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Abstract 

  The past decades have increasingly seen the applying of lumped parameter models 
(LPM) to geothermal reservoir analysis and production planning. Many studies focused 
on the simulating performance of low-temperature geothermal reservoirs using the 
lumped-parameter method. A few works had focused on the high-temperature or two-
phase geothermal reservoir. Comparing with previous works in lumped parameter 
modelling that dealt with the two-phase mixture as a single phase by using compressibility, 
this work presents a new two-phase LPM based on using steam fraction and pressure as 
two independent variables, since compressibility for the steam-water mixture is extremely 
sensitive depending on both pressure and steam fraction. In this paper, a generalized, two-
phase lumped parameter model is carried out to study the responses, including 
temperature, pressure as well as the steam fraction of fluid in a high-temperature 
geothermal reservoir.  

  The lumped parameter models (also known as “Tank” models) can be used to describe 
the dynamical response of a geothermal reservoir within a less computational time and 
achieving a considerable accuracy. This generalized tank model is introduced to represent 
high-temperature geothermal reservoir in which water and vapor coexist. Besides, a 
superheated tank model is also included.  

  With a large scale of object parameters and thermodynamic properties calculated based 
on steam table, the model is inherently nonlinear and multivariate and therefore it is 
difficult to compute Hessian matrix (second-order partial derivatives) or Jacobian matrix. 
In this paper, the quasi-Newton method is introduced first to fit model from several 
different sets of input parameters. Then Genetic Algorithm (GA) is carried out to aim at 
finding the global optimum of input parameters.  

  Due to the lack of history data from the realistic geothermal field, this model is fitted to 
the data generated by the model itself. Then a simple lumped parameter model with only 
6 tanks is employed to simulate the pseudo history data using both GA and GA combined 
with Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm, in which BFGS algorithm 
belongs to quasi-Newton methods and is used in solving unconstraint nonlinear 
optimization problems. The fitting results show both the accuracy and robustness of LPM. 
Besides, the analysis of unknown parameters shows their effects on the response of 
lumped parameter modelling. 

 

  Key words: Geothermal reservoir modelling; Two-phase geothermal system; Lumped 
parameter models; BFGS quasi-Newton method; Genetic algorithm 
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1.1 Overview 

In recent years, with the development of industries and the emergence of 
globalization, the world is witnessing a soaring consumption of energy, which in turn 
results in the tendency to energy shortage and climate change. Geothermal energy, a 
competitive and clean renewable energy with stable and continuous energy supply 
and lower carbon emission, is much superior compared with other types of energy [1]. 

Geothermal energy is a promising energy used for heating and electrical power 
production by extracting heat from the earth. A conventional high-temperature 
geothermal reservoir is formed when there exists a convective circulating current of 
a large volume of geofluid in subsurface porous and permeable rock structure [2]. It 
is estimated that potential of geothermal resources suitable for electricity generation 
is 240 GW and that of low-temperature geothermal resources is about 140 EJ/year in 
the world [3].  

Geothermal systems can be artificially classified by fluid phase and temperature. 
Low enthalpy or low-temperature systems usually refers to the systems less than 150 
°C, which are called liquid-dominated permeable geothermal reservoir and suitable 
for direct utilization. The high-temperature geothermal system is defined as a system 
with temperature ranging from 150 to 300 °C, which is much more applicable to 
electricity generation [4]. According to the phase condition of the geothermal fluid, 
the geothermal system can be classified into liquid-dominated, two-phase, and vapor-
dominated geothermal reservoirs [2]. 

