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Berglind Bjarnadóttir 
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Abstract 

In today’s retirement environment, retirees are becoming more involved in the process 

of managing and withdrawing their pension. This means that retirees need to have the 

availability of tools needed to decide how to manage their pension withdrawals, 

especially their individual retirement accounts (IRA). There are different factors that 

affect the withdrawal rate for each retiree, his or her initial wealth, age, gender, life 

expectancy, desires and risk tolerance. This thesis is intended to give insight into using 

models when managing and withdrawing from individual retirement accounts and how 

usage of models benefits the retiree. The models will show how different strategies can 

affect the outcome for the retiree when simulation is performed on the models over the 

retirement period. The results indicate that there is not one withdrawal strategy that fits 

all retirees and the use of analytical models gives the retirees knowledge and financial 

security on how to withdraw pension that satisfies their desires. 

 

Key words: Pension funds, Individual Retirement Accounts, Withdrawal Strategies, 

Modeling, Retirees.  
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Útgreiðsluleiðir úr  Séreignarsjóðum  

Berglind Bjarnadóttir 

Júní 2017 

 

Útdráttur 

Margt hefur breyst á undanförnum árum varðandi réttindi ellilífeyrisþega. Í dag þurfa 

ellilífeyrisþegar að vera mun meðvitaðri um sinn lífeyrissparnað, hvernig á að ávaxta 

hann og sækja útgreiðslur. Með þessari auknu ábyrgð þurfa ellilífeyrisþegar að hafa þau 

tól og tæki til taks til að taka upplýstar ákvarðanir, en þetta varðar einkum 

séreignarsparnað ellilífeyrisþega. Það eru margir þættir sem hafa áhrif á útgreiðslur 

séreignarsparnaðar; upphæð sjóðs við upphaf útgreiðslna, aldur, kyn, lífslíkur, óskir og 

áhættuþol. Markmið þessarar ritgerðar er að veita innsýn inn í hvernig stærðfræðileg 

líkön aðstoða ellilífeyrisþega varðandi umsjón og ákvarðanir útgreiðslna úr 

séreignarsjóðum og hvernig notkun þeirra veitir þeim ávinning. Líkönin munu sýna 

hvernig mismunandi útgreiðsluleiðir hafa áhrif á útkomu ellilífeyrisþegans með notkun 

hermunar sem er framkvæmd á líkönin yfir það tímabil sem útgreiðslur eiga sér stað. x   

 

Lykilorð: Lífeyrissjóðir, Séreignarsjóðir, Útgreiðsluleiðir, Líkön, Ellilífeyrisþegar. 
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1 Introduction  

In today’s retirement environment, retirees are becoming more involved in the process of 

managing and withdrawing their pension. Retirees need to make complex financial decisions 

about their pension where they are expected to fund and manage a larger part of it. This means 

that retirees need to have the availability of tools needed to decide how to manage their pension 

withdrawals. This especially applies to the individual retirement funds that are based on a 

defined contribution. 

For Icelandic retirees, this applies to the third pillar of the Icelandic pension system, the 

voluntary individual pension saving with tax incentives which was introduced in 1998 with 

the reformation of the pension funds. These funds are fully heritable, can be deducted at the 

age of 60 years old and the withdrawals made are mostly unrestricted to any withdrawal rules 

(Gudmundsson, 2000).  

There are different factors that affect the withdrawal rate for each retiree, his or her initial 

wealth, age, gender, life expectancy, desires and risk tolerance. All these factors need to be 

taken into consideration when deciding on how to withdraw from individual retirement 

accounts (IRA). It is therefore necessary that retirees are guided through this process with 

knowledge and tools needed to take an informed decision about how to withdraw their pension 

so their needs are fulfilled.  

This thesis is a result work of done during January to May 2017 at Reykjavík University under 

the supervision of Dr. Sverrir Ólafsson.  

1.1 Objective and problem statement  

This thesis is intended to give insight into using models when managing and withdrawing from 

individual retirement accounts and how usage of models benefits the retiree. The models will 

show how different strategies can affect the outcome for the retiree. Withdrawal strategies and 

models used in previous studies by Dus, Maurer & Mitchell (2005) and Freedman (2008) will 
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be used but transferred and adapted to Icelandic data and environment. Analytical calculations 

will also be computed.  

These kinds of strategies and studies have been performed in Europe and the United States but 

not in Iceland. The author hopes that the findings from this thesis will provide the tools needed 

for Icelandic retirees to make informed decision about their retirement accounts and increase 

financial security among them. Another feasible outcome is that pension funds and other 

organizations offering individual retirement accounts in Iceland use the result of the study to 

review and rethink their information given to retirees with regards to IRA withdrawals and 

management.   

1.2 Structure of the thesis 

The structure of the thesis is as follow:  

Chapter 2 begins with an introduction to pension systems and their purpose. The history of the 

Icelandic pension system is then briefly described and the features of each pillar. The 

difference between defined contribution (DC) pension system and defined benefit (DB) system 

are explained and the different annuities available analyzed. At the end of the chapter 

individual retirement accounts (IRA) are explained in detail with emphasis on their importance 

in Iceland. 

Chapter 3 discusses the different withdrawal rules being used around the world. The issues 

that are considered when withdrawing from IRA accounts are analyzed in detail and how 

changes in these issues affect the withdrawals and the retiree, e.g. the changing demography 

of the world. 

Chapter 4 shows the development of the mathematical description of the models used in the 

thesis. First the withdrawal model based on Dus et. al (2005) is introduced with the 

mathematical equation behind the model. Secondly the Risk and Reward model based on the 

framework from Freedman (2008) is introduced with applicable derivation of mathematical 

equations. At the end of the chapter recent work done in the field is presented and the relevance 

of this thesis is underlined.   

Chapter 5 captures and analyzes the result from different case studies simulated based on the 

models described in chapter 4. The result are shown with graphs and analytical calculations; 

present value calculation, shortfall probability calculations and probability calculations 
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Chapter 6 discusses the result of the work done in previous chapters and what further research 

and extension are possible. The author also reviews a small research done about the IRA tools 

available in Iceland today and what the future is for IRA accounts.    
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2 Pension Systems  

The role of pension funds is to provide retirees with income in their retirement. The purpose 

of a good pension systems is  

• Protection against poverty among retirees 

• Sustain quality of life for retirees 

• Sustainable system; not to increase the burden of next generations  

• Fairness; the system doesn’t increase inequality  

• Positive effects on the economy; diversity in funding and investments  

• Incentive to work; a rewarding system for workers 

Pension systems vary between countries but most are based on three different pillars. The 

three-pillar system was introduced in 1994 by the The World Bank in a milestone report named 

“Averting the Old-Age Crisis”, and from that time has been among the basic concepts in 

pension systems around the world (Halldórsson, Möller & Þórðardóttir, 2017).  

2.1 The Icelandic pension system  

The pension system in Iceland is divided into three pillars. The first pillar is a tax-financed 

public pension, the second pillar is mandatory occupational pension funds and the third pillar 

is voluntary individual pension savings with tax incentives.  The main part of the Icelandic 

pension system is the occupational pension funds that became mandatory in 1974 where each 

earner is obligated to contribute a minimum of 12% of his or her salary to an occupational 

fund. The employer contributes a minimum of 8% as the worker contributes 4% (Ministry of 

Finance and Economic affairs, 2007).  
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Table 1 The Icelandic Pension system’s pillars   

 Type Sponsor Funding 

1. Pillar Public pension  Taxation 

2. Pillar 
Mandatory occupation 

pension fund 

Public and State pension: 

Defined benefit 

Defined contribution 

4% worker contribution 

8% employer contribution 

3. Pillar 
Voluntary individual 

pension savings 

Pension funds and non- 

pension funds: 

Defined contribution 

2-4% worker contribution 

1-2% employer contribution 

 

  

These occupational funds are run by private and public pension funds governed by unions and 

employers. According to The Icelandic Pension Fund Association there are 25 funds under its 

auspices with around 203.000 members. These 25 funds have different old age pensions but it 

has been estimated that the occupational fund pay a pension, at maturity, to retirees an amount 

around 50-60% of their full-time earnings but rising to 60-70% when adding the public 

pension. Each retiree in Iceland has his or her pension based on these three pillars, small public 

pension, dominant mandatory funded pension and then the part of voluntary private pension 

saving which can differ for each retiree (Gudmundsson, 2000).  

2.2 Defined contribution (DC) vs. Defined benefit (DB) pension 

systems  

Retirements plans are divided into two main categories; defined contribution systems and 

defined benefit systems. The former system is where the employer and employee contribute 

and invest in funds during the work period and is therefore a fully funded pension scheme. 

