the PSDF estimate cannot be reduced by 
increasing measurement time. An implication of the variance of the PSDF is that the division 
operation in the equation above results in unreliable peaks in the estimated transfer function. 
For this reason, the variance of the PSDF need to be reduced before the system transfer 
function is obtained. A popular method of reducing the variance is by smoothing the PSDF 
in either the time or the frequency domain. While there are many different smoothing 
windows and associated parameters used in practice, their detailed study is outside of the 
scope of this thesis. 

In this work, the modified Welch’s method is used to smooth the PSDF. It is an improvement 
of the commonly used Bralette’s method. This method assumes that the signal is stationary, 
and splits it up into a finite number of overlapping segments. The segments (or windows) 
are often treated with tapering windows, and the periodogram estimates of each segment are 
estimated separately. Finally, the estimates of the different windows are averaged; invoking 
the assumption of stationarity, and the resulting spectrum is called as the “modified” 
periodogram (Welch, 1967).  

The estimate of system transfer function obtained from modified periodogram estimates of 
PSDF can be expressed as  

 
���(�)�

�
=

����(�)

����(�)
 

(13) 

The locations of the peaks of this function provide an estimate of the vibration frequencies 
of the structure. To estimate the corresponding damping ratios, the so-called half-power 
bandwidth method can be used. In its simple form, this method can be stated mathematically 
as 

 
� =

�� − ��

2��
 

(14) 

Where � is the critical damping ratio of the system �� and �� are the corners of the half-power 
bandwidth, defined as the frequencies on either side of the peak where the power is half the 
power at the peak. The half-power bandwidth method works well when a reliable estimate 
of the system transfer function or response PSDF is available. If the PSDF has large variance 
and excessive smoothing is required, the damping estimates obtained from this method may 
not be reliable, as the half-power bandwidth is significantly influenced by the level of 
smoothing (the number of segments used in the Welch’s method). 

3.3 Parametric Methods 

Besides the spectral analysis methods discussed earlier, parametric time series models can 
be used for SI. A brief introduction of such models is provided here. Additional details can 
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be found in, for example, (Box, et.al, 2008) and (Jenkins and Watt, 1969). General regression 
models can be represented as  

 �(�) = {�(�)}�{�} (15) 

Where y(�) is a sequence of measured values, input or output, at discrete time �=Δ�, where 
Δ represents the sampling interval, and �=1, 2, 3,… and {�} represents a column vector 
containing regression parameters and �(�) is a column vector containing measured values 
at discrete time. 

In this chapter a brief description of the following parametric models is given.  

 Auto regressive model (AR) 

 Auto regressive model with exogenous input (ARX) 

 Auto regressive moving average model (ARMA) 

 Auto regressive moving average model with exogenous input (ARMAX) 

3.3.1 AR and ARX 

Auto regression models, or AR model for short, is a simple mathematical tool used to model 
system whose output is known, and the excitation is assumed white noise. AR model can be 
defined as (Jenkins and Watt, 1969): 

 �(�) + ���(� − 1) + ���(� − 2) + ⋯ + ���(� − �) = �(�) (16) 

where, �(�) is the response sequence, {�1… ��} are unknown regression parameters, t stands 
for integer value and e(t) stands for white noise input, and � is the model order. Equation (16) 
can be case in the same form as Equation (15) by isolating the response sequence 

 �(�) = −���(� − 1) − ��(� − 2) − ⋯ − ���(� − �) + �(�) (17) 

Defining a new sequence and model parameter vector as 

 {�(�)} = {�(� − 1), �(� − 2), … , �(� − �)}� (18) 

 � = {��, ��, … , ��)� (19) 

the equation can be written as 

 �(�) = {�(�)}�{�} + �(�) (20) 

For given response sequence, the model parameters and the noise sequence can be estimated 
by using statistical methods such as least squares regression, maximum likelihood method, 
etc. Some solution methods are discussed later in this chapter. 

Autoregressive model with exogenous input, ARX for short, is like the AR model, but it 
includes a known input signal to model the system. The ARX can be mathematically 
expressed as  
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 �(�) + ���(� − 1) + ���(� − 2) + ⋯ + ���(� − �)
= ���(� − 1) + ���(� − 2) + ⋯ + ���(� − �) + �(�) 

(21) 

where � and � represent model order; �(�) is the output sequence; �(�) is the input 
sequence; �� … ��, �� … ��  are unknown model parameters; and �(�) is the part of the 
output not explained by the input and the assumed system, often assumed to be a white noise. 

 The equation can also be written as 

 �(�) = −���(� − 1) − ���(� − 2) − ⋯ ���(� − �)���(� − 1)
+ ���(� − 2) + ⋯ + ���(� − �) + �(�) 

(22) 

Defining a new vector sequence 

 {�(�)} = {�(� − 1), �(� − 2), … , �(� − �), �(� − 1), �(� − 2), … , �(� − �)}� (23) 

 � = {��, ��, … , ��, ��, ��, … , ��)� (24) 

an ARX model can be written as 

 �(�) = {�(�)}�{�} + �(�) (25) 

3.3.2 ARMA and ARMAX 

Unlike the AR models which are based on regression of past output values, a moving average 
model, or MA model for short, models the response as a linear function of a noise sequence. 
The model can be mathematically stated as  

 �(�) = �(�) + ���(� − 1) + ⋯ + ���(� − �) (26) 

where �(�) is a noise sequence, � is the model order, and �� … �� are unknown model 

parameters that can be estimated statistically. 

ARMA model combines the AR model and the MA model. The model can be 
mathematically stated as  

 �(�) = −���(� − 1) − ⋯ − ���(� − �) + �(�) +���(� − 1) + ⋯
+ ���(� − �) 

(27) 

An ARMAX model is a combination of ARX and MA models, and is mathematically 
expressed as  

 �(�) = −���(� − 1) − ⋯ − ���(� − �) + ���(� − 1) + ⋯ + ���(� − �)
+ �(�) +���(� − 1) + ⋯ + ���(� − �) 

(28) 

3.3.3 Estimating model and system parameters 

Estimation of the parameters of the time series models discussed above is based on statistical 
methods. For example, least squares regression and maximum likelihood methods are 
popular. More details on these methods can be found in standard text on time series analysis 
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such as Jenkins and Watt (1969), and a general overview is also given in Bárdarsson (2015). 
Apart from the estimation of the model parameters, an analyst also needs to decide what 
model order to use, or in other words, the number of past sequences of the output, input, and 
noise to be to estimate the current output of the system. Higher order models are required 
for more complex systems, or when the system input is generated by a very complex process. 
Mathematically, higher order models are more accurate. In practical applications, models 
should be parsimonious. In simple terms, model order should be optimally selected. Several 
mathematical criteria such as the least prediction error and Akaike information criteria have 
been developed to help an analyst select an optimal model order. Further details of such 
criteria are outside the scope of this work, but can be referred to from standard text such as 
Jenkins and Watt(1969) and   

The mathematical models described above can be assumed to represent some physical 
system, for example an engineering structure. Structural engineers are familiar with 
differential equation representation of dynamic structural models. Such equations are 
formulated from the laws of mechanics and are expressed in terms of some physical 
parameters of the system. The parametric models described here can be shown to have an 
equivalence to such differential equations, but the parameters of the model are not derived 
from system properties and physical laws, but rather estimated from system response and/or 
excitation. Considering the equivalence between the parametric models and the differential 
equation representation of a structural system, an equivalence between the parameters of the 
physical system and the mathematical model can be established. To avoid confusion, 
mathematical models here is meant to represent the parametric time series models. Model 
parameters are their estimated parameters, and the term system parameter is used to represent 
the physical properties of the system the mathematical model is used to describe.  

