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Abstract 

We examine the possible formation of black holes via gravothermal collapse of the cores of 

self-interacting dark matter (SIDM) halos. We first use a well established model (Ludlow et 

al. 2014) to calculate accretion histories for cold dark matter (CDM) halos, and the relation 

between a halo’s mass and its concentration. This allows us to have the parameters for the 

initial conditions of the SIDM halos. With this relation established, we then proceed to 

calculate how long it takes for a black hole to form from an SIDM halo after the halo has 

formed a core due to self-interactions, and how massive the resulting black hole is, following 

the results of Pollack et al. 2015. Over the examined mass range of 10-5–1015 MSun, our results 

show that halos of current day mass 108 – 1011 MSun are capable of collapsing into black holes 

in the least amount of time, forming black holes of masses 104 – 108 MSun in less than 5 Gyrs, 

as long as the cross section σ/m is larger than 50 cm2 g-1.
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1 Introduction 

Our modern understanding of dark matter has come from only a few decades of study, starting 

in the 1980s. Research into dark matter had been done prior to this, but not within the context 

of searching for particles beyond the standard model of particle physics. The work by Fritz 

Zwicky on the Coma galaxy cluster in the 1930s was a paramount discovery in what would 

eventually become a large body of evidence supporting dark matter. Zwicky compared two 

different estimates of the Coma cluster's mass: one given by a product of the number of 

observed galaxies and the average mass of a galaxy, and one given by the application of the 

virial theorem. Zwicky found that the mass estimated using the virial theorem (and therefore 

the required mass for the cluster to be gravitationally bound) was ~500 times greater than the 

estimated mass of observable matter[12]. Although his results are not in quantitative agreement 

with recent, more precise observations on the Coma cluster, his mass estimates being 

approximately a factor of 10 too high, Zwicky's general result of there being much more unseen 

matter than visible matter remains valid. 

 Galactic rotation curves also provide evidence of the existence of dark matter. A rotation 

curve is a plot showing an estimate of the average circular velocity of stars and/or gas in a spiral 

galaxy as a function of radial distance to the galactic center. Stars/gas in a galaxy are typically 

distributed in a central spheroid (bulge) followed by a disk distribution, with an approximate 

exponential radial profile. If the mass of the galaxy was entirely accounted for by the visible 

matter we would get a rotation curve that reaches a peak early on and then decreases from there, 

given the exponentially decreasing amount of visible matter. What we actually find when 

measuring rotation curves is that they reach a peak early on and then stay nearly constant (flat) 

as the radius increases, as convincingly shown first in the pioneering work of Vera Rubin and 

collaborators in the 1970s[9]. This behavior of the rotation curve at large radius can be 

explained if we invoke the existence of a large halo of unseen dark matter around the galaxy.  

 We have additionally gathered evidence supporting the dark matter hypothesis from 

observing the Cosmic Microwave Background (CMB). The CMB is the radiation from the 

leftover photons at the era of recombination, when the Universe became transparent to photons 

380,000 years after the Big Bang. First accidentally discovered in 1964 by Arno Penzias and 

Robert Wilson, the CMB has been studied extensively since then, first by the Cosmic 

Background Explorer (COBE) in the 1990s[3], and more recently with WMAP in the 2000s 

and Planck in the last decade. The CMB energy spectrum is that of a nearly perfect blackbody, 

providing valuable evidence for the Big Bang theory. It is very homogenous but does contain 

temperature anisotropies (of 1 part in 100,000). By measuring these fluctuations in the CMB 

we can compute its power spectrum (i.e. a measure of the amplitude of fluctuations as a function 

of their scale or angle in the sky). Comparing the data from this spectrum to predictions based 

on visible matter only, it is inferred that without some additional and substantially dominant 

form of matter that doesn't interact electromagnetically, the seeds of structure formation would 

not have been sown early enough to account for the Universe existing in its current form. 

Normal matter could only start clumping together gravitationally at the epoch of recombination, 

when it became neutrally charged and the electromagnetic forces became subdominant to the 

gravitational ones in determining the dynamics of structures, leaving too little time for galaxies 

to form. Dark matter, on the other hand, can cluster earlier given its lack of electromagnetic 
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interactions. This makes the growth of massive cosmic structures like galaxies, clusters of 

galaxies, and larger structures possible. 

  With the evidence gathered since the 1980s the case for the existence of dark matter 

has become very strong, but its particle nature remains unknown. However, we are not 

completely in the dark, as we have established numerous boundaries, limitations and attributes 

of the dark matter particle through astronomical observations. One of the main properties of a 

particle is its mass. According to their influence on cosmological structure formation, dark 

matter particle candidates can be roughly split into the categories “hot”, “warm”, and “cold”, 

depending on the velocities of the particles at the epoch when they become non-relativistic. Hot 

dark matter particles are light and remain relativistic until today (or very recently). Neutrinos 

are the most prominent example and were one of the first candidates for dark matter, but today 

they have been ruled out as the main dark matter component. In models where the dark matter 

is hot (~eV particles), massive superclusters are the first to form, subsequently breaking apart 

into smaller galaxies in a “top-down” approach. Cold dark matter candidates are much heavier 

(~100 GeV) and it becomes non-relativistic very early in the history of the Universe. In the 

CDM model, smaller structures form first, with the smallest being significantly smaller than 

individual galaxies (depending on the particle mass: for example, these structures are of the 

order of an Earth mass for 100 GeV particles). These smaller structures then merge, or accrete 

more dark matter to form larger systems (“bottom up”, or hierarchical formation scenario). 