The latter is a system where the employer guarantees a specified payment at retirement and is 

therefore an unfunded pension scheme.  

In Iceland, the majority of pension funds are based on the defined contribution system, only 

those run by the State or other local authorities are based on the defined benefit system. It can 

though be hard to position the Icelandic pensions funds in a DC or DB system. The mandatory 

occupational funds fall under the DC plan but there are no individual accounts, the investment 

risk is the same for all the members of that specific pension fund. The DC funds guarantee a 

lifelong pension in all cases. In 1998 the pension fund for employees in the public sector was 

reformed and the system changed from DB towards DC. Another part of the reformation was 
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the establishment of the voluntary individual pension saving system with tax incentives which 

is under the DC system. (Ministry of Finance and Economic affairs, 2007).  

The same can be said for other countries in the developed world, including the United States 

and the United Kingdom, with increasing life expectancy and a decrease in birth rate 

governments have become concerned about the unfunded DB system and are switching 

towards a funded DC system (Cocco & Lopes, 2011).  

2.3 Annuities  

Nowadays retirees are becoming more involved and responsible in how they will finance their 

retirement, how they save and invest during accumulation as well draw down their assets. With 

this increasing involvement and responsibility comes risk, that is the risk of outliving assets in 

retirement and the risk that the investment will not return sufficiently. Annuities provide 

longevity insurance that guarantee payments of the retiree for life which is an important factor 

in the changing retirement landscapes. Annuity pension is fully funded by contribution and the 

provider of the annuity product promises payment to the individual, that means that the 

employer is not responsible for the promised pension payments.  Calculation for annuity 

payments is done on a fair basis, promised payments are based on mortality assumptions and 

discount rate at the time the annuity is purchased, as shown later in subchapter 4.1.4.  On the 

other hand, annuities offer less flexibility, e.g. there is not a chance of leaving a bequest for 

one’s heirs, that has decreased the demand for traditional annuities but providers have tried to 

overcome this by adding product features to the product as will be introduced in subchapter 

2.3.1 (OECD, 2016). Another disadvantage of annuity pension payments is the loss of the 

lump sum that cannot be recovered after the life annuity is purchased, e.g. to pay for 

unexpected expenses (Dus et. al, 2005).  

2.3.1 Different annuities  

Generally, annuities are in three different types of product groups; the first group is fixed 

payment annuities, the second group are indexed payment annuities and the third group is 

retirement saving with a guaranteed income option (OECD, 2016).   

 Fixed payment annuities  

As stated in the name of this annuity group, this type promises fixed payments and full 

longevity protection. However, there is no flexibility, the payments are fixed and no extra 

benefits are received if the return on the underlying assets is higher than expected. 
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Indexed payment annuities  

In this group payments vary depending on external measures, that is the payments can either 

increase or decrease depending on inflation or profits. A minimum rate is guaranteed but 

payments can vary over time and retirees are exposed to unpredictable and volatile pension 

payments, which can have both positive and negative effects. In this group the index of the 

payments and the level of risk play a key role in the risk.  

 Retirement saving with guaranteed income option  

This is considered a hybrid group, where the aim is to have a retirement saving but with an 

option of guaranteed income during retirement.  The return relies on the market performance 

with a minimum guarantee. This group offers flexibility to underlying assets when the market 

return is positive as well as flexibility in level of annuity payments is received.  This flexibility 

can though result in greater risk.  

2.4 Increasing importance of individual retirement accounts 

(IRA) 

As mentioned earlier the Icelandic pension system is divided into three pillars, public pension, 

mandatory occupational pension fund and the voluntary individual pension savings with tax 

incentives. From the second pillar, each individual should after 40 years of contributions earn 

a lifelong pension of least 50-60% of their wages (Ministry of Finance and Economic affairs, 

2007).  To many 50-60% is not enough income to retire, to meet all expenses and meet bequest 

desires. Another important factor that has an impact on the second pillar is the increasing life 

expectancy among Icelanders. The public pension funds are partly based on mutual insurance, 

that is the retiree is guaranteed a lifelong pension, weather his or her lifetime falls short or is 

long. With increased life expectancy, the pension funds must react and that reaction might lead 

to a decrease in the payments of the second pillar or higher retirement age.  

One might say that gone are the days where retirees could rely only on the first and second 

pillar of the pension system, because of increased life expectancy and higher health care cost. 

Due to this there is an increasing need for an individual retirement account (IRA) as an 

important option to meet the retiree’s desires and decrease the gap from the labor market to 

retirement. With the reformation of the pension funds in Iceland in 1998 legislation on tax 

incentives for voluntary private pension saving was adopted. By this legislation employees 
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can deduct up to 4% from their taxable income to an individual pension fund and employers 

contribute 2% in such a case, that is a maximum of 6% to an IRA account. These IRA accounts 

aren’t deductible until 60 years old but are fully heritable. (Gudmundsson, 2000) 

2.4.1 Icelandic IRA accounts 

According to statistics from The Icelandic Pension Funds Association from January 2017 there 

are around 100.000 Icelanders with individual retirement accounts at the end of 2015. Their 

yearly contribution is a little over 20 billion ISK, as can be seen in figure 1. The total net assets 

of IRA accounts in Iceland are just under 500 billion ISK, where the total net assets with IRA 

accounts within the pension system counts for 321 billion ISK and the net asset of IRA 

accounts outside the pension system is 178 billion ISK (Landssamtök lífeyrissjóða, 2017). To 

be able to offer a IRA account in Iceland there is a need for an authorization from the Ministry 

of Finance and currently there are 37 funds operating in Iceland according to data from the 

Directorate of internal revenue (Ríkisskattstjóri, n.d.). Most of these individual accounts are 

based on a defined contributing system.  

 

Figure 1 Development of IRA contributions from 1997 to 2015 in Iceland 

As listed in table 1, the second pillar consists of the 12% contribution divided between the 

worker and employer where the third pillar can consist up to 6% of contribution. That means 

that up to one third of the total pension for a retiree in Iceland is within the IRA accounts, 

leaving out the first pillar which is not funded by contribution, only taxation. With this large 
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share in the pension system it is important that retirees and the future retirees have a clear 

vision and knowledge about IRA withdrawals.  

The advantages of having an IRA account are numerous, e.g. (Séreign LSR, n.d.) 

• Counter contribution from employer to employee 

• Balances in IRA accounts are neither subject to net wealth tax nor to capital income 

tax 

• Inheritable savings  

• Creates tax benefits where contribution is not subjected to income tax 

• Withdrawal can start at the age of 60  

• Convenient form of savings where employer deducts the saving from the pay check 

and transfers it to the IRA account  

• Higher income in retirement 

Over the last few years the importance of having IRA accounts has been emphasized on in the 

media as the result in figure 1 shows with increasing contribution.  
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3 Withdrawals from IRA accounts 

When the time comes for the retiree to withdraw pension from IRA accounts there are different 

issues the retiree needs to take into consideration. These issues are (Freedman, 2008) 

 Time horizon: what is the time horizon of the withdrawals.  

 Desires: what amount is desirable to withdraw for the retiree to meet expenses 

 Bequest desires: what amount is appropriate to meet bequest desires 

 Investment objectives: what investment and return is needed to meet all desires 

 Outliving assets: the probability of running out of funds before death 

3.1 Withdrawals in Iceland, UK, Germany and the U.S. 

For most of the funds that offer IRA accounts in Iceland the withdrawals are mostly 

unrestricted, although withdrawals can’t start until the retiree turns 60 years old. Only few of 

the Icelandic funds offer retirees to buy an annuity, which is unlike the IRA accounts around 

the world. In the UK retirees in a defined contribution funds have the availability to take up to 

25% of their pension asset as a tax-free lump sum and purchase either life annuity or use a 

phased withdrawal strategy for the reminder but only up to the age of 75 years old where the 

retiree must purchase annuity (Sweeting, 2009). Germany introduced in 2001 the “Riester 

pension”, a heavily subsidised but voluntary private pension plan. The plan was to fight back 

the ageing population of Germany and the declining public pension schemes. At retirement 

retirees in the “Riester pension” plan can take 30% as a lump sum but the rest, 70%, needs to 

be annuitized or withdrawn with a phased withdrawal plan (Börsch-Supan, Coppola & Reil-

Heild, 2012). In the United States, retirees transfer their 401k plans into a designed IRA, where 

the minimum age to withdraw is 59,5 years old and all retirees must have started to withdraw 

from their IRA accounts at the age of 70,5 years old. These IRA accounts are managed by the 

retirees themselves (Moran, 2011).  
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3.2 Demographic changes 

The worldwide demography has been changing with increased life expectancy. That is due to 

the availability of clean food and water, sanitation and access to healthcare. Today Iceland is 

one of the 19 countries in the world where individuals are expected to life longer than 80 years. 