To demonstrate the relationship between model parameters and system parameters, an 
example of a SDOF system with mass �, stiffness �, and damping coefficient � is presented 
here. The differential equation of motion of the SDOF system can be written out as  

 
�̈(�) +

�

�
�̇(�) +

�

�
�(�) = �(�) 

(29) 

where �(�) is the displacement response of the system,  �(�) is the force acting on the system 
normalized by the mass of the system, and single and double dots over a variable are used 
for its first and second time derivatives, respectively. Defining the undamped angular 

frequency as � = ��
�

�
� , and expressing damping coefficient in terms of critical damping 

ratio �  as � = 2��� , the equation of motion can be written as  

 �̈(�) + 2����̇(�) + ���(�) = �(�) (30) 

A general solution to the homogenous part can be written as �(�) = ���, which leads to a 
characteristic equation with the following roots for underdamped systems 

 ��

��
� = −�� ± ��� (31) 

where � is the imaginary unit and �� = ��1 − �� . Now since a SDOF system can be 
described with two system parameters, the damping ratio and frequency, a second order AR 
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model can be used to describe the free vibration response of the system. For the forced 
vibration response, ARX model would be required. Considering the following second order 
AR model. 

 �[�] + ���[� − 1] + ���[� − 2] = �[�] (32) 

The homogenous part of this equation can be written as  

 �[�] = ���[� − 1] + ���[� − 2] (33) 

The solution for that can be found by assuming �[�] = ��, which leads to the following 
characteristic equation.  

 �� − ��� − �� = 0 (34) 

The poles (or roots) of the equation are given by 

 
��

��
� =

��

2
± �

��
� + 4��

4
 

(35) 

If the model represents a stable system, the roots lie within the unit circle.  

Let us now consider the continuous and discrete time representation of the system response 

 �(�) = ��� (36) 

 �[�] = �� = ���(�)� (37) 

Assuming that the sampling interval is Δ, and for an integer �, the equivalence of the two-
representation reduced to  

 ln(�)� = ��Δ => � = ��� (38) 

Furthermore, we have the following equations from Equation (34) 

 �� + �� = �� (39) 

 ���� = −�� (40) 

Using Equations (30), (37), (38), and (39), the system parameters can be expressed in terms 
of the model parameters as  

 

� =
1

Δ
�

{ln(−��)}�

4
+ �cos�� �

��

2√−�� 
��

�

 

(41) 
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� =

�

{ln(−��)}�

{ln(−��)}� + 4 �cos�� �
��

2√−�� 
��

� 
(42) 

Similar equivalence can be established for multiple degree of freedom systems (MDOF) 
which require higher model orders. A more detailed description of such applications can be 
found in Leuridan et al. (1986).  

3.4 State space models 

State space modelling is a popular mathematical tool used to reduce higher order differential 
equations to a set of first order differential equations. This relies on defining a state vector 
which is a collection of response variables (for example displacement of a structure), and 
their derivatives. For example, for a SDOF system, with the following equation  

 ��̈(�) + ��̇(�) + ��(�) = �(�) (43) 

the state space representation is  

  

 {�̇(�)} = [�]{�(�)} + [�]{�(�)} (44) 

 

where 

{�(�)} = �
�(�)

�̇(�)
� 

(45) 

is called as the state vector, 

 
[�] = �

0 1
−�/� −�/�

� 
(46) 

is called as the dynamics matrix, and 

 
[�] = �

0
1/�

� 
(47) 

is called as the input matrix. The response in the structural space can be obtained by the 
following transformation of the state vector. 

 �(�) = [�]{�(�)} (48) 

where  

[�] = [1 0] 
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is called as the output or sensor matrix.  

For a general linear time invariant system in discrete time, the state space representation is  

 {�[� + 1]} = [�]{�[�]} + [�]{�[�]} (49) 

 {�[�]} = [�]{��[�]} + [�]{�[�]} (50) 

where, � is an integer, and [�] is called the feedthrough matrix.  

System identification based on state space representation is very powerful and popular (see, 
for example, Alvin and Park (1994)). The Numerical algorithms for Subspace State Space 
System Identification (N4SID) is one of the most popular SID algorithms in use and and is 
described in detail in (Overschee and Moor, 1994). In the case studies presented in subsequent 
chapters, the N4SID method is used for system identification. The mathematical details of 
the method are beyond the scope of this thesis, but a brief summary of how the properties of 
the physical system (frequencies, damping ratios) are obtained from the dynamics matrix 
[�] is outlined below. 

The dynamics matrix is expressed in the following form through an eigenvalue 
decomposition. 

 [�] = [Ψ][Λ][Ψ]�� (51) 

where [Λ]is a diagonal matrix containing the poles (eigenvalues) ��, ��, … , �� and [Ψ] is a 
matrix containing the complex eigenvectors {��}, {��}, … , {��}.  

The frequencies and damping ratios of the i-th mode of vibration can then be obtained from 
the eigenvalues of the dynamics matrix by using the following equations.  

 
�� =

1

2Δ��
���(ln ��)� + ��(ln ��)� 

(52) 

 
�� =

−��(ln ��)

���(ln ��)� + ��(ln ��)�
 

(53) 

The mode shape matrix is given by [Φ] = [�][Ψ] , and [Ω] = [Ψ]��[�] gives the matrix of 
modal participation factors (Siringoringo and Yozo, 2008). 

3.5 SDOF example 

The concepts and methods described above are demonstrated with the example of a SDOF 
system. A SDOF system with given frequency and damping ratio is subjected to an 
earthquake ground motion and the response of the system is computed numerically using the 
Newmark‘s integration method. The vibration period of the system is taken as 1s and its 
damping ratio is 5% of critical value. The ground acceleration times series used the input to 
the system and the computed displacement response is shown in Figure 3.2. The aim of this 
exercise is to use the ground motion and the computed response as if they were measured 
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input and output of the system, and then apply the different SI methods to check if they 
estimate the actual vibration period and the damping ratio of the system. 

 

Figure 3.2 Excitation and response of SDOF system. Response calculated with Newmark’s method 

3.5.1 Spectral analysis 

By using the methods described in preceding section, the transfer function (squared 
amplitude of the complex frequency response function) of the system is estimated by using 
the Fourier Amplitude Spectra (FAS), as in equation (9) as well as Welch’s modified 
periodogram estimate of PSDF of the input and output as shown in equation (13). The 
transform functions estimated in this manner are compared to the theoretical transfer 
function of the system in Figure 3.5. Note that in general the value of transfer function should 
be equal to 1 at 0 frequency. This is not the case in Figure 3.5, because the transfer function 
in this case relates displacement of the system to the ground acceleration, which is equivalent 
to the inertia force applied in the system if its mass is assumed to be unity. The theoretical 
complex frequency response function in this case is given by Equation (10). The transfer 
function obtained from the three methods shown in Figure 3.5 all have a single peak at a 
frequency of 1 Hz, which corresponds to a period of 1s as expected. It is interesting that the 
transfer function obtained from the FAS is closer to the theoretical transfer function than that 
obtained from the PSD. This is due to the smoothing of PSDF which is inherent in the 
Welch’s algorithm, Since the output in this case is exact (computed) and not polluted by any 
noise, the FAS method gives very good results. Real data are always contaminated by some 
levels of noise and in such situations, smoothing of spectral estimates becomes necessary. 
The level of smoothing does not seem to affect, at least for a SDOF system, the location of 
the peak of the transfer function, but it does influence the amplitude and the bandwidth of 
the peak. The results related to damping are therefore somewhat subjective to the smoothing 
parameters. This is a drawback of periodogram based spectral analysis. An alternative is 



20 

provided by time series model (see, for example, Rupakhety and Sigbjörnsson, 2012) which 
provide spectral estimates whose variance can be controlled by selecting a proper model 
order for which well-defined mathematical criteria exist.  

 

Figure 3.3 Comparison of transfer functions calculated with different methods 

To estimate the damping ratio of the system, half-power bandwidth method is used (see 
Figure 3.6). The frequencies corresponding to the half of the peak amplitude of the transfer 
function are  �� = 0.950 �� and �� = 1.045 ��, the frequency of the peak is   �� =
1.00 �� (T=1.00s), and the critical damping ratio can therefore be calculated with Equation 
(13). 

