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Abstract

The Failure Forecast Method, FFM, is a method for eruption forecasting which
uses accelerating precursory patterns to determine the onset time of an eruption.
It is derived from material science and relates to rock-failure preceding an eruption,
due to ascent of magma to the surface. The acceleration pattern of the precursors
follows a power-law curve described by a second order differential equation. The
general solution of this equation is a graphical depiction of the reciprocal rate to
determine the time of failure. The method has primarily been used for hindsight
study of volcanoes and has been criticized for incompetence in real-time forecast-
ing. The declining trend of the reciprocal rate is also highly dependent on empirical
parameters which vary between volcanoes. This has prompted recent studies which
propose new ways of solving the equation of FFM. In one study, the method of
Bayesian inference is coupled with the FFM and in another, mathematical ma-
nipulation is use to solve the equation so that the reciprocal rate declines linearly
independent of empirical parameters. These new studies claim to cope better with
partial precursory sequences and be more useful in real-time monitoring.

Útdráttur

The Failure Forecast Method er aðferð sem notuð hefur verið á því sviði eldfjal-
lafræðinnar sem lýtur að spám um eldgos. Aðferðin notar hröðun á fyrirboðum,
svo sem jarðskjálftavirkni eða yfirborðsaflögun, til þess að ákvarða upphafstíma el-
dgoss. Hugmyndin að baki aðferðarinnar er fengin úr efnisfræðum og vísar til þess
þegar fyrirstöðuberg gefur undan kviku á leið sinni til yfirborðs. Hröðunarmunstur
fyrirboðanna fylgir veldis-falli sem lýst er með annars stigs afleiðujöfnu. Almenna
lausn þessarar jöfnu er grafísk framsetning á andhverfu vörpun hraðans til að tí-
masetja það þegar bergið gefur eftir. Hingað til hefur þessari aðferð aðallega verið
beitt í eftirá-rannsóknum og hefur sætt gagnrýni fyrir að vera ónothæf í rauntíma
notkun. Einnig er hegðun andhverfa hraðans töluvert háð mældum föstum sem
eru breytilegir milli eldfjalla. Þessir hnökrar á líkaninu hafa verið kveikja nýlegra
rannsókna sem leggja fram nýjar leiðir til þess að leysa jöfnuna þannig að hún
geti verið leyst með hluta úr tímaröðum fyrirboðanna. Önnur þessara rannsókna
felur í sér nýtingu Bayesískrar tölfræði og hin leggur fram útleiðslur sem gera and-
hverfu vörpunina línulega, óháð mældu föstunum. Með þessum nýju hugmyndum
að lausn á jöfnunni á líkanið að geta nýst betur til rauntíma spágerðar.
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1. Introduction

Volcanic eruptions pose a serious threat to societies worldwide. Not only to peo-
ple living in close proximity to the volcano itself, but also to air traffic, businesses
and environmental conditions on a global scale. For instance, the eruption of
Eyjafjallajökull in Iceland 2010, forced a large part of European air traffic to
an almost complete standstill for over 8 days causing disruption of over 100.000
flights which affected more than 10 million passenger journeys [1]. Therefore it is
important to try to foresee volcanic eruptions in order to prepare civil protections,
governments and businesses so proper actions can be made beforehand.
Nearly all volcanic eruptions are preceded by precursory signals in the form of
seismicity, ground deformation, gas emission or geo-chemical changes. These sig-
nals are the effects of processes occurring within the complex dynamical systems
of volcanoes and are most often stochastic and non-linear [2], [3]. However, these
processes are constrained by physical laws and can show systematic or even peri-
odic evolutionary behavior [3]. It is the aim of volcanic forecasting to identify and
understand these trends and use them to evaluate the probability and timing of a
volcanic eruption [4].
An example of these physical processes is the fracturing of the host rock as magma
intrudes in a dyke or ascents through a conduit to the surface. As the magma
pushes through, the brittle crust undergoes material failure which has been de-
scribed by the Failure Forecasting Method(FFM). This method was presented by
Voight [5] who applied a fundamental physical law, developed from experimental
studies in material science, to rock failure in volcanoes. The method uses an accel-
erating trend observed in many precursory signals to estimate the time of failure
of the host rock and thereby the onset time of an eruption.
In recent years the FFM method has been tested in a number of studies [6]. These
studies are primarily hindsight studies that involve a graphical solution technique
using a linearization of the reciprocal-rate. This graphical technique is suggested
by Voight to be the most practical solution for real-time monitoring. Later studies
have argued that the graphical solution to the FFM makes too liberal assumptions
and that the method lacks accuracy and credibility for real-time monitoring [7]–
[9].
The aim of this paper is firstly to introduce the background and theory of the
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1. Introduction