Warm dark matter (WDM) particles fall in between the other two types, with masses ~keV. 

Like CDM, they form structures hierarchically, although the smallest objects formed by WDM 

are considerably larger than in CDM (of the order of dwarf galaxies, the smallest galaxies). 

Today we know that hot dark matter is ruled out given its predictions for structure formation, 

while the hierarchical formation scenario of CDM and WDM is largely successful in its 

comparison with observation. WDM models have received significant attention in the last two 

decades because of their divergent predictions on the properties of dwarf galaxies in comparison 

to CDM. The competition between these two alternatives remains to this day[4]. 

 The most widely known attribute of dark matter is that it is “dark”, in the sense that it 

does not emit light. This is connected to a second key attribute of a particle: its cross section 

for interactions. The particle does not interact electromagnetically at any measurable level and 

is therefore invisible. Today the most widely accepted hypothesis is that the dark matter particle 

interacts only through gravity and through the weak force. These particles are generally called 

WIMPs (weakly interacting massive particles).  

 The idea that dark matter (DM) is a WIMP has generally been considered among the most 

likely dark matter hypotheses since the late 1980s. At the time there was a growing consensus 

among scientists that dark matter was some form of non-baryonic particle (baryons being a 

class of composite particles of quarks, the most notable of which are the proton and neutron)1, 

although no specific candidate was dominating the discussion. Among the proposed candidates 

however, certain traits began gaining favor. It was assumed that the particle was originally 

created thermally in the early Universe. At that time there would have been an ongoing process 

where the DM particle and its antiparticle formed and annihilated into lighter particles, which 

then formed into the particle-antiparticle pair again and so on. Then, as the Universe expanded 

and started cooling down, the lighter particles would no longer have the density/energy required 

                                                 

1 In connection to dark matter, it is common to encompass all particles that are not dark as baryonic matter, despite 

that the term baryons strictly refers to composites of quarks. 



13 

to reform the annihilated pair, leading to the density of DM particles declining. At a certain 

point though, the density of the particle per unit volume would become too low to efficiently 

collide with its antiparticle, and so the number of dark matter particles would remain just about 

stable. Calculations of what the cross section of self-annihilation would need to be to match the 

observed dark matter density of the Universe give the result of 𝜎𝑣 ~10−26𝑐𝑚3 𝑠−1, where 𝜎𝑣 

is the self-annihilation cross section times the relative velocity. As it turns out, this matches up 

well with the results obtained if the dark matter particle interacts via the electroweak force. In 

addition, supersymmetric extensions of the Standard Model happen to predict a new particle 

with comparable attributes, further elevating the status of WIMPs in dark matter research[1]. 

 Attempts to detect WIMPs, either directly or indirectly, are ongoing. As the Earth travels 

through the DM halo, some WIMPs may elastically collide with nuclei and scatter, giving off 

a small but measurable amount of recoil energy. It is hoped that specifically built detectors, 

capable of efficiently filtering out background noise, can pick up on this energy. Aside from 

these direct detections, it could also be possible to indirectly detect evidence of dark matter 

WIMPs. For instance, we may be able to detect gamma rays emitted from WIMP self-

annihilation (analogous to electron-positron annihilation). Gamma rays produced in this way 

would have energy levels equal to the WIMP's mass, and manifest as a monochromatic spectral 

line in the energy spectrum. These two attributes would be unique to WIMP annihilation, so 

measuring these gamma rays should leave little doubt as to their origin. The Fermi satellite has 

been looking for such signals[10]. 

 However, despite some controversial claims, WIMPs have so far not been discovered and 

current limits are already covering the regions where a signal has been hoped for. But WIMPs 

aren't the only viable candidates for the dark matter particle. An example of a non-WIMP 

candidate is the axion, a hypothetical particle that could resolve some issues with quantum 

chromodynamics. The axion is assumed to be a neutrally charged, low-mass particle, with 

feeble interactions with other particles via the strong and weak forces. Axions can decay into 

microwave photons, and so detection of these photons provides a way of detecting axions, 

though no signal has been found yet. 

 Other well motivated particle candidates are viable. Self interacting dark matter (SIDM), 

which adds self interactions with the strong force into the mix, is a promising alternative. The 

dark matter particles are then assumed to collide with each other without necessarily producing 

visible particles. SIDM has the added appeal of potentially explaining some discrepancies 

between simulations and observations. Nearly ubiquitous in dark matter simulations are halos 

with “cuspy” distributions, where the dark matter density falls off steeply at smaller radii. 

