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Complexity Analysis of Lumped Parameter models: 

Development of Complexity Reduction Algorithm 

 

 

Abstract 

    Lumped parameter models have been shown to be a useful tool for geothermal reservoir 

analysis and production planning. Tank models are a common form of lumped parameter 

models, incorporating tanks of given capacitance partially filled with fluid. Between the tanks 

are connections with given conductance, that allow fluid to flow between connected tanks with 

different fluid levels. In this thesis, we analyze how tank models of varying complexity compare 

in terms of accuracy and utility. An algorithm called Complexity Reduction Algorithm (CRA) 

is developed that automatically finds those models that are likely to be the best by choosing a 

certain path through the model space. Since in general, it is reasonable to expect that a complex 

model is able to give an accurate fitting result and the optimum model indicated by CRA only 

has a medium complexity, a switch-back method is developed to decrease the training error of 

the complex models.  

    Also, in some cases, there is a large number of production wells that are producing hot water, 

which will lead to a situation where very many parameters needed to be estimated, since the 

number of parameters grows quadratically in terms of the number of tanks. The K-means 

clustering algorithm is shown to be suitable for finding an initial production tank configuration 

under such situations. 

    Real data from the Laugarnes geothermal field and Reykir geothermal area in Iceland is 

shown in the thesis. The results show that the newly developed algorithm provides insights into 

model selection for lumped parameter models. The accuracy of both history-matched and 

predicted drawdown for lumped parameter models of varying complexity and the results by 

using the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) as an 

indicator for model selection have been shown. 

 

    Key words: Geothermal reservoir modeling, Lumped-parameter models, Complexity 

analysis, Information criterion, Complexity Reduction Algorithm, Switch-back method, Model 

selection, K-means clustering algorithm 
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Chapter 1 

Introduction 

 

Energy plays a crucial role in the development of any country. Utilization of renewable energy, 

in the worldwide context where global warming is threatening the ecosystems, has gained 

increasing attention in recent years. According to a recent survey, fossil fuels are still the 

world’s main energy resource, while merely 16% of the global energy consumption is derived 

from renewable energy resources, despite all the effort that has been exerted over the past 

decades [1].  

Geothermal energy comes from an attractive source for heating and electrical power 

production by extracting heat from the earth. It has been estimated that the potential of directly 

used geothermal resource to be 140EJ/year and the technically feasible electrical generation 

potential of identified geothermal resources to be 240GW [2]. Although geothermal energy 

utilization has been growing rapidly in recently years, it is still miniscule compared with the 

earth’s potential. 

The geothermal energy potential of a certain field can be estimated by volumetric 

assessment method during the reconnaissance and exploratory stage. The main focus of 

volumetric assessment method is to confirm that there exists a geothermal resource that could 

be exploited at a certain capacity for a certain period. This method is used through the 

application of Monte Carlo method, which enables the incorporation of overall uncertainty in 

the result [3]. 

Generally speaking, geothermal energy is classified as a kind of renewable energy resource 

that, if carefully managed, can be harnessed in a sustainable manner [4]. For being able to 

harness the geothermal resources in a sustainable manner, it is of vital importance to understand 

how the state of geothermal field will change under a certain production rate.  

One powerful way to understand the behavior of a geothermal field is to describe it as an 

abstract system shown in Fig. 1.1, which has inputs and outputs that correspond to production 

and drawdown data respectively. Models that deal with simulating the output response of a 

geothermal field in terms of some input activities are called dynamic modeling, compared with 

its static modeling counterpart such as volumetric method. Various dynamic models have been 

introduced to represent the real geothermal system such that both the training and validation 

drawdown errors are within an acceptable range if the production information is provided. 

Generally, a complex model is more likely leads to a better training error, while it is not 

necessary to generate a better predicted results, since over-fitting may occur when information 

is insufficient compared with the complexity of the model.  
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Fig. 1.1 Schematic graph of reservoir modeling. This figure shows that the state of the geothermal 

system will change under certain activity. The ultimate goal of reservoir modeling is to make a 

prediction of future response under certain production plan. Modeling such a system lies in finding a 

mathematical representation such that the calculated response coincides with observed response as good 

as possible. 

Three main kinds of dynamic modeling approaches to simulate a geothermal system are 

simple analytical modeling, numerical modeling and lumped parameter modeling.  

In simple analytical modeling, the real structure and spatially variable properties of 

geothermal systems are greatly simplified, so that solution of the mathematical equations 

describing the geothermal field can be derived. It often simulates one aspect of the response of 

a geothermal system [2]. 

The second approach is numerical modeling. Although exhaustive in its nature, the detailed 

numerical models often lead to computational expensive cost, since the geothermal system has 

to be divided into tens of thousands of consecutive cells and both mass and energy balance 

equations are introduced to simulate the behavior of the system [5]. Furthermore, in practical 

applications, it is always the case that only scanty information is available, which is certainly 

another disadvantage for using this kind of model, since a successful numerical experiment is 

dependent on large amount of data [5, 6].  

The third approach is to use lumped parameter models which have gained renewed interest 

in recent years as an alternative to the cell-based numerical models [4, 5]. Lumped parameter 

modeling is the subject of this thesis. In lumped parameter models, the geothermal system is 

divided into different regions (tanks) and the mass and energy balance equations are adopted to 

simulate the drawdown (pressure) and temperature response for each region under a given 

production scenario. Armed with the historical data, one can estimate the unknown parameters 

in the model by regression analysis. Putting those parameters back into the mass and energy 

equations, one can predict future drawdown and temperature variations for future production 

scenarios.  

As all of the estimated parameters have a physical interpretation, we can gain insights into 

the reservoir under study based on the lumped parameter models. For example, the storage 

capacity, 𝐾, represents the amount of mass the reservoir will gain if the pressure in that reservoir 
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is increased by one unit and the conductance, σ, is an indicator of the permeability between the 

two tanks. 

This thesis introduces multi-well situations in which multiple production tanks are included 

in lumped parameter models such that both training and validation error could be decreased 

further. By doing so, the number of model available grows largely. It is no longer reasonable to 

try all of them one by one. Thus, Complexity Reduction Algorithm (CRA), which aims to find 

those models that are most likely to be the best automatically by choosing a certain path through 

the model space, is developed in this thesis. Also, since it is reasonable to expect that a complex 

model is able to give an accurate fitting result and since the optimum model indicated by CRA 

only has a medium complexity, a switch-back method is developed to decrease the training 

error of the complex lumped parameter models available in multi-production scenarios even 

further.  

Also, in some cases, there are large number of production wells that are producing hot water, 

which will lead to a situation with a large number of parameters needed to be estimated, since 

the number of parameters grows quadratically in terms of the number of tanks. K-means 

clustering algorithm is shown to be suitable for finding initial production tank configuration 

under such situations. 

We conclude this introduction with a summary of chapter content highlighting how the 

thesis is organized.  

In the second and the third chapter, background information will be provided.  

In the second chapter, reservoir modeling techniques are introduced, including numerical 

modeling and lumped parameter modeling. Although we shall introduce basic characteristics 

of both of these modeling approaches, more detailed information such as how the mathematical 

representation is established and how the parameters are fitted according to observed data are 

introduced for lumped parameter modeling, since it is the topic of this thesis.  

In the third chapter, machine learning techniques relative to this thesis will be introduced in 

considerable detail. As we shall see, the history matching phase is a regression problem which 

has been studied widely in machine learning literature. The K-means clustering algorithm that 

will be applied to find production tanks configuration is one kind of unsupervised learning 

algorithm. Also, since this thesis focus on complexity analysis of generalized lumped parameter 

models, selecting appropriate models is one of the main topics.  All of these problems have 

been studied systematically in the field of machine learning and will be introduced in Chapter 

3. 

In the fourth and fifth chapter, Complexity Reduction Algorithm and switch-back method 

will be developed.  

In Chapter 4, we shall introduce how CRA works and the assumptions for it. An analysis of 

CRA will be provided to show why we develop switch-back method. In Chapter 5, switch-back 

method is developed, together with a simple example to show how to implement it.  

In Chapter 6, CRA combined with switch-back method is applied into real data from 

Laugarnes field and Reykir geothermal area. AIC and BIC have been compared in this chapter. 

First of all, when applied in Laugarnes field, the results of CRA are shown, followed by a 

discussion about model selection under different criteria. Thereafter, switch-back method is 

https://en.wikipedia.org/wiki/Permeability_(fluid)
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applied in both Laugarnes field and Reykir geothermal area. In applying switch-back method 

to Reykir geothermal area, K-means clustering algorithm is used to find production tank 

configuration.  

Chapter 7 is conclusions and future works, in which how CRA and switch-back method is 

useful in model selection and insights for model selection under different criterion will be 

discussed.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



5 
 

Chapter 2 

Introduction to Reservoir Modeling 

 

In reservoir modeling, the ultimate goal is to make a future prediction of how the system state 

will change under certain activity. In order to achieve this goal, mathematical representations 

have to be constructed and certain physical properties of the reservoir have to be determined. 

Three main approaches that developed to represent a geothermal system mathematically are 

simple analytical modeling, numerical modeling and lumped parameter modeling.  

Reservoir modeling is viewed as an inverse problem, since some of the observations have 

been obtained and getting more information about the reservoir under such observations is more 

important. Getting information means obtaining certain physical properties of the reservoir. 

These physical properties are to be determined such that the calculated response from the 

corresponding model coincides with observed response as good as possible. This phase is 

usually referred to as history matching.  

In this chapter, numerical modeling and lumped parameter modeling will be introduced. 

2.1 Numerical Modeling 

One of the most common approaches for reservoir modeling is numerical modeling method. In 

this section, only a brief introduction to numerical modeling of reservoir will be provided. 

Readers who are not familiar with the topic of numerical method in fluid dynamics and heat 

transfer in porous media are encouraged to texts by Partanka V.S. [17] and Lie K.A. [18].  

In order to obtain a mathematical representation that describes a reservoir precisely, 

representative elementary volume must be chosen and governing equations must to be 

established [7, 8]. Of course, boundary conditions should be specified as one of the three types 

of condition for each boundary [9].  

     Although physical properties may vary in different locations, one can imagine a very small 

region in which this variation is so small that can be ignored. The volume of this small region 

can be increased until the variation cannot be ignored. The representative elementary volume 

(REV) is defined as this largest volume over which a measurement can be made that will yield 

a value as a whole. Thus, the properties such as density, velocity, temperature in a single REV 

can be view as a constant [10]. Governing equations aim at describing the functional 

relationship between REVs. They are mathematical statements of the three fundamental 

physical laws based on which the fluid dynamic and heat transfer theory built. These three 

physical laws are [11]: 

(1) Mass is conserved; 

(2) Newton’s second law (momentum conservation), i.e., 𝐹 = 𝑚𝑎; 

(3) Energy is conserved. 

     However, to get the solvable differential equations, laws of phenomenology such as Darcy’s 

law and Fourier’s law also need to be introduced to describe the relationship between the 

“thermodynamic force” and the corresponding “thermodynamic current” [12]. 
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     Based upon these basic laws, governing equations have the form given by equation (2-1) 

[11]: 

     Mass conservation:  
   𝜕(𝜙𝜌𝑓)

𝜕𝜏
+ 𝛻 ∙ (𝜌𝑓𝑉) = 0                                                     (2-1 a) 

     Momentum conservation:  𝜌𝑓[𝜙
−1 𝜕𝑉

𝜕𝜏
 + 𝜙−2(𝑉 ∙ 𝛻𝑉)] = −𝛻𝑝 −

𝜇𝑓

𝑘
V              (2-1 b) 

     Energy conservation:  (𝜌𝑐)𝑚
𝜕𝑇

𝜕𝜏
 + (𝜌𝑐)𝑓𝑉 ∙ 𝛻𝑇 = 𝛻(𝜆𝑚𝛻𝑇) + 𝜙𝑞𝑚                            (2-1 c) 

     Where the 𝜙, 𝜌, 𝜇𝑓 , 𝑐, 𝜆, 𝑘 represents the porosity of the porous media, density, dynamic 

viscosity of the fluid, specific heat capacity, thermal conductivity and permeability of the media 

respectively. 𝑞 represents internal heat source. The subscript 𝑚 and 𝑓 represents the volume 

average of solid matrix and fluid and fluid respectively and can be calculated by equation (2-

2): 

                                  (𝜌𝑐)𝑚 = (1 − 𝜙)(𝜌𝑐)𝑠 + 𝜙(𝜌𝑐)𝑓                                      (2-2 a) 

                                                      𝜆𝑚 = (1 − 𝜙)𝜆𝑠 + 𝜙𝜆𝑓                                          (2-2 b)  

                                                      𝑞𝑚 = (1 − 𝜙)𝑞𝑠 + 𝜙𝑞𝑓                                              (2-2 c) 

     Where the subscript 𝑠 represents the solid matrix. The effect of different chemical 

components is omitted in this thesis for simplicity. 

      The 𝑉 , 𝑝  and 𝑇  in equation (2-1) represent velocity, pressure and temperature of the 

corresponding REV. The symbol 
𝜕

𝜕𝜏
 and 𝛻 denote partial derivative with respect to time and 

vector differential operator respectively. The vector differential operator have a meaning of 

derivative and the form of which is given by equation (2-3) in Cartesian coordinates [13]: 

                    𝛻 =
𝜕

𝜕𝑥
𝑖 +

𝜕

𝜕𝑦
𝑗 +

𝜕

𝜕𝑧
�⃑⃗�                                                 (2-3) 

     Multiplied with a scalar 𝐴, the output of the vector differential operator is the gradient, 

denoted by 𝑔𝑟𝑎𝑑(𝐴). While the output of the inner product of 𝛻 with a vector �⃗⃑� will be the 

divergence, denoted by 𝑑𝑖𝑣(�⃗⃑�). As given by equation (2-4): 

∇𝐴 =
𝜕𝐴

𝜕𝑥
𝑖 +

𝜕𝐴

𝜕𝑦
𝑗 +

𝜕𝐴

𝜕𝑧
�⃑⃗� = 𝑔𝑟𝑎𝑑(𝐴)                                            (2-4 a) 

∇ ∙ �⃗⃑� = 𝛻 ∙ {𝐵𝑥, 𝐵𝑦, 𝐵𝑧} =
𝜕𝐵𝑥

𝜕𝑥
+
𝜕𝐵𝑦

𝜕𝑦
+
𝜕𝐵𝑧

𝜕𝑧
= 𝑑𝑖𝑣(�⃗⃑�)                    (2-4 b) 

     However, provided only equation (2-1) is not sufficient to get the solution, initial and 

boundary conditions are required to make the equation set closed. Three commonly used 

boundary conditions are [14]:  

     (1)Dirichlet boundary condition, which specify the value on the whole surface, is given as 

                  𝐹 = 𝑔(𝜕𝛺, 𝑡)                                                               (2-5 a) 
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(2)Neumann boundary condition, which specify the normal derivative on a surface, is given 

as: 

                   
𝜕𝐹

𝜕𝑛
= 𝑔(𝜕𝛺, 𝑡)                                                              (2-5 b) 

     (3)Robin boundary condition, which is a weighted combination of Dirichlet boundary 

condition and Neumann boundary conditions, is given as: 

                   𝑎𝐹 + 𝑏
𝜕𝐹

𝜕𝑛
= 𝑔(𝜕𝛺, 𝑡)                                                 (2-5 c) 

     Where 𝛺 is the domain on which the given equation in terms of field 𝐹 is to be solved and 

𝜕𝛺  denotes its boundary. 𝑔  is a function that sets the constraints on the corresponding 

boundary. 𝑡 is the variable representing time. The symbol 
𝜕

𝜕𝑛
 represents normal derivative. 𝑎 

and 𝑏 are two non-zero constant. 

     Provided with equation (2-1), (2-2) (2-5) and appropriate initial conditions, the equation set 

is closed and a solution can be found. However, in practical applications, the phenomenon 

described by the governing equation set (2-1) combined with appropriate boundary conditions 

(2-5) is so complex that only in limited situations an analytical solution is available [15, 16]. 

Thus, various numerical modeling method such as finite difference method, finite volume 

method and finite element method have been developed in the past several decades [17, 18, 19]. 

     Generally, the domain over which the solution is to be found is divided into hundreds of 

thousands of grids or cells. This process is often called grid generation and give the terminology 

of grid-based or cell-based numerical modeling. Each such cell is a basic component in the 

model and various physical quantities such as density, velocity and temperature are embodied 

in each of them. To characterize the system under studied, the governing equations (2-1) and 

boundary conditions (2-5) have to be discretized. Different discretization schemes are 

developed in these methods to approximate the governing equations and boundary conditions 

[17].  

     To gain an intuitive knowledge about how numerical methods work, a careful look at the 

governing equations is helpful. Three fields are needed to be determined to get the temperature 

field, i.e., pressure field, velocity field and temperature field, since the temperature and velocity 

field are coupled explicitly through equation (2-1 b) and equation (2-1 c) and the velocity and 

pressure field are coupled implicitly through equation (2-1 a) and equation (2-1 b). The 

following discussion will focus on steady field. For unsteady fluid and thermal heat transfer in 

porous media, implicit, Crank-Nicolson or explicit scheme can be chosen such that the field of 

future time could be solved by marching in time based on the field on previous time point. [22] 

     Because of the appearance of convection term in equation (2-1 c), velocity field is necessary 

to get full information of a thermal field. Because of the diffusive nature of the heat conduction, 

the calculation of thermal field would require the calculation of every discrete point of 

temperature simultaneously, provided the velocity field is known. The discretized equations 

compose a set of linear equations, which can be solved by iterative methods. 

Velocity field can be solved using momentum conservation equation (2-1 b), which is also 

called Navier-Stokes equation in fluid dynamics. The second term 𝑉 ∙ 𝛻𝑉 on the left hand side 



8 
 

of equation (2-1 b) gives the nature of nonlinearity to the equation, which will lead to an 

iterative procedure to solve velocity field. In this iterative procedure, the pressure field is 

assumed to be known and an initial velocity has to be assumed to initiate the algorithm until 

convergence.  