Failure Forecast Method as it was presented by Voight in 1988 and take a look
at the hindsight application studies of the FFM presented in the paper. And sec-
ondly, to present two studies that have recently been published proposing ideas
for improving the FFM for real-time forecasting.
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2. Eruption Forecasting

Volcanic eruption forecasting is one of the central goals of volcanology. Essentially
it involves a probabilistic evaluation of the likelihood of an eruption, the timing of
it and possibly the size or eruption style [4]. Eruption forecasting can be classified
into long-term and short-term forecasting. Long-term forecasting involves both
statistical and monitoring methods to evaluate the the probability of an eruption
in a long term perspective. The statistical method is an assessment of the average
repose time of a volcano and its estimation is based upon the known and recorded
eruption history. It generally gives a wide time-window for when an eruption can
be expected [10]. Using monitoring data in long-term forecasting gives information
of increasing or decreasing background activity which can narrow the time-window
from centuries to decades or decades to years.
Short-term forecasting however relies on monitoring data from a volcano. This
involves for example surface deformation such as GPS or strain measurements,
seismic data and measurements of volcanic gas emission [4]. In short-term fore-
casting the prediction of eruption onset is based upon the detection of precursors
and estimation of the time frame these precursors indicate [6]. The key to interpret-
ing the precursory signals is understanding of the underlying physical processes.
These processes are controlled by complex dynamics of the volcano and are often
obscure. In recent years scientist have started to look for more help from mathe-
matics, physics and engineering. With that, our understanding of the behaviour of
these processes has grown [3]. This along with increased monitoring and advanced
data analysis has helped volcanic forecasting develop greatly in recent years and
decades [6].
In real-time forecasting correlating different precursory signals with each other is
greatly important, both in order to confirm the signal and to give a more accu-
rate prediction [3], [5]. An integration of different precursory signals has been the
key to a number of successful eruption forecasting. For example, an integration
of seismic precursors, ground deformation and SO2 emission lead to a successful
eruption forecasting of Mount Pinatubo in 1991 [3].
Volcanic eruption forecasting keeps on evolving giving more accurate predictions
which help authorities take important decisions such as those of evacuations, redi-
rection of air-traffic or closing of roads and bridges.
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3. The Failure Forecast Method

3.1. Origins of the Theory

The theory for eruption forecasting presented by Voight [5] is an adoption of a
material failure law to the failure of rock preceding a volcanic eruption.
The study on which the theory is based describes a relationship between the creep
acceleration and creep velocity of material failure. It was presented by Fukuzono
[11] in relation to failure of landslides in order to analyze the behavior of a slope
failure after a heavy rainfall. A series of experiments were conducted on a model
slope of sandy material that was introduced to artificial rain, increasing the load
of the material monotonically until a failure occurred. Movement behavior of
the material was carefully measured and from the measurement data an equation
was presented, describing the relationship between the rate and acceleration of
displacements. The equation derived from the experiments is:

d2χ

dt2
= a
(dχ
dt

)α
(3.1)

where χ is downward surface displacement along the slope of the model, d2χ
dt2

is
the acceleration of the displacement and dχ

dt
is the velocity. a and α are empirical

constants. In the case of these experiments, the α constant ranged between 1.5
and 2.2. Furthermore, a solution for failure time was obtained using the reciprocal
of the velocity.
These result inspired what then became known as the (material) Failure Forecast
Method, or FFM. Essentially, the FFM uses the material failure law to determine
the onset of an eruption, where the observable is a precursor related to the rock-
failure process.