However, this contradicts data from the rotation curves of smaller galaxies, which suggest a 

constant density at smaller radii, a sort of “core”. This is referred to as the “cusp/core” problem. 

Another problem is the “missing satellites problem”. Simulations predict that the number of 

halos of a specific size grows larger as their size decreases, with abundances of smaller 

substructures orbiting larger halos. The number of subhalos around Milky Way sized structures 

is estimated to be ~100, while the observed amount of satellite dwarf galaxies orbiting the Milky 

Way is ~10. Thus, we come up short of satellites by an order of magnitude. The cusp/core 

problem will be explained with SIDM in §3. 

 Astrophysical observations have been used to set constraints on SIDM. Among the most 

significant ones are those based on the Bullet Cluster, which is composed of two massive galaxy 

clusters in the aftermath of a collision. The gravitational lensing of background objects caused 

by the Bullet Cluster has been measured, discovering that the lensing mass reconstruction does 
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not follow the visible matter of the interacting clusters (most of which is in the form of gas), 

but is centered around points further along the clusters' trajectories of collision. This can be 

seen in the inset image in Fig. 1. During the collision, electromagnetic interactions would slow 

down the gas, while the dark matter of the clusters would continue ahead subject to gravitational 

effects only, explaining the observed gravitational lensing. The Bullet Cluster's behavior is 

therefore excellent evidence in support of the dark matter hypothesis in general. It is also a 

powerful way to constrain SIDM, since collisions between dark matter particles would alter the 

trajectories of the merging clusters. For instance, while the clusters' gas components slow down, 

their stellar components pass through essentially without collisions. Thus, the collisionless stars 

in the galaxies can be used as a reference for the degree of collisionality of the dark matter fluid. 

By measuring the offset between the stars of the clusters and the dark matter we can set 

constraints on the dark matter particle self-interaction cross section. The work of Randall et al. 

gave this limit as 𝜎/𝑚 <  1.25 𝑐𝑚2 𝑔−1 [8]. 

 

Figure 1: Plot of cross section per unit mass vs. velocity dispersion, with constraints shown.  

Credit: Jesús Zavala Franco. 

 

 Figure 1 shows a plot of cross section per unit mass vs. velocity dispersion. The velocity 

dispersion of a given structure is related to its mass, as is shown on the upper x-axis from dwarf-

size to Milky-Way-size galaxies, and galaxy clusters. With the constraints on SIDM (e.g. from 

the Bullet Cluster), we can see that two possibilities remain for allowed cross sections: that of 

a velocity independent cross section, which would then be limited to ~1 𝑐𝑚2 𝑔−1, or that of a 

velocity dependent cross section, represented by the dotted line. In the second case, the model 
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is analogous to the ordinary Rutherford scattering via Coulomb interactions at velocity 

dispersions >10 km/s, and constant under 10 km/s due to the finite range of the dark matter self-

interaction forces. The difference between the two possibilities can be instinctively understood 

if we draw parallels to charged/uncharged particles passing near each other. If the particles have 

opposite charges, and are therefore affected by the electric force, a lower relative velocity 

between them results in the particles having more time to influence and attract each other at 

meaningful ranges, leading to a velocity dependent cross section for collisions between them. 

If both particles are uncharged (and we ignore all non EM-forces) the cross-section depends 

only on their cross-sectional area of interaction. 
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2 CDM Halos 

Very shortly after the Big Bang, the Universe expanded rapidly in an era known as inflation. 

Minute quantum fluctuations were magnified, and the Universe was seeded with density 

perturbations that fit a power-law power spectrum, 𝑃(𝑘) ∝ 𝑘𝑛, with n slightly lower than 12. 

Once the possible non-gravitational dark matter interactions have become inefficient (self-

annihilation, scattering with visible particles), the growth of dark matter perturbations is purely 

gravitational and relatively straightforward to compute, as long as the density perturbations 

remain small (compared to the background). The primordial power spectrum is modified during 

the epoch when the mass/energy density of the Universe was dominated by radiation, since 

small density perturbations can only grow slightly during this time whereas very large 

perturbations remain unaffected. This is the most important effect in the early Universe to 

consider for dark matter perturbations. Once matter dominates the mass/energy density of the 

Universe, the growth of perturbations preserves the shape of the power spectrum, while the 

amplitude increases as gravity draws more and more matter towards the perturbations. The 

situation changes once perturbations become too large and the evolution cannot be followed 

further analytically. At this point of complexity analytical methods break down, so we turn to 

numerical computer simulations to further follow the growth of dark matter structures. This is 

commonly done using N-body simulations, where the dark matter density field is represented 

by discrete N point particles. The initial conditions for the model are those given by the 

analytical prediction described above, constrained by the CMB (which gives a statistical 

description of the density field at t=380,000 years). These initial conditions are plugged into 

the simulation, which then applies Newtonian gravity to the system to see how dark matter 

would develop from those conditions.  