This can be verified by looking at mortality tables, where girls born today in Iceland can expect 

to life until they turn 83,95 years old, where that number was 81,1 years old between 1991-

1995. There has also been a notable decrease in mortality for all age groups for both males and 

females. This increase in life expectancy has great impact on the pension funds in Iceland, 

especially the occupational funds, where some funds might need to increase the retirement age 

or lower the rights or payments of the retirees (Palmason, 2015).  

This also affects the retiree when deciding on his or her withdrawal option from IRA accounts. 

With increased life expectancy around the world the retiree needs to take that into 

consideration so he or she will not run out of funds before death. 

3.3 Investment objectives 

Smith (2011) states that investment strategies in DC pension systems have focused blindly on 

achieving a maximum investment return until retirement but then started to focus on 

investment risk and switching to more protected assets. Smith (2011) divides the investment 

objectives of a retiree in to three different elements; level of outcome, variability of outcome 

and volatility of journey. The journey is defined as the time from the individual starts his 

pension savings until retirement age. Each member needs to face the challenge of creating a 

balanced and dynamic “journey plan” that needs to take into consideration risk tolerance and 

other differing points that occur during the journey. Smith (2011) also states there are three 

different ‘levers’ to manage and control the journey, they are; contribution rate; investment 

risk and outcome (retirement age/income level). If there is a shift in the journey plan, e.g. the 

investment rate is lower than the individual has planned, there needs to be a counter act to 

either increase the contribution or increase investment risk. This kind of a journey plan is a 

tool to help individuals to understand and manage risk over time and decide on invest 

objectives.  

The investment objective post retirement is mainly focused on that the retiree has enough 

assets to meet expenses and other desires e.g. bequest desires.  Blanchett, Finke & Pfau (2013) 
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state that investment objectives while within the retirement phase is highly dependent on the 

desired withdrawal rate.  
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4 Pension models 

Dus et. al (2005) propose in their case three different phased withdrawal strategies with 

variable benefits and compare them to annuity payments. Freedman (2008) introduces in his 

case how different asset allocation can affect the risk and reward of the wealth at time of death. 

In this thesis the author has used these strategies and models introduced earlier but adjusted 

them to Icelandic data with minor changes to the proposed strategies.  

4.1 Mathematical description of the withdrawal model 

As stated earlier, the model is based on the withdrawal rules introduced by Dus et.al (2005).  

The model is based on phased withdrawals, that is at each period a fraction of the total wealth 

is received by the retiree but the total wealth left after the withdrawal is then invested, making 

it exposed to variable return.  

▪ Vt is the value of the retirement asset at the current period t 

▪ t is the period (t = 0,1,…) 

▪ Bt is the withdrawal made that period 

▪ ωt is the specified fraction that is withdrawn from current wealth (0 <ωt ≤ 1)  

▪ Rt is the return of funds over the given period 

The retiree’s payment each period is then described according to the following equation 

 Bt= ωt ∙ Vt     (1) 

The intertemporal asset constraint of the retirement account is given by the follow equation 

 Vt+1 = (Vt - Bt) ∙ (1 + Rt+1) = (1 - ωt) ∙  Vt ∙ (1 + Rt+1) (2) 
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4.1.1 Fixed percentage rule 

For this strategy, a constant fixed percentage or fraction is determined at the beginning of 

withdrawals and that fraction is kept over the total time of the withdrawals. That means that 

the benefit to wealth ratio is fixed over the total time: 

 
𝐵𝑡
𝑉𝑡
= 𝜔𝑡 =  𝜔  (3) 

This withdrawal rule doesn’t depend on any outside factors and is therefore considered rather 

simple in use, e.g. doesn’t consider age, gender or life expectancy.  

4.1.2 1/T withdrawal rule 

For this withdrawal rule a T is determined by the maximum age assumed in mortality table 

and the withdrawal fraction determined by that. The number of payments T is then equal to l 

the maximum age in the mortality table, minus the age x of the retiree plus 1. Mathematically 

the equation is described by: 

 𝑇 = 𝑙 − 𝑥 + 1 (4) 

The fraction has then been determined and is described by: 

 
𝐵𝑡
𝑉𝑡
= 𝜔𝑡 = 

1

𝑇 − 𝑡
  (5) 

For the first payment, the fraction is equal to 1/T and for the next payment as 1/(T-1) and so 

forth, until the retiree passes away or reaches the limited age of l. From this withdrawal rule 

the payments increase with higher age of the retiree, the first payment has the lowest fraction 

but then rises for each period t. At the limiting age of l the retiree will withdraw 100% 

percentage of the remaining wealth, e.g. if the maximum age in the mortality table is 99 years 

and the retiree starts withdrawing at the age of 65, using equations 4 and 5 the result shows 

𝑇 = 𝑙 − 𝑥 + 1 = 99 − 65 + 1 = 35 

If the retiree reaches the age of 99, he or she is at period 𝑡 = 34 ad therefore 

𝐵𝑡
𝑉𝑡
= 𝜔𝑡 = 

1

35 − 34
=
1

1
= 100% 

This withdrawal strategy is therefore highly depended on the length of the mortality table.  
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4.1.3 1/E[T(x)] withdrawal rule  

This rule depends on the life expectancy of the retiree at each period of the withdrawals. This 

is a dynamic rule, meaning that at each period the life expectancy of the retiree is found in the 

mortality table, and from that the fraction is determined. For a retiree at the age of x the 

expected life expectancy t is found in the mortality table and the fraction has been determined. 

That is given by the equation  

 
𝐵𝑡
𝑉𝑡
= 𝜔𝑡 = 

1

𝐸[𝑇(𝑥 + 𝑡)]
  (6) 

 

For this withdrawal rule Dus et.al (2005) used a probability of the retiree reaching the 

maximum age of the mortality table at each period (age). In this thesis, an Icelandic mortality 

table based on information of mortality rate by experience for the years 2011-2014 is used 

where for each age of the retiree the life expectancy is given in years, not the probability of 

reaching the highest age of the mortality table. E.g. a 65-year-old Icelandic male can expect to 

live for 18,89 years, when he has reached 70 years he can expect to live for 14,93 years but 

when he turns 90 years old his life expectancy is 3,70 years (FÍT, 2017). From that, the shorter 

the life expectancy the higher the withdrawal fraction will be. This can be verified by 

calculation using equation 6 

𝐵𝑡
𝑉𝑡
= 𝜔𝑡 = 

1

𝐸[𝑇(𝑥 + 𝑡)]
=

1

18,89
= 0,053 = 5,3% 

𝐵𝑡
𝑉𝑡
= 𝜔𝑡 = 

1

𝐸[𝑇(𝑥 + 𝑡)]
=

1

14,93
= 0,067 = 6,7% 

𝐵𝑡
𝑉𝑡
= 𝜔𝑡 = 

1

𝐸[𝑇(𝑥 + 𝑡)]
=

1

3,70
= 0,270 = 27,0% 

 

4.1.4 Annuity payments  

As described in chapter 2.3 annuities are an option when starting to withdraw from IRA 

accounts. Annuity payments are assumed to be a save withdrawal strategy but lacking 

flexibility and the possibility of leaving a bequest. In the model, to compare the three different 

withdrawal rules described in chapters 4.1.1 to 4.1.3 annuity payments are simulated along 

with the three withdrawal rules to give the retiree the option to evaluate different strategies.  
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To calculate annuity payments this thesis follows the calculations of Dus et.al (2005), where 

the following equations for annuity payments is used  

  (7) 

where r stands for the interest rate, n for the expected life time and PV the present value of the 

starting wealth. For the expected life time, the mortality table from FÍT (2017) is used. The 

interest rate is set at 3,5% and the expense loading is 2,0% which are numbers obtained from 

Þór Egilsson (personal communication, March 16, 2017) the head of Private pension at the 

Pension fund of Commerce (ísl. Lífeyrissjóður Verslunarmanna) which is a fund that offers 

annuity payments in Iceland.  The following table gives the annual life-long annuity benefits, 

with initial wealth of 100.  

Table 2 Annuity payments per year 

 Male Female 

Retirement age Expected life 

time in years 

Annuity 

payment per 

year 

Expected life 

time in years 

Annuity 

payment per 

year 

60 23,14 6,24 25,55 5,87 

65 18,89 7,17 21,14 6,64 

70 14,93 8,53 16,97 7,76 

  

The result in table 2 show that higher life expectancy gives the retiree lower annuity payments 

per year. Women have a higher life expectancy then men in Iceland and therefore they would 

receive lower payments then the same age men.  