 
� =

�� − ��

2��
=

1.045 �� − 0.950 ��

2×1.000��
= 4.72%  

(54) 

The estimated damping ratio is close to the actual damping ratio, but not as accurate as the 
estimate vibration frequency. This is a general observation in SID, where there is more 
uncertainty in estimated damping than in estimated frequency. 
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Figure 3.4 Squared amplitude of the complex frequency response function. The half power level is 
indicated by the dashed red line and the dashed red lines indicate the corresponding frequencies. 

3.5.2 Parametric method 

In this section, the ARX model is used to estimate the system parameters. As this is a SDOF 
system with two parameters, a second order model is sufficient. The parameters of the ARX 
model were estimated by using built-in functions in MATLAB. The ARX model can also be 
used to simulate the response of the system. Figure 3.7 shows a comparison between the 
actual response of the system and the response modelled by the ARX model.  
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Figure 3.5 Comparison of the actual response of the SDOF system with that predicted by an ARX 
model. 

The parameters of the ARX model are  

�� = 1.99588 

�� = −0.99687 

By using equations (41) and (42), the system properties are calculated as  

� = 6.28
���

�
=> � = 1.00� 

� = 4.99% 

So the method works and the solution is very accurate 

3.5.3 State space methods 

This section demonstrates the use of the state space method, in particular the N4SID 
algorithm to identify the parameters of the SDOF system. Built-in MATLAB functions were 
used to make these computations. Figure 3.8 shows the comparison of the actual response 
with the simulated response.  
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Figure 3.6 Comparison of real input and input generated with the N4SID function in MATLAB 

The estimated system matrix is 

 � = �
0.998 −0.033
0.029 0.997

� (55) 

which has a complex eigenvalue � of 0.998 - 0.031i. Equations (52) and (53) are then used 
to calculate 

� = 1.00�� => � = 1.00� 

� = 5.00% 

So the results are very accurate. 

3.5.4 Conclusion 

Table 3.1 shows a comparison of the methods used above. The results show that the methods 
are being correctly understood and implemented. The different methods give similar results. 
For further applications in this thesis, the state space method will be used. This method is 
very powerful and can be used for large and complex systems.  

Table 3.1 Comparison of identified damping and period of a known SDOF system 

Method Period (s) Damping ratio (%) Calc. time (s) 

Actual 1.00 5.00%  
Spectral 1.00 4.72% 0.50 
ARX 1.00 4.99% 0.40 
N4SID 1.00 5.00% 0.47 
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4 The case study bridge: Þjórsárbrú 

4.1 General description 

Þjórsárbrú, shown in Figure 4.1, lies over the Þjórsá river in South Iceland, which is a 
seismically active area, and has experienced many earthquakes in the past. The bridge was 
first opened in 1950, and provided a convenient connection to the farms to the east and west 
of the river. It was the main bridge crossing the Þjórsá river on highway 1 until a new bridge 
wash constructed and opened in 2003. The new bridge is 700 m downstream from the old 
one. It is a single lane steel arch bridge with a span of 83m. More details of the bridge and 
its structural behaviour is also described in Bessason and Hafliðason (2004). 

 

Figure 4.1 Þjórsárbrú. One 83 m long span and two 12 m long approach spans. (Bessasson and 
Hafliðason, 2004) 

In 1991 the old bridge was retrofitted with base isolation. The main span of the bridge is an 
83-m steel arch truss with concrete deck. It also has two 12 m long approach spans. Only the 
main span is base isolated. The old bridge is now only used by farmers, hikers, cyclist and 
riders.  This case study will focus on this bridge since it has been monitored with strong 
motion accelerometers from 1999, see Figure 4.2. The recorded data so far includes a few 
major earthquakes, two in June 2000, both Mw=6.5 and one in May 2008, with Mw=6.8 
(Bessasson and Hafliðason, 2004). The fault distance to the first June 2000 earthquake was 
only 2-3 km. According to previous research, the bridge suffered no damage (Bessasson and 
Hafliðason, 2004). Visual inspection of the base isolators showed that they had been 
permanently deformed after the June 2000 earthquake. Although the structure itself is not 
being used for road traffic anymore, its use in this thesis is justified by the availability of 
good quality earthquake ground motion and structural response data of the bridge. The main 
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aim of this study is to test and calibrate different methods of system identification, and to 
demonstrate that such methods can be useful to monitor health of existing bridges in South 
Iceland. It is important to realize that the basic principles of the methods of SI used here are 
quite general and can be applied to any other structure.  

Bessason and Sigurbjörnsson (1990) performed seismic analysis of the bridge using a FE 
model. The analysis was based on a linear elastic model and used two well-known recorded 
ground motion time histories (see Table 4.1). The study concluded that the structural 
capacity was not sufficient to withstand potential future earthquakes, and that the weakest 
component in the structure was the bearing system. The analysis showed that a Peak Ground 
Acceleration (PGA) exceeding 0.2g (g is acceleration due to gravity) would damage the 
bearing system, that could lead to a total collapse of the bridge. A PGA of 0.3g could cause 
plastic deformation in the superstructure that would cause serious damage. Based on these 
analyses, it was decided to retrofit the bridge. 

Table 4.1 Information about earthquakes uses in seismic response analysis of the bridge 

Name Location Date M PGA [g] 
Imperial Valley Earthquake El Centro 18 May 1940 7.7 0.33 
Kern County Earthquake Taft 21 July 1952 7.7 0.22 

4.1.1 Measurements before upgrading the bridge 

To get a better understanding of the dynamic behaviour of the bridge, vibration 
measurements using six accelerometers were conducted in 1989. Further details on the 
instrumentation, the measurement results and the identified system parameters can be found 
in Bessason (1992). Some of the results of the analysis from these measurements are 
summarized later in Chapter 5.2.  

 

Figure 4.2 Schematic drawing of the bridge showing the main parts, with the location of the 
accelerometers marked with a black dot (Bessasson and Hafliðason, 2004) 

4.1.2 Base Isolation of the bridge 

Based on the earthquake response analysis as well as vibration measurement discussed 
above, it was decided to apply seismic base isolation to the bridge, Lead Rubber Bearing 
were used for this purpose and installed in the bridge in 1991. Normally, the lead core in 
such devices is installed in the rubber bearing by manufacturing a bearing with a hole and 
then pressing an oversized precast lead plug in the hole. Due to lack of equipment required 
for this, a hole was drilled into a conventional elastomeric bearing and molten lead was 
poured into the hole. In 1989, two bearings identical to the one installed in the bridge were 
experimentally tested at the Norwegian University of Science and Technology (NTNU). The 
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details of the experiment can be found in Bessason (1992). The dimensions and material 
properties of these bearings are listed in Table 4.2. 

 

 

Figure 4.3 Cross section of a typical LRB similar to those used in the Þjórsárbrú (Bessasson and 
Hafliðason, 2004) 

Table 4.2 Dimension and material properties of the lead-rubber bearings used in Þjórsárbrú 

Length 450 mm Installation height 141 mm 
Width 350 mm Hardness of rubber 60°Shore A 
Number of rubber layers 7 Shear module of rubber 1 MPa 
Thickness of each rubber 
layer 

11 mm Diameter of lead cylinder  124 mm 

Thickness of steel plates 4 mm Height of lead cylinder 124 mm 
Total thickness of rubber 77 mm   

Maximum allowable displacement of the bearing was set to 50mm, which is equal to the 
expansion joints between the approach spans and the main deck. This resulted in allowable 
shear strain of 70% in the bearing. More details of the design and analysis procedure can be 
found in Bessason and Hafliðason (2004). Thus two bearing were designed and installed at 
each pier, and in addition, tension bars were provided to prevent excessive transverse motion 
of the bridge deck (see Figure 4.4).  The tension bars get activated at large displacements 
(see, Bessason and Hafliðason, 2004, for more details).  

 

Figure 4.4 Schematic figure of the LRB and tension bars on one side of the bridge (Bessasson and 
Hafliðason, 2004) 
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5 Finite Element model of the bridge. 