 It is important to remark that for CDM simulations, the only dark matter interaction is 

gravity. To be more precise, the system is a collection of N particles interacting via Newtonian 

gravity in an expanding Universe. The discrete N-particle approximation to the continuous 

density field grows more reliable as the number of particles is increased, and high resolution 

simulations by modern supercomputers can follow the evolution until the present time for over 

a trillion particles[7]. Among the most important results from these simulations is the 

characterization of dark matter halos as self-gravitating structures of dark matter. Fig. 2 depicts 

a snapshot from one such simulation (The Millenium-II simulation). In the figure, one can 

clearly see the large scale cosmic web structure of the Universe, with halos forming in the 

intersection of its filaments. 

                                                 

2 The power spectrum is a statistical measure of the degree of clustering of matter (caused by gravity) as a function 

of scale. The physical size of a density perturbation is inversely proportional to the wavenumber 'k'. Therefore 

𝑃(𝑘) ∝ 𝑘𝑛 implies a larger degree of clustering for smaller fluctuations. 
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Figure 2: A snapshot from the Millenium-II simulation. Brighter areas correspond to denser regions of dark 

matter. The largest frame depicts a square with a side length of 100 Mpc/h, with the frames running clockwise 

from it depicting zoomed in segments of each previous frame. The smallest frame covers an area of 0.5 Mpc/h by 

0.5 Mpc/h. In this frame the largest structure is a massive dark matter halo and the triaxial shape is apparent. 

Every structure visible is a halo or a subhalo within[2]. 

  

 CDM halos have been found to generally share certain global characteristics, such as their 

physical shapes, which are typically triaxial, and the shapes of their spherically averaged mass 

distribution profiles. The work of Navarro, Frenk, and White in 1997[4] showed that the 

spherically averaged density profile for every dark matter halo can be fitted by a universal 

formula, the NFW profile:  

𝜌(𝑟) =
𝜌𝑠

(𝑟/𝑟𝑠)(1 + (𝑟/𝑟𝑠))2
                                                      (1) 
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 The NFW profile depends on only two parameters, 𝑟𝑠 and 𝜌𝑠. The former is a 

characteristic radius, the point at which  the logarithmic slope of the halo's radius is -2, and 𝜌𝑠 

is the halo's density at 𝑟𝑠. The radius 𝑟𝑠 can be also be written as 𝑟𝑠 = 𝑟𝑣/𝑐, where 𝑟𝑣 is the virial 

radius, the radius where the mean density within is the critical density of the Universe (defined 

as 𝜌𝑐𝑟𝑖𝑡 =
3𝐻2

8𝜋𝐺
 , where H is the Hubble parameter) times a constant, 'Δ' (in the NFW work, 

Δ=200), and 𝑐 is an important parameter called the concentration parameter. The concentration, 

as well as the virial mass 𝑀𝑣 (the mass contained within the virial radius) are the two commonly 

used parameters that completely characterize the NFW profile of a given halo.  

 The structure of CDM halos can be characterized (to first order) by two measures defined 

in concentric shells from the center of the halo, usually defined by the minimum of the 

gravitational potential. The first is a plot of the density profile, which is a curve similar to Fig. 

3a, with the density being proportional to 𝑟−1 for smaller values of 𝑟 and then dropping to 𝑟−3at 

larger 𝑟. The second is a plot of velocity dispersion vs. radius, which is shaped like a bell curve, 

similar to Fig. 3b. From these plots we see that CDM halos are generally densest (by a large 

margin) in the center, with steep cusps at small radii (as mentioned in §1). While the density 

profile is simply a visual indicator of the halo's structure in space the velocity dispersion profile 

adds the dimension of structure in velocity space. Since the velocity dispersion provides support 

against gravitational collapse in a collisionless system it is useful (with caveats) to think of it 

as analogous of temperature for a (collisional) gas. 

 

Figure 3: Left: Density curve for CDM halos. The halos have very steep density cusps at lower radii.  

Right: Velocity dispersion curve for CDM halos. For NFW derivations, 𝒓𝒎𝒂𝒙 ∼ 𝟐. 𝟏 𝒓𝒔 
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3 Halos in SIDM 

Simulations for SIDM are conducted in N-body simulations very similar to those of CDM, with 

the addition of probabilistic collisions. A random number in the range [0,1] is generated, and if 

this number is lower than a calculated scattering probability for each local “neighborhood” 

(usually consisting of ~32 particles) in the simulation a collision is simulated with a pair of 

randomly selected simulation particles in the neighborhood. Even a single self-interaction 

collision per particle over the lifetime of the halo can have a profound effect on the halo's 

attributes. This is important because for allowed SIDM models (𝜎/ 𝑚 ~1 𝑐𝑚2 𝑔−1), this is the 

average collision rate expected in the center of halos. 

 

Figure 4: A comparison between snapshots from CDM and SIDM simulations. The differing halo shapes of the 

models can be seen clearly (triaxial in CDM vs. spherical in SIDM), as well as the differences in abundances of 

substructures in each. The white circles mark 𝒓𝒗, the virial radii and the (practical) edges of the halos[11]. 

 

 Structure formation at large scales in SIDM proceeds in a very similar way as in CDM. 