4.1.5 Return of funds 

As stated in chapter 3.3 the investment objective of the retiree is highly depended on the retiree 

needs and desires. Dus et.al (2005) used a constant number calculated from an average rate of 

return from stocks and bonds, but in the model introduced in this thesis the expected rate of 

return and the volatility are expected to be a normally distributed random variable. The reason 

for this approach is for the model to be adaptable to different investment objectives and use 

random variable not a constant, where over the retirement period the portfolio return will not 

stay constant.  
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4.2 Mathematical description of the risk and reward model 

In a 1952 Harry Markowitz wrote an article that showed investors how to reduce standard 

deviation of portfolio return by choosing the appropriate mix of stocks and bonds. Markowitz 

introduced efficient portfolios, also known as efficient frontier, that is portfolios that offer the 

highest expected return for any level of risk, see figure 2 (Brealey, Myers & Allen, 2014).  

 

Figure 2 The efficient frontier (Brealey et. al, 2014). 

The foundation for Markowitz’s theory is the relationship between the assets within the 

portfolio. Let 𝐸(𝑅𝑝) be the expected return of the portfolio and 𝜎𝑝
2 the variance of the 

portfolio. 𝐸(𝑅𝑝) is the weighted average between the assets in portfolio described by (Bodei, 

Kane & Marcus, 2009) 

 𝐸(𝑅𝑝) =∑𝑤𝑖𝐸(𝑅𝑖)

𝑖

 (8) 

Where 

• 𝐸(𝑅𝑝) is the expected return of the portfolio 

• 𝑤𝑖 the weight of asset 𝑖 in the portfolio 

• 𝑅𝑖 the return of asset 𝑖 
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The variance of the portfolio, often referred to as the risk of the portfolio, is the weighted 

average between the assets in the portfolio described by 

 𝜎𝑝
2 =∑∑𝑤𝑖𝑤𝑗𝜎𝑖𝜎𝑗𝜌𝑖𝑗

𝑗𝑖

 (9) 

where  

• 𝜎𝑝
2 the variance of the portfolio 

• 𝜎𝑖 the standard deviation of asset 𝑖  

• 𝜎𝑗 the standard deviation of asset return 𝑗 

• 𝜌𝑖𝑗 the correlation between the return on asset 𝑖 and 𝑗.  

The standard deviation 𝜎𝑝 of the portfolio is then  

 𝜎𝑝 = √𝜎𝑝2 (10) 

4.2.1 Freedman’s Risk and Reward model 

Freedman (2008) introduced a model to examine the asset allocation of post-retirement to be 

able to measure the risk and reward of the remaining wealth at the end of life. Freedman’s 

model is based on an extension of the classic Markowitz risk-return model. The changes made 

by Freedman are necessary to consider issues that arise during retirement such as time horizon, 

desired wealth at horizon, cash flow and impact of underperformance.  

Unlike Dus et al. (2005), Freedman (2008) assumes constant yearly withdrawals as well as 

replacing the one year time horizon with a stochastic time horizon set to time of death. This 

assumption is done for simplification. The equation that describes the evolution of post-

retirement wealth is  

 𝑑𝑊𝑡 =  𝜇𝑊𝑡𝑑𝑡 +  𝜎𝑊𝑡𝑑𝑍𝑡 − 𝑘 𝑑𝑡 (11) 

where 

▪ Wt is the wealth at time t 

▪ t is the period (t = 0,1,…) 

▪ k is the annual withdrawal 

▪ µ is the mean of asset return 

▪ σ is the standard deviation of asset return 

▪ Zt is the standard one-dimensional Brownian motion 

https://en.wiktionary.org/wiki/%CF%83
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The Brownian motion, also referred to as the Wiener process, is a stochastic process that plays 

a fundamentally important role in the modelling of asset prices and asset returns. The Wiener 

process is defined as  

 𝑑𝑆 = 𝛼(𝑆, 𝑡)𝑑𝑡 +  𝜎(𝑆, 𝑡)𝑑𝑍  (12) 

where 

• 𝛼 is the drift rate  

• 𝜎 is the variance rate.  

The goal is to calculate the expected value 𝐸𝑍[𝑊𝑇] and the variance 𝑉𝑎𝑟𝑍[𝑊𝑇] of the 

remaining wealth at the time of death, T. The reward is measured as the mean wealth at time 

of death and the risk is measured as the standard deviation of remaining wealth at time of death 

(see derivation in Appendix A) 

 𝑟𝑒𝑤𝑎𝑟𝑑 =  𝐸𝑍[𝑊𝑇] = 𝑊0 + (𝜇𝑊0 − 𝑘) ∫ 𝑑𝑡 𝑡𝑝𝑥𝑒
𝜇𝑡 

∞

0

 (13) 

 𝑟𝑖𝑠𝑘 =  √𝑉𝑎𝑟𝑍[𝑊𝑇] =  √𝐸𝑍[𝑊𝑇
2] − (𝐸𝑍[𝑊𝑇])2 (14) 

where  

▪ tpx is probability of survival from initial age x to x+t 

The data for tpx variable in the model is gathered from the mortality table from FÍT (2017). 

The probability of death at the age of 65 for women and men can be seen in figure 3. From the 

graph in figure 3 the highest probability of death for male is 85 years, just under 5%, whereas 

the highest probability of death for women is at the age of 88 years, as well just under 5% 

probability.  
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Figure 3 Probability of death by age for a 65-years-old-male and females (FÍT,2017) 

Using these calculations, the risk and the reward at time of death can be quantified, and the 

remaining asset can be used as the retiree desires.  
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4.3 Recent work 

Multiple researches have been done around the world regarding IRA accounts management 

and withdrawing pension from them. 

Dus et al. (2005) conclude that phased withdrawals offer advantages of flexibility, bequest 

possibilities and higher rate of consumption, than is offered by annuities. However phased 

withdrawals may increase the risk of the retiree outliving his assets.   

Meng & Pfau (2011) show that the 4 percent inflation-adjusted withdrawal rate well known in 

the U.S to help retirees plan a safe and sustainable withdrawals from their pension accounts is 

questionable rule of thumb for other countries. The result from the 2011 study show that only 

retirees in 6 out of 25 countries studied could sustain a 30 years of withdrawal with the 4 

percent rule.  

Laster, Suri & Vrdoljak (2012) state in their research that a key to a successful retirement plan 

for retirees is to avoid the fear of outliving their assets. To achieve that goal, retirees must 

avoid overspending and therefore avoid the risk of outliving their wealth and increasing their 

bequests. As Meng & Pfau (2011) conclude, Laster et al (2012) agree on, which is that the 4 

percentage rule is overly simplistic and that other factors affect the withdrawal rate as the 

retirees age, gender and risk tolerance.  

Freedman (2008) studied that the 4 percentage rule is a relatively safe withdrawal rate and 

with that withdrawal rate no annuitization is needed to meet the retiree’s desires. The results 

from the study also show that with increased withdrawal rate the need for annuitization 

increases to be able to meet the retiree’s bequest and withdrawal desires.     

Klinger (2007) introduced three different withdrawals strategies; uniform withdrawal profile, 

progressive withdrawal profile and aggressive withdrawal profile. Analysis showed that using 

withdrawal rules increases the present value of the total withdrawals over scenarios without 

withdrawal rules. With these withdrawal rules retirees can match their desired retirement 

profile.  

Blanchett et al. (2013) introduced a withdrawal model that determines the probability of 

success when taking current bond yield into account. Their result state that a 4 percentage 

withdrawal rate over 30 years only has a probability of success of 50%.  
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Gould & Smith (2007) state that for a given withdrawal rate the retiree can determine the 

tradeoff between shortfall probability and the median value of terminal wealth by various asset 

allocation strategies. Their result show that the minimum risk portfolio has between 50-70% 

stocks but with a heavier portion of stock the retiree accepts more risk. They also conclude 

that a flexible spending strategy that adjusts withdrawals as the asset fluctuates is appealing 

because it can reduce the shortfall probability and increase the median value of terminal 

wealth.  

From these studies the common result is that there is a need for different withdrawals strategies 

for each retiree based on his or her desires, age, gender and risk tolerance.  
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5 Results 

Modeling is the form of describing a real phenomenon. The model developed needs to capture 

the key features of the real-world problem, behaviors and functions. A simulation is performed 

on the model over time, where a computer is utilized to generate random numbers and these 

random numbers are used as the values for certain variables from arbitrary distributions. Using 

that these events generated are discrete, the use of random variables will describe the behavior 

of a stochastic model over time (Ross, 2006) This chapter captures the result from the 

simulations and calculations done from the models introduced in chapter 4.  

5.1 Simulation results from Withdrawal model 

The model is based on the mathematical description in chapter 4.1 and was implemented in 

MATLAB as a function. The input into the model are initial wealth, what type of withdrawal 

rule is used, gender, age, the expected rate of return of the portfolio and the volatility of the 

portfolio.  