As can be seen from the first term on the right hand of equation (2-1 b), the calculation of 

velocity field requires pressure field. However, only implicit information of pressure is given 

in the governing equations such that a velocity field generated by equation (2-1 b) using a 

pressure field should satisfy the mass conservation equation given by equation (2-1 a). Thus, 

iterative procedure such as SIMPLE or SIMPLEX algorithm is required to get both pressure 

and velocity field [20, 21]. 

2.2 Lumped Parameter Modeling 

Since the highly coupled and nonlinear nature of the governing equations that describe the 

phenomenon of fluid flow and heat transfer in porous media, iterative procedure is required and 

long computation time is necessary in numerical modeling method. Lumped parameter models, 

which can be viewed as a highly simplified version of numerical method, require less running 

time and have gained increasing interests in geothermal reservoir modeling in recent years [23, 

24, 25, 26, 27]. Rather than being represented by hundreds and thousands of detailed grid-

blocks, the geothermal system in lumped parameter models is represented by a fairly small 

number of connected tanks, in each of which the physical properties such as porosity, the 

density of water and pressure are homogeneous [28, 29]. This thesis is focus on lumped 

parameter modeling.  

 Similar with numerical method, mathematical representations that describe the 

phenomenon of fluid flow and heat transfer between tanks have to be specified in the context 

of lumped parameter models. Given these mathematical representations, the response of a 

geothermal system can be calculated under a certain production plan. However, this calculation 

has to be implemented under the knowledge of the physical properties that define the 

geothermal systems. Thus, inferring the values of these physical properties is one of the most 

critical tasks in reservoir modeling. Fortunately, valuable data, such as water level drawdown 

and temperature response under certain production scenario, can be obtained, which make the 

inferring task possible. This inferring task is achieved by minimizing the difference between 

the observed data and calculated data in some sense. As mentioned previously, this phase is 

usually called history matching, or data fitting, phase.  

In this section, both the construction of the mathematical representation and history 

matching in lumped parameter models will be considered in some details. But before that, some 

basic concepts relevant to lumped parameter models will be introduced first.  

      2.2.1 Basic Concepts in Lumped Parameter Models 

In lumped parameter models, or tank models, developed by Grant et al [30], Axelsson [5], 

Alkan and Satman [31], the geothermal system is divided into different regions, which are 

represented by tanks partially filled with fluid. Between the tanks are links with given 

conductance that allow fluid or heat to flow or conducted between them under different water 

level or temperature.  
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Given a certain geothermal system, there are infinite ways to divide it into regions. By 

dividing a system in different views, there are several kinds of lumped parameter models. In 

reservoir modeling applications, the choice of these different models will lead to different 

results. Thus, selection of the right model is of great significant. We will also introduce some 

standard methods for model selection in Chapter 3. 

Three most important concepts in lumped parameter models are tanks, links and lumped 

parameter models of various kinds. We will develop this section in these three aspects. 

(1) Tanks 

In general, a geothermal system can be divided into three sub-regions according to their 

relative location, i.e., central part of the system, outer part of the system and the infinite recharge 

source, see Fig.2.1 [29, 32, 33]. Although the physical properties vary with respect to location 

in these sub-regions, it is wise to lump each of these sub-regions into integrated units to simplify 

the mathematical representation. In these integrated units, all of the physical properties that are 

interested to reservoir modeling are viewed as homogenous values and each of these integrated 

units can be viewed as a tank in the model. This simplification works because the properties in 

each of these regions vary slowly. Tanks in lumped parameter models are analogous with REVs 

in numerical modeling. 

 

Fig. 2.1 A geothermal system divided into three sub-regions.This figure is taken from Sarak et al [29]. 

In this figure, the shaded region represents the central part of the system, where production occurs. Small 

circles in this area are wells. Circles with arrows are injection wells, while circles without arrows are 

production wells. The hollow cylinder outside the shaded region represents outer part of the system, 

which will be influenced by the state of inner part. The arrow outside the hollow cylinder represents 

fluid recharge from infinite recharge source, which is very far away and will not influenced by the state 

of both the outer part and central part of the system. The state of infinite recharge source can be viewed 

as a constant. 

    The central part of the system is where the wells are drilled and fluid is produced. The 

physical properties may vary dramatically in this area and thus more tanks can be generated 

here. In this area, we have much information. Water level (or water drawdown) and production 

information are available in practical applications. Tanks in this area with only production data 

are referred to as production tanks, while tanks with only water level information are referred 

to as observation tanks. If the central part is represented by only one tank, both production and 
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water level data are available for this tank. We call a tank with both production information and 

drawdown observation a mixed tank. As we shall see in later chapters, mixed tanks are formed 

by merging observation tank into a production tank. 

     The outer part of the system includes regions that are far away from the central region, but 

both the states of it and of the central part influence each other. This means that if more fluid is 

produced, the water level of the central part will drop. Thus, fluid will flow into the central part 

from outer part and causes the water level in the outer part to decrease as well. In practical 

applications, no data for this area is available. Depending on actual situations, a different 

number of tanks can also be generated in this area. Tanks in this area are referred to as hidden 

tanks. 

     The infinite recharge source is the area very far from the central part of the system such that 

the state of both central part and outer part will not influence the state of it. The word infinite 

means that this area have infinite heat and mass capacity that no matter how much heat or fluid 

flow outside or inside it, both the temperature and pressure will not change. Thus, the state of 

it is viewed as a constant during modeling. In lumped parameter models, this area is usually 

represented by a single tank which is referred to as recharge tank with fixed state. 

     It is easy to understand why geothermal systems can be represented by tanks through Fig. 

2.1, but it failed to give a clear relationship between them. Another way to represent geothermal 

system graphically is to represent each tank with a single circle. And color mixed tanks, hidden 

tanks and recharge tank with yellow, blue and orange respectively, see Fig. 2.2. Production 

tanks and observation tanks, which can be represented by red and green respectively, are not 

shown in this figure and can be seen in a general tank network system in Fig. 2.3. 

 

Fig. 2.2 Tanks connected in series. In this figure, tanks are represented by circles with different colors. 

Fluid and heat are allowed to flow and transfer via the connections between tanks. Each tank is embodied 

with state and physical properties that specify corresponding region in the geothermal system. For 

example, water level and temperature specify the state of tanks and volume, porosity, and density of the 

fluid are the physical properties needed to specify tanks.  

     Each of these tanks is associated with physical properties that have to be inferred from 

historical data. We shall point out here that although each part of the system only represented 

by a single tank in Fig. 2.2, both hidden and production tank can be divided further in practical 

applications to achieve an accurate result. This is because models that are complex are more 

likely to give better fitting results, a conclusion we shall introduce in later chapter.  

     For a geothermal field, we assume it runs 𝑁 production wells and 𝐤 observation wells. We 

can lump each of these wells and its nearby surroundings into one tank to generate a lumped 

parameter model. Thus, we can get a lumped parameter model with 𝑁 production tanks and 𝐤 
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observation tanks. We can also suppose that we have a total number of 𝐓 tanks. Thus, a number 

of 𝐓 − 𝑁 − 𝐤 hidden tanks is generated. In this thesis, for the fully-linked model which will be 

introduced in chapter 4, we denote the first 𝐓 − 𝑁 − 𝐤 tanks as hidden tanks, the next 𝑁 tanks 

as productions and the last 𝐤 tanks as observation tanks. 

  

 

Fig. 2.3 A generalized lumped parameter model, in which red circles represent production tanks, blue 

circles represent hidden tanks, and green circles represent observation tanks. The orange circle is the 

infinite recharge source. The inifite recharge source can be linked with an arbitary number of hidden 

tanks. In this figure, this kind of links are omitted for simple illustration. 

(2) Links 

     After dividing geothermal system into tanks, the links configuration is also needed to be 

determined. The links describe whether there are connections between corresponding tank pairs 

such that fluid flow and heat transfer phenomenon can take place. Due to the sophisticated 

nature of the geological structure of geothermal systems, porosity and heat conduction 

coefficient may vary with locations. Thus, fluid or heat may flow or be conducted through 

certain paths along the fracture or solid matrix easily while blocked in other directions. Links 

in lumped parameter models tell whether there are such paths that fluid or heat can pass through.  

     We can use a matrix called link matrix to encode such a link configuration. The number of 

row and column are equal to the number of tanks and each row and column correspond to one 

tank. In this matrix, if there is a path that fluid and heat can pass through between certain tank 

pair, the corresponding location is filled with 1, otherwise, filled with 0. See Fig. 2.4 for a 

simple example.  
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Fig. 2.4 An example of Lumped parameter model with corresponding link matrix. In this figure, a simple 

example is illustrated. By default, there is a link between a tank and itself. So, the diagonal elements are 

1. Since tank one is connected with recharge tank and tank two, the corresponding locations in link 

matrix are 1. 

     It is also necessary to point out here that the link matrixes imply the phenomenon of fluid 

flow and heat transfer are not necessary to be identical. It is reasonable to have a system that 

fluid flow is blocked between certain tank pairs, while heat conduction is allowed between 

them. Since in this thesis, only fluid flow will be considered, we do not distinct these two kinds 

of link matrixes. 

     If there is such path between a tank pairs, parameters that tell how strong the fluid flow and 

heat conduction have to be associated. These parameters are to be inferred through observed 

data.  

(3) Lumped Parameter Models of Various Kinds 

     Since a geothermal system is composed of three parts, changing the number of tanks will 

lead to various kinds of lumped parameter models (See Fig. 2.5).  

     Firstly, the number of recharge can only be one or zero. Setting it to be zero means that we 

assume the outer part of the reservoir is blocked from the infinite recharge source. This kind of 

models are referred to as closed models and corresponds to the pessimistic situation. Models in 

which recharge tank exist are referred to as open models and correspond to the optimistic 

situation [6]. 
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Fig. 2.5 Lumped parameter models of various kinds. Blue circles are tanks represent outer part of a 

geothermal system, while red circles are tanks represent central part of the geothermal system. In 

applications, production and water level data for central part of the geothermal system are available. 

Only open models have been shown in this figure. One can get the closed counterpart for each of these 

models by removing the recharge source. Sub-figures a) to c) are the standard one tank, two tanks and 

three tanks model respectively. Sub-figures d) and e) correspond to dividing central part of the 

geothermal system according the depth of the tanks, while sub-figure f) corresponds to dividing central 

part of the geothermal system according to the location of production wells. Notice that both the number 

of production tanks and the link configuration have to be determined to achieve a successful modeling. 

In these sub-figures, bypass links between production tanks have been omitted for simplicity.  

     Secondly, more tanks can be generated in both the central part and outer part of the system. 

In some applications, the physical properties may vary dramatically in some regions. Areas 

with this property represented by one tank may seems unreasonable. Also, as we shall see in 

later chapter, models with more complexity are likely to give a smaller training error. Thus, it 

is generally so that more tanks are generated to represent central part and outer part of a system. 

    For the number of tanks in the outer part of geothermal system, one can divide it into zero 

(without an outer part tank), one or two tanks and thus give the name of one tank model, two 

tanks model or three tanks model [29, 36].  

     For tanks in the central part of the reservoir, two kinds of division approaches exist. In some 

fields, the physical properties such as pressure, permeability of the geothermal system vary 

significantly with respect to depth, thus shallower and deeper tanks are introduced to achieve a 

better modeling [34, 35]. In other fields, these properties may vary because of the different 

location of production wells, thus it may be reasonable to divide central part of reservoir into 

several production tanks, each of which is a combination of original production wells and the 

nearby surroundings [36]. This thesis will focus on the later division method and a Complexity 

Reduction Algorithm combined with Switch-Back method which aims at finding the model that 

gives a better validation error most likely will be developed. 

https://en.wikipedia.org/wiki/Permeability_(fluid)
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      2.2.2 Construction of the Mathematical Representations 

In this section, the mathematical representations that describe the geothermal system in lumped 

parameter models are introduced. The mathematical representation is constructed such that it 

relates the input activity information and the output response of the geothermal system. Similar 

with numerical modeling, balance equations such as mass balance and energy balance equation 

have to be introduced. In lumped parameter models, the balance equations are set up in terms 

of each individual tank. 

(1)Mass Balance Equation 

In the research of lumped parameter models in early days, most of the applications were 

such that the reservoir contains single phase fluid and the change of temperature is omitted [5, 

30, 31]. Thus, energy balance equation is not considered. Only mass balance equation is 

developed. The corresponding geothermal system is referred to as isothermal system [5, 30]. 

Isothermal system is the main topic of this thesis. 

For a certain part of the geothermal system (viewed as a tank in lumped parameter models) 

with volume of 𝑉𝑟, the density of fluid of 𝜌𝑓, the mass balance equation is given in equation (2-

6): 

                 𝑤𝑖 − 𝑤𝑝 + 𝑤𝑖𝑛𝑗 = 𝑉𝑟𝜌𝑓C𝑚
𝑑𝑃

𝑑𝜏
                                        (2-6) 

Where 𝑤𝑖, 𝑤𝑝, and 𝑤𝑖𝑛𝑗 represents net mass flow rate from other regions of the system, 

mass flow rate of production and the mass flow rate of injection respectively. 
𝑑𝑝

𝑑𝜏
 represents the 

derivation of pressure with respect to time. C𝑚 is the compressibility of the sum of fluid and 

rock, which is given by equation (2-7): 

                       C𝑚 = (1 − 𝜙𝑚)C𝑟 + 𝜙𝑚C𝑓                                         (2-7 a) 

                                 C𝑟 =
1

𝜙𝑟
(
𝑑𝜙𝑟

𝑑𝑝
)𝑇                                                    (2-7 b) 

                                 C𝑓 =
1

𝜌𝑓
(
𝑑𝜌𝑓

𝑑𝑝
)𝑇                                                   (2-7 c) 

𝜙𝑚 is porosity of the geothermal system under studied. Both 𝑤𝑝 and 𝑤𝑖𝑛𝑗 are data already 

known in most applications, leaving 𝑤𝑖, the net mass flow between different regions, to be the 

only term needed to be dealt with.  

Suppose there are 𝐽 other regions connected to the region upon which equation (2-6) is set 

up and the representation of 𝑤𝑖 is taken from steady-state water-influx method in oil literature 

[37], see equation (2-8):  

                    𝑤𝑖 = ∑ 𝜎𝑗
𝐽
𝑗=1 (𝑃𝑗 − 𝑃)                                    (2-8) 

The Σ implies the net mass flow between the region and all of the regions connected to it 

are calculated. 𝜎𝑗 is the conductance, which originates from Darcy’s law. 𝑃𝑗 is the pressure of 

other regions that have a hydraulic connection between the regions. 
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      If we introduce mass capacity 𝐾 = 𝑉𝑟𝜌𝑓C𝑚 in equation (2-6) and substitute equation (2-8) 

into it, we can get equation (2-9), which is the mass balance equation in lumped parameter 

models: 

                     𝐾
𝑑𝑃

𝑑𝜏
=∑ 𝜎𝑗

𝐽
𝑗=1 (𝑃𝑗 − 𝑃) − 𝑤𝑛𝑒𝑡                           (2-9) 

Where 𝑤𝑛𝑒𝑡 is the net production rate of the region being studied. It is the sum of the mass 

flow rate of production and injection. 

      By substituting 𝑃 = ℎ0 − 𝜌𝑓𝑔ℎ into equation (2-9) and dividing 𝜌𝑓𝑔 both sides, it can also 

be re-written in the form of water level drawdown as given in equation (2-10): 

                  𝐾
𝜕ℎ

𝜕𝜏
= ∑ 𝜎𝑗

𝐽
𝑗=1 (ℎ𝑗 − ℎ) +

𝑤𝑛𝑒𝑡

𝜌𝑓𝑔
                                      (2-10) 

Where 𝜌𝑓and 𝑔 are the density of the fluid and gravitational acceleration respectively. In 

later discussions, we will use drawdown as the shorthand of water level drawdown for 

simplicity.  

(2)Mass Balance in Tank Network System 

       In the previous sub-section, mass balance equation is established in a single tank. As 

discussed previously, however, geothermal system is represented by connected tanks in lumped 

parameter models (See Fig. 2.3). Thus, a mathematical representation for mass balance in a 

generalized tank network system has to be established to describe the interconneted nature of 

the tanks.  

To derive the mathmatical representation for a generalized tank system, suppose that we 

have T tanks in total, in which N tanks are for production. For each tank in the system, we can 

write the mass balance equation given in equation (2-10). Thus, an equation set can be 

developed to describe the geothermal system under study, which can be written in the form of 

matrix, as given in equation (2-11): 

               𝑲
𝜕ℎ⃗⃗ 

𝜕𝑡
= 𝑺ℎ⃗ + ℎ∞𝜎𝑇⃗⃗ ⃗⃗  +�⃗⃗�                                           (2-11) 

Where 𝑲  and 𝑺  are T by T matrix, ℎ⃗ , 𝜎𝑇⃗⃗ ⃗⃗  , �⃗⃗�  are T dimensional vectors. ℎ∞  is the 

drawdown for the infinite recharge source. 

K=

(

 
 
 

𝐾1
⋱

𝐾𝑁
𝐾𝑁+1

⋱
𝐾𝑇 )

 
 
 

, ℎ⃗ =

(

 
 
 

ℎ1
⋮
ℎ𝑁
ℎ𝑁+1
⋮
ℎ𝑇 )

 
 
 

 

σ⃗⃗ = (𝜎1∞ … 𝜎𝑁∞ 𝜎𝑁+1∞ … 𝜎𝑇∞) 

𝑚𝑇⃗⃗⃗⃗⃗⃗ = (𝑤1,𝑛𝑒𝑡/𝜌𝑓𝑔 … 𝑤𝑁,𝑛𝑒𝑡/𝜌𝑓𝑔 0 … 0) 
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𝑺 =

(

 
 
 
 
 
 
 
 
 

−(∑𝜎1𝑗 +

𝑗

𝜎1∞) …                 𝜎1𝑁                  𝜎1𝑁+1 …    𝜎1𝑇

⋮ ⋱ ⋮                              ⋮ ⋱     ⋮

𝜎1𝑁
𝜎1𝑁+1
⋮
𝜎1𝑇

…
…
⋱
⋯

     −(∑𝜎𝑁𝑗 +

𝑗

𝜎𝑁∞) 𝜎𝑁,𝑁+1 …  𝜎𝑁𝑇

                        𝜎1𝑁      −(∑𝜎𝑁+1𝑗 +

𝑗

𝜎𝑁+1,∞) ⋯ 𝜎𝑁+1𝑇

       

⋮                ⋮                ⋱ ⋮

                 𝜎𝑁𝑇        𝜎𝑁+1𝑇    … −(∑𝜎𝑇𝑗 +

𝑗

𝜎𝑇,∞)
)

 
 
 
 
 
 
 
 
 

 

Notice that equation (2-11) is the differential equation for mass balance that describes the 

tank system. However, it would be convenient to transform it into its discrete counterpart for 

the computation in computer programs. Central finite difference approximation is applied to 

obtain the difference mass balance equation. 