Geothermal resources in China accounts for 8% of total worldwide [5]. China’s 
low-medium geothermal resources occupy the main position, and high-temperature 
type exists as a minority [5]. Recently, 255 spots have been detected with high 
temperature, locating in southern Tibet, western Yunnan and western Sichuan [6]. 
Until 2015, the total installed capacity of China’s geothermal power plants is 27 
MWe, most of which is derived from Yambajan (24 MWe, Tibet). Yambajan 
geothermal field is known as the hottest one in China with an average temperature of 
252 °C in the deep reservoir and the highest temperature of 329.8 °C. The liquid fluid 
with a temperature range of 140 to 160 °C occupies shallow reservoir where the 
content of gaseous fluid is comparatively less [7]. It has been measured that 
temperature at 1500 ~ 1800 m depth ranges from 250 ~ 330 °C since a 2500 m deep 
well that reached the deep reservoir was drilled in 2004 [5].  

Considering the existence of high temperature geothermal field in China, it is very 
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useful to develop a two-phase tank model in prediction and management of high-
temperature geothermal fields. 
 
Models that deal with simulating the output response of a geothermal field in terms 
of some input activities are called dynamic modelling, compared with its static 
modelling counterpart such as the volumetric method. Several dynamic models, say 
distributed parameter method and lumped parameter method, have been applied to 
simulate the real geothermal system such that both the training and validating 
response errors are within an acceptable range if the production information is 
provided [8]. 

In the past, many works on geothermal reservoir responses, structure and physical 
conditions have been simulated by either distributed (numerical) models [9][10] or 
lumped parameter models [11][12][13][14]. Given boundary conditions and information 
of production and injection, numerical models can be used to simulate the 
exploitation potential of a geothermal reservoir. These models call upon 
multidisciplinary knowledge such as numerical analysis, hydrology, fluid mechanics 
in porous medium, and heat transfer into the research. Distributed modelling can 
provide spatial variations in thermodynamic, fluid properties, rock types, and well 
spacing, locations, and geometries, all of which will, in turn, require a lot of input 
data and long simulation time for both parameter estimation and calculating the 
system response. 

 

Lumped Parameter Modelling 

Some applications of lumped parameter model developed in the past. Lumped 
parameter models have been used extensively to simulate the response of low-
temperature geothermal reservoir in Iceland, China, Australia, Turkey, United States 
and other countries [11][12][15][16][17][18][19]. For many geothermal reservoirs of low 
temperature, one can make isothermal flow assumption, in which pressure is the only 
variable and response depending on time and changes in temperature are neglected. 
The isothermal assumption is not always applicable since variations in temperature 
can be large when injection or production wells exist in a field, or the recharge is at 
a substantially different temperature from that of the field [19]. Onur et al. (2008), 
Tureyen and Onur (2009), and Tureyen and Akyapi (2011) have developed non-
isothermal lumped-parameter models that can be used to predict both reservoir 
pressure and temperature for single-phase liquid water geothermal reservoirs 
[13][14][18]. Lumped-parameter models have the advantage of being computationally 
much less costly than the distributed models while giving sufficient accuracy 
particularly when extensive geophysical data is not available.  

Comparing with the application of lumped parameter method in single-phase 
system, only a few works focused on two-phase one.  

The first non-isothermal lumped parameter model was developed by Whiting and 
Ramey (1969) by using mass and energy balance equations and applied to the 
Wairakei reservoir in New Zealand [20]. Both conduction and convection terms were 
included in their model that can be used for single-phase liquid and two-phase 
geothermal reservoirs. Brigham and Morrow (1974) extended this lumped parameter 
models for closed, vapor-dominated reservoirs [21][22]. Brigham and Neri (1979) 
applied this model in modelling the Gabbro Sanyal, and Brigham considered heat 
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transfer term in the recharge region to simulate the behavior of the East Mesa 
reservoir [23][24]. The first model introduced into the Cerro Prieto was by Westwood 
and Castanier in 1981, who applied the mathematical models from Whiting and 
Ramey into a three-tank model containing a central zone, an intermediate zone, and 
the outer zone (See Figure 1-1). That model simplified the reservoir as a closed 
system with no heat transfer or convective term across reservoir boundaries [25]. 

 

 

Figure 1-1 Schematic graph of geothermal reservoir with central zone (red), 
intermediate zone (blue) and outer zone (unlabeled). 