It is only in the densest central regions of dark matter halos where there are substantial 

differences. Dark matter collisions cause changes to the halo's spatial and velocity profiles 

(shown for CDM in figures 3a and 3b). The large majority of SIDM models have elastic dark 

matter collisions, and so they transfer kinetic energy from the more energetic areas to the less 

energetic. As Fig. 3b shows, the velocities (and so, the kinetic energies) are highest at the top 

of the bell curve, at 𝑟𝑚𝑎𝑥 , so “heat” is transferred from 𝑟𝑚𝑎𝑥 to the lower radii. Thus, there is a 

heat flux from the outside in and the velocity plot changes to one similar to Fig. 4b when the 

maximum gain is reached. Since collisions tend to be isotropic in the orbits up to 𝑟𝑚𝑎𝑥 the 

physical shape of the halo changes accordingly, becoming spherical (at least in the inner 

regions) instead of triaxial as CDM halos tend to be. The density profile undergoes changes as 

well. The collisions flatten the steep density cusp as collisions are more likely to occur in the 
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denser regions, scattering the particles to the outer parts of the halo. This process carries on 

until the reduced density is inefficient for further flattening, forming a density core in place of 

the prior density cusp. Therefore there is a mass flux from the inside out to match the “heat” 

flow of the velocity, and the density profile changes to one similar to Fig. 4a at maximum gain. 

 

Figure 5: The differences in halo density and velocity profiles from CDM models. The dashed lines represent 

CDM halo shapes.  

Left: Density curve for SIDM halos. The halos have constant density cores at lower radii.  

Right: Velocity dispersion curve for SIDM halos. As shown here, SIDM halos have isothermal cores. 
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4 Black hole seeds from SIDM halos 

Before discussing the formation of black holes expected in the SIDM model we must briefly 

cover some physical scales that will be relevant in the discussion. The first important scale is 

𝑡𝑟𝑒𝑙𝑎𝑥, the relaxation time for a dark matter halo. This relaxation time is a measure of how much 

time passes from the start of the halo's formation until self collisions are common enough that 

on average each particle has collided at least once, which means that the dynamics are no longer 

driven only by gravity, but also by self-collisions. The relaxation time is a function of a halo's 

mass, the redshift of its formation, and the collision cross-section. A more thorough description 

of 𝑡𝑟𝑒𝑙𝑎𝑥 will be given in §5. 

 Another scale is the Jeans' length. Denoted 𝜆𝐽, Jeans' length is the radius at which the 

velocity dispersion of the dark matter particles is equal to the gravitational force of its own mass 

trying to contract it. Therefore at this radius a halo with mean density 𝜌 collapses under its own 

weight. Jeans' length has the formula 𝜆𝐽 = √
15𝑘𝐵𝑇

4𝜋𝐺𝜌𝜇
, where 𝑘𝐵 is the Boltzmann constant, 𝐺 is 

the gravitational constant, 𝑇 is the halo's temperature (velocity dispersion), and 𝜇 is the mass of 

the halo's particles.  

 One possible mechanism of black hole formation is via gravothermal collapse of the 

SIDM halo core. Let us first summarize how a gravothermal collapse occurs to begin with, with 

an analogy to the case of a globular cluster. We imagine the globular cluster system to be made 

up of two subsystems, the inner and outer parts. The inner part is gravitationally bound, and 

thus has negative specific heat, while the outer part has positive specific heat. This is a stage 

that follows from the formation of the SIDM core, elastic collisions within 𝑟𝑚𝑎𝑥 ~2.1 𝑟𝑠 transfer 

energy to the outer parts, resulting in a heat flow outwards. Meanwhile the particles losing 

energy in each collision fall inward, leading to a mass flux inward. This results in the 

temperature of the inner region being raised, shrinking in size as it heats up. The system will 

only reach equilibrium if the magnitude of the outer system's specific heat is always smaller 

than that of the inner system. Failing that, the specific heat will become too large as the outer 

system's mass grows, and it will never catch up to the inner system. This leads to the inner 

system shrinking in mass while growing in temperature until thermodynamic descriptions break 

down. This scenario is the gravothermal catastrophe, which leads to the gravothermal collapse 

unless hindered by some energy sink (e.g. the formation of binary stars in an idealized globular 

cluster). Since in SIDM dark matter interactions are solely elastic, there are no possible bound-

state formations (no energy sink) and the catastrophe leads into the inevitable collapse of the 

core to form a black hole.  