A finite element model of the bridge was created using SAP2000©. The model, shown in 
Figure 5.1, is made of frame elements with different cross sections for the steel members in 
the bridge that represent the arch, the suspension bars and the supporting truss girder and 
with shell elements to represent the concrete deck. The model is made of 661 frame elements 
with 30 different cross sections and 100 shell elements. The model was tested with two 
different boundary conditions, first as a simply supported structure to estimate modal 
parameters before installing the base isolators. Then the model was also done with link 
elements as supports that model the base isolators and tension bars. For the base isolators, a 
nonlinear link element is used.  

 

Figure 5.1 A 3D view of the finite element model of the bridge. Shell elements are shown in red, frames 
in blue, supports and link elements are displayed in green.  

5.1 Modeling Base Isolators 

Based on experimental test on identical bearings at NTNU (Bessason, 1992) a bilinear 
hysteresis model was fitted to the results. The parameters of the bilinear model are as 
follows. 

 �� = �� =
����

��
 (56) 

 � = 11.6 �� (57) 
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 �� = ����� (58) 

Where �� is the post-yield stiffness; � is the initial- and unloading-stiffness, and the 
parameters �� , �� , and �� are cross-sectional area, shear modulus, and total thickness of 
the rubber in the bearing, respectively; �� is the characteristic yield strength at zero shear 
strain in the bilinear hysteresis model, �� is the cross-sectional area of the lead plug and ��� 
is the estimated effective yield shear stress of the lead plug (see Figure 5.2). 

 

Figure 5.2 Bilinear hysteresis model of a typical LRB (Warn and Ryan, 2012) 

The parameters of the bilinear hysteresis model were computed from these equations and the 
parameters listed in Table 4.2. A snapshot of the spreadsheet used in the calculation is 
presented in Appendix A. These parameters were used to define four non-linear link 
elements, two on each pier of the bridge. The tension bars were modeled with 1-joint link 
elements in the SAP model. The parameters used to define the link was retrieved from 
Bessason and Hafliðason (2004). The stiffness of the tension bars was calculated using  

 � = ��Δ� (59) 

where �� is a stiffness parameter, Δ is the relative displacement, and α is a power-factor. By 
adjusting the stiffness parameter and power factor to fit the measured data, Bessason and 

Hafliðason (2004) estimated that �� = 2,2
��

�
 and � = 2,99. These represent the total 

stiffness of the tension bars on each pier.  

5.2 Modal properties of the FEM model 

Eigenvector analysis was used to determine the undamped free-vibration mode shapes 
and frequencies of the system in SAP2000. This was done to use as a reference to compare 
with the results obtained from subsequent SI from vibration measurement data. To get a 
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better understanding of the bridge behavior, analysis was made with and without tension 
bars and rubber bearings. The modal properties of the system without rubber bearings and 
tension bars are shown in Table 5.1. 

Table 5.1 Results from SAP2000 modal analysis, model with no bearings. Periods and mass 
participation factor for the first 20 modes are shown. 

Mode Period (s) 
Mass Participation 

Longitudinal Transverse Vertical 

1 0.850 0.000 0.500 0.000 

2 0.485 0.000 0.000 0.000 

3 0.466 0,050 0.000 0.000 

4 0.443 0.000 0.000 0.000 

5 0.425 0.000 0.000 0.000 

6 0.419 0.000 0.000 0.000 

7 0.396 0.000 0.000 0.002 

8 0.392 0.000 0.000 0.001 

9 0.384 0.000 0.000 0.590 

10 0.381 0.000 0.000 0.000 

11 0.381 0.000 0.000 0.000 

12 0,352 0.000 0.000 0.000 

13 0.352 0.000 0.000 0.000 

14 0.263 0.000 0.000 0.000 

15 0.253 0.000 0.084 0.000 

16 0.207 0.000 0.000 0.001 

17 0.206 0.001 0.000 0.250 

18 0.203 0.430 0.000 0.000 

19 0.186 0.000 0.017 0.000 

20 0.183 0.001 0.000 0.000 

 

The results in Table 5.1 show that highest mass participation factors are in mode 1, mode 9, 
mode 17 and mode 18, these modes are shown in bold face letters in the table. In 1989, field 
measurements where made conducted with 6 accelerometers (Bessasson and Hafliðason, 
2004). The main results from these measurements, based on Fourier analysis, are compared 
with the results of the finite element model in Table 5.2. The results are close enough and 
the small discrepancies are within acceptable uncertainties involved both in finite element 
modelling and in experimental modal analysis.  
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Table 5.2 Comparison of measured and computed modes before it was base isolated 

Field Measurements (1989) Finite Element Analysis (2016) 

Mode 
no. 

Natural periods 
(s) 

Type of mode 
Mode 

no. 
Natural periods 

(s) 
Type of mode 

1 0,83 Transverse (and torsion) 1 0,850 Transverse 

2 0,53 Torsion 2 0,485 Torsion 

3 0,45 
Vertical (and 
longitudinal) 

3 0,466 
Vertical (and 
longitudinal) 

4 0,42 Vertical 9 0,392 Vertical 

5 0,38 Transverse (and torsion) 4 0,443 Transverse (and torsion) 

 

Using data described in Chapter 5.1 and Appendix A, the base isolators and tension bars 
were added to the FE model. The modal properties of the base isolated structure are listed in 
Table 5.3 

Table 5.3 Results from SAP2000 modal analysis, model with bearings and tension bars. Periods and 
mass participation factor for the first 20 modes are shown. 

Mode Period (s) 
Mass Participation 

Longitudinal Transverse Vertical 

1 0.858 0.000 0.500 0.000 

2 0.486 0.000 0.000 0.000 

3 0.464 0.049 0.000 0.000 

4 0.443 0.000 0.000 0.000 

5 0.425 0.000 0.000 0.000 

6 0.419 0.000 0.000 0.000 

7 0.396 0.000 0.000 0.002 

8 0.392 0.000 0.000 0.001 

9 0.385 0.000 0.000 0.600 

10 0.381 0.000 0.000 0.000 

11 0.381 0.000 0.000 0.000 

12 0.352 0.000 0.000 0.000 

13 0.352 0.000 0.000 0.000 

14 0.263 0.000 0.000 0.000 

15 0.254 0.000 0.082 0.000 

16 0.208 0.000 0.000 0.000 

17 0.206 0.002 0.000 0.250 

18 0.205 0.430 0.000 0.001 

19 0.186 0.000 0.016 0.000 

20 0.183 0.001 0.000 0.000 

 

By comparing Table 5.3 to Table 5.1, it can be observed that the based isolation system has 
only minor effect on the vibration modes of the structure. It appears that the LRB is so stiff 
that it does not affect the vibration period of the first mode of vibration. This is not unusual 
for a structure like this where the superstructure is deforming instead of acting like a single 
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rigid body on the isolator (Bessasson and Hafliðason, 2004). Since most of the mass of the 
system is in the concrete deck, which is much stiffer than the steel frame elements, most of 
the modes have low mass participation factors. 

Mode shapes 5-8, 10-14 and 20 are local in the columns or bracing system, and are therefore 
difficult to identify unless a very dense sensor configuration is used. This leaves 10 global 
modes of vibration to be identified. The mode shapes of the first 4 modes can be seen in 
appendix D 

5.3 System identification of the FEM model 

To test the algorithm used in chapter 6, system identification is performed on simulated 
response of the bridge. An earthquake ground motion is used as an excitation and the FE 
model is used in time history analysis to obtain structural response at different locations of 
the bridge. Since these are actual response of the bridge, a correct SI algorithm should be 
able to estimate the modal properties of the FE model which was modeled with 5% damping.  

5.3.1 Time series 

In June 2000, an earthquake sequence hit South Iceland. The first earthquake with an 
estimated magnitude of ��=6.5 struck at 15:41 GMT (Bessasson and Hafliðason, 2004). 
The epicenter was 16 km north-east of Þjórsárbrú, and was at a depth of around 6.3 km. The 
ground motion due to the earthquake, as measured at the west and east pier of the bridge (see 
Figure 5.3) are shown in Figure 5.4. The ground motion at the two piers are very different, 
which is explained by the site effects on the western pier (see, Bessason and Kaynia, 2002). 
It shows different excitation of each pier. The ground motion recorded at the western pier is 
used to simulate the response of the bridge. The response of the structure was computed at 
the points indicated with black dots in Figure 5.5.  