Substituting 
𝜕ℎ⃗⃗ 

𝜕𝑡
, ℎ⃗ , ℎ∞ , and �⃗⃗�  with 

ℎ(𝑖+1)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃑ −ℎ(𝑖)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃑

∆𝜏
, 
ℎ(𝑖)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃑+ℎ(𝑖+1)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃑

2
, 
ℎ∞(𝑖)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃑+ℎ∞(𝑖+1)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃑

2
, and 

𝑚(𝑖)⃗⃗⃗⃗⃗⃗ ⃗⃗ ⃗⃗⃑+𝑚(𝑖+1)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃑

2
 

respectively in equation (2-11), we can get: 

ℎ⃗ (𝑖 +1)=(𝑲 −
∆𝜏

2
𝑺)−1[(𝑲 +

∆𝜏

2
𝑺) ℎ⃗ ((𝑖) + 

                                           
∆𝜏

2
(ℎ∞⃗⃗ ⃗⃗  ⃗(𝑖 + 1) +  ℎ∞⃗⃗ ⃗⃗ ⃗⃗ (𝑖)) 𝜎𝑇⃗⃗ ⃗⃗  +

∆𝜏

2
(�⃗⃗� (𝑖 + 1) + �⃗⃗� (𝑖))]   (2-12) 

Where 𝑲,𝑺 and σ⃗⃗  are the same as in (2-11), 𝑖 represents the time point that we have data. 

∆𝜏 is the time interval between the two data points. ℎ(𝑘)⃗⃗⃗⃗ ⃗⃗ ⃗⃗  ⃗ respresents the drawdown data and 

𝑚(𝑘)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   respresents the production data divided by 𝜌𝑓𝑔, both of them are a  T dimensional vector 

for every time point.  ℎ∞(𝑘)⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   is a constant for different k. 

(3) Energy Balance Equation 

Although lumped parameter models with isothermal assumption have been applied in 

various applications and proved to be a useful tool, most geothermal reservoir act as non-

isothermal systems, in which the temperature is naturally a function of the volume of reservoir, 

rate of production, injection and natural recharge, the temperature of injection and the natural 

recharge. Especially in situations where injection is operated or the recharge is at significantly 

different temperature, the change in temperature can be substantial [38, 39].  

For the purpose of completness of this introduction to lumped parameter modeling, we 

introduce lumped parameter models with non-isothermal assumption briefly. We point out here 

that isothermal lumped parameter models are the main topic of this thesis. 

 Non-isothermal tank model that incorporated both mass and energy balance equations is 

first proposed by Whiting and Ramey [40]. Both convection and conduction term are included 

in their model. However, variable-rate production/injection scenarios are not considered. 

Recently, in works by Onur et al and Tureyen et al, a non-isothermal lumped parameter model 

that accounts for variable-rate situations is proposed [38, 39]. Also, they generalized this non-
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isothermal lumped parameter model to arbitrary number of tanks to account for the effects of 

other components such as aquifers [41].  

In energy balance equation, both internal energy and enthalpy of fluid are introduced. 

Similar with the derivation of mass balance equation for lumped parameter models, the energy 

balance equation can be established by noticing that the overall inflow of energy should be 

equal to the overall outflow energy plus the accumulation of internal energy of the system.  

For the 𝑖-th tank in the system with a porosity of 𝜙𝑖, a volume of 𝑉𝑖, a temperature of 𝑇𝑖, a 

pressure of 𝑃𝑖, a production rate of 𝑤𝑝,𝑖, an injection rate of 𝑤𝑖𝑛𝑗,𝑖, the energy balance equation 

with both convection and conduction terms included is given in equation (2-13): 

𝑑

𝑑𝜏
[(1 − 𝜙𝑖)𝑉𝑖𝜌𝑠𝑐𝑠,𝑖𝑇𝑖 + 𝜙𝑖𝑉𝑖𝜌𝑓,𝑖𝑢𝑓,𝑖] + 𝑤𝑖𝑛𝑗,𝑖,𝜏ℎ𝑓,𝑖𝑛𝑗,𝑖(𝑇𝑖𝑛𝑗,𝑖,𝜏,𝑃𝑖𝑛𝑗,𝑖,𝜏,) +

                 𝑤𝑝,𝑖,𝜏ℎ𝑓,𝑖(𝑇𝑖,𝜏,𝑃𝑖,𝜏) − ∑ 𝜎𝑖,𝑘𝑘 (𝑃𝑘,𝜏 − 𝑃𝑖,𝜏)ℎ𝜉 − ∑ 𝜆𝑖,𝑘𝑘 (𝑇𝑘,𝜏 − 𝑇𝑖,𝜏) = 0        (2-13) 

Where 𝜌, 𝑐, 𝑢, ℎ and 𝜆 represents density, specific heat capacity, internal energy, enthalpy 

and heat conduction index. The subscript 𝑠 and 𝑓 represents the corresponding property of solid 

matrix, fluid respectively, while the subscripts such as 𝑖𝑛𝑗 , 𝑝 , 𝑖  and 𝑘  state where the 

corresponding property is accounted for. The aforementioned four subscripts represent 

injection, production, the 𝑖 -th and the 𝑘 -th tank respectively. The subscript 𝜏  refer to the 

corresponding property at time 𝜏. These subscripts confine the state of the properties that should 

be used in the equation and have the meaning ‘and’ when appearing in series. For example, 

ℎ𝑓,𝑖𝑛𝑗,𝑖  means the enthalpy of the injection fluid in the 𝑖 -th tank. 𝜎𝑖,𝑘  and 𝜆𝑖,𝑘  represent 

conductance and heat conduction index between the 𝑖-th tank and the 𝑘-th tank. 

To calculate the energy transmission due to convection, ℎ𝜉  is introduced and is defined as 

below:  

                            ℎ𝜉 = {
ℎ𝑓,𝑖(𝑇𝑖,𝜏),    𝑖𝑓 𝑃𝑖 > 𝑃𝑘

ℎ𝑓,𝑘(𝑇𝑘,𝜏),    𝑖𝑓 𝑃𝑖 < 𝑃𝑘
                                          (2-14) 

 ℎ𝜉 is the enthalpy of the fluid that passed between tank 𝑖 and tank 𝑘 and equation (2-14) 

tells how it should be set. If the pressure of tank 𝑖 is higher than tank 𝑘, the fluid is flow from 

tank 𝑖 to tank 𝑘, thus  ℎ𝜉  should be equal to the enthalpy of tank 𝑖, i.e., ℎ𝑓,𝑖(𝑇𝑖,𝜏) and vice versa. 

Now that the meaning of each variable is clear, a carefully study of equation (2-13) would 

be necessary. The first term on the left hand side of the equation is the accumulation of energy 

in the rocks, which is calculated by the product of specific heat capacity and temperature, and 

the fluid, which is represented by the internal energy. The second term is the energy content of 

the injection fluid, the enthalpy of which has to be determined according to its temperature and 

pressure. The third term represents the energy content of the produced fluid. The last two terms 

on left hand side of the equation represent the energy transmitted between tanks that are 

connected to the 𝑖-th tank. Two kinds of energy transmission between tanks are considered. 

They are energy carried by influx fluid and energy conducted through matrix base and fluid. 

Combined with equation (2-11), a fully mathematical representation of both mass and 

energy balance for non-isothermal lumped parameter model is established. Studies have 

compared the results of this non-isothermal tank model with the solutions obtained by using 
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TOUGH2 for different cases. The good matches for both temperature and pressure between the 

two models verify the correctness of this implementation of non-isothermal tank model [39].  

      2.2.3 History Matching 

Representations that relate input activities and output response mathematically are introduced 

in previous section. However, as mentioned at the beginning of this chapter, reservoir modeling 

is always viewed as an inverse problem, since the incomplete information of the geothermal 

field. The phase that aims at obtaining some specific properties, such as mass capacity, 𝑲, and 

conductance, 𝑺, in equation (2-11), from observation data is called history matching phase.  

In history matching phase, the difference between the calculated and observed response are 

minimized with respect to the properties, which is referred to as parameters or unknown 

parameters, in some sense. In this thesis, 2-norm of this difference is used. Thus, the history 

matching is an optimization problem in its nature. Suppose that 𝜽 is the unknown parameters 

arranged as a vector, 𝒚𝑚𝑜𝑑and 𝒚𝑜𝑏 are the calculated response from lumped parameter model 

and observed response respectively. The optimization problem in history matching phase has 

the general form given as: 

                                          min
𝜽
‖𝒚𝑚𝑜𝑑 − 𝒚𝑜𝑏‖2

2                                  (2-15) 

s.t. Mass Balance 

        (and) Energy Balance 

In this optimization problem, the objective function is ‖𝒚𝒎𝒐𝒅 − 𝒚𝒐𝒃‖2
2 , where  𝒚𝑚𝑜𝑑 

simply includes drawdown response in isothermal assumption or includes both drawdown and 

temperature response in non-isothermal assumption. It is calculated with the corresponding 

mathematical representation, such as equation (2-11) and (2-13). ‖∙‖2
2 is the 2-norm, which is 

an operator to establish a functional relationship between vectors and real numbers. For a vector 

have the form given below: 

                         𝒗𝒆𝒄𝒕𝒐𝒓 = (𝑎1, 𝑎2…𝑎𝑀)
𝑻                            (2-16) 

The 2-norm is defined as: 

                                             ‖𝒗𝒆𝒄𝒕𝒐𝒓‖2
2 = ∑ |𝑎𝑖|

2𝑀
𝑖=1                                   (2-17) 

The variables denoted as 𝜽 are the physical properties in lumped parameter models. For 

example, under isothermal assumption, the mass capacity, 𝑲 , and conductance, 𝑺 , the 

drawdown at the first time point for each tank, ℎ(1, 𝑘 ), the drawdown of the infinite recharge 

source ℎ∞ are the properties needed to be calculated. The constraints are the mathematical 

representations introduced in previous section, which tells how each property influence the 

response. Under isothermal assumption, only mass balance equations needed to be introduced 

as constraints, while both mass and energy balance equations are necessary under non-

isothermal assumption. 

(1)Fitting the Parameters 

We introduce the objective function for both isothermal and non-isothermal assumption in 

this sub-section.  
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For isothermal assumption where only mass balance equation is introduced, the 

optimization problem is given as below: 

                    
 𝑚𝑖𝑛
𝜽

1

2𝐤
∑ ∑ (ℎ𝑒(𝑖, 𝑘) − ℎ(𝑖,  𝑘|𝜽, �⃗⃗� ))

2

𝑖𝑘                            (2-18) 

Where ℎ𝑒  represents the observed data and ℎ  represents the corresponding calculated 

values. The index 𝑖 means the value at 𝑖-th time step, and index 𝑘 means the measured data 

from the 𝑘-th observation tank. 𝐤 is the number of observation tank. 𝜽 is the parameter vector, 

which include five different kinds of parameters. They are the mass capacity for each tank, 𝐾𝑘, 

the conductance between all tanks in the network, 𝜎𝑘𝑙 , the initial drawdown for each tank, 

ℎ(1, 𝑘 ) , the conductance between each tank and the infinite recharge source 𝜎𝑘∞  and the 

drawdown for the recharge source ℎ∞. Notice that we treat the initial drawdown as a parameter 

in our work, i.e., ℎ(1, 𝑗 ) for 𝑗 from 1 to T are parameters. 

Accordingly, the term ℎ(𝑖,  𝑘|𝜽, �⃗⃗� )  represents the calculated response from the 

mathematical representation given by equation (2-12), the discrete version of mass balance 

equation. The Levenberg-Marquardt method is applied in this thesis to search for the optimal 

solution. Provided with a set of parameter, 𝜽, and production data, �⃗⃗� , the response of the model 

can be calculated. The optimization algorithm will find a way to change the parameter, 𝜽, such 

that the objective function (2-18) can be decreased in the next iteration. Thus, each parameter 

needs an initial estimate to initialize the optimization algorithm. In this thesis, Levenberg-

Marquardt method will be applied to solve for equation (2-18). 

For non-isothermal assumption, where both mass and energy response are considered, both 

the difference between calculated and observed drawdown and temperature have to be 

minimized as given in equation (2-19): 

 𝑚𝑖𝑛
𝜽

1

2𝐤
∑ ∑ {

1

2
(ℎ𝑒(𝑖, 𝑘) − ℎ(𝑖,  𝑘|𝜽, �⃗⃗� ))

2
+
1

2𝑖𝑘 (𝑇𝑒(𝑖, 𝑘) − 𝑇(𝑖,  𝑘|𝜽, �⃗⃗� ))
2
}     (2-19) 

This objective function is a combination of both drawdown and temperature error. Two new 

terms 𝑇𝑒(𝑖, 𝑘) and 𝑇(𝑖,  𝑘|𝜽, �⃗⃗� ) are introduced. They are the observed temperature response 

and the calculated temperature response from (2-13). The parameter vector 𝜽 contains the 

volume of the tank, 𝑉𝑖, porosity, 𝜙𝑖, conductance ,𝑺, rock density, 𝜌𝑠, specific heat capacity of 

rocks, 𝑐𝑠,𝑖 , initial drawdown, ℎ(1, 𝑘 ) ,and initial temperature for each tank, 𝑇(1, 𝑘 )  (with 

recharge tank included). Levenberg-Marquardt method can be applied to solve for optimal 

solution under non-isothermal assumption.  
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Chapter 3 

Machine Learning in Lumped Parameter Modeling 

 

Machine learning is about studying the algorithms that are able to learn patterns from data and 

make predictions when new data points come. It is related to various tasks, including regression 

(in which the computer program is asked to predict numerical value outputs given some inputs 

[42,43]), classification (in which the computer program is asked to specify which categories 

some input data belong to [44]), machine translation (in which the computer program must 

convert a sequence of symbols in some languages into a sequence of symbols in another 

language [45]), transcription (in which computer program is shown a photograph containing an 

image of text and is asked to return this text in the form of a sequence of characters [42, 46]) 

and so on.  

Machine learning has reached far beyond the scope of computer science and is by no means 

a privilege for computer scientists in the future. Machine learning methods may help researchers 

in various fields to find new discoveries. For example, a Support Vector Machine (SVM) 

derived decision tree algorithm has been used to help chemist to predict whether a reaction will 

succeed or fail by using reaction data. The successfully predicted rate is 89 percent, which 

outperformed traditional human strategies and may help human beings to find new material 

quickly [47]. Techniques in Bayesian Inference have helped geologist to quantify uncertainties 

of the structures in subsurface area using geological data such as reservoir pressure, 

seismograph measurements or gravity anomalies observations and may help people learn more 

about the invisible underground world [48].  

Machine learning concepts are also useful in lumped parameter modeling, since the history 

matching phase is a regression problem in its nature. Also, as mentioned in Chapter 2, there are 

various kinds of lumped parameter models, choosing a model that can represent the geothermal 

system as good as possible is of great significant. All of these problems have been studied 

systematically in the field of machine learning.  

In this chapter, we introduce machine learning techniques that are relative to lumped 

parameter modeling. Some basic concepts are introduced firstly. Thereafter, regression analysis 

and K-Means clustering algorithm are introduced, followed by an introduction of model 

selection techniques.  

 

3.1 Basic Concepts in Machine Learning 

      3.1.1 Supervised and Unsupervised Learning 

Machine learning algorithms have to be fed with data set (or input data set) to learn some useful 

patterns. The data set is usually denoted as 𝚾,  which is a matrix with each row corresponds to 

one data point. Machine learning problems can be categorized as supervised learning and 

unsupervised learning according to whether there is a target vector (or matrix) 𝒕 which acts as 

an instructor to tell the answer of each input data point. If there is a target vector, the problem 

is referred as supervised learning. The task for the machine learning algorithm is to fit the input 

data set with the target vector as good as possible. Regression analysis belongs to supervised 
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learning, since the target vector is the output value of the function (or the output response in 

lumped parameter modeling). If no target vector available, the corresponding problem is 

referred to as unsupervised learning. In this kind of learning, the algorithm is asked to learn 

useful properties of the structure of the data set. This technique can be used in data compression 

and cluster analysis. K-Means clustering algorithm, which will be introduced in section 3.3, 

belongs to this kind of learning.  

In later sections, we will introduce two problems in machine learning, i.e., regression 

analysis and clustering problem. Each of them corresponds to one of the two types of supervised 

and unsupervised learning. 

      3.1.2 Training, Validation and Test 

Sometimes, different algorithms or models can be applied in a certain application. To quantify 

the quality of each of them, the data can be divided into three sets, i.e., training set, validation 

set and test set and the error of each set can be viewed as an index of the quality of the 

corresponding model.  

Training set is used to fit the model, in which the unknown parameters are calculated. Using 

these calculated parameters, we can make a prediction using validation set. Thus, validation set 

is used for estimating this prediction error for model selection. The test set is used for 

assessment of the generalization error of the final chosen model. [49] In lumped parameter 

models, test set can be viewed as those newly observed response and the corresponding 

activities. We will not talk about it in this thesis.  

For these data sets, we can define three kinds of errors. The training error (or fitting error) 

is the difference between the calculated and the observed values. The smaller of it, the better 

the fitting is. The validation error (or prediction error) is the difference between the prediction 

made by the corresponding model using the calculated parameters and the corresponding 

observed target vector. It reflects the ability of the model to predict unknown data in training 

set. The smaller of this error, the better the model is. The test error is the difference between 

the computed value and the newly observed response.  

Since various kinds of lumped parameter models exist, selecting the most appropriate model 

is of great significant. In later sections, we will introduce how to take advantage of training set 

and validation set to choose a model.  