 After the gravothermal collapse occurs, the thermodynamic description of the core breaks 

down. The hypothesis is that a black hole is then formed, and starts to grow. This occurs because 

of Bondi accretion: spherical accretion onto a compact object as it travels through an optically 

thick medium. The SIDM fluid becomes optically thick (i.e. behaves like a highly collisional 

gas) since the mean free path for collisions ~1/𝜌(𝜎/𝑚) becomes very short compared to the 

size of the central region of the halo as the gravothermal catastrophe drives the densities in the 

center to be quite high.  
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 The work by Pollack, Spergel, and Steinhardt in 2015[6] covered this in detail, and a brief 

summary is given here. Assuming the SIDM halo to be a spherically symmetric gas of point 

particles in hydrostatic equilibrium, the following equations should be obeyed: 

∂𝑀

∂𝑟
= 4𝜋𝑟2𝜌                                                                 (2) 

∂(ρν2)

∂r
= −

𝐺𝑀𝜌

𝑟2
                                                             (3) 

𝐿

4𝜋𝑟2
= −κ

∂T

∂r
                                                              (4) 

∂L

∂r
= −4𝜋𝜌𝑟2ν2 (

∂

∂t
)

𝑀
ln (

ν3

𝜌
)                                               (5) 

  Here, κ is the conductivity of the gas, 𝜈(𝑟) is the one-dimensional velocity dispersion, 

and 𝐿(𝑟) is the total heat radiated inwards through a sphere of radius 𝑟. The equations are, 

respectively, the mass-density relation of the system, the statement of hydrostatic equilibrium, 

the Fourier law of thermal conduction, and the first law of thermodynamics. In order to be able 

to solve these equations, eq. 4 has to be rewritten to express the thermal conductivity κ in terms 

of the physical parameter 𝜎. A difficult problem in SIDM is deciding how to construct a proper 

model for the dark matter “fluid”. SIDM, by definition, is not collisionless, so simply using the 

same exact methods as in CDM is out of the question. However, the collisions are not frequent 

enough for a fully collisional fluid-like model to accurately describe halos. The difficulty then 

comes from finding the best way of modelling SIDM's in-between behavior.  

 Pollack et al. reviewed how to approach the problem by solving for two extreme regimes, 

with their differences lying in the length of the particles' mean free paths. In one, the mean free 

path is much shorter than the Jeans' length, so collisions become extremely frequent and the 

halo can be thought of as a fluid of SIDM particles. In the other, the mean free path is much 

longer than the Jeans' length, so the halo is essentially collisionless. A unique length scale is 

then derived from each case. As neither regime on its own accurately describes SIDM behavior, 

the length scales from each regime are combined in a reciprocal to create a final length scale, a 

middle ground between the two extremes. Eq. 4 then becomes 

𝐿

4𝜋𝑟2
≈ −4.7 × νσ [2.257σ2 +

23.2𝜋𝐺

𝜌ν2
]

−1 ∂ν2

∂r
                                 (6) 

This allows for a solution to equations (2-6) to be found in the SIDM regime. It is important to 

remark that the numerical solution to these equations is based on a numerical constant that is 

calibrated to fit the result of SIDM N-body simulations like the ones described in the previous 

section. Therefore, although this fluid description of SIDM is quite useful to understand and 

follow the gravothermal collapse, it still relies on the input from simulations.  

 For the purpose of making these equations possible to solve, several simplifications and 

assumptions are made. It is assumed that during the formation of the halo, we can ignore the 

effects of self-interaction. This allows for the use of initial conditions taken from collisionless 

ΛCDM simulations. The initial halo is also approximated by the familiar NFW profile (eq. 1). 

The timescale for the halo formation is assumed to be less than the timescale for relaxation due 
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to collision. This is a reasonable assumption to make as long as the halo is optically thin at its 

characteristic radius. Utilizing these methods, the equations were then solved with numerical 

calculations, resulting in two important values. The timescale for the collapse to occur was 

found to be 𝑡𝑐𝑜𝑙𝑙𝑎𝑝𝑠𝑒 = 455.65 𝑡𝑟𝑒𝑙𝑎𝑥, and the mass of the black hole seed formed was found to 

be 𝑀𝐵𝐻~ 𝑀𝑐𝑜𝑟𝑒 = 0.025 𝑀(< 𝑟𝑠).  
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5 SIDM BHs in low-mass halos 

Briefly mentioned in §2 was the concentration parameter of a dark matter halo, 𝑐. This 

parameter is related to 𝑟𝑠 and 𝑟𝑣, the scale and virial radii of the halo, with the formula 𝑐 = 𝑟𝑣/𝑟𝑠. 

The concentration is thus a measure of how centrally dense (or compact) a dark matter halo is. 

Since the Universe is expanding and decreasing in density as time goes on, we would expect 

that halos formed at an earlier time would have a higher concentration value. Furthermore, there 

is a correlation between a halo's concentration and its mass. It is then possible, given a halo's 

current day mass 𝑀0, to estimate its concentration. To do this, we construct a mass accretion 

history (hereafter MAH) of the halo in question.  

 

Figure 6: The average mass accretion history of a 𝑴𝟎 = 𝟏𝟎𝟏𝟐 𝑴𝒔𝒖𝒏 dark matter halo, as a function of redshift, 

normalized to 𝑴𝟎. 