5



3. The Failure Forecast Method

3.2. Formula for Failure Forecast Method

In the FFM, Voight adopts a general form of the equation derived in Fukuzono’s
paper and argues for it’s applicability to volcanoes and its utility in predicting the
onset time of an eruption. The general form of the equation is set up as:

Ω̈ = AΩ̇α (3.2)

where α and A, similar to before, are empirical constants, Ω is the observable and
Ω̇ and Ω̈ are the rate of change and acceleration respectively. Voight argues that
the observable can be interpreted as any appropriate geodetic, seismically related
or geochemical quantity such as: tilt, number of seismic events, energy release or
gas emission [12].
Since volcanic eruptions essentially always involve some kind of rupture of the
surface, whether due to magma propagation or effects of magmatic or volatile
pressures, some rock-failure is inevitably involved [5], [13]. Monitoring this be-
haviour can therefore arguably give an insight to when a volcano’s structure is
likely to give way, and an eruption can be expected.

3.2.1. Solving the Equation

In Voight’s first article this mathematical derivation of the equation is presented.
The solutions to the equation is obtained with separation of variables (See Ap-
pendix A).

dΩ̇

dt
= AΩ̇α (3.3)

Depending on the value of α, the equation has two different solutions.

1. α = 1
Ω̇ = Ω̇0 · exp

(
A(t− t0)

)
(3.4)

2. α < 1 or α > 1

With initial conditions Ω̇(t = t0) = Ω̇0

Ω̇ = [A(1− α)(t− t0) + Ω̇1−α
0 ]

1
1−α (3.5)
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3.2. Formula for Failure Forecast Method

or with final conditions Ω̇(t = tf ) = Ω̇f

Ω̇ = [A(1− α)(tf − t) + Ω̇1−α
f ]

1
1−α (3.6)

Further manipulation of the equations leads to a formula for tf at any given time,
t∗ where the corresponding rate is Ω̇∗

tf − t∗ =
Ω̇α−1
∗ − Ω̇α−1

f

A(α− 1)
(3.7)

Since the rate at the time of failure is not known, it is assumed to approach
infinity when the time approaches tf . Therefore the quantity Ω̇α−1

f is estimated to
approach zero giving the solution an upper boundary for tf :

tf − t∗ =
Ω̇α−1
∗

A(α− 1)
(3.8)

The onset time of an eruption, te - eruption time, can lag tf by some arbitrary time
due to magma travelling from point of breaking to the surface. However, for the
purpose of real-time monitoring, the lag time is neglected and the time of failure
is approximated as the time of onset such that te ∼ tf .

3.2.2. Solving Analytically

Analytically solving the the time of failure form equation 3.8 requires beforehand
calculation of the unknown parameters. This can be done by setting up the ob-
served rate in an inverse problem Ω̇ = G(α,A) where the operator, G, is defined
by equations 3.3, 3.5 and 3.6. Another method is to use the linear relation of
the logarithm of equation 3.6. By plotting a log− log graph of Ω̇ against te − t
and using least-squares linear regression, the unknown parameters can be solved
from the calculated slope and intersection. The latter solution is naturally only
applicable in hindsight calculations due to it’s dependence on a known eruption
time.
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3. The Failure Forecast Method

Figure 3.1: These graphs show the effects of α on the progression of the rate (left
figure) and on the progression of the reciprocal of the rate (right figure). These
plot were generated according to equations 3.6 and 3.9, similarly to what Voight
presents in his paper [5]. Other constants are chosen as A = 0.059, t0 = 0 and
Ω̇0 = 0.3.