 

3.2 Regression Analysis  

As mentioned previously, the task of regression is to predict some numerical value outputs 

given some inputs. This coincides with the ultimate goal of reservoir modeling, which is to 

make a prediction under future production plan. In fact, the history matching phase is a 

regression problem in its nature. As we shall see, the objective function to be minimized in 

equation (2-18) and (2-19) can be derived from a probabilistic point of view. In this section, we 

introduce regression analysis in some details.  
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      3.2.1 Maximum Likelihood and Minimum Sum of Squared Error 

To make the prediction in regression problem available, data set including both inputs and the 

corresponding outputs is required. In reservoir modeling, this data set corresponds to historical 

data which includes the production history and the corresponding response.   

Generally, an input data set which includes 𝑀 data points can be denoted as a matrix 𝚾 =

{𝑋1, 𝑋2…𝑋𝑀}
T, in which 𝑋𝑚 is a 𝐷 dimensional column vector and represents the 𝑚-th data 

point. The corresponding output data set is denoted as 𝒕 = {𝑡1, 𝑡2…𝑡𝑀}
T. Regression analysis 

is to find the parameters in a mathematical representation, 𝒚 = 𝑓(𝚾, 𝜽), such that the calculated 

output and the given output match as well as possible. 

The output values have to be viewed as random values, since it can be turned out to be any 

value given the input. Thus, we can generate a set of training set using a function (generating 

function), say a sine function shown in Fig. 3.1 for example. Each data point is then added with 

a Gaussian noise with zero mean and covariance matrix of 𝚺 to simulate this random nature. 

Because in doing this, not only can we know the precise process that generates the data for 

comparison against any learned model, we can also preserve the uncertain nature in the process.  

For illustration, we limit the input dimension as one and choose 𝜎2 to be 0.08. 

                                 𝒕 = sin(𝚾) + 𝜀(𝚾)                                     (3-1 a) 

                                  𝜀(𝚾) = 𝒩(𝜀|0,0.08)                                 (3-1 b) 

A data set with ten points has been generated and will be used to illustrate how regression 

analysis works in the following section. This data set is shown in Fig. 3.1. 

Since in regression analysis, the true generating function is unknown. We need a 

mathematical representation, 𝒚 = 𝑓(𝚾, 𝜽),  that relates the input 𝚾 and the output 𝒕. Just as what 

we did in chapter 2 to establish the mathematical representation in both numerical and lumped 

parameter modeling. 

The calculated outputs are added with a Gaussian noise to tolerance of the inaccuracy of the 

mathematical representation, which is given in equation (3-2): 

                               𝑡𝑖 = 𝑓(𝑋𝑖, 𝜽) + 𝜀𝒊 = 𝒩( 𝑡𝑖|𝑓(𝑋𝑖, 𝜽), 𝜎
2)                     (3-2 a) 

                                 𝒩( 𝑡𝑖|𝑓𝑖 , 𝜎
2) =

1

√2𝜋𝜎
exp {−

(𝒕𝑖−𝑓𝑖)
2

2𝜎2
}                         (3-2 b) 
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Fig. 3.1 An example of data set in regression analysis. In this figure, the green line is the generating sine 

function, while the cyan dots are the data points generated using equation (3-1). The ultimate goal for 

regression is to make a prediction for output value for some unknown inputs, say x=0.2 for example. 

Notice that the generating function is unknown in practical applications. We plotted it here to compare 

it with the fitting results of a simple model later.  

Since the value of  𝑡1,  𝑡2… 𝑡𝑀 are independent with each other, the joint probability of the 

output to be 𝒕 is denoted as: 

                                   𝑝(𝒕) = ∏ 𝒩( 𝑡𝑖|𝑓(𝑋𝑖, 𝜽), 𝜎
2)𝑀

𝑖=1                               (3-3) 

Equation (3-3) is the likelihood function of the observation to be the observed target 𝒕. Since 

only one data set is observed, it is reasonable to infer this observation is the most likely among 

all possible situations. We can determine the value of 𝜽 and 𝜎2 by tuning them such that the 

likelihood function is the maximum. Finding the maximum point corresponds to derivation and 

setting it to be zero. Since equation (3-3) is in the form of multiplication and it is not easy to 

differentiate, we can take logarithm on both sides of equation (3-3). 

              𝑙𝑛(𝑝(𝒕)) = ∑ 𝑙𝑛(𝒩( 𝑡𝑖|𝑓(𝑋𝑖, 𝜃), 𝜎
2))𝑀

𝑖=1        

                               = ∑ −
(𝒕𝑖−𝑓(𝑋𝑖,𝜽))

2

2𝜎2
−𝑀𝑙𝑛(√2𝜋) − 𝑀𝑙𝑛(𝜎)𝑀

𝑖=1             (3-4) 

Finding 𝜽 corresponds to maximize the log likelihood function 𝑙𝑛(𝑝(𝒕)): 

                                        max
𝜽
𝑙𝑛(𝑝(𝒕|𝜽))                                                   (3-5) 

In equation (3-4), since the last two terms are independent with respect to 𝜽 and notice the 

negative sign in front of the first term, maximizing the log likelihood function is equivalent to 

minimize the sum-squared difference between the calculated response 𝑓(𝑋𝑖, 𝜽)  and the 

observed target  𝑡𝑖. 
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Thus, in order to get the parameters that generate the observed target most likely, we simply 

minimize the sum-squared error, as given in equation (3-6), which coincides with equation (2-

18) and (2-19): 

                   𝑚𝑖𝑛
𝜽
∑ (𝒕𝑖 − 𝑓(𝑋𝑖, 𝜽))

2𝑀
𝑖=1 = 𝑚𝑖𝑛

𝜽
‖𝒕 − 𝑓(𝜲, 𝜽)‖2

2                     (3-6) 

For the history matching phase in lumped parameter models, 𝒕 corresponds to the observed 

output response, 𝑓(𝚾, 𝜽) corresponds to the calculated response from model and ‖∙‖2
2 is the 2-

norm. 

From previous derivation, we can conclude that under the assumption of Gaussian noise, 

the maximum likelihood solution is equivalent to the minimum squared error solution in 

regression problems [43]. Thus, we just need to minimize the sum squared error between 

observed target and calculated model values with respect to the parameters in the model. Using 

the model with the parameters estimated, one can make a prediction when a new input comes. 

In the following section, a simple example is given to show how to implement regression.  

      3.2.2 An Example for Regression 

The simplest model for regression is using polynomial functions. When the input data has one 

dimension, this model has its form given below:  

                𝑓(𝑥, 𝜽) = ∑ 𝜃𝑖𝑥
𝑖para−1

𝑖=0                                                     (3-7) 

Where 𝜃𝑖  are the parameters that needed to be solved using observed target, 𝜽  is the 

parameter column vector contains all the 𝜃𝑖’s, para is the number of parameters that needed to 

be calculated. 

We can view 𝑥𝑖 as basis functions and denote it as 𝜙𝑖(𝑥). Then equation (3-7) can be given 

in a matrix formula if 𝝓(𝑥) = {𝜙0(𝑥), 𝜙1(𝑥)…𝜙para−1(𝑥)} is defined as basis vector (row 

vector). 

               𝑓(𝑥, 𝜽) = 𝝓(𝑥) ∙ 𝜽                                                     (3-8) 

Equation (3-8) is the polynomial model for calculating a single point. We can also define a 

basis matrix which is a 𝑀 × 𝑃 matrix and has the form given in equation (3-9) so that the all 

the calculated output can be represented in a single matrix formula given in equation (3-10). 

                    𝚽(𝚾) = (
𝝓(𝑥1)
⋮

𝝓(𝑥𝑀)
)                                                (3-9) 

                    𝒚 = 𝑓(𝚾, 𝜽) = 𝚽(𝚾) ∙ 𝜽                                        (3-10) 

Thus, the minimum sum squared error in equation (3-6) can be given as: 

                   𝑚𝑖𝑛
𝜽
‖𝒕 − 𝒚‖2

2 = 𝑚𝑖𝑛
𝜽
(𝒕 − 𝒚)T ∙ (𝒕 − 𝒚) 

                    = 𝑚𝑖𝑛
𝜽
(𝒕 − 𝚽(𝚾) ∙ 𝜽)T ∙ (𝒕 − 𝚽(𝚾) ∙ 𝜽)                   (3-11) 
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To solve for the optimum parameter solution 𝜽∗, derivative (𝒕 − 𝒚)T ∙ (𝒕 − 𝒚)with respect 

to 𝜽: 

∇𝜽(𝒕 − 𝒚)
T ∙ (𝒕 − 𝒚) = ∇𝜽(𝒕 − 𝚽(𝚾) ∙ 𝜽)

T ∙ (𝒕 − 𝚽(𝚾) ∙ 𝜽) 

                                                        = −2(𝚽(𝚾))
T
∙ (𝒕 − 𝚽(𝚾) ∙ 𝜽)                  (3-12) 

Setting equation (3-12) to be zero and simply denoting 𝚽(𝚾) as 𝚽, one can get: 

                                            𝜽∗ = (𝚽T𝚽)−1𝚽T𝒕                                                 (3-13) 

As can be seen from previous derivation, for models with the form of equation (3-7) or 

equation (3-8), analytical solution exists. But for other form of models that are more complex 

than what has been shown in equation (3-8), analytical solution may not easy to find. Thus, 

optimization method, such as Newton-Raphson Method, Quasi-Newton Method or Conjugate 

Gradient Method have to be applied to solve for it. The discussion of optimization method is 

beyond this thesis. Readers are encouraged to text by Theodoridis S. or Boyd, S. [50, 51] In this 

thesis, the optimization method for solving the optimal parameters is the Levenberg-Marquardt 

method [52]. 

Now, under the polynomial model and using equation (3-13) for the solution of the 

parameters, we can get the result given the input data in Fig. 3.1. Suppose that the third-order 

polynomial function is used here, i.e., the basis vector is given as 𝝓(𝑥) = {1, 𝑥, 𝑥2, 𝑥3}.  

 

Fig. 3.2 Regression result using third-order polynomial function (Ten data points for training). In this 

figure, the red line is a plotting for the third-order polynomial function. The four parameters are 

calculated through equation (3-13) given the cyan dots as data set. The average training error is 0.1824. 

Obviously, this model will have a small validation error, since the red curve fits the green curve, which 

is the generating function, pretty good. 
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As can be seen from Fig. 3.2, the third-order polynomial function fits the generating sine 

function very well only given ten data points. That is to say the third-order polynomial function 

is able to guess the invisible generating function with only ten data points. The estimated 

parameters of the third-order polynomial function and the training error is shown in Table.3.1. 

Table. 3.1 Result for the three-order polynomial function 

Parameters 𝜃0
∗ 𝜃1

∗ 𝜃2
∗ 𝜃3

∗ 

Estimated Values -0.0127 9.1532 -25.7362 15.7645 

Average Training 

Error 

0.1824 

Although, we have used polynomial functions as basis function in equation (3-8), other 

form of basis functions such as ‘tanh’ basis, Gaussian basis or wavelets basis can be used. 

However, when the basis functions are combined in the form like equation (3-8), the 

corresponding problem is referred to as linear regression analysis, this is because the basis 

functions are summed linearly with respect to the parameters.  

 

3.3 K-Means Clustering Algorithm 

The K-means clustering algorithm is a kind of unsupervised learning, which can find some 

useful configurations in the input data. As mentioned previously, target vector will not be 

provided in the data set.  

A set of data has been generated in Fig. 3.3 for illustration. There seems to be two clusters 

in Fig. 3.3. One cluster is laying on the top left side of the figure with a shape of an oval, while 

the other is laying on the bottom right side of the figure with a shape more like a circle. In fact, 

we use two Gaussian distributions to generate this data set. The mean vectors and covariance 

matrixes are given below: 

                                    𝝁1 = {−1,1}
T , 𝝁2 = {1, −1}

T 

𝚺1 = (
1 0.6
0.6 1.1

) , 𝚺2 = (
0.3 −0.2
−0.2 1

)                 (3-14) 

The data set in which each data point colored with the corresponding cluster is shown in 

Fig. 3.4. 75 and 150 data points have been generated from the first and the second Gaussian 

distribution respectively. 
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Fig. 3.3 A data set for clustering. In this data set, only input data has been given, i.e., no target vector 

available. But as can be seen, there seems to have two clusters in this figure. The first cluster is laying 

on the top left side with a shape of an oval, while the other is laying on the bottom right side of the figure 

with a shape more like a circle. 

 

 

Fig. 3.4 The data set colored according to which Gaussian distribution a certain data point is generated. 

The green dots are the data points coming from the first Gaussian distribution, while the pink dots are 

coming from the second Gaussian distribution. 
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The ultimate goal for K-means clustering algorithm in this example is to find the two 

clusters, including mean vectors and covariance matrixes for each clusters, automatically given 

the coordinate of each data points. Of course, the number of clusters is not limited to be two. 

The original motivation for K-means clustering algorithm is for data compression [53]. For 

example, if we want to transmit these 225 data points, we have to transmit the coordinate of 

each data points. Thus, we have 550 real numbers to be transmitted (each data has its x and y 

axis). If we use K-means clustering algorithm to find 30 clusters, we will only need to transmit 

the 30 mean vectors and the 30 covariance matrixes and generate the data set after receiving 

them. Thus, we need to transmit only 60+3×30=150 real numbers (60 is the real number to be 

transmitted for the 30 mean vector, while 3×30 is the number of real number to be transmitted 

for the covariance matrix, since each covariance has only 3 numbers needed to be transmitted) 

In this thesis, K-means clustering algorithm is used to merge production tanks into a larger 

one according to their relative locations to reduce the complexity of the first generating model. 

Since the number of parameters increase quadratically with respect to the number of tanks, we 

can confine the number of tanks in the first generation model using K-means clustering 

algorithm. In this section, how K-means algorithm works will be explained. 

The K-means clustering algorithm [43] can be treated as finding a solution that minimizes 

an objective function.  We are given a set of data {𝒙1, ⋯𝒙𝑀} consisting of 𝑀 data points each 

of which is a 𝐷-dimensional vector. Under the assumption of Euclidean distance between data 

points, the K-means clustering algorithm finds 𝐾 clusters such that the data points assigned to 

a certain cluster are closer to each other than to data points that are not assigned to it. The center 

of each cluster can be denoted as 𝝁𝑘 and the binary indicator variable that indicates whether the 

𝑚-th data is assigned to 𝑘-th cluster can be denoted as 𝑟𝑚𝑘 = {0,1}. The problem can be 

expressed as follows: 

                        min

 
𝜇𝑘,𝑟𝑚𝑘,
 𝑚=1,⋯𝑀
𝑘=1,⋯𝐾

∑ ∑ 𝑟𝑚𝑘
𝐾
𝑘=1

𝑀
𝑚=1 ‖𝒙𝑚 − 𝝁𝑘‖

2                                (3-15) 

This problem can be solved by using an iterative procedure in which 𝑟𝑚𝑘  and 𝜇𝑘  are 

determined separately in two steps, i.e., expectation and maximization step.  

In the expectation step, the center vectors are assumed to be fixed, and the indicator 

variables 𝑟𝑚𝑘 are obtained by assigning every data point to their nearest center. While in the 

maximization step, the indicator variables are assumed to be fixed and the center vectors are 

renewed by the data points assigned into each clusters. By iterating the two steps until 

convergence, both cluster centers and assignments can be determined. The updating formulas 

for each step are shown below: 

Expectation step:      𝑟𝑛𝑘 = {
1
0

    𝑖𝑓 𝑘 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑗‖𝒙𝑚 − 𝝁𝑗‖
2

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                 (3-16) 

                  Maximization step:                          𝝁𝑘 =
∑ 𝑟𝑚𝑘𝒙𝑚𝑚

∑ 𝑟𝑚𝑘𝑚
                                 (3-17) 

 

The data set generated in Fig. 3.3 is used as input data for clustering. The result of K-means 

clustering algorithm is shown in Fig. 3.5. The K-means clustering algorithm assigns the points 

colored with blue in one cluster, while assigns the points colored with yellow in another cluster. 

As can be seen clearly, K-means clustering algorithm works very well in this example. The 
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results of the mean vector of the two clusters found by K-means clustering algorithm and the 

two kinds of training error is shown in Table. 3.2. 

 

Fig. 3.5 Result of K-means clustering algorithm. In this figure, each data point is colored according to 

the cluster assigned by the K-means clustering algorithm. Compared with Fig.3.4, K-means clustering 

algorithm works very well in this example.   

Table. 3.2 Result of K-means clustering algorithm 

𝝁1 {−1.0330,1.0149}T 

𝝁2 {1.0933, −1.0136}T 

First Kind of Training Error* 0% 

Second Kind of Training Error** 6% 

Total Training Error*** 4% 
*The first kind of training error is the percentage that assigns data points from first cluster into other 

cluster(s) wrongly. **The second kind of training error is the percentage that assigns points from second 

cluster into other cluster(s) wrongly. ***The total training error is the percentage of the number of 

wrongly assigned points and the total number of data points. 
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 3.4 Model Selection 

In most machine learning applications, several models or models with different complexity 

exist. Take linear regression as an example, not only can we determine the number of order 

used in the model, we can also change the basis functions to have a different result. Model 

selection is to find out the best model (or at least as best as possible) given the data set. First of 

all, we introduce the concept of under-fitting and over-fitting. Thereafter, some standard 

methods will be introduced to avoid over-fitting. 

      3.4.1 Under-fitting and Over-fitting 

In section 3.2.2, we used a three-order polynomial function to implement a regression analysis. 

However, as shown in equation (3-7), the order of polynomial function is not limited to be three. 

The order of any number can be chosen in the regression analysis. The order of the polynomial 

function controls the number of free parameters in the model.  

Since with one more order, there is one more parameter to be determined in the regression 

problem. In general, we take the number of free parameters as an index for the complexity of 

the model. The results using several different order of polynomial function are shown from Fig. 

3.6 to Fig. 3.9 and Table. 3.3. 