 

1.2 Research Contents and Chapter Arrangement  

This thesis introduces a generalized tank model represents multiple production wells, 
intermediate and recharge zones such that the number of tanks can be changed 
without any specific designation. The production data, such as pressure, temperature 
histories and enthalpy histories, are needed to train and test the model, which focuses 
on reservoir size, average porosity and permeability, aquifer recharge, connectivity, 
and initial conditions. The mathematical model in this thesis is non-linear and hard 
to get differentials, one can only get the numerical gradient using either forward 
differences or central differences. Consequently, the Broyden–Fletcher–Goldfarb–
Shanno (BFGS) algorithm and Genetic Algorithm are introduced to fit the model 
parameters to history data without using differential equations. Originally, the tank 
model will be trained using the artificial history data generated by the model itself to 
appraise and compare two optimization algorithms above and to find a proper size of 
chromosome and generations.  

A summary of chapter content highlighting how the thesis is introduced below. 
In the second chapter techniques of reservoir modelling, including numerical 

modelling and lumped parameter modelling, are introduced. Following a simple 
description of numerical modelling, more detailed information such as how 
mathematical representation is established and how the parameters are fitted 

Production well 

Injection well 
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according to observed data are introduced for lumped parameter modelling.  
In the third chapter, the mathematical representations of both two-phase lumped 

parameter model and well model are presented. Also, this chapter involves a 
discussion of input parameters and the derivation of connections for convection and 
conduction. Besides, an introduction of history data and input parameters is included. 

In the fourth chapter, two optimization technologies are introduced in 
considerable detail. As is discussed before, the data-fitting stage (or history matching) 
is a non-linear problem with a large scale of object parameters relative to tank models. 
First, an introduction is presented revolving around BFGS method that is based on 
the Armijo rule by which, instead of resorting to derivation, an iteration step (or 
learning rate) is decided. After that, Genetic Algorithm is introduced for the purpose 
of searching a global optimum. A hybrid usage combining both GA and BFGS update 
is introduced later. 

Chapter 5 mainly contains three parts: the analysis of the input parameters, data 
fitting using GA and GA-BFGS and a comparison between the lumped parameter 
model with/without wells.  

Chapter 6 is conclusions and future works. Conclusions contain the output of the 
analysis of parameters in this two-phase lumped parameter model and the ability of 
history matching of optimization tools used in this study. Future works contain 
developing an automatic method of dividing the field into an optimal scenario with 
fewer tanks (or fewer computational time) and fewer validation errors. Besides, it is 
necessary to develop new methods to calculate thermodynamic properties of water, 
which should be able to provide gradient information and calculate in matrix form. 
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Reservoir modelling is a fundamental tool for the management and assessment of a 
sustainable utilization of geothermal resources. The motivation of the reservoir 
modelling can be helping design power plants, predicting the reaction of the system 
to utilization and therefore defining the management strategy of the geothermal field. 
Construction of a reservoir modelling needs the mathematical and physical 
background as well as geophysical, geological, hydrological and geochemical 
properties. Three main mathematical approaches to representing a geothermal system 
are simple analytical modelling, numerical modelling and lumped parameter 
modelling. A well-performed model should base on the boundary conditions and 
thermophysical parameters assignment and calibration. The physical properties of the 
reservoir will be determined by fitting simulated response to the database of historical 
data collected during exploitation, a process usually referred to as history matching. 
This chapter will present the basic conception of both numerical modelling and 
lumped parameter modelling. Attention will be paid on the latter since it is the topic 
of this thesis. 

2.1 Numerical Modelling 

The main purpose of reservoir modelling is the prediction of production scenarios 
[26]. Reliability of a model can be found by history matching, and therefore one can 
assess the sustainability level. According to simulating under different exploitation 
scenarios, a reliable numerical model will, in turn, contribute to a productive strategy.  
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Figure 2-1 Information flow and prospect for the sustainable assessment using 
the numerical simulation of the reservoir [26]. 