3.2.3. The Graphical Technique

The solution Voight suggest as best practise for real-time monitoring is a graphical
solution using the reciprocal of the rate. Using equation 3.5 for rate the reciprocal
reads:

Ω̇−1 = [A(1− α)(t− t0) + Ω̇0]
−1
1−α (3.9)

This function decreases continuously with time and has a linear trend if α = 2, a
convex trend if α < 2 and a concave trend if α > 2, see figure 3.1.
Voight argues that in the case of volcanic precursors that exhibit accelerating
trends, the α constant is frequently approximately or equal to 2. This gives the
graphical interpretation its forecasting property since the linear trend intersects
the time-axis at estimated time of failure.

8



4. Voight’s Hindsight Application

Mount St. Helens erupted on the eve of 19th of March 1982. Several days before,
on the 12th, a prediction was issued that "an eruption was likely within next three
weeks". Three days later, on the 15th, the prediction was updated and narrowed
down to the next 1 to 5 days. On the morning of the 19th, a final prediction was
issued, based on increased seismicity, that an eruption should be expected within
24 hours [5]. In the original paper on the FFM [5], Voigth uses the FFM model in
hindsight on several different cases. He argues with the use of the model, it would
have been possible to predict the eruption date earlier than what was possible at
the time. Voight uses this example of Mount St. Helens eruption to support his
argument that if the FFM model was used, a prediction with a narrower time-
window could be issued up to 18 days before the eruption.
Voight uses two forms of ground deformation data as the observables of the FFM
for Mount St. Helens. Length changes, which are measurements of contraction of
certain distances from the crater floor and have in the past been a good indicator
of inflation of the dome, and tilt measurements. The tilt measurements recorded
came from station ROA, located on the cone of the volcano, which measures radial
and tangential tilt [14]. The two data sets are graphically differentiated and the
rate estimated from the slope of the linear interpolation between each data point.
When plotted on a log− log graph of rate against (te − t), both data sets seem to
fit equation 3.6 well. However, both data sets exhibit separately breaks in trend,
the tilt measurements in mid-February and the length changes around three days
before the eruption.
When fitting the formula to the tilt rate, little weight is put on the data before
the change in trend. For the length changes, since the fitted formula before the
break seems a good fit to the curve of the rate against time, a fitting of data after
the break is neglected. The fitting yields the following formulas for the rate: The
length change data follows Ω̇ = 20(te− t)−1.04 which corresponds to α = 1.96, and
for tilt measurements Ω̇ = 500(te − t)−1 corrisponding to α = 2.
A plotting of the rate-reciprocals of both the length changes and the tilt measure-
ments from Mount St. Helens portray a decreasing trend which begin to show a
good fitting to the linear trend from approximately 20 days before the eruption
and onwards. However, there is a fair amount of scattering leading up to that

9



4. Voight’s Hindsight Application

point, especially with the tilt data. See figure 4.1.

Figure 4.1: Hindsight rate and reciprocal rate of surface deformation precursors
at Mount St. Helens. This figure is directly taken from Voight’s paper of 1988
[5]. Left figure shows the rate and corresponding reciprocal rate of length changes
and tilt measurements preceding the eruption in March 1982. The figure on the
right shows the rate and reciprocal rate of fault movement measurements of fault
Christina 2 near Mount St. Helens leading up to an eruption on 6th of September
1981. Letters a,b and c mark the fitted formula for the rate and a′ and b′ are the
fitted reciprocal linear fittings.

Voight also presented in the article in 1988 the use of the FFM on seismic data.
This study case uses data from before the eruption of Bezymyanny, Kamachatka in
Russia on 12th of April 1960. In the act of magma breaking through and fracturing
the brittle crust above, seismic monitoring reveals energy, E, and strain release
E

1/2
s . In this case, the cumulative strain release is chosen as the observable for the

model. The rate is obtained again with graphical differentiation of the data and
of the smoothed curve. Here Voight based on the work of Tokarev [15] who had
previously studied the uses of seismic data in eruption predictions of Bezymyanny.