 

Figure 5.3 Soil profile at Þjórsárbrú, based on geotechnical boring. (Bessason and Kaynia, 2002) 
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Figure 5.4 Recorded acceleration time histories at the west and east pier of the bridge during the 17 
June 2000, Mw 6.5 earthquake.  

 

Figure 5.5 Location of points where response is exported from SAP2000 
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The transverse displacement response of the bridge at point B (see Figure 5.5) is shown in 
Figure 5.6. Actual response of the structure at this point was also recorded during the 
earthquake and is discussed further in Chapter 6. 

 

 

Figure 5.6 Transverse response at point B from earthquake shown in Figure 5.4. 

With the time-series shown in Figure 5.4 and Figure 5.6, used as input and output of a linear 
time invariant system, the N4SID algorithm was used and investigated to decide on optimal 
model order. This can be achieved through the so-called stabilization plot, which shows the 
identified periods for a range of model orders. Such a plot is shown in Figure 5.7. The model 
orders are selected as even numbers in the range of 2 to 30. For each model order, SID was 
performed, and the identified modal periods are plotted as dots in the stabilization diagram. 

Figure 5.7 show that modes with longer periods are more stable then modes with shorter 
periods. According to results from the FEM all of the important modes have a natural period 
over 0.1 s. At model order 18 all of the modes with periods over 0.1 s seem stable. At model 
order 26 the modes seem to get unstable again. A choice of model order between 18 and 24 
would be recommended for this case. In the calculations below a model order of 22 is 
selected. 
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Figure 5.7 Stabilization plot, simulated transverse response at point B, simulated with Finite Element 
Model 

At the bridge, sensors that measure both longitudinal and transverse acceleration are located 
just above a LRB at the west pier. Since the stiffness of the bearing is so high, the response 
at these sensors might be very close to the excitation. This might cause an instability in the 
N4SID model. To test this a stabilization plot is run again but now with added response at 
the west pier. Figure 5.8 shows that with added input from the west pier the calculations are 
better than those without them. The figure shows that with the response at the west pier the 
algorithm manages to identify the important modes much better than before.  
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Figure 5.8 Stabilization plot with response at point B and above the bearing at the west pier. 

Figure 5.8 shows that, like before, the first mode is very stable, modes 2-6 are not as stable. 
Modes 4-6 seem stable at model order 18 and modes 2 and 3 are stable at model order 22. 
The plots seem to get unstable again at model order 26. Like before a model order of 22 is 
chosen as for the calculations. 

The results obtained from these two identification processes are compared with the actual 
periods of the finite element model in Table 5.4. In Table 5.4 case A refers to the case when 
only the transverse response at mid span is used as output, and case B has added longitudinal 
and transversal response at the west pier. 
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Table 5.4 Comparison of calculated and identified periods with computed response 

SAP2000 Case A Case B 

Mode nr. Period (s) Period (s) Accuracy Period (s) Accuracy 

1 0.858 0.857 99.87% 0.857 99.92% 

3 0.464   0.456 98.19% 

9 0.385   0.396 102.83% 

15 0.254 0.255 100.24% 0.255 100.20% 

16 0.208   0.206 98.89% 

18 0.205   0.205 99.80% 

19 0.186 0.188 101.29% 0.185 99.52% 

 

Table 5.4 shows that with one sensor three modes of the first ten can be estimated with good 
accuracy. With additional outputs at the west pier, four extra modes are identified with good 
accuracy. Both case identify more modes with a natural period 0.1 s., but they are not 
included here since they are not important in real life situations. 

5.3.2 Experimental design of monitoring system 

As shown in Table 5.4, the current monitoring setup can reasonably identify seven of the 
first 20 modes. It is interesting to understand how the accuracy of SI and the number of 
modes identified depend on the locations and orientations of the measurement sensor. To 
gain this understanding, this section considers different sensor layouts, simulates response 
at the assumed sensor locations, and used them to estimate the parameters of the system.  

The following configuration of sensors are investigated. 

Case 1 Current sensor setup with added vertical and longitudinal sensors at point B 
(see Figure 5.5). 

Case 2 Current sensor location with added longitudinal sensor at point A and vertical 
sensor at point B. 

Case 3 Case 1 with added longitudinal sensor at Point A 

Case 4 Case 3 with added vertical sensor at point A 

Case 5 Case 4 with added three-dimensional sensor at point C and transversal sensor 
at point B 

All the sensors are located at bottom level and the resulting SI will not detect the local modes 
of the arc. The focus here is in the global modes of the structure. The arc can however be 
instrumented if it is desirable to identify its modes of vibration. 

A stabilization plot is made for each of the above cases and a suitable model order is chosen. 
These stabilization plots are shown in Figures 5.9-5.13. The results of the chosen model 
order of each case are then compared with the actual properties of the finite element model. 
The comparison is shown in Table 5.5.  
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Figure 5.9 Stabilization plot for Case 1. Model order of 22 selected. 

Similar to Figure 5.8 the first mode is very stable but the others need high model orders to 
stabilize. Since the modes are so close together it is hard to estimate which model order is 
the best choice. A model order of 22 is again selected but any model order between 16 and 
28 would be a good choice  
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Figure 5.10 Stabilization plot for Case 2. Model order of 18 selected. 

Figure 5.10 show again stable first mode, here the other modes stabiles sooner than before. 
The model seems to get unstable at model order 20 so here a model order of 18 is selected. 
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Figure 5.11 Stabilization plot for Case 3. Model order of 20 selected. 

Figure 5.11 that the modes here are very stable. That is expected since we are using more 
data than before. Just by overviewing the plot a model order of 20 is selected for case 3. For 
model order 22 or higher the plot seems to get unstable so 20 is the highest recommended 
model order. 
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Figure 5.12 Stabilization plot for Case 4. Model order of 22 selected. 

Similar to before the graph is examined, strangely modes 16 and 20 get unstable but other 
modes above 12 seem stable. For these reasons a model order of 22 is selected 
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Figure 5.13 Stabilization plot for Case 5. Model order of 24 selected. 

For case 5, which has the most amount of data, the plot seems very stable. The most modes 
are stable after model order 22 so model order 24 is selected  
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Table 5.5 Results from experimental design compared with modes calculated with FEM in SAP2000 

Mode . Period (s) 

nr. FEM Case 1 Case 2 Case 3 Case 4 Case 5 

1 0.858 0.857 0.858 0.858 0.858 0,858 

2 0.486  0.494   0,486 

3 0.464 0.464 0.464 0.464 0.464 0,464 

4 0.443 0.423  0.454  0.400 0,443 

9 0.385 0.385 0.385 0.385 0.385 0,385 

14 0.263   0.294 0.309 0,263 

15 0.254 0.254 0.254 0.255 0.254 0,254 

17 0.206 0.206 0.207 0.206 0.206 0,206 

18 0.205 0.205 0.205 0.205 0.205 0,205 

19 0.186 0.186 0.187 0.186 0.186 0,186 

 

Table 5.5 compares identified periods with calculated periods from the FE model. It shows 
that case 5 would identify all the first 20 periods that are not local to the columns or braces. 
Case 3 and 4 only missed one of those modal periods and therefore it could be stated that 
case 3 would be the most economical solution of these five cases but case 5 would be the 
one to select if the importance of the system is high. Case B (see Table 5.4), which 
corresponds to the existing measurement setup used in Chapter 6 is able to identify the seven 
most important modes of the structure accurately. This confirms and justifies the calculations 
and results presented in Chapter 6. The selection of model order has some effect on the 
solutions, some model orders may be too high and therefore giving unstable results. But 
according to the table above the selection of model orders seems to be right. To get a better 
understanding a look into the damping ratio, also calculated with the N4SID algorithm is 
useful. Since the damping in the FEM is set to 5% the results from SI should be around 0.05 
The damping ratios identified are shown in Table 5.6. 