The first procedure before numerical model is to build the conceptual model. 
Building numerical models needs detailed information of reservoirs, such as 
geometric condition, temperature and pressure profiles, and geophysical properties. 
Temperatures and pressures indicate the location of fluid flowing. The reservoir 
boundaries can be estimated beyond the drilled area according to geophysical 
information. The drilled wells or geophysics can be used to detect the bottom of the 
reservoir. The model structure may be available by geological formation [27]. 

The conceptual model is typically followed by numerical solutions, which mainly 
contain the finite difference, finite volume methods, as well as finite element 
methods. Different numerical integration techniques are implemented in codes and 
software [26]. A brief introduction is introduced in this section for the derivation of 
governing equations. In this paper, discretization of governing equations is not 
discussed in detail, which is explained in TOUGH User Guide in detail [28].  

The numerical solution of heat transfer and fluid flow are based on the laws 
governing these processes in mathematical form, generally in terms of differential 
equations. The three common equations of conservation are: 

(1) Conservation of mass 
(2) Conservation of energy (First law of thermodynamics) 
(3) Conservation of momentum (Newton’s second law) 
Here calculations of governing equations from TOUGH2 User Guide will be 

briefly introduced. The basic conservation equations for both mass and energy can 
be written in the general form shown in Eq. (2-1). 

𝑑

𝑑𝜏
𝑀 𝑑𝑉 = 𝑭 ⋅ 𝒏 𝑑𝛤 + 𝑞  𝑑𝑉                            (2-1)  

 The quantity M represents mass or energy per volume, with κ = 1, …, NK labeling 
the mass components (water, air, H2, solutes, …), and κ = NK+1 the heat 
“component”. The integration is over an arbitrary subdomain 𝑉  in the flow system 
under study, which is bounded by the closed surface Γn. F is a vector function 
representing either mass or heat flux, and q denotes sinks and sources. n is a normal 
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vector on surface element dΓn, pointing inward into Vn. 
For a two-phase geothermal system considering water as the only working fluid, 

the mass accumulation term is shown in Eq. (2-2). 

𝑀 = 𝜙 𝑆  𝜌 + 𝑆  𝜌             (2-2) 

The subscripts l and g refer to as the liquid- and gas phase in the system, ϕ is 
porosity, Sβ is the saturation of phase β, the fraction of porous volume occupied by β 
phase, and ρβ is the density of phase β. For a multiphase system with specific internal 
energy u, rock matrix density of ρm and heat capacity of Cm, the heat accumulation 
term is in Eq. (2-3). 

𝑀 = (1 − 𝜙)𝜌 𝐶 𝑇 + 𝜙 𝑆  𝜌 𝑢 + 𝑆  𝜌 𝑢     (2-3) 

Fluid flow in porous media is calculated by Darcy’s law extended for a multiphase 
version, and will be shown in the Chapter 3. For the energy transmission due to 
conduction and convection, the general form is  

𝐅 =  −𝜆∇𝑇 + ℎ 𝐅                                           (2-4) 

where λ is thermal conductivity, hβ is specific enthalpy in phase β, Fβ is mass flow 
rate for phase β, and the symbol 𝛻 is the vector differential operator with a meaning 
of derivative and the form of which is given by Eq. (2-5) in Cartesian coordinates. 

𝛻 =
∂

∂𝑥
𝑒⃗ +

𝜕

𝜕𝑦
𝑒 ⃗ +

𝜕

𝜕𝑧
𝑒⃗                                            (2-5) 

The calculation of gradient derives from the product of 𝛻 and a scalar function f, 
denoted by grad(f), whereas the inner product of 𝛻 with a vector function F(Fx, Fy, 
Fz) will provide the divergence, denoted by div(F). 