 Initial wealth: The initial wealth the retiree owns to withdraw  

 Withdrawal rule: Three different rules, fixed percentage, 1/T or 1/E[T(x)] 

 Gender: Female or male, the life expectancy differs between genders 

 Age: The age where the retiree starts his withdrawals, life expectancy differs with age 

 Expected rate of return: The expected rate of return of the remaining asset 

 Volatility: The volatility of the remaining asset 

Two what if case studies where implemented and the values for both simulation can be found 

in table 3.  
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Table 3 Variables for withdrawal strategy simulation 

Variable Case 1 Case 2 

Initial wealth 100 100 

Withdrawal rule All three simulated All three simulated  

Fixed percentage withdrawn 4% 4% 

Gender Female Female 

Age 65 years old 65 years old  

Expected rate of return 10% 5% 

Volatility 7% 6,5% 

 

The input difference between case 1 and case 2 is the expected rate of return and volatility. 

For these inputs, the model was simulated for 100 trials (n=100). In figure 4 the simulation 

shows the mean value of the yearly payment of 100 simulations for the three different 

strategies simulated over 35 years (from the age 65 to 99 years old). The graph to the left is 

case 1 and the graph to the right is case 2.  These simulations are then compared to annuity 

payments on the graph calculated in chapter 4. The graphs show how the annual payments for 

the three different strategies vary between years.  

The 1/T strategy has the lowest payments in the first year but rises over the period and after 

35 years has the highest payment compared to the other strategies. The 1/E(T) strategy 

payment rise over the first few years of the retirement period but has the maximum payments 

after around 23 years for case 1 but after 18 years in case 2 and then starts to decrease and is 

the lowest of all strategies at the end of 35 years for both cases. The fixed percentage strategy, 

is set at 4% and rises throughout the period, due to the rise in the remaining asset in both cases, 

for case 1 the rise is greater due to higher return of the asset.  

When comparing the two cases simulated, the result may at first seem different but when 

comparing the course of the curve, each strategy has a distinct curve but the main difference 

is dependent on the expected rate of return and the volatility. With higher expected rate of 

return the retiree can expect to have higher withdrawals per year and a richer asset to bequest, 

although that is dependent on strategy chosen.  

Comparing the strategies to the annuity payments, the result show for case 1 that when the 

expected rate of return is this high all three strategies offer higher yearly withdrawals then 
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annuity payments excepts for the first 5-10 years. However, when the expected rate of return 

is lower as in case 2 the annuity payments become a more feasible choice.  

 

Figure 4 Amount withdrawn yearly for two different cases 

 

Figure 5 Remaining asset yearly for two different cases  
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In figure 5 the mean of the remaining asset every year for the 100 trials is plotted for both 

cases. The graph to the left is case 1 and the graph to the right is case 2. The remaining asset 

is as described in chapter 4 depended on the amount withdrawn each year. The graphs show 

how the remaining asset for the three different strategies varies between years. The annuity 

payment is not plotted in these graphs because annuity payments do not offer bequest 

potentials as discussed in chapter 2.  

The 1/T strategy’s remaining asset rises over the first years, reaches the peak after 26 years for 

case 1 but 13 years for case 2 but then starts to fall and reaches 0 after 35 years. The decrease 

over the first years is due to low withdrawals but as the period goes on the withdrawals increase 

and therefore the remaining asset decreases. The 1/E(T) strategy’s remaining asset is the lowest 

over the whole period for both cases. That is because the withdrawals in figure 4 are the highest 

over the first years and therefore the remaining asset decreases faster. The fixed percentage 

strategy’s remaining asset rises similar to the strategy’s withdrawals, they rise over the whole 

period and are the highest of all three strategies after 35 years. Comparing the two cases the 

result show the remaining asset is highly depended on the withdrawal rate as well as the return 

of the fund.  

The result in figure 4 and figure 5 from the simulation show that the three strategies have both 

pros and cons. The 1/T strategy has very low withdrawals for the first year and is only 

dependent on the expected life of the mortality table although the bequest potentials are high. 

This strategy might not seem sensible to the retirees. The 1/E(T) strategy on the other hand 

takes into consideration both gender and age and therefore is appealing both where the 

withdrawal rate is good and it has some bequest potential. The fixed percentage strategy in the 

cases simulate assumes 4% withdrawal rate. For both cases the return of asset is higher than 

the withdrawal rate and therefore has a rise throughout the period, but the withdrawals become 

very low if the return drops below annuity payments.  

According to FÍT (2017) a 65-year-old female living in Iceland today is expected to live for 

21,14 years. Using the result from the simulation for case 2 the probability of amount of 

bequest for this retiree can be found in figure 6 for all three withdrawal strategies.  
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Figure 6 Probability of amount to bequest after 21 years. 

From the histograms in figure 6 the 65-year-old female can view what strategy will give her 

the amount to bequest she desires at the age of 86 (21 years from today). The assumption was 

made that the result is log-normally distributed for all three strategies where the rise in the 

curve is steeper than the fall. The number of iterations was increased to 1000 and the plot fitted 

to a log-normal distribution in MATLAB as can be seen in figure 7.  

 

Figure 7 Log-normal fitting of all three strategies 

  



5 Results  28 

 

 

 

From this assumption the parameters 𝜇 and 𝜎 of the log-normal distribution were computed 

from the simulation and from that the Expected bequest and the Standard deviation calculated 

using (Ólafsson, 2016) 

 𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑏𝑒𝑞𝑢𝑒𝑠𝑡 = 𝑒𝜇+
𝜎2

2  (15) 

 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 =  𝑆𝑡𝑑 = √𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = √𝑒2𝜇+𝜎
2
(𝑒𝜎

2
− 1) (16) 

The result from the calculation for all three strategies are found in table 4. The Fixed 

percentage strategy has the highest Expected bequest but also the highest Standard deviation, 

that is the highest risk, while the 1/E(t) has the lowest Expected bequest and the lowest 

Standard deviation. 

Table 4 Expected bequest and Standard deviation of amount to bequest after 21 years 

 𝜇 𝜎 Expected bequest Standard deviation 

Fixed percentage 4,72 0,265 116,2 112,5 

1/T 4,68 0,243 111,0 108,0 

1/E(t) 3,82 0,261 47,2 45,7 
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5.2 Short fall probability  

One of the most important aspects when deciding on a withdrawal strategy is to know the 

shortfall probability, that is how likely it is that the chosen strategy will fall below a certain 

withdrawal goal or a minimal accepted amount set by the retiree. Shortfall probability is 

therefore a risk measure for the retiree.  

In this study the benchmark Qt chosen is the safe annuity payment calculated in chapter 4 and 

Bt the withdrawal for the chosen strategy. The short fall probability of Bt is described by the 

following probability equation (Dus et. al, 2005):  

 𝑆ℎ𝑜𝑟𝑡𝑓𝑎𝑙𝑙 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 = 𝑆𝑃(𝐵𝑡) = 𝑃(𝐵𝑡 ≤ 𝑄𝑡) (17) 

where the probability lies between 0 and 1. The derivation of the shortfall probability 

expression for a fund that makes payments is in Appendix A, but he final mathematical 

equation is:   

 𝑃(𝐵𝑡 ≤ 𝑄𝑡) = 𝑁 (
𝑄𝑡

𝜎𝑣𝑡𝑉0√𝑡 ∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0

−
1

𝜎
(𝜇 −

𝜎2

2
)√𝑡) (18) 

Where  

▪ Bt is the withdrawal made that period 

▪ Qt is the benchmark set for that period 

▪ N is the standardized normal distribution 

▪ t is the period (t = 0,1,…) 

▪ µ is the mean 

▪ σ is the standard deviation  

▪ V0 is the initial value of the pension fund 

▪ vk is the withdrawal fraction   

Two what if case studies where implemented and the values for both cases can be found in 

table 5.  

  

https://en.wiktionary.org/wiki/%CF%83
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Table 5 Variables for Shortfall probability calculations 

Variable Case 1 Case 2 

Benchmark Qt 6,64 6,64 

Period t 35 years (from 65-99) 35 years (from 65-99) 

Initial Value V0 100 100 

Gender Female Female 

Age 65 years’ old 65 years’ old 

The mean µ 10% 5% 

The standard deviation σ 7% 6,5% 

Withdrawal fraction vt Depended on strategies Depended on strategies 

 

The shortfall probability for all three withdrawal strategies was calculated for both cases 

introduced previously. In figure 8 the results from the calculations have been plotted, the graph 

to the left for case 1 and the graph to the right for case 2. For both cases the course of the curve 

is the same, although with lower return and standard deviation the shortfall probability 

increases, that is if the return of the fund is low the annuity becomes a more feasible option to 

choose. For the 1/T strategy the shortfall probability is high, around 100% for both cases while 

the short fall probability for fixed percentage and the 1/E(T) is relatively lower over the whole 

period. Looking at both cases the 1/E(T) strategy has the lowest shortfall probability over the 

period.  