Table 5.6 Damping ratios identified with SI in experimental design on sensor setup 

Mode 
nr. 

Damping ratio 

Case 1 Case 2 Case 3 Case 4 Case 5 

1 0.050 0.051 0.050 0.050 0.050 

2  0.132   0.049 

3 0.051 0.051 0.051 0.050 0.051 

4 0.073  0.085 0.080 0.049 

9 0.051 0.050 0.050 0.035 0.050 

14   0.082 0.050 0.050 

15 0.050 0.050 0.050 0.050 0.050 

17 0.051 0.052 0.052 0.050 0.050 

18 0.050 0.050 0.050 0.050 0.050 

19 0.050 0.050 0.050 0.050 0.050 
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Table 5.6 shows that a few of the damping ratios are not close to 0.05, it´s concluded that 
these modes are not correctly identified in each case. The damping ratios that are considered 
wrong are marked as bold in the table above. The results of the experimental design after the 
modes with these damping ratios were removed can be seen in Table 5.7. Case 5 still 
identifies all of the modes but cases 3 and 4 miss two and cases 1 and 2 only identify 7, 
which is the same as the current setup array and would therefore add no more information. 

Table 5.7 Results from experimental design compared with modes calculated with FEM in SAP2000, 
after removing modes where damping ratio was not calculated correctly 

Mode . Period (s) 

nr. FEM Case 1 Case 2 Case 3 Case 4 Case 5 

1 0.858 0.857 0.858 0.858 0.858 0,858 

2 0.486     0,486 

3 0.464 0.464 0.464 0.464 0.464 0,464 

4 0.443     0.400 0,443 

9 0.385 0.385 0.385 0.385  0,385 

14 0.263   0.294 0.309 0,263 

15 0.254 0.254 0.254 0.255 0.254 0,254 

17 0.206 0.206 0.207 0.206 0.206 0,206 

18 0.205 0.205 0.205 0.205 0.205 0,205 

19 0.186 0.186 0.187 0.186 0.186 0,186 

 

Here Case 5 is obviously the recommended sensor setup, it identifies all of the modes that 
were said to be important. Both the natural periods and damping ratios are identified with 
very good accuracy. 
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6 System identification  

The results from previous chapter showed that the current measurement setup with the 
recordings of ground-motion and structural vibration data from the June 17 2000 Earthquake 
in South Iceland, can be used to estimate the periods of the seven most important modes of 
the structure. Unlike in Chapter 5, where simulated response was used in SI, this chapter 
uses the recorded response of the bridge to estimate its modal properties.  

6.1 Model order 

In chapter 5, it was found that a model order of 24 would be sufficient for a system 
identification with the setup of case B (which is the setup for which earthquake excitation 
and structural response data exist). Since the recorded response may be contaminated by 
extraneous noise, another stabilization plot is done with this time series. The measured 
response used in SI are shown in Figure 6.1 and the stabilization plot can be seen in figure 
6.2.  

 

Figure 6.1 Response of the bridge after the 17 June earthquake 
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Figure 6.2 Stabilization plot for SI of the bridge using measured ground motion and structural 
vibration data. 

The stabilization plot does not give a clear picture of which model order is the best for this 
data. A good estimate would be that the model order is between 24 and 28. It´s hard to 
compare this visualize on the plot the best fit. By examining only modes periods between 
0.1 s and 1s and only model orders 24-28 a better choice can be made. The periods and 
damping ratios that meet these requirements are shown in Table 6.1 
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Table 6.1 Damping ratios and natural periods identified with model orders 24-26 

Model order 24 Model order 26 Model order 28 

Damping ratio Period (s) Damping ratio Period (s) Damping ratio Period (s) 

0.108 0.920 0.137 0.942 0.089 0.935 

0.388 0.301 0.363 0.247 0.261 0.270 

-0.533 0.238 -0.424 0.242 -0.155 0.246 

0.217 0.200 0.541 0.207 1.000 0.233 

0.781 0.103 0.909 0.171 0.279 0.200 

    0.569 0.120 

 
The table above shows that the data used is not good enough to correctly identify the 
damping ratios. That is expected with limited data like the one used in this example. The 
best estimate here would be to average the periods from these model orders. There are 
other better methods available to get a better selection of model order. Those methods 
mostly use statistical analysis of the model orders to get the best fit. But since the data here 
is not good enough to go to any detailed analysis the average is considered the best 
solution. The mode in the fourth row in model order 28 has a damping ratio of .1.00 and is 
different from all others, for that reason it is removed during the averaging  
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6.2 Result of System identification 

The identified modal periods of the system using measured data are shown in Table 6.2. It 
is found by averaging the data from Table 6.1. 

Table 6.2 Results from system identification of real measurements 

Mode nr. Period (s) 

1 0,932 

2 0,273 

3 0,242 

4 0,202 

5 0,131 

6.3 Comparison of results  

The results obtained from the finite element analysis are compared to the results of SI using 
recorded and simulated response of the bridge in Table 6.3. The modes from the measured 
response is put in the row with the modes closest identified periods, that does not necessarily 
mean that they have the same mode shaped and can´t therefore be compared.  The first modal 
period identified from the measurement is slightly higher than that of the finite element 
model. Such discrepancies can be expected because the finite element model is also 
approximate and involves many uncertainties in modelling of the structural elements as well 
as boundary conditions. It is also noteworthy that the bridge had been built years before the 
earthquake struck, and some deterioration of the structure is expected, leading to elongated 
periods. This effect is not included in the FE model. However, the results from field 
measurements can be used to recalibrate the FE model if required. The results from simulated 
response are much closer to the FE model, as expected. This shows that in lack of noise, the 
SI method used here can accurately estimate the modal periods of the structure.  
 
Table 6.3 Comparison of results of system identification from field measurements and a FE-model 

Mode  
nr. 

FEM Measured data Simulated data 

Period (s) Period (s) Period (s) 

1 0.858 0.932 0.857 

3 0.464  0.461 

9 0.385 0.273 0.387 

15 0.254 0.242 0.255 

16 0.208  0.223 

18 0.205 0.202 0.205 

19 0.186 0.171 0.186 
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7 Conclusion and Discussions 

This thesis starts with a brief introduction to the computational aspects of structural 
mechanics, namely, structural analysis, design, and system identification, which are 
operations that depend on the available information and the aims of a particular project. The 
main focus, however, is on system identification, which is the process of identifying the 
dynamic properties of a structure by using statistical methods on measured output and/or 
input of the system. Potential areas of practical application of system identification, for 
example in structural health monitoring and finite element model updating, is discussed. In 
structural health monitoring, system identification is used repeatedly on the same structure 
to identify changes in dynamical parameters which could be used to identify damage in the 
structure. 

An introduction to finite element method and the methodology behind it is presented. The 
theoretical background of three different types of models useful in system identification, 
namely spectral analysis, parametric methods and state space formulation, is discussed.  
These models are then applied in a simulated example of a SDOF system with known input 
and output as well as system parameters. The input and output are used in SI using these 
different models and the results are compared with the actual parameters of the system. The 
results indicated the efficiency and limitations of the different methods used, and also helped 
in verifying the SI computational methods being implemented. 

A case study SI of a base isolated steel arch bridge was performed using the state space 
formulation method, in particular the so-called N4SID algorithm. A FEM of the bridge was 
created based on structural drawings and specifications and analyzed to estimate the natural 
periods and modal damping ratios, which can be compared with the results obtained from 
SI. The model was analyzed with two different boundary conditions, one with all supports 
simply supported and the other with link elements to represent the lead rubber isolators and 
tension bars. By comparing the solution from these two boundary conditions it is concluded 
that the isolation system did not affect significantly the low-amplitude vibration frequencies 
of the structure, the stiffness of the bearing was significant enough to lateral restraint. For 
large excitation, this might not be the case due to softening of the bearing as they are loaded 
beyond their elastic limits.  