∇ · 𝐅 =
∂𝐹𝑥

∂𝑥
+

𝜕𝐹𝑦

𝜕𝑦
+

𝜕𝐹𝑧

𝜕𝑧
= 𝑑𝑖𝑣 𝐅                                     (2-6) 

By applying Gauss’ divergence theorem, the integral term of flux Fκ in Eq. (2-1) 
can be transformed into the following equation 

𝑑𝑖𝑣𝐅 =
1

𝑉
𝐅 ⋅ 𝒏 𝑑𝑆                                              (2-7) 

The term divFk is the divergence of the vector function Fk and has the physical 
meaning of mass- or heat flux intensity into a subdomain Vn. Applying Eq.(2-7) into 
Eq. (2-1), the partial differential equation is shown as follow. 

∂𝑀

𝜕𝜏
= −𝑑𝑖𝑣𝐅 + 𝑞                                                  (2-8) 

This equation is the common form to derive finite difference or finite element 
discretization approaches. The flux and sink- and source terms are evaluated by “fully 
implicit” form, meaning that the values defined implicitly at the new time level.  

Numerical simulation is of its strategic importance in predicting responses of 
geothermal systems, designing plants, and estimating the sustainability. Some 
software have been developed worldwide to do these tasks, such as TOUGH2 
[29][30][31], STAR [32], Feflow [33], HYDROTHERM [34][35], TETRAD [36] and CSMP++. 
In those software, thousands of grid blocks are under simulated, which in turn will 
require long computational time and make the model strongly depend on the accuracy 
of the data. Numerical simulators and complicated geometric domains are not 
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suitable for every problem especially when one can simplify them by numerical 
analysis or “lumped parameter” models, which can be very useful for some medium-
low temperature fields, considering plain lithological layers [26]. 

2.2 Liquid-Phase Lumped Parameter Modelling 

As is discussed above, lumped parameter model is widely used to simulate the low-
temperature geothermal system, in which only liquid phase is studied without 
temperature change. Rather than highly coupled governing equations, iterative 
procedures, and long computation time in numerical modelling, the lumped 
parameter models present more suitable and simplified method for some cases, 
requiring less running time and production data. A small number of connected tanks, 
in each of which the physical properties such as porosity, the density of water and 
pressure are homogeneous, represents the geothermal system in lumped parameter 
models [17].  

Similar to the mathematical representations in numerical simulation, the 
description of LPM bases on the physical laws for fluid flow, and heat and mass 
transfer, short of the discretization. Dividing the geothermal field into different 
regions, one can represent the system as tanks and, between them, the links, by which 
the responses (pressure, temperature and/or steam fraction) of one tank will affect 
others. However, the accuracy of such responses strongly relies on the assignments 
of physical properties that define the geothermal systems. Thus, it is of vital 
importance in reservoir modelling to infer the values of these properties by history 
matching (or data fitting). The history-matching phase will be presented later.  

Consequently, a detailed introduction of LPM in section 2.2 will elaborate from 
two parts: the basic concepts and construction of mathematical representation for 
lumped parameter model. 

Basic Concepts in Lumped Parameter Modelling 

Three most important concepts in lumped parameter models are tanks, links and 
the “discretization” scenarios (or tank scenarios). Differing from the production 
scenarios used in the sustainable management of geothermal energy, the 
discretization scenarios or tank scenarios are presented for gaining a better fitting 
result. As one can divide a given geothermal system into infinite scenarios, meaning 
an arbitrary number of tanks and ways of how they link, one should simulate a 
geothermal field by several scenarios, in addition to different sets of parameters and 
properties. As a result, one can say that the lumped parameter model is much less 
discretized than a numerical model. This study will introduce a generalized tank 
model with a changeable scenario setting such that one can derive an optimal scenario 
for a certain geothermal field. 

Typically, one can divide a geothermal system into three sub-regions containing 
a central zone, an intermediate zone and the infinite recharge source (See Figure 2-
2). The surrounding area of a geothermal well is usually represented by three storage 
tanks that are connected in sequence.  