10



The method is then applied in the same manner as before, log of the rate is plotted
and is again fitted with equation 3.6. The fitted equation reads Ω̇ = 80(te− t)−1.66

yielding an α-parameter of 1.6. Therefore, the trend of the reciprocal is not strictly
linear, but shows a more concave upwards like properties. On the reciprocal-rate
the decreasing trend is clearly apparent from 10 days leading up to the eruption,
but is quite scattered and is not easily fitted with the formula before that.
The hindsight plotting of these rates show a very promising result. They need
to be taken with caution however. The hindsight modeling is biased towards the
eruption date as the full precursory sequence is used for calculations.
Subsequently Voight collaborated in other studies, with for example Kilburn [16]
and Cornelius [17]–[20], which included several hindsight studies, the setup of a
PC-software analysis and a proposal of combining seismic amplitude monitoring
for near-real-time monitoring. However, these studies will not be discussed further
in this paper.
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5. Ideas of Improvement for
Real-Time Forecasting

5.1. The Bayesian Approach to FFM

In a paper published in 2015, A. Boué et al. [9] present a study using Bayesian
approach to the FFM. The use of the FFM, as mentioned before, has primarily
been in hindsight studies of complete time series. Boué et al. state that very few
studies have been made looking at the applicability in real-time monitoring where
only partial time series are at hand. Their aim was firstly to find the most accurate
yet usable method for real-time FFM forecasting using seismic data and secondly,
to propose a criteria for estimation of the reliability of the predictions made and
evaluate the potential of real-time eruption forecasting using the FFM.
As subject to their research they used seismic data of four pre-eruptive episodes
in 2005 from Volcán de Colima, Mexico.

5.1.1. A Short Introduction to Bayesian Inference

Essentially, the Bayesian approach involves fitting an observed data set with a
probability model and finding the probability of the unobserved quantities condi-
tioned on the data, i.e. the desired parameters.

As Bayes’ rule states:

p(θ|y) =
p(θ, y)

p(y)
=
p(θ)p(y|θ)
p(y)

where y is the data and θ is the unobservable parameter or vector of parameters,
p(θ|y) is the probability of y conditioned on θ and vice versa. The densities p(θ) and
p(y|θ) are referred to as a prior distribution and data distribution respectively. This

13



5. Ideas of Improvement for Real-Time Forecasting

conditional distribution of θ is the posterior distribution of the wanted parameter.
As the density of the data, y, is in many cases difficult to determine, and is not
dependent on the unobserved parameter, the posterior density is often reduced to
proportional equation:

p(θ|y) ∝ p(θ)p(y|θ)

which is the unnormalized posterior density.
The main objective of the Bayesian Inference is to find the posterior distribution
of the wanted parameters and use that information either on its own, or to create
a predictive model of new observables given the observed data [21].

One of the great advantages of Bayesian Inference is that the prior density of
the unknown parameters can be selected somewhat informatively. The posterior
densities will then either confirm or deny the earlier selection.

5.1.2. Classification of Seismic Events

30 vulcanian explosions of a major or moderate degree occurred in the explo-
sions activity of 2005 in Volcán de Colima. All of which were preceded by in-
creased numbers of long-period earthquakes(LP). Long period earthquakes have
been linked to "resonance of a three-dimensional, fluid-driven crack induced by a
pressure transient applied over a small area of the crack wall" [22]. Alongside LP
events other types of volcanic-seismicity are recorded by the seismic-monitoring;
volcano-tectonic events(VT ), associated with fracturing of the surrounding rock,
tremor(T ), due to degassing of the magma along with collapses, tectonic events
and explosions. The increasing and sometimes accelerating LP activity is what
the researchers claim is relevant to the FFM model. Therefore, classification of
recorded events needs to be conducted beforehand. In the case of real-time mon-
itoring this procedure needs to be quite quick and efficient. In order to do so, an
automatic recognition system, originally based on speech recognition, is set up.
The detections are set up in a so called Confusion matrix which displays how
successfully the recognition system classifies the right type and what types are
misclassified.