The MAH is a measure of how much mass a halo of a given current day mass 𝑀0 has accreted 

on average at a given redshift 𝑧. In calculating the MAH, we follow Ludlow et al. closely[5]: 

𝑀𝐴𝐻(𝑧) = 𝑙𝑜𝑔
M(z)

𝑀0
= −0.301 (

log(1 + 𝑧)

log(1 + 𝑧𝑓)
)

𝜒

                               (7) 

  The parameter 𝜒 is mass- and cosmologically dependent, and is given by  
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𝜒 = 1.211 + 1.858 × log(1 + 𝑧𝑓) + 0.308𝛺𝛬
2 − 0.032 log (𝑀0/[1011ℎ−1𝑀𝑠𝑢𝑛]) (8) 

where 𝛺𝛬
2 and ℎ are the energy density of dark energy in the Universe and the Hubble parameter, 

respectively. The other factor in eq. 7, 𝑧𝑓 is the redshift at which the halo's mass is half of its 

present day value. We designate this as the “formation redshift”, and it is derived from  

𝛿𝑐𝑟𝑖𝑡(𝑧𝑓) = 𝛿0 + 0.477√2[𝜎2(0.068 𝑀0) − 𝜎2(𝑀0)]                           (9) 

Here, 𝛿𝑐𝑟𝑖𝑡(𝑧) = 𝛿𝑐𝑟𝑖𝑡
0 /𝐷(𝑧) with 𝐷(𝑧) being the linear growth factor, and  𝛿𝑐𝑟𝑖𝑡

0  is the critical 

density threshold for spherical collapse at 𝑧 = 0. It is approximated as 𝛿𝑐𝑟𝑖𝑡
0 ≈

0.15(12𝜋)2/3𝛺𝑀
0.0055, with 𝛺𝑀 = 0.315 being the mass density of matter (dark and baryonic) 

in the Universe. Fig. 6 shows a graph of one such process, with 𝑀0  =  1012𝑀𝑠𝑢𝑛. If, 

however, the MAH is expressed as 𝑀𝐴𝐻(𝜌(𝑧)) instead of as 𝑀𝐴𝐻(𝑧), we find that the shape 

of the curve closely resembles that of the NFW density profile expressed as 𝑀(𝜌(< 𝑟)) 

instead of as 𝑀(𝑟). With this in mind, we can fit the calculated MAH onto the density profile 

using 𝑐 as the fitting parameter. With this fitting completed, we can input a halo's present day 

mass, and derive from it its present day concentration. The value extracted through this fitting 

procedure is labelled 𝑐𝑀𝐴𝐻, and must be mapped to a corresponding 𝑐𝑁𝐹𝑊 = 2.9(1 +
𝑐𝑀𝐴𝐻)0.995 to calibrate the result with simulation data processed by Ludlow et al. Fig. 7 shows 

the results of these calculations. Note that the concentration-mass relation shown in Fig. 7 

differs slightly from the one obtained by Ludlow, and the source of this error could not be 

found by the end of this project. However, we also note that the differences are small for the 

purposes of this project.  

 

Figure 7: The concentration of a dark matter halo as a function of its mass at 𝒛 = 𝟎 (𝑴𝟎) 
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 With a halo's mass and concentration known we can continue our calculations to 

ultimately find 𝑡𝐵𝐻, the time it would take for a SIDM halo of current mass 𝑀0 to form a central 

core due to self-interactions and ultimately a black hole due to the gravothermal catastrophe. 

Along the way, we must first compute a few other relevant values. First, we calculate 𝑧𝑐𝑜𝑙𝑙𝑎𝑝𝑠𝑒, 

which is the redshift at which we consider the traditional CDM formation of the halo complete, 

and let the SIDM interactions begin. Since the growth of a halo can be modeled as a sphere 

accreting concentric layers with time, we define the primordial center of the CDM halo as the 

mass contained within 𝑟𝑠. Therefore we assume that self-interactions begin at 𝑧 = 𝑧𝑐𝑜𝑙𝑙𝑎𝑝𝑠𝑒 once 

the halo has a mass 𝑀𝐴𝐻(𝑧) = 𝑀(< 𝑟𝑠, 𝑧 = 0). The mass 𝑀(< 𝑟𝑠) is given by (according to 

the NFW profile)  

𝑀(< 𝑟𝑠) = 4𝜋𝜌𝑐𝑟𝑖𝑡(0)𝛿0(−0.5 + ln(2))𝑟𝑠
3                                   (11) 

where 𝛿0 =
200𝑐3

3 ln(1+𝑐)−𝑐/(1+𝑐)
. We derive 𝑟𝑠 from the relation 𝑟𝑠 =

𝑐

𝑟𝑣
, where 𝑟𝑣 is extracted from 

the relation 200 𝜌𝑐𝑟𝑖𝑡(𝑧 = 0) =
𝑀0

4

3
𝜋𝑟𝑣

3. Once we have 𝑀(𝑟𝑠), we can simply compare it to the 

MAH for the halo and match it up with the value of 𝑧 at that mass (or the closest one to it) to 

find 𝑧𝑐𝑜𝑙𝑙𝑎𝑝𝑠𝑒. The relation between the collapse redshift and mass is given in Fig. 8. 