 

 

Fig. 3.6 Regression result using zero-order polynomial function (Ten data points for training). The zero-

polynomial function is a constant value. This value is the average output value of the data set. As we 

can see, a lot of information have not been exploited. 
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Fig. 3.7 Regression result using one-order polynomial function (Ten data points for training). The one-

polynomial function is a line. As can be seen, The regression result is still not satisfying, since both 

training error and validation error are too high. 

 

Fig. 3.8 Regression result using five-order polynomial function (Ten data points for training). Using 

five-order polynomial function, some of the points can be fitted exactly. The training error decreases 

further. But, the five-order polynomial function stuck into the random nature of the data set. It cannot 

tell the difference between useful information and random nature in the data set. Thus, cannot give a 

small validation error. 
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Fig. 3.9 Regression result using eight-order polynomial function (Ten data points for training). Using 

eight-order polynomial function, almost all of the points can be fitted exactly. The training error now is 

0.0417, which is really good. But, the eight-order polynomial function also learn lots of the random 

nature of the data set. It also cannot tell the difference between useful information and random nature in 

the data set. As can be seen, the validation error will be ever worse than the five-order polynomial 

function (since the red line and green line fail to correspond to each other). 

As can be seen clearly from Fig. 3.6 to Fig. 3.9, as with the order of the polynomial function 

increases, the training error decreases. This is because that simple model may not be able to 

fully exploit information in the data set. This phenomenon is referred to as under-fitting. 

However, when the order increases beyond a critical point, the validation error will increase 

although the training still decreases. This is because a complex model may get stuck into 

random nature of the data set, which is caused by inaccuracy observation, error data points etc.  

The phenomenon in which a complex model that can give a small training error but fails to 

generate a satisfying validation error is called over-fitting, which should be avoided. Model 

selection is to find out the model with the appropriate complexity. It is a trade-off between this 

two effects. 

      3.4.2 Appropriate Model  

In general, we take validation error as an index to check whether a model is appropriate, since 

the ultimate goal of most machine learning task is to make predictions for unknown inputs. 

From previous discussions, we can conclude that both training error and validation error should 

be taken into consideration when choosing a model appropriately. This is because that although 

some models may give a really good training error, they may fail to have a satisfying validation 
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error. The appropriate complexity of the model is also relevant to the number of training data 

set. Take the polynomial function that we considered as an example, if we generate more data 

as training set this time, we can get a better validation error with a complex model. The results 

are shown in Fig. 3.10, Fig. 3.11 and Table. 3.4. 

Training data sets with 25 and 80 points have been generated and are used for training for 

five-order and eight-order polynomial function respectively. As can be seen, as the number of 

training data points increases, both the five-order and eight-order polynomial function will give 

a satisfying validation error (the polynomial functions in Fig. 3.10 and Fig. 3.11 fit the sine 

function better). Thus, with more training data, we would also expect the appropriate model to 

be more complex. We can also find out that using a complex model with more training data, it 

is likely to get a better validation error. In the following sections, we introduce several methods 

to select models with appropriate complexity. And we will refer the most appropriate model as 

the best model. 

Table. 3.3 Regression results of using different order polynomial function  

(10 data points for training) 

        Model 

 

Parameters 

Zero-order 

polynomial 

function 

One-order 

polynomial 

function 

Three-order 

polynomial 

function 

Five-order 

polynomial 

function 

Eight-order 

polynomial 

function 

𝜃0
∗ 0.0535 0.7014 -0.0127 -0.0191 0.4559 

𝜃1
∗ - -1.8423 9.1532 14.4046 -33.3207 

𝜃2
∗ - - -25.7362 -116.5921 1165.2 

𝜃3
∗ - - 15.7645 415.0798 -12924.8 

𝜃4
∗ - - - -643.3628 65051.0 

𝜃5
∗ - - - 343.5434 -171962.4 

𝜃6
∗ - - - - 248461.7 

𝜃7
∗ - - - - -186171.2 

𝜃8
∗ - - - - 56677.1 

Average 

Training Error 

0.5703 0.2970 0.1824 0.1140 0.0417 

 

Table. 3.4 Regression results of using different order polynomial function with different number of 

training data points 

               Model 

Parameters 
Five-order polynomial function 

 (25 data points for training) 

Eight-order polynomial function 

(80 data points for training) 

𝜃0
∗ -0.2143 -0.0212 

𝜃1
∗ 4.0239 5.1040 

𝜃2
∗ 35.1088 -36.5847 

𝜃3
∗ -178.0935 493.8107 

𝜃4
∗ 234.9114 -2582.5 

𝜃5
∗ -95.7775 6154.7 

𝜃6
∗ - -7592.7 

𝜃7
∗ - 4769.3 

𝜃8
∗ - -1211.3 

Average 

Training Error 

0.1821 0.2113 
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Fig. 3.10 Regression result using five-order polynomial function (Twenty five data points for training). 

The cyan points are the training data. As we increase the number of training data to 25, the five-order 

polynomial fit the generating sine function much better, although with a slightly worse training error of 

0.1821 compared with that of 0.1140 when the number of training data is 10. This is because that this 

model avoid over-fitting this time.  

 

Fig. 3.11 Regression result using eight-order polynomial function (Eighty data points for training). The 

cyan points are the training data. When the number of training data to 80, the eight-order polynomial 

function can also give a really good fitting.   
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      3.4.3 Minimum Training Criterion and Minimum Validation Error Criterion 

In Minimum Training Error Criterion, we simply choose the model with the smallest training 

error as the best model. As we can see from previous discussions, this criterion cannot avoid 

over-fitting. We simply use this criterion as a comparison with other methods to show how 

efficiency they are to avoid over-fitting.  

In Minimum Validation Error Criterion, we take the model with the smallest validation error 

as the best model. This criterion can avoid over-fitting to a certain degree. We will use this 

criterion in Chapter 6 to select the appropriate lumped parameter model. 

      3.4.4 Cross Validation 

Since with more training data points, we can choose a complex model and it is more likely to 

have a stable regression analysis. However, for some situations where the data is scanty, if we 

still take a large part of the data set as validation set (say 30%), we may not take fully advantage 

of the data set. Cross validation is to divide the data set available into several parts (say 5 parts), 

and use each part as validation set and the rest as training set in turn. Thus, 5 times of regression 

can be implemented. In each of these five times of regression, we have a validation error for 

each model. Choosing the model that gives the smallest average validation error as the best 

model is the basic principle of cross validation (see Fig. 3.12).   

 

Fig. 3.12 A schematic graph for cross validation. The data set is divided into several parts, and each part 

have to act as validation set once. In doing so, we have several different training and validation set. For 

each training set, we can learn a set of parameters and the corresponding validation error can be 

calculated. In cross validation, the average validation is used as an index for choosing the appropriate 

model. 

      3.4.5 Akaike Information Crterion and Bayesian Information Criterion 

As discussed in previous sections, the data set has to be divided into training set and validation 

set for estimation of the unknown parameters and making a decision which model to choose. In 

both Bayesian information criterion (BIC) and Akaike information criterion (AIC), models can 

be compared directly on the training set, without the need of validation set. Thus, more 

information can be used in the training stage.  
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BIC is an approximation method of the model likelihood function, which comes from model 

selection of Bayesian perspective. In Bayesian perspective, the most fundamental rule is the 

Bayesian rule, which is given in equation (3-18): 

                          𝑝(𝑎|𝑏) =
𝑝(𝑏|𝑎)𝑝(𝑎)

𝑝(𝑏)
                                          (3-18) 

Where 𝑝(𝑎|𝑏) is the conditional probability, which is the probability that event 𝑎  will 

happen given the observation that event 𝑏 has happened. Equation (3-18) tells that we can use 

the conditional probability 𝑝(𝑏|𝑎)  to calculate the conditional probability 𝑝(𝑎|𝑏).  This 

equation holds because we can get the joint probability of variable 𝑎 and 𝑏 both sides if we 

multiply 𝑝(𝑏)  both sides in equation (3-18). 

Since the ultimate goal is to find out the model that generates the observed data set with the 

highest probability, our interest is to model the posterior probability, which can be viewed as a 

preference to make a decision after given some information. According to Bayesian rule, we 

have: 

                        𝑝(ℳ𝑖|𝒕, 𝚾) =
𝑝(𝒕, 𝚾|ℳ𝑖)

𝑝(𝒕,𝚾)
𝑝(ℳ𝑖)                                 (3-19) 

Where 𝒕  and 𝚾  are the observed target vector and the input data. 𝑝(ℳ𝑖)  is the 

corresponding prior probability, which can be viewed as a preference to make a decision before 

given any information. 𝑝(ℳ𝑖|𝒕, 𝚾) is the posterior probability for the model of ℳ𝑖 , which 

means the probability that the model which generates the data set {𝒕, 𝚾}  is model ℳ𝑖  is 

𝑝(ℳ𝑖|𝒕, 𝚾). 𝑝(𝒕, 𝚾|ℳ𝑖) is the so called model likelihood function similar with equation (3-3), 

which is the likelihood that model ℳ𝑖 generates the observed data set. 

Equation (3-19) can be understood as an updating formula for the posterior probability using 

likelihood function 𝑝(𝒕, 𝚾|ℳ𝑖) and prior probability 𝑝(ℳ𝑖). If more observations are available, 

we can use this equation to get a new posterior probability using the old one. 

Since  𝑝(𝒕, 𝚾) is the same for all of the competing models and the prior probability is known 

and can also be assumed to be the same for each model, only the model likelihood function, 

𝑝(𝒕, 𝚾|ℳ𝑖), is needed to be calculated. Thus, maximizing the posterior probability is equivalent 

to maximize the model likelihood function. Our ultimate goal is to find a model ℳ𝑖  that 

maximizes 𝑝(𝒕, 𝚾|ℳ𝑖) . Using the definition of conditional probability and applying 

marginalizing with respect to the parameters 𝜽, the model likelihood function is given as: 

             𝑝(𝒕, 𝚾|ℳ𝑖) = ∫𝑝(𝒕, 𝚾| 𝜽,ℳ𝑖) ∙ 𝑝(𝜽 |ℳ𝑖)𝑑𝜽                    (3-20) 

For models with larger number of parameters, the integral in equation (3-20) is difficult to 

evaluate exactly [54]. Thus, some approximate methods have been developed. Bayesian 

information criterion is one of the simpler versions that replaces the exact evaluation of equation 

(3-20) [55].  

          𝐵𝐼𝐶 = −𝑙𝑛𝑝(𝒕, 𝚾|𝜽∗,ℳ) +
para

2
∙ 𝑙𝑛 (𝑀)                                  (3-21) 

Where the 𝑙𝑛𝑝(𝒕, 𝚾|𝜽∗,ℳ) is the maximized value of the log-likelihood function of the 

model ℳ (see equation (3-3) or (3-5) for how to compute it under the model of three-order 

polynomial function). para is the number of free parameters and 𝑀  is the number of data 

points.  
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In terms of minimizing the sum of squared error, the BIC can be given in equation (3-22): 

                           𝐵𝐼𝐶 = 𝑀 ∙ 𝑙𝑛 (
𝑆𝑆𝐸

𝑀
) + para ∙ 𝑙𝑛(𝑀)                                         (3-22) 

Where 𝑆𝑆𝐸 is the sum of squared error. When using BIC for choosing a model, the smaller 

the value of BIC, the better the corresponding model.  

The first term in equation (3-21) and (3-22) is a measure of the goodness of the model. The 

larger the model likelihood (or the better the fitting), the smaller the first term will be. The 

second term is a penalty of the model complexity. The more complex the model is, the larger 

the penalty. Thus, BIC reflect the trade-off between the goodness of the fitting and the 

complexity of the model.  

There is another criterion, which is founded on information theory, called Akaike 

information criterion (AIC). It offers a relative estimate of the information lost when a model 

is used to represent the process that generates the data. In doing so, it can also deal with the 

trade-off between the goodness of fit of the model and the complexity of the model. The AIC 

is given in equation (3-23): 

       𝐴𝐼𝐶 = −2 ∙ 𝑙𝑛𝑝(𝒕, 𝚾|𝜽∗,ℳ) + 2 ∙ para                              (3-23) 

In terms of minimizing the sum of squared error, the AIC have the form given below: 

         𝐴𝐼𝐶 = 𝑀 ∙ 𝑙𝑛 (
𝑆𝑆𝐸

𝑀
) + 2 ∙ para                                             (3-24) 

Similar with BIC, as can be seen in equation (3-23) or (3-24), the fitting ability is penalized 

with a term that measure the complexity of the corresponding model. This implies that AIC or 

BIC may prefer a simple model which has only a moderate fitting ability than a model which 

has an excellent training result but turned out to be a complex one.  

Compared with equation (3-21) or (3-22), in the second term of equation (3-23) or (3-24), 

only the number of free parameters is considered. And since 𝑙𝑛 (𝑀) is a value larger than 2 in 

most applications, BIC penalizes more one complex model. This means that BIC will prefer a 

simpler model than AIC even though both models have same fitting ability. 

For using both BIC and AIC in choosing a model, the smaller the value of BIC or AIC, the 

better the corresponding model. 

Information criterions such as BIC and AIC have the virtue of easy evaluation, but they 

may also give misleading results. In this thesis, several model selection criterions mentioned in 

previous sections will be discussed to find appropriate one in lumped parameter modeling.  
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Chapter 4 

Complexity Reduction Algorithm 

 

As mentioned in Chapter 2, in lumped parameter models, geothermal systems are represented 

by connected tanks, in each of which the properties are homogeneous. Obviously, there is a 

trade-off between the number of tanks and links (or the complexity of the model) and the 

prediction ability of the lumped parameter model. Since with more tanks generated, the smaller 

the volume of each of them. With a smaller volume, the physical properties in each tank can be 

calculated in more accuracy, thus, a better training result could be expected. However, as 

introduced in Chapter 3, complex models may always lead to over-fitting, which is caused by 

insufficient data and should be avoided. This means that we also have to take the prediction 

ability of each model into consideration. 

In following Chapters, the tanks in lumped parameter models will be divided according to 

their relative location. Speaking more specifically, we will lump the production wells and 

observation wells into separate tanks as shown in Fig. 2.5 (f) to increase the complexity of the 

model. By doing so, we hope that the lumped parameter model can give a better fit for the 

historical data. However, by introducing several production tanks and observation tanks, the 

number of possible models increases drastically. For example, not only do we need to determine 

which production wells should be lumped together, we also have to decide whether there are 

links or not between every pair of tanks. Comparing all the possible models one by one is 

impractical in most applications. Also, for an objective function like equation (2-18), the global 

minimum is not guaranteed to be found by the Levenberg-Marquardt method that we use in this 

thesis. Thus, the results from the parameter fitting can depend on the initial estimate [34]. A 

better estimation of this starting point can certainly lead to a better fit. However, for a lumped 

parameter model that has higher complexity, the dimension of the initial estimate will also 

increase drastically. Thus, in practical applications, we do not have enough information to 

determine a really good starting point. 

A new algorithm will be developed to address these two problems simultaneously. This is 

done through the following mechanisms: Separation of weakly linked tanks (removal of links 

with low conductance between tanks) and merging of tanks that are strongly linked (those with 

high conductivity link between them). The algorithm is always executable and has finite 

termination time. 

 

 4.1 Complexity Reduction Algorithm 

The main purpose of the algorithm is to trace a path through the model space by gradually 

decreasing the complexity of the model. Since there are so many configurations when we have 

a relatively large number of production wells, it may be quite hard to delineate a way or a 

direction to go through the model space from the simple to the complex. The algorithm is 

designed in such a way that it starts with the most comprehensive model possible, i.e., with the 

largest possible number of tanks and connections, and from there it moves towards simpler 

models by gradually removing tanks and connections. We will call the most complex model a 

fully-linked model, which implies that there is a link between any arbitrary pair of tanks in the 
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model, as illustrated in Fig. 4.1. In the fully-linked model, the number of production tanks and 

observation tanks is the same as the number of production wells and observation wells in the 

field being modelled. For simplicity, we restrict the number of hidden tanks to be one in this 

thesis.  

After deciding on the structure of the tank system and providing a proper initial estimate 

for the model parameters to be found, we can minimize the error between calculated drawdown 

and measured drawdown (equation (2-18)) using the appropriate optimization method to get 

the estimated parameter vector 𝜽(𝑘), where the superscript (𝑘) means the 𝑘th generation of 

model or the 𝑘th parent model (parent model will be explained later). We begin with the most 

complicated system configuration and reduce the complexity step by step to test new 

configurations of the tank system. To simplify the configuration as a part of the algorithm, we 

may either employ separation or merging of tanks to create successively less complex 

generations of tank models.  

 

Fig. 4.1 One possible fully-linked model, where the blue circle represents a hidden tank, the green circle 

represents an observation tank and the red circles represent production tanks. The lines imply there is a 

link between the two corresponding tanks. The infinite recharge source is omitted for simplification of 

the illustration. 

       4.1.1 Separation Method and Merging Method 

Recall that the conductance σ reflects the permeability between the corresponding two tanks. 

In other words, if the conductance, 𝜎, is very high, the drawdown of the two tanks will tend to 

be the same. In this situation, it may be reasonable to merge the two tanks into one. On the 

contrary, if σ is a small value, the link between the two tanks will turn out to be weak. In this 

case it is reasonable to separate the two tanks by removing the corresponding link. Accordingly, 

in the separation method the weakest link is deleted while the two tanks corresponding to the 

strongest link are merged together when using the merging method, as shown in Fig. 4.2. 

https://en.wikipedia.org/wiki/Permeability_(fluid)
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Fig. 4.2 The Schematic graph for separating and merging method, in which the blue circles are hidden 

tanks, red circles can be both production and observation tanks. The arrow from the blue circle implies 

that there is a link between the hidden tank and recharge source.  

 

4.2 Setting Initial Estimates 

Once the structure of the tank system is known, it is necessary to set the initial estimates for the 

parameter estimation. This is done by using the parameter values from the parent model (i.e. 

the model configuration prior to merging or separation). In our algorithm, we have five kinds 

of parameters (as was explained in section 2.2.3), all of which must be assigned an initial value 

for parameter estimation in the new model. 