14



5.1. The Bayesian Approach to FFM

5.1.3. The Bayesian Real-Time FFM Model

The equation used for this model is:

Ω̇(t) = k
(

1− 1

tf

)−p
(5.1)

where p = 1
α−1

and k is a constant of dimensions Ω̇0. This equation, which has
three unknown parameters, k, p, tf , is a combination of equations 3.5 and 3.6.
The wanted outcome of the Bayesian analysis is a posterior density, ppost, of these
unknown parameters.

ppost(k, p, tf ) ∝ pprior(k, p, tf )pobs(Ω̇(t)) (5.2)

Setting up the Bayesian analysis requires defining the prior distribution of the
unknown parameters, and specifying the distribution of the data. The prior densi-
ties, pprior are selected to be uniformly distributed so that k ∈ [0;n] where n is the
number of recorded events, tf ≥ tobs and p ∈ [0.4; 4]. The prior distribution of p is
based on reported values of α which corresponds to values of α ∈ [1.25; 3.5]. The
density of the data, pobs is set up as the combined conditional distribution of num-
ber of LP events. Each elemental conditional distribution P (i|j), is conditioned
on each type of recorded events, VT, T, explosions etc. That is each of these
conditional distributions are defined as P (i|j) =

Mij∑
iMij

where i, j are the classes
of events recorded and form the rows and columns of the Confusion matrix.
The probability density function of tf is finally obtained by integrating over the
posterior density with regards to the other two parameters.

ppost(tf ) =

∫
k

∫
p

ppost(k, p, tf )dpdk (5.3)

5.1.4. Operating in Real-Time

When an acceleration of LP events is noticed, the observer needs to set the starting
time t0 of the power-law. In the paper the researchers argue that choice can be
made in real-time and that it is only important that is not too close or too far away
from the onset of the acceleration. This is illustrated in their test of the method
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5. Ideas of Improvement for Real-Time Forecasting

using different t0 as starting points. In this case the eruption at Volcán de Colima
on the 5th of June 2005 is used. 10 hours before the eruption, a preceding episode
of accelerating LP-events started. The LP-rate they state can be calculated with
a time-window, ∆t, of either 1.5 hours or 2 hours. They illustrate the tf for the
eruption as a function of time with up to 99% confidence interval. 6 models are
generated, using different t0 ranging from 32 hours to 24 hours before the eruption.
Most of the graphs eventually converge and stabilize around the eruption time. The
best result are though for t0 = 30, 29 and 28 hours before the eruption. With the
use of this model a possible prediction can be made 5 hours before the eruption
earliest with an interval of tf = [te, te + 6h]

5.2. An Alternative Expression

Hao et al.[23] published in 2016 a study they refer to as an alternative expression
to Voight’s relation. They claim that by extending the linear regression of Ω̇Ω̈−1,
no evaluation of unknown parameters is needed. With derivations of equation 3.2
using the Chain Rule of Calculus and some further equation manipulation (See
Appendix A.2) they result to

Ω̇Ω̈−1 = (α− 1)(tf − t) (5.4)

This new form of the FFM equation decreases linearly regardless of the value of
α, given that α > 1, with slope of the linear regression as (α− 1). This simplifies
the graphical solutions suggested by Voight as the use of linear extrapolation does
not rely on α being ∼ 2 anymore. Subsequently in terms of real-time monitoring,
a prediction can be done before any fitting of the α and A parameters has been
made since the Ω̇Ω̈−1 line extrapolates to zero at the time of failure.
To demonstrate this they take the example previously studied by Voight, of seismic
energy released prior to the Bezymyanny eruption in 1960, and two laboratory
experiments measuring creep strain in compressed soil.
Furthermore they construct a model using this alternative expression for material
where stress in the material is independent of the strain rate. (See further in: [23])
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6. Conclusion and Discussions