A calibration study was conducted based on simulated response from the FEM model. The 
objective of this study was two-fold: first to verify that the N4SID model being used is 
properly and correctly implemented; and also to estimate the appropriate model order to be 
used in system identification. Parametric studies using different model orders were 
conducted to test the ability and efficiency of the models to reproduce the actual properties 
of the structure, which, in this exercise is known a priori. Since the response is calculated 
the SI should give similar results as the calculated results from the model. The results were 
also compared with findings from older research and the comparison show that the FEM 
created in this study is a good approximation of the real structure. The first mode is 
calculated to have a natural period of vibration of 0.858 s 
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Seven cases where created with different sensor locations to compare with the calculated 
periods, two with sensor locations similar to that of the actual sensor configuration of the 
bridge, and five other cases were designed with extra sensors to investigate if they provided 
better results. This experimental design process showed that by replacing a unidirectional 
sensor at the center of the span with a three-dimensional sensor and adding a two-
dimensional sensor at quarter span would give an economical setup for further analysis but 
even more accuracy could be achieved by adding a few more sensors. The calculations show 
that with the existing sensor setup, the SI algorithm could estimate seven of the first ten 
natural periods with over 99% accuracy. The most economical configuration was able to 
identify nine of the first ten and the case with the most sensors identified all of the first ten 
modal periods with over 98% accuracy. 

After concluding that the system identification algorithm created was accurate and efficient, 
system identification of the structure was performed based on measured excitation and 
response of the structure. The vibration data being used in this study were the ground motion 
and structural response measurements obtained at the structure during the 17 June 2000 Mw 
6.5 earthquake in South Iceland. State-space based approach using the N4SID algorithm was 
implemented with different model orders and stabilization plots were used to choose a 
parsimonious model.  

The vibration frequencies estimated from the chosen model were compared with those 
obtained from the FEM. The results from the SI showed a good comparison to the modes 
identified with the simulated response. It´s however hard to compare the identified shapes 
without knowing the mode shapes of the identified modes. These results and their 
correspondence to FEM model and results from past studies shows that even with limited 
data, SI can be a great tool in the toolbox of engineers designing complex and important 
structures where the cost of failure is high. With the correct sensor setup, the process can be 
very accurate. Efficient planning, design, installation, and maintenance of vibration 
monitoring system followed by continuous SI and health monitoring can be very useful to 
detect changes in structural properties, which might be induced due to natural ageing, 
weathering, corrosion and fatigue of the structural elements or unexpected loading caused 
by sudden natural events such as earthquakes. Such applications are more valuable and even 
essential for critical structures, such as transportation network to maintain societal resilience 
to natural disasters, as well as in structures which are associated with high economical and/or 
environmental consequences when they fail. Such structures are, for example, high dams, 
nuclear power plants, gas transportation systems, hazardous waste storage structures, etc.  

7.1 Further research 

Further research on this subject could involve ambient vibration measurements of the bridge 
and subsequent SI to check whether the properties of the bridge have changed significantly 
during this time. Such a study will also be able to identify if the earthquake on June 20 had 
caused some changes in the properties of the bridge. More importantly, similar studies 
should be conducted on other bridges in South Iceland, which are more important and open 
to traffic. The structure studied in this thesis is no longer used by traffic, but it was selected 
due to availability of data and measurements, with the objective of testing, calibrating, and 
demonstrating the feasibility of SI and SHM. The results indicate that vibration monitoring 
coupled with SI can be effectively used for SHM of critical infrastructure in South Iceland. 
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One important step in this direction would be design of proper sensor configurations and 
their installation and maintenance in the coming years so that continuous vibration data due 
to ambient noise or traffic-induced loads can be obtained, in addition to vibrations caused 
by potential future earthquakes. Such a monitoring system is very important in seismically 
active region of South Iceland as bridge structures are a part of critical infrastructure that 
need to remain functional after a major natural event such as an earthquake. Continuous 
monitoring of such structures will lead to timely detection of defects, allow proper design 
and implementation of repair and retrofit solutions, decrease risk of collapse, and in general, 
increase disruption caused by earthquakes, thereby making the infrastructure more resilient.  
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Appendix A Calculations of LRB 
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Appendix B Matlab code for SDOF 
example 

Code to get the time seris from .txt file and then calculate the response using 
Newmark’s method 
 function [u,y,t,dt]=gettimesSDOF 
%% Get exitation from .txt file 
% First the program asks the user to find the .txt file with the time 
% series 
% Then it reads it from the .txt file 
data=dlmread('sch.txt'); 
t=data(:,1); % Time 
dt=t(2)-t(1); % Sampel interval 
u=data(:,2); % Ground exitation 
T = 1; % Natural period of the system 
xi = 0.05; % % Damping ratio of the system 
[y, ~, ~] = NewmarkL(T,xi,-u,t,0,0,'linear');  

 

Code for Newmark’s method 

function[d v ar]=NewmarkL(T,xi,ptm,t,uo,vo,method) 
% Syntax: [d,v,a]=NewmarkL(T,xi,P,t); 
% This program computes the response of a linealy elastic SDOF system for 
% a forcing function P acting over time t  
  
% Input Paramemters; 
% xi =damping ratio (0.05 for 5%)  
% ptm =Loading function divided by the mass in (m/s^2),  
% if there are N points then it is a Nx1 vector; 
% t = time vector of size NX1. Notice that the loading force and the time  
% vector has the same length. And that the time interval is uniform. Such  
% loading functions are called uniformly discritized loading functions 
% T  =natural period in seconds 
% method : a flag which shows whether average or linear accelration is to 
% be used  
% method='average' for average acceleration 
% method='linear' for linear acceleration method 
% uo= initial displacement (m) 
% vo=initial velocity (m/sec) 
  
% output 
% d : relative displacement (m); 
% v : relatice velocity (m/s) 
% ar : relative acceleration (m/s^2) 
%  
% Notes: 
% the system is defined completely by T and xi  
% within the code it is assumed that m=1; 
% if you want to compute the response for ground acceleration ug 
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% then supply Ptm=-ug 
%  
% Programmed by : Rajesh Rupakhety 
% Sep 15 2007 
% Revised : Nov 5 2009 
  
% decide the method and set the values of gamma and beta 
switch method 
    case 'linear' 
        gamma=1/2; 
        beta=1/6; 
    case 'average' 
        gamma=1/2; 
        beta=1/4; 
end 
 

Code for spectral analysis 

%% Spectral-Analysis 
[u,y,t,dt]=gettimesSDOF; % Get the time series 
%calculate the PSD with Fourier transformation 
Fn=1/(2*dt); 
NFFT = 6*length(u); 
U = fft(u,NFFT)*dt; 
U = U(1:NFFT/2+1); 
Y = fft(y,NFFT)*dt; 
Y = Y(1:NFFT/2+1); 
F = linspace(0,Fn,length(Y)); 
%% 
% Calculate the complex frequency response function and the PSD 
H = Y./U; 
H = abs(H); 
PSD=H.^2; 
% Manualy crop the PSD to get rid of noise 
PSD=PSD(1:500); 
F=F(1:500); 
%% 
% Find the half power values and the natural frequency 
[maxPSD, loc1] = max(PSD); 
fn=F(loc1); %Natural frequancy 
half = max(PSD)/2; 
loc2 = find(PSD > half,1,'first'); 
loc3 = find(PSD > half,1,'last'); 
f1=F(loc2); 
f2=F(loc3); 
%% 
figure 
loglog(F,PSD) 
hold on 
plot(F,half*ones(length(PSD)),'r--') 
plot([f1 f1 f2 f2],[half 0.0001 0.0001 half],'k:','linewidth',2) 
plot(F(loc1),maxPSD,'go'); 
ylim([0.0005 0.07]) 
xlim([0.3 2]) 
xlabel('Frequancy (Hz)') 
ylabel('Squared amplitude of \midH(\omega)\mid^2'); 
title('Spectral analysis'); 
box off 
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set(gcf,'color','w') 
set(gcf,'units','inches','position',[2 2 6 
6],'paperpositionmode','auto'); 
set(gca,'YTick',[0.001 0.0025 0.005 0.01 0.015 0.03 0.05 0.07 ] ); 
set(gca,'XTick',[.2 .4 .6 .8 1 1.2 1.6 1.8 2]);% 
% Calculate the empirical system parameters 
xi = (f2-f1)/(2*fn); 
T = 1/(fn); 
 