For both separating and merging, the conductance between the hidden tank and the infinite 

recharge source 𝜎∞,0
(𝑚)

 and the drawdown of the recharge source ℎ∞,0
(𝑚)

 are the same as 𝜎∞
(𝑘)

and 

ℎ∞
(𝑘)

 (i.e. those of the parent model). This is also true for 𝐾𝑖,0
(𝑚)

, 𝜎𝑖,0
(𝑚)

, ℎ(1, 𝑖)0
(𝑚)

 for all of the 

other tanks that have neither undergone separation nor merging. The superscript (𝑚) represents 

model, which can imply both separating and merging. Note that the subscript 0 means we are 

finding the initial estimate for the current model, and the superscript (𝑘) refers to the parent 

model.  

       4.2.1 Setting Initial Estimates for the Separation Method 

There are some minor differences in setting the starting point values between the separation and 

merging methods. With the separation method, we only delete the weakest link, which means 
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that we just need to set 𝐾𝑖,0
(𝑠)

,  ℎ(1, 𝑖)0
(𝑠)

 equal to 𝐾𝑖
(𝑘)

,  ℎ(1, 𝑖)
(𝑘)

 respectively for the two 

corresponding tanks, where the superscript (𝑠) represents the model after separation.  

      4.2.2 Setting Initial Estimates for Merging Method 

For the merging method, the capacity of the newly formed tank, 𝐾𝑙,0
(𝑚𝑒𝑟)

, its initial 

drawdown, ℎ(1, 𝑙)0
(𝑚𝑒𝑟)

 and the conductivity of links to all other tanks, 𝜎𝑗𝑙,0
(𝑚𝑒𝑟)

, must be found.  

Here the subscript (𝑚𝑒𝑟) refers to the model after merging, 𝑙 represents one of the two tanks 

to be merged and  𝑗 represents all other tanks connected to them. In this work, we use the 

following straightforward method for setting 𝐾𝑙,0
(𝑚𝑒𝑟)

: 

                             𝐾𝑙,0
(𝑚𝑒𝑟)

= 𝐾𝑙
(𝑘)
+ 𝐾𝑝

(𝑘)
  (𝑙 < 𝑝)                         (4-1) 

Where 𝑝 is the other tank to be merged. Also, in this equation we always merge the tank 

with a bigger index into the one with smaller index. We set ℎ(1, 𝑙)0
(𝑚𝑒𝑟)

 as the weighted average 

of the initial drawdow of the tanks being merged: 

                  ℎ(1, 𝑙)0
(𝑚𝑒𝑟)

=
ℎ(1,𝑙)

(𝑘)
∙𝐾𝑙
(𝑘)
+ℎ(1,𝑝)

(𝑘)
∙𝐾𝑝
(𝑘)

𝐾𝑙
(𝑘)
+𝐾𝑝

(𝑘)     (𝑙 < 𝑝)            (4-2) 

We set 𝜎𝑗𝑙,0
(𝑚𝑒𝑟)

 using: 𝜎𝑗𝑙,0
(𝑚𝑒𝑟)

= 𝜎𝑗𝑙
(𝑘)

+𝜎𝑗𝑝
(𝑘)
     (𝑙 < 𝑝), in accordance with the additive law 

for parallel conductances.  

At this point, we have constructed two different models from the parent model: the 

separated model from the separation process and the merged model from the merging process.  

We have also described how starting values for parameter estimation are determined for the 

two different models. The next step is to carry out parameter estimation for either model using 

optimization methods in history matching phase.  

After parameter estimation through history matching has been applied to the k-th 

generation separated and merged models respectively, a comparison is made between the two. 

The model that fits the data better is retained, and the one that fits worse is rejected. Thus, a 

model for the k-th generation of models is selected.  This model then serves as the parent model 

for the (k+1)-th generation models. This procedure will be repeated until some termination 

conditions are satisfied.  

      4.2.3 Initiating Complexity Reduction Algorithm 

As mentioned previously, a good initial estimate is critical for a proper fit. In this section, 

the method for setting the initial estimate for the fully linked model at the beginning of the 

algorithm is shown. The algorithm starts by using the two tank model, and sets the initial 

estimate according to the result from the optimized fit of the two tank model. The resulting 

parameter of the two tank model is denoted as below: 

𝐾1
(0)
, 𝐾2

(0)
, 𝜎12
(0)

, 𝜎1∞
(0)
,  ℎ(1,1)

(0)
, ℎ(1,2)

(0)
, ℎ∞
(0)

 

Where the superscript (0)’s represent the two tank model (the zeroth generation model), 

the subscript 1 and 2 represents the hidden tank and the other tank respectively. In order to get 

an initial estimate for the fully-linked model, the parameters are set accordingly: 

                                𝐾1,0
(1) = 𝐾1

(0)                                               (4-3)  
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                              𝐾2
(0)
= ∑ 𝐾𝑖,0

(1)
𝑖≠1                                      (4-4) 

                              𝜎12
(0) = ∑ 𝜎1𝑖,0

(1)
𝑖≠1                                      (4-5) 

                            𝜎𝑙𝑝,0
(1)
= 10 × 𝜎12

(0), 𝑙, 𝑝 ≠ 1                     (4-6)  

                             𝜎1∞,0
(1)

= 𝜎1∞
(0)

                                             (4-7) 

                              ℎ1
(1) = ℎ1

(0)                                                (4-8)  

                              ℎ𝑖
(1) = ℎ2

(0)                                                (4-9) 

                               ℎ∞
(1)
= ℎ∞

(0)
                                                (4-10) 

Where the subscript (1)’s indicate that the parameters are correspond to the fully-linked 

model, i.e., the first model of the algorithm and the subscript 0’s mean that the algorithm is 

finding the initial starting values for the corresponding model. In equation (4-3), we set the 

storage capacity of the hidden tank in the fully linked model the same as that of the hidden tank 

in the two tank model. With equation (4-4), we make sure the sum of all the storage capacity 

for production and observation tanks is the same as that of the production tank in two tank 

model. Similarly, in equation (4-5), we make sure the sum of the conductance between each 

production or observation tank and the hidden tank is the same as the corresponding 

conductance in the two tank model. In equation (4-6), we set all of other conductances to be a 

large value, because they stem from a single tank in the two tank model. With equations (4-7)-

(4-10), we make sure the initial estimates for the fully linked model are the same as the 

corresponding resulting value in the two tanks model. 

 

 4.3 Assumptions for Complexity Reduction Algorithm 

In order to guarantee the algorithm is always executable and has finite termination time, we 

make the following assumptions. 

 We always separate two tanks with the weakest link and merge two tanks with the 

strongest link no matter how large or how small the absolute value of the links is. 

 No unlinked system is allowed after separating, which means every tank has to be linked 

with the hidden tank in some way.  

 If we separate the weakest link and get a non-connected system, we have to choose the 

second weakest link to separate. 

 If we have tried all of the existing links, but all of them will lead to a non-connected 

system, the algorithm doesn’t separate the system and returns the original value of the 

parameters. The corresponding system is called a non-separable system. 

 No tank is allowed to be merged into the hidden tank. However, merging an observation 

tank into a production tank is allowed. 

 For a certain system, if the only way to merge is to merge a tank into the hidden tank, it 

is called a non-mergeable system. 

 If the current system is a non-separable one, we select the merging one for further 

inspection. 

 If the current system is a non-mergable one, we only select the separating one for further 

inspection. 
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 If a system is both a non-separable and a non-meregeable system, the algorithm should 

be terminated. 

4.4 The Entire Process of Complexity Reduction Algorithm 

The entire procedure of the algorithm is explained with algorithm.4.1. Note that in iv)-th step 

in the algorithm, the absolute average error is used as comparison criteria. The term Averror in 

algorithm. 4.1 is the shorthand of absolute average error. 

Algorithm.4.1. Complexity Reduction Algorithm including the separating and merging methods.   

 

 

4.5 Analysis of Complexity Reduction Algorithm 

Complexity Reduction Algorithm defines a systematically way to traverse through all possible 

models. In each of these models, the history matching is implemented. One can understand the 

history matching phase as finding the optimal parameter vector 𝜽 in a parameter sub-space, 

which is defined by the specific model chosen. Once a model is determined, the feasible region 

is confined in the corresponding sub-space. The number of dimensions of this sub-space is the 

number of parameters that the corresponding model has. It is more likely to get a better solution 

in a feasible region with higher dimension, because the number of feasible solutions will 

increase exponentially with the increase of dimensions (just as discussed in Chapter 3 that 

complex models are likely to give better training results). But this is not guaranteed, since it is 

possible that some dimensions are correlated so that no valuable information is added. One 

should in general try to find the best model while keeping the number of dimensions as low as 

possible.  
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In lumped parameter modelling, different models correspond to tank network systems with 

different structure, which consequentially define different sub-spaces. The Complexity 

Reduction Algorithm aims to find an appropriate sub-space on which an optimization method 

is able to estimate the parameter vector 𝜽 such that both the training and validation error are 

minimized. The process can be expressed as follows: 

                      𝑚𝑖𝑛
ℳ

||𝒯(ℎ⃗ |�⃗⃗� , 𝜽,ℳ) − ℎ𝑒⃗⃗⃗⃗ ||2
2                                  (4-11) 

Where ℳ  represents the model available, or equivalently a sub-space defined by the 

corresponding model. 𝒯  is the transform defined by equation (2-12) that relates the output 

drawdown data with the input production data under the parameter vector 𝜽 and the model ℳ. 

𝜽  is estimated using equation (2-18). ℎ𝑒⃗⃗⃗⃗  is the training data set, which is the observed 

drawdown. ℎ⃗  is the corresponding calculated value, which is the output response of the model.  

As discussed previously, Complexity Reduction Algorithm seeks an appropriate model in 

a systematic manner with the use of two methods, i.e., separation and merging method (see 

Fig.4.2). Note that the conductance 𝜎𝑖𝑗  implies the strength of the link between the 

corresponding tanks. If it turns out to be very small, then the corresponding tanks are almost 

independent of each other. Thus, this dimension fails to provide any valuable information and 

we could also achieve a good model by deleting it. Similarly, if the conductance 𝜎𝑖𝑗  is very 

large, the behavior of the corresponding tanks will be undistinguishable. Thus, only one set of 

parameters is needed to describe both tanks, and they can be merged. In this manner, the 

dimension can be reduced further without loss of accuracy of the results. Thus, in the separation 

method, the algorithm simply finds the weakest link and removes it. While in merging method, 

the algorithm finds the strongest link and merges the corresponding tanks. By doing this 

iteratively, the complexity of the lumped parameter model can be reduced. 

The initial estimate for parameters of the most complex model, is generated from a two 

tank model, which can be named as the initialization model in CRA. Hence, there is only a 

slight improvement in accuracy going from the two tank to the fully-linked model (the most 

complex one, also called the first generation model of the initial run of the CRA). Fig. 4.3 shows 

how the accuracy of the model develops over successive iterations of the CRA. For each 

iteration the dimensions of the parameter space are reduced, the feasibility region changes, and 

the initial estimates used in the optimization routine for the parameters are updated in 

accordance with parameter values from the previous model (the parent model). The updating 

of the initial estimate for successive generations is an important process in improved accuracy, 

and is influenced by the complex structure of the parent model. However, as mentioned 

previously, a complex model with more parameters is more likely to give a better result. 

Therefore, a minimum point (colored with red in Fig. 4.3) exists where the benefit of changing 

the feasibility region to release the initial estimates, balances with the loss of accuracy due to 

decreasing the complexity of the model. This minimum may then be used as the basis for a 

better set of initial estimate of the parameter estimation for the most complex values. This idea 

of using the parameter values from the minimum point to reset the initial estimate for parameter 

estimation in a new 1st generation model lies at the heart of the switch-back method which will 

be described in Chapter 5 of this thesis.  
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Fig. 4.3 A typical result of Complexity Reduction Algorithm. The training error for the first generation 

model is only slightly smaller than for the two-tank initialization model, while the minimum point 

corresponds to the 21st generation model, which is much simpler than the first generation model.



46 
 

Chapter 5  

Switch-Back Method 

 

The separation method, described in the previous Chapter, removes links between tanks, while 

the tank capacitance and drawdown of each tank remain unchanged. The merging method 

combines two tanks from the previous generation of the model, with the capacitance of the new 

tank being the sum of the capacitances of the merged tanks, and the drawdown of the merged 

tank a weighted average of the drawdown of the merging tanks. Thus, any tank in any 

intermediate model generated in the CRA can viewed as a combination of tanks from previous 

generations. The set of tanks from an earlier generation comprising a tank in an intermediate 

model are said to be in a group. A simple illustration of this is shown in Fig. 5.1 where tanks 2 

and 4 from the original model have been merged into tank 2’ in the intermediate model, and 

thus comprise a group. 

 

 
Fig. 5.1 Intermediate model as a combination of tanks from original model. The group matrix, which is 

generated in the CRA, tells how a production tank is made up of original tanks. In this case, the tank 2′ 
is generated by merging tank 2 and tank 4. Thus, tank 2 and 4 comprise the same group. 

It is possible to switch an arbitrary intermediate model back to the structure of a first 

generation model, with the full complement of tanks but some links removed, with an 

appropriate relation between tank capacitances, drawdown values, and link conductances. 

 

5.1 Setting the link configuration 

Since the conductance, 𝜎, reflects the strength of the link between corresponding tanks, the 

larger its value, the stronger the link. With a very strong link, the behavior of the two tanks 

would be so similar that they behave as one. Thus, it is possible to split a tank into sub-tanks 

and set strong links between them without changing the model too much. Given this insight, 
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one can take the model, generated by the CRA, with the smallest error (the minimum point 

model, e.g. the 21st generation model of Fig. 4.3), and convert it into a model with the same 

structure as the first generation model from the previous run of the CRA (more accurately, the 

same number of tanks as in the previous first generation model, since the linking may be 

changed). But in this case the initial guess for the parameter estimation process for the 1st 

generation model will be based on the parameter values from the minimum point model rather 

than from the two-tank initialization model. This process of going from the structure of the 

minimum model to the structure of the first generation model is what we refer to as switch-

back.  

In addition to adding links between tanks in a same group, links must be remade to all other 

tanks in the first generation model during switch-back. If there is a link between two tanks in 

the minimum model, links must be made between all the tanks in the two separate groups. A 

simple case is shown in Fig. 5.2. During switch-back, tank 2’ of the minimum model is split 

into tanks 2 and 4 of the first generation model. The link between tanks 2 and 4 is given a very 

high conductivity, 𝜎24, and the links 𝜎23 and 𝜎34 replace link 𝜎2′3′. 

 
Fig. 5.2 A simple example for how the switch-back method works to recover the structure of a first 

generation model. Here, the model on the left hand side corresponds to the CRA, and the model on the 

right hand side corresponds to the first generation model after switch-back. Note that the group matrix 

is provided by the Complexity Reduction Algorithm. 

After switching back to the first generation model, the CRA is applied again. Once the 

second CRA has run its course, a second switch-back may be carried out. Thus, we may carry 

out any number of switch-backs, each time using the CRA to find a new minimum model. We 

speak of the CRA creating successive generations of models, and will refer to a particular 

iteration being the n-th generation model on the q-th switch-back. Recall that, for the initial 

application of the CRA no switch-back has been carried out, and we speak of that run of the 

CRA occurring for no or zero switch-back. 
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 5.2 Setting the initial estimate for the 1st generation model after switchback 

The purpose of the switch-back is to renew initial guesses for parameter estimation in the first 

generation model based on the minimum model of the last run of the CRA. In this section, we 

show how that is done to maintain proper physical significance of relation between tanks. 

Let 𝐾𝑙,0
(𝑠𝑤𝑐ℎ)

 represent the initial estimate for the capacitance of the l-th tank of the first 

generation model after switch-back. Assume that the minimum model, prior to switch-back, 

contained a tank j´, with capacitance, 𝐾𝑗´
(𝑚𝑖𝑛)

. Furthermore, assume that the l-th tank of the first 

generation model was part of a group of tanks, 𝐺𝑗´, that comprised tank j´. To find the value of 

𝐾𝑙,0
(𝑠𝑤𝑐ℎ)

, we need to make sure the sum of the capacitances of all the tanks that were in 𝐺𝑗´, be 

equal to the capacitance of tank j´ in the minimum model, which we denote by 𝐾𝑗´
(𝑚𝑖𝑛)

. This is 

simply a manifestation of the conservation of mass and may be written in the following manner: 

                                          𝐾𝑗´
(𝑚𝑖𝑛)

= ∑ 𝐾𝑙,0
(𝑠𝑤𝑐ℎ)

𝑙∈𝐺𝑗´
                                               (5-1) 

Where the superscript, (𝑠𝑤𝑐ℎ), refers to switch-back, and the superscript, (min), refers to 

the minimum model before switch-back. 

For example, in the simple illustration shown in Fig. 5.2, we see that tank 2′ of the minimum 

model is comprised of tanks 2 and 4 from the first generation model. To get the new initial 

estimate for the capacity of those tanks, i.e. 𝐾2,0
(𝑠𝑤𝑐ℎ)

 and 𝐾4,0
(𝑠𝑤𝑐ℎ)

, we need to make sure that 

𝐾2,0
(𝑠𝑤𝑐ℎ)

+ 𝐾4,0
(𝑠𝑤𝑐ℎ)

= 𝐾
2′
(𝑚𝑖𝑛)

, the capacity of tank 2′ . 𝐾2,0
(𝑠𝑤𝑐ℎ)

 and 𝐾4,0
(𝑠𝑤𝑐ℎ)

are given random 

values such that they adhere to the aforementioned constraint. A similar operation can be done 

for each tank in the minimum model.  

Next we consider how to allocate the new initial estimates for the conductances in the first 

generation model after switch-back. Let 𝜎𝑙𝑝,0
(𝑠𝑤𝑐ℎ)

 denote the new initial estimate for the 

conductance between tanks l and p in the first generation model after switch-back. This is done 

in different ways depending on whether the tanks are from the same group or different groups. 

If tanks l and p are from the same group, 𝐺𝑗´ , they are strongly connected and the 

conductance between them should be much larger than the conductance that describes there 

interaction with tanks from other groups. 