 

Figure 8 Short fall probability for two different cases 

https://en.wiktionary.org/wiki/%CF%83
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5.3 Present value of pension withdrawals 

Another way to choose and compare withdrawal strategies for individual retirement pension 

accounts is to calculate the present value of the annual pension withdrawals for the different 

strategies and compare. As stated in chapter 4.3 Klinger (2007) research showed that with a 

chosen withdrawal strategy the present value is higher than in scenarios without a withdrawal 

strategy. 

Present value (PV) can be described as the relationship between an amount of money today 

and in the future. There are two reason why cash flows are discounted; a dollar today is worth 

more than a dollar tomorrow because the dollar can be invested and a safe dollar is worth more 

than a risky dollar. Future payments Ct at time t can be calculated to the present, by the 

following equation (Brealey et al., 2014) 

 𝑃𝑟𝑒𝑠𝑒𝑛𝑡 𝑉𝑎𝑙𝑢𝑒 = 𝑃𝑉 =  
𝐶𝑡

(1 + 𝑟)𝑡
 (19) 

The rate r is the discount rate, a relevant interest rate that increases the future value. In this 

study, the value of Ct is the amount withdrawn yearly from the IRA account at year t. When 

the flow extends over a number of years, like when withdrawing from a IRA account, the total 

present value is (Brealey et al., 2014) 

 𝑃𝑉 = ∑
𝐶𝑡

(1 + 𝑟)𝑡

𝑇

𝑡=1

 (20) 

When discounting cash flows the present value is always less or equal to the future value 

because the cash flow has the potential to be invested.  According to Icelandic law pension 

funds need to discount cash flow with a fixed interest rate of 3,5%. However, a fixed interest 

rate over the whole period has been criticized and the use of variable interests has been 

introduced in foreign pension funds (Jóhannsson, 2016)  

For these present value calculations, the value of r is chosen to be risk free and therefore the 

rate of a Nominal Treasury Bonds. These bonds are coupon or zero coupon, none-indexed 

bonds issued by the Government Debt Management on behalf of the Republic of Iceland. 

Today, registered in the Icelandic stock exchange (ísl. Kauphöllin) are six different nominal 

treasury bonds, named RIKB, with different maturity, the longest maturing in January 2031. 

Using information from Bond.is (2017) for the six different RIKB bonds the interest curve 

was evaluated in MATLAB for the retirement period, from 2017 and 35 years into the future. 
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Using this approach a variable interest rate is evaluated for each year until 2031 which is the 

RIKB with the longest maturity. After the year 2031 the interest rate is fixed at the same rate 

as the year before as can be seen in figure 9. 

 

Figure 9 Interest rate curve 

The value of Ct is the mean value of the yearly payments for the three different strategies 

simulated over 35 years performed in chapter 5.1.  From this the present value for all strategies 

for both case was calculated according to equation 20 and the result found in table 6. 

Table 6 Present Value results 

 Case 1 % of Annuity Case 2 % of Annuity 

1/T 238 214% 102 92% 

1/E(T) 181 163% 98 88% 

Fixed percentage 152 136% 73 66% 

Annuity 111 - 111 - 

 

The result in table show that the 1/T strategy has the highest present value of all the strategies 

implemented in case 1. That is due to the low withdrawals in the first years and the fund 

continues to grow over the years and the withdrawals at the end of the retirement period are 

therefore high. For the second case simulated, the present value of all three strategies is less 

than the annuity payments due to low return on asset. Using only the present value calculations 
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to choose a withdrawal strategy the 1/T strategy would be the most feasible strategy chosen if 

the expected return on the asset is relatively high, whereas Annuity payments would be the 

most feasible choice if the return is low.  
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5.4 Result from Risk and Reward model 

The simulation for the Risk and Reward model is based on the mathematical description in 

chapter 4.2 and was implemented in MATLAB as a function. The input into the model are  

 Initial wealth: The initial wealth the retiree owns to withdraw  

 Expected rate of return: The expected rate of return of the remaining asset 

 Volatility: The volatility of the remaining asset 

 Fraction: The fraction withdrawn from the asset every year 

 Probability of death: The probability of dying for the ages between 65-99  

The output of the program is the Age of death of the retiree and the Wealth at time of death for 

the retiree. The implementation is based on that for each iteration a random number between 

0 and 1 is generated by the program. If that random number is lower than the Probability of 

death the program rules that individual deceased but stores the age and wealth at the time of 

death. This process is repeated until the number of iterations has been reached. Using this 

approach the program outcome is a variety of different values for both Age of death and Wealth 

at time of death. The variables for the first case simulated are found in table 7.  

Table 7 Variables for Risk and Reward simulation 

Variable Case 1 

Initial wealth 100 

Expected rate of return   10% 

Volatility 7% 

Fraction 4% 

Probability of death (Male) (FÍT,2017) 

Iterations 100, 1.000, 5.000, 10.000 

 

Using different numbers of iterations, the result in figure 10 show how many retirees die at 

what Age of death (x axis) and what their corresponding Wealth at time of death (y axis), 

represented with a blue star.  The result shows that with increased life expectancy the value of 

Wealth at time of death increases for some retirees. With increased iterations the result start to 

resemble the Probability of death curve plotted in figure 3 in the previous chapter as expected.  
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Figure 10 Result of 4 different number of iteration. Number of retiree’s dying at what age 

past 65 years old and the corresponding wealth at time of death  

For the same case the Wealth at time of death was plotted on a histogram and the result can be 

found in figure 11. Each bar on the histogram represents the number of trials that fall within 

the Wealth at time of death on the x axis. With increased iterations the distribution becomes 

clearer and when looking at n=5.000 and n=10.000 it is assumed that the result for the Wealth 

at time of death are log-normally distributed. 

 

Figure 11 Histogram of 4 different iterations. Result show how Wealth at time of death 

spreads 
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This assumption was confirmed with even more exact data where the number of iteration was 

increased to n=50.000 and the histogram fitted to a log-normal distribution using an inbuilt 

function in MATLAB, histfit. The result of the histogram and fitting are found in figure 12. 

The result show that the log-normal fit (red line) smoothens the data simulated (blue bars) and 

fits the data well.   

 

Figure 12 Histogram showing the distribution fitted to Wealth at time of death 

The log-normal distribution is distribution with the parameters 𝜇 and 𝜎 and the density 

function given by (see Appendix C) 

 𝑓𝐿𝑁(𝑦) =  
1

𝑦𝜎√2𝜋
exp (−

(log 𝑦 − 𝜇)2

2𝜎2
) (21) 

Using this information, the parameters 𝜇 = 6,1076 and 𝜎 = 0,6981 were computed from the 

simulation data. Another simulation was performed for the same variables as listed in table 7 

but now for females and the parameters 𝜇 = 6,2932 and 𝜎 = 0,7199 were computed from the 

simulation. The Expected value and Variance can be calculated using the known formulas for 

a log-normal distribution (Ólafsson, 2016) 

 𝐸𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑉𝑎𝑙𝑢𝑒 =  𝐸(𝑌) = 𝑒𝜇+
𝜎2

2  (22) 

 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒 = 𝑉𝑎𝑟(𝑌) =  𝑒2𝜇+𝜎
2
(𝑒𝜎

2
− 1) (23) 

 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 = 𝑆𝑡𝑑(𝑌) = √𝑉𝑎𝑟(𝑦) (24) 
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In table 8 the comparison of the Expected value, Variance and Standard deviation are listed 

for both males and females. The result shows that females are expected to have higher wealth 

at time of death then males but with higher variance. 

Table 8 Comparison of expected value, variance and standard deviation between sexes 

 Males Females 

Expected Value  573,2 700,9 

Variance 206.3 333.6 

Standard deviation 454,3 577,6 

 

The cumulative log-normal distribution is described by (see Appendix C) 

 𝑃(𝑌 ≤ 𝑦 ) = 𝐹𝐿𝑁(𝑦; 𝜇, 𝜎) =  
1

√2𝜋𝜎2
∫

1

𝑤
𝑒
−
(ln𝑤− 𝜇)2

2𝜎2 𝑑𝑤 = 𝑁 (
ln 𝑦 − 𝜇

𝜎
)

𝑦

0

 (25) 

  

And therefore 

 𝑃(𝑌 > 𝑦) = 1 − 𝑁 (
ln 𝑦 − 𝜇

𝜎
) (26) 

 

These equations are then used to calculate the probability that Wealth at time of death will be 

below or above a certain benchmark set, as the result in table 9 show. 