 

Figure 8: 𝒛𝒄𝒐𝒍𝒍𝒂𝒑𝒔𝒆 as a function of 𝑴𝟎 

 Next we calculate the relaxation time of the halo, 𝑡𝑟𝑒𝑙𝑎𝑥, as defined in §4. We use the 

formula provided by Pollack et al., 
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𝑡𝑟𝑒𝑙𝑎𝑥(0) = 0.354𝑀𝑦𝑟 (
𝑀(< 𝑟𝑠)

1012𝑀𝑠𝑢𝑛
)

−1/3

(
𝐾(𝑐)

𝐾(9)
)

3/2

(
𝑐

9
)

−7/2

 

× (
𝜌𝑐𝑟𝑖𝑡(0)

𝜌𝑐𝑟𝑖𝑡(𝑧 = 15)
)

−7/6

(
𝜎𝑓

1 𝑐𝑚2𝑔−1
)

−1

                                 (11) 

where 𝐾(𝑐) = 𝑙𝑛(1 + 𝑐) − 𝑐/(1 + 𝑐), 𝑓 is the fraction of SIDM with strong self interactions 

(here, 𝑓 = 1), and 𝜎 is the cross-section per unit mass. We treat 𝜎 as a variable here, and 

eventually calculate 𝑡𝐵𝐻 as a function of 𝜎 to find interesting values in the range 𝜎 ∊
[1 − 1000]. Note that in this equation, the units of 𝜎 are placed in the denominator. When 

comparing with values of 𝜎 given previously in the text we must therefore take the reciprocal 

of the 𝜎 values used in these calculations. Note also that in eq. 11 the input 𝑐 is redshift 

dependent. If we assume that 𝑟𝑠 stays constant throughout the halo's growth, we can assume 

that the dependence of the concentration on redshift is the same as the dependence of 𝑟𝑣 on 

redshift, and so we can simply write 𝑐(𝑧) = 𝑐/(1 + 𝑧𝑐𝑜𝑙𝑙𝑎𝑝𝑠𝑒), and force a lower bound of 

𝑐(𝑧) = 4 if 𝑐(𝑧) < 4.  

 Finally, we can calculate 𝑡𝐵𝐻 in accordance with Pollack et al. with 𝑡𝐵𝐻 = 455.65 𝑡𝑟𝑒𝑙𝑎𝑥. 

This gives us the time it takes a halo to collapse after it has already formed. However, what we 

really want to know is how long it takes for a black hole to form from the start of a halo's 

formation, so we must make one final modification. We set 𝑡𝐵𝐻 = 𝑡𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 + 455.65 𝑡𝑟𝑒𝑙𝑎𝑥, 

where 𝑡𝑢𝑛𝑖𝑣𝑒𝑟𝑠𝑒 is the age of the universe at 𝑧𝑐𝑜𝑙𝑙𝑎𝑝𝑠𝑒. The results of these calculations are show 

in Fig. 9. In addition, the figure includes 𝑀𝐵𝐻, the mass of the black hole formed, in accordance 

with 𝑀𝐵𝐻 = 0.025 𝑀(< 𝑟𝑠) in the top axis.  
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6 Conclusions and prospects 

 

Figure 9: 𝒕𝑩𝑯 and 𝑴𝑩𝑯 as functions of a halo‘s mass. The horizontal line marks 13.8 Gyrs, the age of the 

Universe. 

Fig. 9 shows that for SIDM halos to be able to form black holes within the lifespan of the 

Universe, we must have a 𝜎 value of at approximately 50 𝑐𝑚2 𝑔−1 or so. The curve does start 

dipping beneath 13.8 Gyrs at 𝜎 ~15 𝑐𝑚2 𝑔−1, but at an extremely limited mass range. We can 

also see that for the range of 𝜎 values between 100 − 1000, black holes formed from collapsing 

SIDM halo cores should be common. Since those halos with masses 𝑀0 between 108 − 1011 

solar masses are the ones where the black hole formation time is smallest,  we should expect to 

find mostly black holes with masses 104 − 108 𝑀𝑠𝑢𝑛. Additionally, dwarf galaxies typically 

form in halos of 1010 𝑀𝑠𝑢𝑛 today, and this is precisely the mass where BH formation is most 

efficient.  

 Some improvements could be made to the computations used. The concentration-mass 

relation can be improved with better simulations, as it contains many constants and values that 

are either approximated or fitted to simulation data. In addition, we assumed that during halo 

formation the effects of self-interaction could be ignored. It may be better to simply use data 

from SIDM simulations performed at high redshift as our initial values instead of relying on 

those set by CDM calculations. Similarly, it may prove useful to follow up on the effects of the 
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gravothermal collapse using simulations. It should also be mentioned that during these 

calculations, we assumed a constant cross section for self-interactions. This is a simplification, 

as in many well-supported models the cross section depends on the relative velocity of the 

interacting particles,  with the cross section dropping as the velocity rises. As seen in Fig. 1, the 

velocity dispersion of a halo rises with its mass, so we would get lower values of 𝜎 for high 

mass halos. That would lead to a longer timescale for 𝑡𝑟𝑒𝑙𝑎𝑥, and thus a longer timescale for 

𝑡𝐵𝐻 as well. In that case, we might expect lower masses for SIDM black holes to be more 

frequent.  
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