The production zone (or central tank) where the production occurs is to predict 
the production of mass and energy. In the central part of the system, the physical 
properties may vary strongly in this area due to the potentially drastic mass flow rate, 
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so that more tanks may be necessary for a more accurate model. Fortunately, water 
level (for the observation well) or production information (for the production well) 
are available in practical applications. It should be underlined that the central zone 
where there only exists observation well is called as observation tanks, whereas the 
tanks with the only production well are referred to as the production tanks. Tanks 
with both production information and drawdown observation are called mixed tanks. 

The transition part (or hidden tank) of the system is the surrounding of the central 
zone. Mass and heat transfer also occur due to conduction and porous media flow 
with other tanks caused by pressure and temperature differences. Practically, this type 
of tanks represents the area where neither production nor injection occurs such that 
no data for this area is available. Thus, this type of tanks is called hidden tanks. 
Depending on actual situations, it necessitates a different number of tanks to define 
the geothermal reservoir characterization accurately.  

The infinite zone (or recharge tank) is the area that has either infinite heat or mass 
capacity, without regard to depletion. Thus, here is the assumption that the 
temperature and pressure of it would remain constant. The infinite heat source 
represents the magma intrusion into brittle rocks as the infinite pressure source for 
water recharge. In lumped parameter models, the infinite recharge source is called 
recharge tanks.   

 

  

Figure 2-2 Schematic diagram of a typical three-tank model for a two-phase 
reservoir.  

 

In Fig. 2-2, the blue arrows denote fluid flowing through porous media, 
production, and injection, short of the cold water from recharge, which are marked 
as black arrows. Red arrows denote energy transmission due to conduction. The 
signal m∞ and Q∞ are the infinity recharge source and heat source. 

The links between every two of tanks include two types normally, porous media 
flow and thermal conduction. However, in a two-phase model, the first type of link 
will be divided into steam-phase flow and liquid-phase flow. Central mixed tanks, 
hidden tanks and recharge tank are marked by yellow, blue and orange respectively 
(See Fig. 2.2). 

Links between each two tanks describe whether connections between them are 
active such that fluid flow and/or heat transfer phenomenon can take place. For a 
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common scenario shown in Fig. 2-2, one can use a matrix to represent the link 
configuration with the Boolean value (see Figure 2-3). If any two tanks are connected 
with each other, their connectivity will be defined as “Truth” and marked as “1”, 
otherwise as “False” and “0”.    

 

 

Figure 2-3 An example of link matrix for the three-tank lumped parameter 
model in Fig. 2-2.  

 

As is shown in Fig. 2-3, a special condition occurs in the diagonal, since a certain 
tank cannot connect to itself. The diagonal elements are 0 by default. Moreover, it 
will not affect results of modelling. Since tank 1 and tank 2 connect to each other, 
two elements in (1st line, 2nd row) and (2nd line, 1st row) are 1. 

The link matrix in two-phase lumped parameter model also represents the 
connection condition of tanks, multiplied by both heat transfer term and mass transfer 
term. The assumed parameters in these two terms will be discussed in the later 
chapter. Associated with the elements in link matrix, assumed parameters will be 
inferred from history data, and will, in turn, calibrate the link condition if there are 
deviations regarding link condition. For example, given a connectivity parameter σij 
which describes how strong the tanks i and j are connected to each other, it is possible 
to deduct a potential disconnection between these two tanks if σij

 is considerably 
small. It means that the link matrix or the division scenarios (or discretization 
scenarios, tank scenarios) might need to be modified. To specify it, the simpler term 
“tank scenario” will be mainly used. 

For a given geothermal system with production wells, observation wells and 
with/without the recharge zone, one can define this into different scenarios. Models 
in which there is at least one tank connected to the supply recharge is an open system. 
On the contrary, the model is defined as a closed system without connection to the 
constant source. In the one-phase lumped parameter model developed by Axelsson, 
the models connected to recharge area will have a more sustainable production, 
whereas close models present a more conservative criterion [11][15]. Besides, the tank 
scenarios might be varied due to the subdivision of both central and hidden zone.  
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For a certain geothermal field, it is necessary to inquire into different scenarios 
including a different number of production tanks and/or hidden tanks to find a better 
fitting result or a less training error. The recharge tank will always be either single or 
none in any of tank scenarios, used in providing an optimistic (open) system or a 
conservative (close) system respectively.   