Table 9 Comparison of probability of Wealth at time of death between sexes 

 Males Females 

Greater than 550  38,6% 49,1% 

Less than 400 43,4% 33,8% 

 

As expected, based on mortality rate, the result in table 9 show that males are more likely to 

receive lower amount to bequest at death then females because they are expected to have 

shorter lifetime. The cumulative distribution has been plotted in figure 13 for values from 0 to 

1000. There the difference between the sexes is visual on the graph, females are expected to 

have a higher bequest at time of death. These result show that there is a difference in Wealth 

at time of death between males and females.  
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Figure 13 Probability of wealth at time of death for both sexes  

The same simulation was performed as described in table 6, but the initial wealth increased 

from 100 to 200. Using the same assumption as before, that the distribution is log-normally 

distributed, the parameters 𝜇 = 7,0356 and 𝜎 = 0,7019 were computed from the simulation 

data for males and the parameters 𝜇 = 7,2464 and 𝜎 = 0,7263 for females. From these values 

the Expected value, Variance and Standard deviation were calculated and listed in table 10. 

The result show that when the initial wealth is increased all values calculated increase as well.  

Table 10 Comparison of expected value, variance and standard deviation between sexes 

 Males Females 

Expected Value  1.454 1.827 

Variance 1.345.612 2.317.619 

Standard deviation 1.160 1.522 

 

From these simulations performed the result show clearly that there is a difference in outcome 

between sexes as well as the outcome relies heavily on the initial wealth.  
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5.4.1 Efficient frontier simulation result 

Another simulation was performed, similar to Freedman’s (2008) simulations, where the 

efficient frontier was plotted. The case was the following  

Table 11 Variables for Efficient frontier simulation 

Variable Case 1 

Initial wealth 100 

Expected rate of return  

- Stock 7%* 

- Bond 4%* 

Standard deviation of return  

- Stock 20%* 

- Bond 7%* 

Stock/Bond return correlation 30%* 

Fraction 4%, 5%, 6% 

Probability of death (Male) (FÍT,2017) 

Iterations 10.000 

*Data from Freedman (2008) 

Using the same assumptions made above, that the distribution of Wealth at time of death is 

log-normally distributed, the Risk and Reward was calculated and plotted for three different 

fractions of withdrawal, that is 4%, 5% and 6%. For each withdrawal percentage the weight 

between stocks and bonds was changed by 10% when calculating the risk and reward, that is 

starting with 0% stock and 100% bond and ending in 100% stock and 0% bonds.  

 

Figure 14 Risk and reward graph for three different withdrawal rates 
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As seen in figure 14 the course of the curve is similar for each withdrawal percentage, but the 

Reward and Risk vary between withdrawal percentage. When withdrawing higher percentage 

yearly the Reward, that is the expected wealth at time of death, decreases and vis versa for 

lower percentage withdrawn. For example, if the retiree desires to bequest around 100% 

percentage of his or her initial wealth than the asset allocation would need to be as listed in 

table 12 

Table 12 Asset allocation for different withdrawal rules with a Reward of 100% of initial 

wealth 

Fraction Stocks Bond Reward Risk 

4% withdrawal 0% 100% 105% 56% 

5% withdrawal 40% 60% 106% 103% 

6% withdrawal 70% 30% 102% 190% 

 

The result in table 12 show that to be able to withdraw a high percentage the risk will be greater 

than when withdrawing a lower percentage because the retiree would need to invest in a higher 

ratio of stocks to fulfill his or her bequest desires.  

5.4.2 Increased withdrawal rate 

Another interesting simulation is to see the impact when the withdrawn percentage is increased 

to 8% which is a relatively high rate. The following case was simulated 

Table 13 Variables for Risk and Reward simulation 

Variable Case 1 

Initial wealth 100 

Expected rate of return 10% 

Volatility 7% 

Fraction 8% 

Probability of death (Male) (FÍT,2017) 

Iterations 10.000 

 

The result in figure 15 show how that with increased withdrawal percentage some retirees can 

expect that their Wealth at time of death will fall below their initial wealth (red line) or even 

become negative or zero (green line). These results show a fault in the program, that is that 

Wealth at time of death can become negative which in real world is not a possibility. That 
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means that the retiree has run out of money prior to his or her death. The model does not 

account for this type of risk, running out of money prior to death. 

 

Figure 15 Number of retiree’s dying at what age past 65 years old and the corresponding 

wealth at time of death. Red line is initial wealth and green line is a zero line. 

From these simulations performed on the Risk and Reward model the result clearly indicate 

that all the inputs including Initial wealth, Expected rate of return, Volatility, Fraction and 

Probability of death have an effect on the outcome, that is Wealth at time of death. These 

results emphasize on how important it is that every single retiree has a withdrawal strategy 

that fits his or her profile, that there is no one strategy that fits all.   
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6 Discussion and Conclusion 

The result of this thesis and other research show the importance that each retiree choses a 

withdrawal strategy that fits his or her desires and needs. The theoretical models introduced 

and discussed in this thesis provide the framework needed to deepen the retiree’s knowledge 

and provide the tools about IRA withdrawals and ensure their financial security.  

To summarize the thesis’ results: 

▪ Different withdrawal strategies offer different pros and cons  

- The 1/T strategy might be considered irrational whereas it only depends on the 

length of a mortality table. The withdrawals might seem unattractive to many 

retirees where the payments in the first years are low and the bequest potentials 

decrease drastically over the last years of retirement. 

- The 1/E(T) strategy has the lowest shortfall probability with regards to yearly 

withdrawal payments of the strategies introduced. The strategy follows the 

expected life time each year for the retiree which is desirable but the bequest 

potential decrease after middle of the retirement period. 

- Fixed percentage strategy is the most known strategy and has been researched 

in many different studies. The strategy is very dependent on the expected return 

on the remaining asset, if the return is low the strategy falls below annuity 

payments throughout the retirement period, but with higher return the strategy 

is feasible and offers high bequest potentials. 

▪ Shortfall probabilities are important to introduce to the retirees to show the risk 

between annuity payments and other withdrawal strategies.  

▪ Present value calculations are important in the process of comparing strategies. The 

result show that the 1/T strategy has the highest present value however might not seem 

a desirable choice for retirees due to the amount withdrawn in the first years of 

retirement as well as low bequest potential.  
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▪ The Risk and Reward of wealth at time of death, using a fixed percentage strategy 

withdrawals, can be calculated analytically after simulation where the data is fitted to 

a log-normal distribution. The different case simulated show that the outcome for the 

retiree is depended on initial wealth, expected rate of return, volatility, fraction 

withdrawn and probability of death which is different between sexes. As mentioned in 

the end of chapter 6 the model has a fault where the expected wealth at time of death 

can become negative. This needs to be considered in further modeling, that is the 

probability of running out funds before death.  

Today in Iceland there are no restriction, beside the age limit, on how to withdraw pension 

from IRA accounts as stated in previous chapters. The author did small research and looked at 

information about IRA accounts from the seven biggest pension funds in Iceland according to 

the Icelandic Pension Funds Association (Landssamtök lífeyrissjóða, n.d.).  Not all websites 

visited had IRA calculators for how to withdraw pension but those who had calculators only 

offered calculators where the retiree sets the number of years he or she wishes to withdraw the 

pension and the expected return is a plug-in number set by the retiree. This shows the lack of 

tools retirees must have to take an informed decision on how to withdraw their pension. 

Another factor worth mentioning is that IRA accounts in Iceland only were adopted in 1998. 

These accounts are relatively young and as years go by these accounts will most likely continue 

to grow which increases the importance of a steady and systematic framework around 

withdrawals. Some of the biggest pension funds in Iceland, like Frjálsi Pension fund and 

Almenni Pension fund, now offer that part of the occupational fund contribution is invested in 

IRA accounts which increases the responsibility on the retiree in managing their pension fund.  