Forecasting volcanic eruptions is a challenge scientist are still seeking answers to.
The use of material science for explaining rock failure in volcanoes was an in-
novative idea. The FFM showed promising results in hindsight perspective and
prompted numerous studies of volcanoes and landslides worldwide. However, it
was also widely criticized for being biased and its ability in real-time forecast-
ing questioned. The volcanoes Voight takes for his study, Mount St. Helens and
Besymyanny, are both examples of a rather narrow class of stratovolcanoes. Volcán
de Colima, which is used in the Bayesian approach to FFM is also a stratovolcano.
The lack of studies on other types of volcanoes limits the method quite profoundly.
The method also relies on a sequence of one phase accelerating precursory pattern.
If there are multi-phased acceleration patterns the calculations become very com-
plicated and the forecasting ability is limited.
The recent studies introducing new ways to apply the FFM for better real-time
forecasting give rise to further studies with real-time data. It would be an inter-
esting study to apply the method to different kinds of volcanoes, for example the
various kinds of volcanoes found in Iceland. An idea for further study would be to
set up the Bayesian model of the FFM for subglacial volcanoes such as Grímsvötn
or Bárðarbunga. In the past two decades these volcanoes have collectively had five
eruptive episodes that were all well documented by seismic monitoring. Currently
both volcanoes show signs of inflation with characteristic seismicity.
The fact remains that volcanoes are complex and obscure, but with constantly in-
creasing knowledge and monitoring we get closer to the goal of volcanic forecasting
step by step.
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A. Appendix - Derivations

A.1. Derivations of the Rate equations from
Voight’s original paper.

The derivations use separation of variables using equation 3.2 on the form of

dΩ̇

dt
= AΩ̇α

. The solution has to be calculated separately for the cases of α = 1 and α 6= 1.

1. α = 1

dΩ̇

dt
= AΩ̇

Ω̇−1dΩ̇ = Adt

ln Ω̇ = A · t+ constant

So the solution with initial conditions of Ω̇(t = t0) = Ω̇0 reads:

Ω̇ = Ω̇0 · exp(A(t− t0)) (A.1)

2. α < 1 or α > 1

dΩ̇

dt
= AΩ̇α

Ω̇−αdΩ̇ = Adt
1

1− α
Ω̇1−α = A · t+ constant

Ω̇ =

(
(1− α)A · t+ constant

) 1
1−α
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A. Appendix - Derivations

With initial conditions Ω̇(t = t0) = Ω̇0

Ω̇ = [A(1− α)(tf − t) + Ω̇1−α
f ]

1
1−α (A.2)

or with final conditions Ω̇(t = tf ) = Ω̇f

Ω̇ = [A(1− α)(t− t0) + Ω̇1−α
0 ]

1
1−α ] (A.3)

A.2. Derivation of the Alternative Expression
equation

Hao et al. [23] derive their alternative expression from Voigth’s formula using the
information that the time derivative of Ω̇−1 can be expressed as

d

dt
Ω̇−1 = −Ω̇−2 · Ω̈ (A.4)

using the Chain Rule in Calculus. Isolating Ω̈ gives Ω̈ = −Ω̇2 · dΩ̇−1

dt
. Substituting

this new expression of Ω̈ into Voight’s formula 3.2 yields:

A = −Ω̇2−α · dΩ̇−1

dt
= −(Ω̇−1)α−2 · dΩ̇−1

dt
(A.5)

With similar use of the chain rule as before we get d(Ω̇−1)(α−1)/dt = (α − 1) ·
(Ω̇−1)(α−2) · d(Ω̇−1)/dt so that substitution into equation A.5 gives:

A = −(Ω̇−1)α−2 · dΩ̇−1

dt
=
−1

α− 1
· d(Ω̇−1)(α−1)

dt
=

1

1− α
· dΩ̇(1−α)

dt
(A.6)

given that α > 1. If α = 1 it is obvious from equation A.5 that A = −Ω̇ · dΩ̇−1

dt
.

Assuming Ω̇f
1−α

= limt→tf Ω̇1−α = 0 equation A.6 can be integrated to

Ω̇1−α = −A(1− α)(tf − t) (A.7)
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A.2. Derivation of the Alternative Expression equation

Isolating A and inserting into Voight’s formula 3.2 yields equation 5.4:

Ω̇Ω̈−1 = (α− 1)(tf − t)
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