                                 𝜎𝑙𝑝,0
(𝑠𝑤𝑐ℎ)

= 10 × ∑ 𝜎𝑖𝑗
(𝑚𝑖𝑛)

𝑖≠𝑗     𝑙, 𝑝 ∈ 𝐺𝑗´                                    (5-2) 

For example, in the simple illustration in Fig. 5.2, this formula tells how to set conductances 

like 𝜎24,0
(𝑠𝑤𝑐ℎ)

. It is simply equal to the sum of all conducances on the right hand side of Fig.5.2.  

When considering links between tanks that are not in the same group, we make use of the 

additive property of parallel conductances: 

         𝜎𝑗´𝑘´
(𝑚𝑖𝑛)

= ∑ 𝜎𝑙𝑝,0
(𝑠𝑤𝑐ℎ)

  (𝑙 ∈ 𝑔𝑟𝑜𝑢𝑝 𝑗´, 𝑝 ∈ 𝑔𝑟𝑜𝑢𝑝 𝑘´, 𝑗´ ≠ 𝑘´, 𝜎𝑗´𝑘´
(𝑚)

≠ 0)𝑙,𝑝         (5-3) 

Where 𝑙, 𝑝 are indices of the tanks that are not in the same group. Note that there is a link 

between group 𝑗´ and 𝑘´. For an example, we refer to Fig. 5.2. The values of 𝜎23,0
(𝑠𝑤𝑐ℎ)

 and 
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𝜎34,0
(𝑠𝑤𝑐ℎ)

 are picked randomly, subject to the condition that their sum be equal to  𝜎2′3′ of the 

right hand side of Fig. 5.2.  

Having found the new initial estimates for capacitances and conductances in the first 

generation model, the next step is to find new initial estimates for drawdown. Let ℎ(1, 𝑙) denote 

the drawdown of tank l in the first time step of the series. This is a parameter found by history 

matching, but an initial estimate of that parameter value is needed for that process. Let 

ℎ(1, 𝑙)0
(𝑠𝑤𝑐ℎ)

 denote this initial estimate for the drawdown in the 1st time step for the l-th tank 

of the first generation model, after switch-back. Then, we need to set the value of ℎ(1, 𝑙)0
(𝑠𝑤𝑐ℎ)

 

for tank 𝑙 equal to ℎ(1, 𝑘)
(𝑚)

 , where 𝑘 is the tank in minimum model which contained tank l 

of the first generation model. For example, referring again to Fig. 5.2, we are interested in 

finding ℎ(1,2)0
(𝑠𝑤𝑐ℎ)

, ℎ(1,4)0
(𝑠𝑤𝑐ℎ)

and ℎ(1,3)0
(𝑠𝑤𝑐ℎ)

, the initial estimates of drawdown for tanks 

2, 4 and tank 3, respectively. In accordance with the rule described above, we have 

ℎ(1,2)0
(𝑠𝑤𝑐ℎ)

= ℎ(1, 2′)(𝑚) , ℎ(1,4)0
(𝑠𝑤𝑐ℎ)

= ℎ(1, 2′)(𝑚)and ℎ(1,3)0
(𝑠𝑤𝑐ℎ)

= ℎ(1, 3′)(𝑚𝑖𝑛)  both 

tank 2 and 4 were part of tank 2′ in the minimum model, and tank 3 was in tank 3′. 

 Lastly, the value of the conductance between infinite recharge source, 𝜎∞,0
(𝑠𝑤𝑐ℎ)

 , and the 

drawdown of the infinite recharge source, ℎ∞,0
(𝑠𝑤𝑐ℎ)

, are set equal to the values in the minimum 

model. 

                                             𝜎∞,0
(𝑠𝑤𝑐ℎ)

= 𝜎∞
(𝑚𝑖𝑛)

                                                     (5-4) 

                                               ℎ∞,0
(𝑠𝑤𝑐ℎ)

= ℎ∞
(𝑚𝑖𝑛)

                                                    (5-5) 

According to equation (5-4) and equation (5-5), the initial estimate for these two parameters 

remain unchanged. 

After applying the switch-back method, the CRA is run again. This procedure can be 

repeated for several times until a satisfactory result obtained. (In this thesis, we define the 

training error for the first generation model is smaller than the second generation model as the 

termination rule).  
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5.3 the switch-back method 

The procedure of the switch-back method is shown below: 

Algorithm. 5.1 Switch-back method 

1: Get the parameters for the minimum model from previous iteration of the CRA.  

Denote LB as the link matrix; 

GM as group matrix; 

    KB as the matrix of storage capacity; 

SB as the matrix of conductance. 

Update link matrix 

2: for i=1→end 

3:   for j=1→end 

4:     if GM(i)==GM(j) or LB(group(i), group(j)) ==1 

5:          L(i,j)←1; L(j,i)←1; 

6:     else 

7:         L(i,j)←0; L(j,i)←0 

8:     end if 

9:   end for 

10: end for 

Update K 

11: for k=1 → the number of groups 

12: Rand ←random (KB(k,k), number of components in         

                    group k) *; 

13:   for m=1→ number of components in group k 

14:     K(m,m)=Rand(m); 

15:   end for  

16: end for 

17: Other components in K are set to be zeros; 

Update S 

Set main conductance 

18: for k=1→ the number of groups 

19:   for every component p in the group 

20:     S(p,p)←10× ∑ SB𝑚 (k,m); 

21:     end for 

22: end for 

Set bypass conductance 



51 
 

23: for i=1→end-1 

24:   for j=i+1→end 

25:     if LB(i,j)==1 

26:       Get a random series such that the sum of the bypass conductance equals to SB(i,j) and 

set the components of S accordingly; 

27:     end if 

28:   end for 

29: end for 

Update initial drawdown 

Update conductance between infinite recharge source and each tank 

Update drawdown for infinite recharge source 

    Run Complexity Reduction Algorithm 

*random(s,n) is a function that can generate the a series of random values that have n values and the 

sum is equals to s. 
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Chapter 6 

Results 

 

In this Chapter, the Complexity Reduction Algorithm (CRA) combined with switch-back 

method is applied into Laugarnes geothermal field and Reykir geothermal area in Iceland.  

 The goal of section 6.1 is to shown the result of using CRA along. In this section, CRA is 

applied into real data from Laugarnes geothermal field and the results in two situations have 

been shown. In section 6.2, switch-back method is combined with CRA to decrease the training 

error for complex models. Real data from both Laugarnes geothermal field and Reykir 

geothermal area are applied. Also, since Reykir geothermal area runs 34 production wells, K-

means clustering algorithm (section 3.3) is introduced to find the configuration for the 

production tanks in the fully-linked model.  

In all of these two sections, both AIC and BIC (section 3.4.5) have been studied to show 

how they can be used as an indicator for model selection in lumped parameter models. The 

number of parameters in lumped parameter model is viewed as an indicator for model 

complexity. 

 

6.1 Results of Comlexity Reduction Algorithm in Laugarnes Field 

The exploitation of hot water from Laugarnes field dates back to 1928-1930 with the drilling 

of 14 shallow wells, among which the deepest one was 246 m. The field generated 14 l/s of hot 

water at a temperature of 87℃ and was used for heating schoolhouses, hospitals, swimming 

pools and about 70 residential houses. In the year of 1958, because of the coming of the new 

drilling facilities, deeper and wider wells are available which brought a much more yield of 330 

l/s at a temperature of 125 ℃-130℃ [56, 57].  

Now, there are 10 production wells in the field (Fig. 6.1), with a temperature among the 

range from 110 ℃ to 125 ℃ at the depth of 400 m to 500 m and increase with depth. In this 

field application, observation drawdown data from RV-34 from the years 1982 until 2010 is 

used to fit for the parameters, as shown in Fig .6.2. Applying cubic spline interpolation to the 

original data, one can get a consecutive and derivable function relative with time for both 

drawdown and production. The circles in Fig. 6.2 correspond to the data at the first day of each 

month in the function. Connecting them with lines, one can get Fig. 6.2. 
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Fig. 6.1 Production wells and observation wells in Laugarnes field. This figure is taken from 

Sigurðardottir [4]. Now, Laugarnes field runs 10 production wells and two observation wells. The two 

observation wells have been marked with a red circles. In this thesis, observation data from RV-34 have 

been used. 

We now apply CRA to real data from the Laugarnes geothermal field in Iceland. Although 

the training error indicates whether a model is suitable in certain aspects, the best model should 

also have a strong ability to predict results, as discussed in Chapter 3. To illustrate this, we 

present the results in two different situations and in both we use the Akaike Information 

Criterion (AIC) and Bayesian Information Criterion (BIC) as indicators for model selection. 

First, we fit the parameters with all of the drawdown data and calculate the AIC and BIC values 

for each model. Then we fit the parameters with only 2/3 of the data as a training set and use 

the remaining 1/3 data as validation set. In this situation we calculate both training error and 

validation error for each model and compare the results with that implied by the AIC and BIC 

criterion.  

      6.1.1 Training without Validation 

Since we have 10 production wells in the Laugarnes geothermal field and one observation well, 

the first generation model is a 12 tank model in the algorithm. The results are shown in Fig. 6.3. 

In this figure, the training error versus the AIC value, the BIC value and the number of 

parameters are presented. As can be seen clearly, the algorithm traverses a certain path by 

reducing complexity (Fig. 6.3 (b)) and finds the best model with the smallest training error, 

which corresponds to the 23rd generation model. But, both AIC and BIC indicate that the 24th 

generation model is the proper candidate, since it corresponds to the smallest AIC and BIC 

value.  
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Fig. 6.2 Observed water drawdown and production data of Laugarnes field. The blue circle corresponds 

to the drawdown data from RV-34 well, while the red line is the result after connecting the observed 

drawdown data. The green line represents the production rate, under which the area corresponds to the 

accumulated production. Notice that these are not the original data, but the data after applying cubic 

spline interpolation. Each small circle corresponds to the first day of each month. 

 

                                      a.                                                              b. 

Fig. 6.3 The result of CRA for Laugarnes field (without validation). (a) Training error, the AIC and 

the BIC value (b) Training error and the number of parameters. 
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      6.1.2 Training with Validation 

Now, 2/3 of the data points are used for training while the remaining data are preserved for 

validation. The results are shown in Fig. 6.4 (a) and (b), in which we calculate the training error, 

the validation error, the AIC value and the BIC value respectively. In Fig. 6.4 (a), the training 

error versus validation error is plotted in the same graph. As can be seen, the trend of the training 

error curve is very similar with that in Fig. 6.3. After the training stage is done, the parameters 

estimated from the 2/3 of the data are used to make a prediction for every model and validation 

error is calculated. As can be seen, the curve has a minimum value, which corresponds to the 

model that has the best generalization capability. This model is not necessarily the same as the 

model has the best fitting ability. This is because the best fitting model may lead to over-fitting, 

which should be avoided in model selection. 

 

                                      a.                                                              b. 

Fig. 6.4 The result of CRA for Laugarnes field (with validation). (a) Training error, the AIC and the 

BIC value (b) Training error and the number of parameters. 

     6.1.3 Discussions  

From Fig. 6.3 (a) and Fig. 6.4 (a), it is clear that one can get a better fit using a more complex 

model than the two tank model. However, from Fig. 6.4 (a), we see that the best fitting model 

does not necessarily have the strongest predictive capacity, as the best fitting model may be 

over-fitting the data.  As mentioned before, one should take both the training error and the 

validation error into consideration when evaluating the best model. However, the criterion to 

combine these two aspects properly may be hard to define. Also as implied in this work, one 

can resort to the AIC or BIC for model selection. To gain some insights into the behavior of the 

AIC and BIC, it is reasonable to assume that predictive capacity is more preferable and one can 

simply pick out the model that gives the best predictive capacity from models whose training 

error is within a certain range. For simplicity, we assume that this upper bound of training error 

is 6 meters, which is higher than that of all the models presented in our results. According to 

this assumption, the best model is the one with the smallest validation error. This criterion is 
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referred to as Min-validation error criterion. In contrast to that, we refer to the criterion that 

picks the model with the smallest training error as Min-training error criterion (section 3.4.3). 

Under the min-validation error criterion, the best model would be the 21st model in the 

algorithm, which gives a validation error of 6.0797 m. While, from the AIC and the BIC, one 

can infer the best model to be the 23th model. Compared with the Min-validation error criterion, 

one can see clearly that although we focus less on training error, both of the models 

recommended by AIC and BIC turn out to give a worse training error. Thus, even if we consider 

the contribution of training error into our model selection criterion, the two models 

recommended by AIC and BIC will by no means be the candidate. Similar analysis can also be 

made when compared with the Min-training error criterion. This indicates that both the AIC 

and BIC are biased towards too simple models in lumped parameter modeling. However, in 

lumped parameter modelling, a physical interpretation for every parameter is available and one 

can get the multi-well production model based on actual well locations. Thus, the complex 

model will better represent a certain field and is therefore less likely to fall into the situation of 

over-fitting. In addition, if more data is available, both the AIC and BIC would point towards 

more complex models than in the situation where only scant data is available. When all of the 

data was used as the training set, the complexity of the model recommended by the AIC 

criterion is very similar to that recommended by the Min-validation error criterion where 2/3 of 

the data are used for training. 

 

 6.2 Results of Switch-Back Method 

In this section, switch-back method is applied in real data from both Laugarnes geothermal field 

and Reykir geothermal area. Also, since Reykir geothermal area runs 34 production wells, K-

Means clustering algorithm is applied here to find which production well to be merged to form 

a production tank according to their relative location. 

As discussed in Chapter 5, switch-back method is to improve the fitting ability of models 

in CRA. Thus, CRA has to run first to initialize switch-back method. We shall refer the CRA 

as the zeroth switch-back method. Since switch-back method may be iterated for several times 

to achieve a satisfying result, the successive iteration can be referred to as first switch-back 

method, second switch-back method etc.  

 

       6.2.1 Laugarnes Field 

The switch-back method is applied to the result of CRA in section 6.1.2 to decrease the training 

error of the first generation model further. 2/3 of the data set is used for training while the 

remaining data is used for validation. The results are shown in Fig. 6.5 and Fig. 6.6, in which 

the training error, the validation error, the AIC value, the BIC value and the number of 

parameters are presented respectively. 

In Fig. 6.5 (a), the training error is shown for the Complexity Reduction Algorithm and 

every iteration of the switch-back method. As we can see, it takes the algorithm 4 times to 

reduce the first generation model into the best fitting model.  

In Fig. 6.5 (b), we use the parameters estimated from the 2/3 of the whole data to make a 

prediction for every model and calculate the validation error. As can be seen, all of the curves 

have a minimum value, which corresponds to the model that has the best prediction ability. 

These models are not necessarily the most complex ones although they can give the smallest 
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training error. This is because the most complex model may lead to over-fitting, which should 

be avoided in model selection, just as discussed in section 3.4. 

In Fig. 6.5 (c) and Fig. 6.5 (d), we show the AIC and BIC values versus different generation 

models among all the switch-back method iterations. In both figures, we can choose the 

recommended model by picking out the one whose AIC or BIC value correspond to a minimum. 

Again, this model is more obvious under the AIC criterion, since the curves go upwards after 

the minimum and they never go down to a comparable level as in the beginning. It would be 

harder to find the best model using a BIC criterion, since the BIC value for the last generation 

models seems to be tied with the minimum. This is because BIC penalize more on complex 

models, consequently, complex models tend to have higher BIC values even they have better 

training ability. This also give rise to the observation that the best model indicated by the AIC 

is more complex than that of the BIC (see section 3.4.5). Also, it is clear that both AIC and BIC 

prefer a model that is simpler than the one generates the smallest validation error. 

In Fig. 6.6, we plot how the number of parameters changes during different steps in the 

algorithm. The number of parameters always decreases as with the execution of the algorithm, 

except there is an increase from the first step to the second in the Complexity Reduction 

Algorithm, which corresponds to the initiating stage. This observation coincides with the goal 

to traverse the model space from complex to simple.  

This result is also summarized in Table. 6.1. From this table, we can find out that the models 

recommended by both AIC and BIC give misleading results, since neither the training error nor 

the validation error is smaller than the seventh generation model in the 4th iteration switch-back 

method, the model recommended by Min-Validation error criterion.   
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Fig. 6.5 The results for both Complexity Reduction Algorithm and combined with Switch-back method 

for Laugarnes geothermal field. 
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Fig. 6.6 The changing of the number of parameters for both Complexity Reduction Algorithm and 

Switch-Back method for Laugarnes geothermal field. 

 

Table. 6.1 Summary of the candidate model from different criterion for Laugarnes geothermal field 

 Training 

error(m) 

Validation 

error(m) 

AIC value BIC value Number of 

parameters** 

Min-validation 

error 

(4𝑡ℎ-Seventh) * 

3.5326 6.0281 1298.1 1417.9 35 

Min-training error 

(4𝑡ℎ -First) 

3.4554 6.4173 1263.4 1508.8 53 

AIC criterion 

(4𝑡ℎ- Eleventh) 

3.5602 6.9271 1279.2 1362.4 24 

BIC criterion 

(4𝑡ℎ - Thirteenth) 

3.8074 8.1607 1283.5 1341.6 16 

*The location of the corresponding model. Take 4𝑡ℎ -Seventh as an example, the 4𝑡ℎ indeicates the 

model appears in the fourth iteration of switch-back method, while the Seventh indeicates the seventh 

generation model of the corresponding iteration. 

**Number of parameters indicates how many parameters there are in the corresponding lumped 

parameter model. It also reflects the complexity of the lumped parameter model used. 
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The seventh generation model in the 4th iteration of switch-back method is a model with 8 

production tanks and 1 observation tank. The structure of this model is shown in Fig. 6.7. The 

fitted results are shown in Table. 6.2 and Fig. 6.8. 

 

 
Fig. 6.7 Structure of the seventh generation model in the 4th iteration of switch-back method in 

Laugarnes field.  In this figure, each circle with different color corresponds to a tank of different type. 

Also shown is the name of the wells for which each of these tanks represents. Each of the two bigger 

production tanks, colored with red, is composed by two production wells and their nearby regions. The 

relative location of each of these tanks have been kept in this figure.  
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Table. 6.2 Fitted Parameters of the seventh generation model in the 4th iteration of switch-back method 

in Laugarues field. 