The author hopes that the theoretical model introduced in this thesis will be of use to pension 

funds in Iceland to extend their IRA advise, which may include online web calculators or apps 

(online applications for smartphones and tablets) with different withdrawal strategies that 

show the risk and return of each strategy along with probabilities.  
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Appendix A 

Short fall probabilities. The growth of the fund 𝑉𝑡  is presented (Dus et. al, 2005) 

𝑉𝑡 = (1 − 𝑣𝑡−1)𝑉𝑡−1 exp(𝑋𝑡)    (A.1) 

A repeat use of this equation results is in 

𝑉𝑡 = (1 − 𝑣𝑡−1)(1 − 𝑣𝑡−2)𝑉𝑡−2𝑒
𝑋𝑡−1𝑒𝑋𝑡 = ⋯

= (1 − 𝑣𝑡−1)(1 − 𝑣𝑡−2)… (1 − 𝑣0)𝑉0𝑒
𝑋1𝑒𝑋2 …𝑒𝑋𝑡 =∏(1 − 𝑣𝑘)𝑉0𝑒

∑ 𝑋𝑖
𝑡
𝑖=1

𝑡−1

𝑘=0

 

And therefore 

𝑉𝑡 = 𝑉0∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0 𝑒∑ 𝑋𝑖

𝑡
𝑖=1     (A.2) 

It follows that the annual benefit payments 𝐵𝑡which are expresses as 𝐵𝑡 = 𝑣𝑡𝑉𝑡 

Can be written as  

𝐵𝑡 = 𝑣𝑡𝑉𝑡 = 𝑣𝑡𝑉0∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0 𝑒∑ 𝑋𝑖

𝑡
𝑖=1     (A.3) 

Now that the sequence of payment benefits 𝐵𝑡 has been presented as a random variable the 

probability that these payments are lower than some target value, the annuity payments 𝑄𝑡 can 

be evaluated. 

𝑃(𝐵𝑡 ≤ 𝑄𝑡) = 𝑃 (𝑣𝑡𝑉0∏(1− 𝑣𝑘)

𝑡−1

𝑘=0

𝑒∑ 𝑋𝑡
𝑡
𝑖=1 ≤ 𝑄𝑡) = 𝑃 (𝑒

∑ 𝑋𝑡
𝑡
𝑖=1 ≤

𝑄𝑡

𝑣𝑡𝑉0∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0

)

= 𝑃(∑𝑋𝑖

𝑡

𝑖=1

≤ 𝑙𝑜𝑔 (
𝑄𝑡

𝑣𝑡𝑉0∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0

))

= 𝑃(𝑋(𝑡) ≤ 𝑙𝑜𝑔 (
𝑄𝑡

𝑣𝑡𝑉0∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0

)) 



Appendix A  48 

 

 

 

 

With  

𝑋(𝑡) = ∑ 𝑋𝑖 ~𝑁((𝜇 −
𝜎2

2
) 𝑡, 𝜎2𝑡)𝑡

𝑖=1     (A.4) 

And therefore 

𝑃(𝐵𝑡 ≤ 𝑄𝑡) = 𝑃(𝑋(𝑡) ≤ 𝑙𝑜𝑔 (
𝑄𝑡

𝑣𝑡𝑉0∏ (1 − 𝑣𝑘)
𝑡−1
𝑘=0

))

= 𝑁

(

 
 

𝑄𝑡
𝑣𝑡𝑉0∏ (1 − 𝑣𝑘)

𝑡−1
𝑘=0

− (𝜇 −
𝜎2

2
) 𝑡

𝜎√𝑡

)

 
 

 

𝑃(𝐵𝑡 ≤ 𝑄𝑡) = 𝑁 (
𝑄𝑡

𝜎𝑣𝑡𝑉0√𝑡 ∏ (1−𝑣𝑘)
𝑡−1
𝑘=0

−
1

𝜎
(𝜇 −

𝜎2

2
)√𝑡)  (A.5) 
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Appendix B 

Using the statement that  

𝐸(𝑒𝜃𝑊(𝑡)) = 𝑒
𝜃2

2
𝑡
       (B.1) 

which is proven by explicit calculations (Ólafsson, 2016) 

𝐸(𝑒𝜃𝑊(𝑡)) = ∫ 𝑒𝜃𝑥
1

√2𝜋𝑡
𝑒−
𝑥2

2𝑡

∞

−∞

𝑑𝑥 =
1

√2𝜋𝑡
∫ 𝑒

−
1
2
(
𝑥2−2𝜃𝑥𝑡

𝑡
)

∞

−∞

𝑑𝑥

=
1

√2𝜋𝑡
∫ 𝑒

−
1
2
   (
𝑥−𝜃𝑡

√𝑡
)
2

−𝜃2𝑡
𝑑𝑥

∞

−∞

=
𝑒
𝜃2

2
𝑡

√2𝜋𝑡
∫ 𝑒

−
1
2
   (
𝑥−𝜃𝑡

√𝑡
)
2

𝑑𝑥
∞

−∞

= 𝑒
𝜃2

2
𝑡
 

the expected value 𝐸𝑍[𝑊𝑡] becomes (Freedman, 2008) 

𝐸𝑍[𝑊𝑡] = 𝐸 [𝑒
(𝜇−

𝜎2

2
)𝑡+𝜎𝑍𝑡 {𝑊0 − 𝑘 ∫ 𝑒

−(𝜇−
𝜎2

2
)𝑠+𝜎𝑍𝑠𝑑𝑠

𝑡

0

}] 

= 𝐸 [𝑊0𝑒
(𝜇−

𝜎2

2
)𝑡+𝜎𝑍𝑡 − 𝑘 ∫ 𝑒

−(𝜇−
𝜎2

2
)(𝑡−𝑠)+𝜎(𝑍𝑡−𝑍𝑠)𝑑𝑠

𝑡

0

] 

= 𝑊0𝑒
(𝜇−

𝜎2

2
)𝑡+

𝜎2

2
𝑡
− 𝑘 ∫ 𝑒

−(𝜇−
𝜎2

2
)(𝑡−𝑠)+

𝜎2

2
𝑡−𝑠)

𝑑𝑠
𝑡

0

 

= 𝑊0𝑒
𝜇𝑡 − 𝑘 ∫ 𝑒𝜇(𝑡−𝑠)𝑑𝑠

𝑡

0

 

= 𝑊0𝑒
𝜇𝑡 −

𝑘

𝜇
 (𝑒𝜇𝑡 − 1)     (B.2) 

Based on equation A.2 it is clear that  

𝑑

𝑑𝑡
𝐸𝑍[𝑊𝑡] = (𝜇𝑊0 − 𝑘)𝑒

𝜇𝑡     (B.3) 
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Y is a random variable with a log-normal distribution with parameters 𝜇 and 𝜎 with a density 

function given by (Ólafsson, 2016) 

𝑓𝑌(𝑦) =
1

𝑦𝜎√2𝜋
𝑒𝑥𝑝 (−

(log𝑦−𝜇)2

2𝜎2
)     (C.1) 

Using the statement that if X is a normally distributed random variable, then 𝑌 =  𝑒𝑥 is log 

normally distributed. That is proven by (Ólafsson, 2016) 

𝑃(𝑒𝑥 ≤ 𝑦 ) = 𝑃(𝑋 ≤ log 𝑦) =
1

𝜎√2𝜋
∫ 𝑒𝑥𝑝 (

(𝑥 − 𝜇)2

2𝜎2
)𝑑𝑥

log𝑦

−∞

 

Then   𝑓𝑌(𝑦) =
𝑑

𝑑𝑦
𝑃(𝑒𝑥 ≤ y) =

1

𝑦𝜎√2𝜋
𝑒𝑥𝑝 (−

(log𝑦−𝜇)2

2𝜎2
)  

Using    𝑎 =  
𝑑

𝑑𝑥
∫ 𝑓(𝑣)𝑑𝑣 = 𝑓(𝑏(𝑥))

𝑑𝑏(𝑥)

𝑑𝑥
− 𝑓(𝑎(𝑥))

𝑑𝑎(𝑥)

𝑥

𝑏(𝑥)

𝑎(𝑥)
 

Y is a random variable with a log-normal distribution with parameters 𝜇 and 𝜎 with the 

cumulative distribution given by (Ólafsson, 2016) 

𝑃(𝑌 ≤ 𝑦 ) = 𝐹𝑌(𝑦; 𝜇, 𝜎) =  
1

√2𝜋𝜎2
∫

1

𝑤
𝑒
−
(ln𝑤− 𝜇)2

2𝜎2 𝑑𝑤 = 𝑁 (
ln𝑦−𝜇

𝜎
)

𝑦

0
  (C.2) 

That is proven by (Ólafsson, 2016) 

𝐹𝑌(𝑦; 𝜇, 𝜎) =  
1

√2𝜋𝜎2
∫

1

𝑤
𝑒
−
(ln𝑤− 𝜇)2

2𝜎2 𝑑𝑤 =
𝑧=ln𝑤

1

√2𝜋𝜎2
∫ 𝑒

−
(x− 𝜇)2

2𝜎2 𝑑𝑥
ln𝑦

−∞

𝑦

0

 

=
𝑧=
𝑥−𝜇
𝜎

1

√2𝜋
∫ 𝑒−

𝑧2

2 𝑑𝑧 = 𝑁 (
ln 𝑦 − 𝜇

𝜎
)  

𝜎

−∞
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