Code for parametric methods 

%% ARX- Model 
[u,y,t,dt]=gettimesSDOF; % Get the time series 
data = iddata(y,u,dt); % Create the data object 
% Create a second order AR-model 
arxmodel = arx(data,[2 1 1]); 
% Get the regression parameters from the model 
a = arxmodel.a; 
% Calculate empirical system parameters 
w = (1/dt)*sqrt(log(a(3))^2/4+acos(-a(2)/(2*sqrt(a(3))))^2); 
xi = sqrt(log(a(3))^2/(log(a(3))^2+4*acos(-a(2)/(2*sqrt(a(3))))^2)); 
T = 2*pi()/w; 
 

Code for Steady space method 

%% Steady Space 
%Create the data 
[u,y,t,dt]=gettimesSDOF; % Get the time series 
data = iddata(y,u,dt); 
% Perform calculations 
n4sidmodel= n4sid(data, 2, 'Ts', dt); 
% Extract the system matrix 
A = n4sidmodel.a; 
[PSI, lampda] = eig(A); 
f=1/(dt*2*pi)*sqrt(real(log(lampda(2,2)))^2+imag(log(lampda(2,2)))^2); 
xi=-real(log(lampda(2,2))) 
/sqrt(real(log(lampda(2,2)))^2+imag(log(lampda(2,2)))^2 
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Appendix C Code for experimental 
design and main calculations 

%% System Identification 
%% 
% Master's thesis 
%% 
% Prepared by : Bragi Magnússon  
norm = {'fontname','arial','fontsize',14,'fontweight','normal'}; 
titl = {'fontname','arial','fontsize',16,'fontweight','normal'}; 
%% 
load('TB20000617154045.mat', 'acc', 'dis', 'samp_interv'); 
dt=samp_interv; 
t1=5/dt; % Variable number at time 5 sec 
t2=35/dt;% Variable number at time 35 sec 
y1=importfile1('23.xlsx');  % Response at the West pier 
y2=importfile1('179.xlsx'); % Response at mid-span (Point B) 
y3=importfile1('175.xlsx'); % Response at point A 
y4=importfile1('214.xlsx'); % Response at point C 
acc=acc(t1:t2,:); 
% T=zeros(30,7); 
%% For system Id with measured data run this part 
y=dis(:,4:6)/1000; 
MO=22; 
title1='using measured response'; 
name='realdata2'; 
k=9; 
%% For experimental analysis and SI of simulated response use this part 
% for k=3:7 
%     clear y f xi 
%     %%Run this for Case A 
%     if k==1 
%         y=y2(:,2); 
%         title1='Case A'; 
%         name='CaseA'; 
%         MO=22; 
%         % Run this for Case B 
%     elseif k==2 
%         y=[y1(:,1:2) y2(:,2)]; 
%         title1='Case B'; 
%         name='CaseB'; 
%         MO=22; 
%         %% Run this for Case 1 
%     elseif k==3 
%         y=[y1(:,1:2) y2]; 
%         title1='Case 1'; 
%         name='Case1'; 
%         MO=22; 
%         %% Run this for case 2 
%     elseif k==4 
%         y=[y1(:,1:2) y2(:,2:3) y3(:,1)]; 
%         title1='Case 2'; 
%         name='Case2'; 
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%         MO=18; 
%         %% Run this for case 3 
%     elseif k==5 
%         y=[y1(:,1:2) y2 y3(:,1)]; 
%         title1='Case 3'; 
%         name='Case3'; 
%         MO=20; 
%         %% Run this for case 4 
%     elseif k==6 
%         y=[y1(:,1:2) y2 y3(:,[1 3])]; 
%         title1='Case 4'; 
%         name='Case4'; 
%         MO=22; 
%         %% run this for case 5 
%     else 
%         y=[y1(:,1:2) y2 y3 y4]; 
%         title1='Case 5'; 
%         name='Case5'; 
%         MO=24; 
%     end 
    %% 
    %% Manual croping of the data at 5 and 35s 
    y=y(t1:t2,:); 
    %% Preparing data for modelling 
    data1 = iddata(y,acc(:,1:3)/100,dt); 
  
     
    %% Stabilization plot and calculations 
    % Calculations 
    MM=30; %% Highest model order 
    f = -1*ones(MM,MM/2); 
    xi =-1*ones(MM,MM/2); 
    n = ones(MM,MM/2); 
    for i=2:2:MM 
        try 
            n4sidmodel = n4sid(data1,i,'TS',dt); 
            A = n4sidmodel.a; 
            [PSI, lampda] = eig(A); 
            lampda=diag(lampda); 
            
f_temp=1/(dt*2*pi)*sqrt(real(log(lampda)).^2+imag(log(lampda)).^2); 
            xi_temp=-
real(log(lampda))./sqrt(real(log(lampda)).^2+imag(log(lampda)).^2); 
            [f(1:i,i/2),ind] = sort(f_temp,'ascend'); 
            xi(1:i,i/2) = xi_temp(ind); 
            n(:,i/2)=n(:,i/2)*i; 
        catch 
            disp(['Model order ' i ' in case ' k ' has an error']) 
        end 
    end 
    T=1./f; % calculate periods from frequency 
    % Plot 
     
    %% 
    figure 
    semilogx(T,n,'o','markersize',4,'MarkerFaceColor','b'); 
    % Plot options 
    grid on 
    ylabel('Model Order',norm{:}); 
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    xlabel('Period (s)',norm{:}); 
    set(gcf,'color','w','units','centimeters','position',1.3*[0.5 0.5 10 
14],'paperpositionmode','auto'); 
    axis([0 2 0 MM+1]); 
    set(gca,'XTick',[0.1 0.2 0.5 1 2 ],'YTick',2:2:MM) 
    %     title({'Stabilization plot' title1},titl{:}) 
    title('Stabilization plot',titl{:}) 
    set(gca,'fontsize',14) 
    print('-dpdf',name); 
    %% 
    figure 
    plot(xi,n,'o','markersize',4,'MarkerFaceColor','b'); 
    % Plot options 
    grid on 
    ylabel('Model Order',norm{:}); 
    xlabel('Damping ratio',norm{:}); 
    set(gcf,'color','w','units','centimeters','position',1.3*[0.5 0.5 10 
14],'paperpositionmode','auto'); 
    axis([0 0.1 0 MM+1]); 
    set(gca,'XTick',[0.02 0.04 0.06 0.08 0.1 ],'YTick',2:2:MM) 
    title({'Stabilization plot' title1},titl{:}) 
    % title('Stabilization plot',titl{:}) 
    set(gca,'fontsize',14) 
    %% System identification and experimental design 
%             n4sidmodel = n4sid(data1,MO,'TS',dt); 
%             A = n4sidmodel.a; 
%             [PSI, lampda] = eig(A); 
%             lampda=diag(lampda); 
%             
f_temp=1/(dt*2*pi)*sqrt(real(log(lampda)).^2+imag(log(lampda)).^2); 
%             xi_temp=-
real(log(lampda))./sqrt(real(log(lampda)).^2+imag(log(lampda)).^2); 
%             [f,ind] = sort(f_temp,'ascend'); 
%             xi = xi_temp(ind); 
%             % T(1:length(f),k)=1./f; % For experimental design 
%             T=1./f; % For system id of real data 
%             disp(k) 
%             disp(T) 
%             disp(xi) 
% end 
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Appendix D Mode shaped from FEM 

Mode 1 

 

Mode 2 
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Mode 3

 

Mode 4 

 

 

 