Parameter 𝐾1 

(𝑚𝑠2) 

𝐾2 

(𝑚𝑠2) 

𝐾3 

(𝑚𝑠2) 

𝐾4 

(𝑚𝑠2) 

𝐾5 

(𝑚𝑠2) 

𝐾6 

(𝑚𝑠2) 

𝐾7 

(𝑚𝑠2) 

𝐾8 

(𝑚𝑠2) 

𝐾9 

(𝑚𝑠2) 

Value 1.23

× 106 

2.92 156.96 436.94 151.16 24.89 950.72 48.65 242.57 

Parameter 𝐾10 

(𝑚𝑠2) 

𝜎14 

(𝑚𝑠) 
𝜎15 

(𝑚𝑠) 
𝜎19 

(𝑚𝑠) 
𝜎29 

(𝑚𝑠) 
𝜎2,10 

(𝑚𝑠) 
𝜎36 

(𝑚𝑠) 
𝜎39 

(𝑚𝑠) 
𝜎3,10 

(𝑚𝑠) 

Value 374.95 3.98

× 10−4 

3.13

× 102 

1.75

× 10−8 

3.59

× 10−4 

1.25

× 10−4 

4.38

× 10−4 

5.19

× 10−4 

3.94

× 10−5 

Parameter 𝜎49 

(𝑚𝑠) 
𝜎67 

(𝑚𝑠) 
𝜎68 

(𝑚𝑠) 
𝜎69 

(𝑚𝑠) 
𝜎6,10 

(𝑚𝑠) 
ℎ(1,1 ) 

(𝑚) 
ℎ(1,2 ) 

(𝑚) 
ℎ(1,3 ) 

(𝑚) 
ℎ(1,4 ) 

(𝑚) 

Value 7.38

× 10−4 

1.01

× 10−4 

2.34

× 10−6 

1.45

× 10−6 

2.18

× 10−4 

-136.80 -268.93 15.14 170.14 

Parameter ℎ(1,5 ) 
(𝑚) 

ℎ(1,6 ) 
(𝑚) 

ℎ(1,7 ) 
(𝑚) 

ℎ(1,8 ) 
(𝑚) 

ℎ(1,9 ) 
(𝑚) 

ℎ(1,10 ) 
(𝑚) 

𝜎1∞ 

(𝑚𝑠) 
ℎ∞ 

(𝑚) 
 

Value 146.54 

 

139.24 83.85 109.27 163.89 90.64 1.80 0.07  

 Average Training Error 

 (𝑚) 
Average Training Error  

(𝑚) 

                    3.5326 

 

                  6.0281 

 

 
Fig. 6.8 Fitted Result of the Seventh generation model in the 4th iteration switch-back method for 

Laugarnes field. In this figure, both the training and validation results have been shown. The green dots 

are the observed drawdown data. The blue and red line are fitted drawdown response and predicted 

drawdown response respectively.  
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       6.2.2 Reykir Geothermal Area 

Located at about 20 kilometers to the northeast of Reykjavik, the Reykir geothermal area 

produces about 2000 l/s of hot water at a temperature of the range between 60℃-100℃ to the 

capital of Iceland. The geothermal area, which has an area of 5.5 𝑘𝑚2  and is divided 

geographically by mountain hills into two sub-regions, i.e., Reykir and Reykjahlid, runs 34 

production wells with 2 observation wells in total [58, 59]. Since the two sub-regions lie close 

with each other, researches have shown that the water level have a strong correlation between 

them [4]. The map of Reykir geothermal area is shown in Fig. 6.9. 

Data from the year between 1976 and 2010 is available. In Fig. 6.10, the drawdown data for 

both MG-01 and MG-28 and the production data have been shown respectively. Applying cubic 

spline interpolation to the original data, one can get a consecutive and derivable function 

relative with time for both drawdown and production. The circles in Fig. 6.10 correspond to the 

data at the first day of each month in the function. Connecting them with lines, one can get Fig. 

6.10. It is obvious that the drawdown data from the well of MG-01and MG-28 correlate with 

each other, which suggests that the two sub-regions can be regarded as a single field. In this 

thesis, drawdown data from the well of MG-01 is studied, since the longer data set is more 

likely to give a better result. 

 

 

Fig. 6.9 Reykir  geothermal area. 34 production wells (red circles) and 2 observation wells (blue circles) 

have been shown on this figure.  As can be seen clearly, the geothermal area is divided into two sub-

regions, i.e., Reykir  on the west side and Reykjahlid  on the east side. The two observation wells, MG-

01 and MG-28, locate at Reykir and Reykjahlid respectively. Studies shown that the water level from 

them correspond with each other (see Fig. 6.10), which suggests one can view them as a single 

geothermal field.
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     Since the number of production well is 34 in this field, which will give huge number of 

parameters to be estimated in the first several steps in the Complexity Reduction Algorithm, K-

means clustering algorithm (mentioned in section 3.3) is introduced here to find the initiating 

configuration, i.e., how the production wells are clustered into production tanks. While different 

situations of the number of clusters, including KMM (the number of clusters) is equals to 5, 6, 

8, 10, are studied respectively, only the detailed results for KMM is 6 and 8 are shown in this 

section for uncluttered. Some of the results for the remaining situations are summarized in 

Table. 6.3.   

In Fig. 6.11 and Fig. 6.12, the initial configures when KMM is equals to 6 and 8 are shown 

respectively. Based on K-means clustering algorithm, production wells are assigned into groups 

according to their relative location. Each pink circle corresponds to a single tank, on which the 

merging, separation and switch-back method applied.  

In Fig. 6.13 and Fig. 6.14, the results of applying switch-back method are shown for the 

situation when KMM is equals to 6 and 8 respectively. As can be seen, the trend of these 

pictures are similar with Fig. 6.3.  

In Fig. 6.13 (a) and Fig. 6.14 (a), the training error is decreased further after applying the 

switch-back method. After the execution of switch-back method for the second time, the 

training error for the first generation model decreased lower than the following model, thus the 

termination rule satisfied. 

In Fig. 6.13 (b), a minimum, which corresponds to the model that one should choose, can 

be seen clearly in the 2nd switch-back method (green line). Again, this model is not necessarily 

to generate the smallest training error.  
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Fig. 6.10 Drawdown data and production data for Reykir  geothermal field. The blue line corresponds 

to the drawdown data from MG-01 well, while the red line is for the well of MG-28. The green line 

represents the production rate, under which the area corresponds to the accumulated production. Notice 

that these are not the original data, but the data after applying cubic spline interpolation. Each small 

circle corresponds to the first day of each month. 
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Fig. 6.11 Initial Configure when KMM (the number of cluster) is equals to 6. The production wells (red 

circles) enclosed within a same circle shaded with pink corresponds to a single production tank in the 

Complexity Reduction Algorithm and switch-back method. The observation wells are encircled by red 

circle, which also represent tanks in the algorithm. Since only the data from MG-01 is applied, only the 

circle that enclose MG-01is introduced as a tank. Notice that in the first step of CRA, there are links 

between each pair of tanks. 
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Fig. 6.12 Initial Configure when KMM (the number of cluster) is equals to 8. 
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Fig. 6.13 The results for both Complexity Reduction Algorithm and combined with Switch-back method 

for Reykir  geothermal area (KMM=6). 
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Fig. 6.14 The results for both Complexity Reduction Algorithm and combined with Switch-back method 

for Reykir  geothermal area (KMM=8). 

In Fig.6.14 (b), the model that gives the lowest validation error corresponds to the first 

model in the 2-nd switch-back method. A huge increase in validation error appears in the 

following models, which is caused by merging two wrong tanks together.  

An interesting conclusion can be drawn by comparing Fig. 6.13 (a) and (b) and Fig. 6.14 

(a) and (b). The conclusion is that if a model can give a better training error, it is more likely 

that it will also give a better validation error. Take Fig. 6.14 (a) and (b) as an example. The 

training error of the model of the 13-th generation model in the first iteration (red line in Fig. 

6.14 (a)) of switch-back method is very high. And it is obvious that the corresponding validation 

error is also very high (the 13-th point on the red line in Fig. 6.14 (b)). Similar observation can 

be found in other models, including those in Laugarnes geothermal field (Fig. 6.5 (a) and (b)).  

In Fig. 6.13 (c)-(d) and Fig. 6.14 (c)-(d), AIC value and BIC value for both situations are 

shown. As expected, BIC prefers much a simpler model than AIC. Again, from these figures, 

one can observe that both AIC and BIC prefer a simpler model than the one that gives the 

smallest validation error.  
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Various other situations of KMM are studied and the results are summarized in Table. 6.3, 

from which it is clear that the initial number of clusters should be chosen as 6, since the 

corresponding best validation error is the smallest.  
Table. 6.3 Summary of the result for Reykir  geothermal area in various situations 

KMM Number of 

Iteration 

Best 

Validation 

Error (m) 

Training 

Error (m) 

AIC 

value 

BIC 

value 

Location Number of 

Parameters 

5 3 3.9799 8.1295 2307.8 2365.7 3𝑟𝑑 -Third 15 

6 2 3.9701 5.7107 1947.1 2055.7 2𝑛𝑑 -Fourth 29 

7 3 3.9871 5.6411 1956.9 2083.6 2𝑛𝑑-First 34 

8 2 4.3993 5.7268 1963.7 2097.6 2𝑛𝑑-First 36 

9 4 4.4565 5.5931 1982.7 2189.1 1𝑠𝑡-Second 56 

10 5 4.2674 5.7561 2032.0 2285.4 2𝑛𝑑-First 69 

 

In Fig. 6.15, the structure of the optimal model is shown, which corresponds to the fourth 

generation model in the 2nd iteration of switch-back method when KMM is chosen as six. The 

fitted results are shown in Table. 6.4 and Fig. 6.16. 

 

Fig. 6.15 Structure of the fourth generation model in the 2nd iteration of switch-back method in Reykir 

geothermal area when KMM is 6.  In this figure, each circle with different color corresponds to a tank 

of different type. Also shown is the name of the wells for which each of these tanks represents. The 

relative location of each of these tanks have be kept in this figure. 
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Table. 6.4 Fitted Parameters of the fourth generation model in the 2nd iteration of switch-back method 

in Reykir geothermal area when KMM is 6. 

Parameter 𝐾1 

(𝑚𝑠2) 

𝐾2 

(𝑚𝑠2) 

𝐾3 

(𝑚𝑠2) 

𝐾4 

(𝑚𝑠2) 

𝐾5 

(𝑚𝑠2) 

𝐾6 

(𝑚𝑠2) 

𝐾7 

(𝑚𝑠2) 

𝐾8 

(𝑚𝑠2) 

𝜎12 

(𝑚𝑠) 

Value 2.4275

× 106 

3.29

× 105 

4.06

× 103 

3.43

× 103 

1.31

× 103 

3.06

× 103 

1.22

× 103 

1.01

× 103 

0.0184 

Parameter 𝜎14 

(𝑚𝑠) 
𝜎25 

(𝑚𝑠) 
𝜎34 

(𝑚𝑠) 
𝜎37 

(𝑚𝑠) 
𝜎38 

(𝑚𝑠) 
𝜎45 

(𝑚𝑠) 
𝜎46 

(𝑚𝑠) 
𝜎56 

(𝑚𝑠) 
𝜎57 

(𝑚𝑠) 

Value 4.54

× 10−4 

1.01

× 10−2 

6.85

× 10−4 

4.31

× 10−4 

6.20

× 10−4 

3.87

× 10−4 

7.61

× 10−4 

5.14

× 10−4 

5.95

× 10−4 

Parameter 𝜎78 

(𝑚𝑠) 
ℎ(1,1 ) 

(𝑚) 
ℎ(1,2 ) 

(𝑚) 
ℎ(1,3 ) 

(𝑚) 
ℎ(1,4 ) 

(𝑚) 
ℎ(1,5 ) 

(𝑚) 
ℎ(1,6 ) 

(𝑚) 
ℎ(1,7 ) 

(𝑚) 
ℎ(1,8 ) 

(𝑚) 

Value 2.70

× 10−3 

65.23 10.99 101.45 127.06 4.56 

 

137.38 68.83 73.63 

Parameter 𝜎1∞ 

(𝑚𝑠) 
ℎ∞ 

(𝑚) 
       

Value 1.3769 5.76

× 10−5 

       

 Average Training Error 

 (𝑚) 
Average Validation Error  

(𝑚) 

 5.7107 

 

                  3.9710 
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Fig. 6.16 Fitted Result of the fourth generation model in the 2nd iteration switch-back method for Reykir 

geothermal area. In this figure, both the training and validation results have been shown. The green dots 

are the observed drawdown data. The blue and red line are fitted drawdown response and predicted 

drawdown response respectively. 

To show how the configure of the clusters changes during the switch-back method under 

the best choice of KMM, the assignment of the production tank in the second iteration of switch-

back method is shown in Fig. 6.17, in which the resulting groups after merging are enclosed by 

purple circles. To let the reader have an intuitive understanding of how the merging method 

works, the original clusters grouped by pink circles are retained. Notice that the links between 

tanks are omitted.  

As can be seen in Fig. 6.13, it takes the second round of switch-back method (green line) 

14 generations to terminate. Thus, each of the sub-figures in Fig. 6.17 shows the configuration 

of tanks for each of the 14 generations. Since the links are omitted, the effect of separation 

method cannot be seen. The configuration of tanks may remain unchanged if the separation 

method is executed in the corresponding generation. Five times of merging method is executed 

among the 14 generations in the second round of switch-back method, the effect of each of 

which is shown in the sub-figures from Fig. 6.17 (b) to (f).  

In Fig. 6.17 (a), the initial configuration of tanks labeled with number is shown (the tank 

labeled with 1 is omitted, which corresponds to the hidden tank and represents outer part of the 

reservoir). It is obvious that separation method is applied from generation 1 to 6.  
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In Fig. 6.17 (b), one can know that the tank 3 is merged into tank 2 in the seventh step. Also, 

the tanks are re-labeled by numbers with a symbol ‘’’ such that they are consecutive integers. 

The effect of each merging method can be seen from remaining sub-figures. 
 

 

a. The clusters for generation 1-6 
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b. The clusters for generation 7-9 

 

 

c. The clusters for generation 10-11 
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d. The clusters for generation 12 

 

 

e. The clusters for generation 13 
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f. The clusters for generation 14 

Fig. 6.17 The development of the configuration during the 2nd switch-back method when the initial 

number of cluster is 6. In this figure, production tank configuration is shown for each generation model 

during the 2nd switch-back method when KMM is 6, which is the optimal number according to Table.6.3. 

Pink circles are the production tanks, which founded by K-means clustering algorithm, in the first 

generation model. Purple regions show how tanks are merged during one iteration of switch-back 

method. 
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Chapter 7 

Conclusions and Future Works 

 

7.1 Conclusions 

This thesis focus on the complexity analysis of generalized lumped parameter models.  

Firstly, basic background has been introduced in some details. Herein, reservoir modeling 

techniques are introduced, including numerical method and lumped parameter models. Since 

lumped parameter models with various complexity can be chosen for a certain geothermal 

system, lumped parameter models with appropriate complexity have to be chosen. In order to 

have a deeper understanding of this topic, machine learning techniques are also introduced. 

Secondly, a new algorithm called Complexity Reduction Algorithm has been developed to 

select a proper model in a multi-production situation automatically. This algorithm defines a 

way to traverse the all of the models using separation and merging method. According to basic 

ideas in machine learning, the most complex model should give the best training ability, another 

method called switch-back method is introduced to decrease the training error for the complex 

models.  

Lastly, the newly developed Complexity Reduction Algorithm combined with switch-back 

method is applied into real data from Laugarnes field and Reykir geothermal area.  

The following conclusions can be drawn from the work presented in this thesis: 

 The ultimate goal for the Complexity Reduction Algorithm and the switch-back method 

is to find out the best candidate model, based on which a better prediction result can be 

obtained. Generally speaking, one can increase the complexity of the model to expect a 

better fitting model, which is more likely to have a better prediction ability as well. 

 A switch-back method is developed in this work to decrease the training error of the 

model generated be Complexity Reduction Algorithm. From both the results of 

Laugarnes field and Reykir geothermal area, it is obvious that combined with switch-

back method, Complexity Reduction Algorithm can decrease the training error and 

validation error further.  

 From the results shown in the thesis, the model that have the best validation error is not 

necessary the model that have the best training error, which coincides with basic 

concepts in the field of machine learning. 

 Both Akaike Information Criterion and Bayesian Information Criterion have been 

studied to provide insights for model selection. Compared with the model chosen by 

minimum validation criterion, both models indicated by Akaike Information Criterion 

and Bayesian Information Criterion are too simple. This is because lumped parameter 

model have a physical background and all the parameters have physical interpretation. 

Thus, over fitting is less likely to occur. Akaike Information Criterion seems to be a 

better choice for model selection for lumped-parameter models if available data is 

scanty, since the models indicated have a smaller validation error in general.  

 For fields that have large number of production wells, K-means clustering algorithm is 

applied to find out the initial configure. The best number of cluster can be found by 

comparing the validation error.  
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7.2 Future Works 

Detailed analysis of the switch-back method can be studied. This includes several aspects: 

Firstly, switch-back algorithm can be applied into more geothermal fields to test its stability. 

Since only real data from two fields have been applied, it is of interest to see whether this newly 

developed method can give a good candidate model in other fields. It is also of interest to see 

in what situations switch-back method can give a very good candidate model.  

Secondly, researches about whether switch-back method implies underground structure can 

also be studied. As shown in Fig. 6.17, studies can be developed to test whether there exists 

fractures that lay within those purple circles. As discussed, production wells in a same tank 

have strong correlation because of the strong link between them. Thus, it is very likely that 

fractures exist between the corresponding regions. As implied by Fig. 6.17, during the switch-

back method, tanks in Reykir and Reykjahlid are tend to be merged together. For example, tank 

2, 3, 7 are merged to form tank 2′,  it is of interest to study whether switch-back method really 

indicates some fractures between this regions.  

Thirdly, since both Akaike Information Criterion and Bayesian Information Criterion failed 

to give a good candidate model, an analysis of parameter estimation under a full Bayesian 

perspective is also of interest. Under Bayesian perspective, each of the parameters is viewed as 

a distribution and thus we can quantify uncertainty of the parameter estimated and each of the 

model recommended by switch-back method.  
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