Construction of the Mathematical Representations 

The mathematical representations for liquid-phase tank models have been fully 
developed for both applications and more powerful optimization ability [8][15][18][19]. 
In these successful lumped parameter models, there exist both isothermal systems 
and non-isothermal systems. For a non-isothermal lumped parameter model, the 
energy balance equation will be considered in addition to the mass equation, 
comparing with the isothermal counterpart. The non-isothermal system is introduced 
under the consideration that injection operations or recharge at a significantly 
different temperature in a field will cause a substantial temperature variation. Similar 
with the numerical model, mass- and energy balance equation is introduced here.  

(1) Conservation of mass in an isothermal system and its matrix form 

Most of the previous works contain neither temperature decline nor phase change 
only calculates the mass balance equation, the tank of which assumption is referred 
to as isothermal system [11][27]. The derivation of the mass equation in the isothermal 
system is presented in the Appendix A. The final conservation of mass for a single 
tank is given in isothermal system (See equations (2-9) and (2-10)). 

𝐾
𝑑𝑃

𝑑𝜏
= 𝜎  𝑃 − 𝑃 + �̇�                                    (2-9) 

where K = Vr ρf Cm is called storage capacity, kg/bar, and Vr , ρf , Cm represents the 
volume of rock, fluid density and compressibility of the sum of fluid and rock. 
𝑑𝑃/𝑑𝜏 represents the derivation of pressure with respect to time. The first term on 
the right-hand side is the sum of mass flow rate which originates from Darcy’ law 
from other tanks (each tank marked as j, the total number of other tanks marked as J, 
excluding the recharge tank) into the current tank,. σj and Pj are the conductance and 
pressure of tank j respectively. �̇�  is the net production rate of the region including 
the mass flow rate of production and injection.  

With the assumption that the density of liquid fluid ρf (specifically, the water in 
this study) remains constant, the relationship: P = h0 – ρf gh is then derived and is 
inserted into equation (2-10). 

𝐾
𝜕ℎ

𝜕𝜏
= 𝜎  ℎ − ℎ +

�̇�

𝜌 𝑔
                                   (2-10) 

where h0, hj and h are the water levels of initial condition, tank j and the current tank. 
The water level h is the main variable in this type of lumped parameter model. This 
equation is the mass representation used for a single tank. However, it is necessary 
to generalize it into a multi-tank format to meet the demand of a real geothermal 
system, in which case it is necessary to use vectors and matrix to represent the Eq. 2-
10. It is shown as follow. 



 

 12

𝐊
𝜕ℎ⃗

𝜕𝜏
= 𝐒ℎ⃗ + ℎ 𝜎 ⃗ + �⃗�                                          (2-10) 

where K and S are N by N matrix, N is total number of tanks including central tanks, 

hidden tanks and recharge tank. ℎ⃗ , 𝜎 ⃗  and �⃗�  are N dimensional vectors 
representing water level, conductance and the term �̇� / 𝜌 𝑔  for each tank. ℎ  
is the water level of the infinite recharge source. A detailed explain can be found in 
the reference [7]. 

(2) Conservation of mass and energy equations in a non-isothermal system 

The main variable in the isothermal tank model above is the height of water level, 
which is also the only object used in fitting the observed data. In a generalized non-
isothermal tank model where temperature variation will be accounted for, 
mathematical representations will be specified to describe the phenomenon of fluid 
flow and heat transfer between tanks.  

For a geothermal system with single-phase liquid water and rock, model is 
assumed to be composed of an arbitrary N number of tanks. Given the tank i with a 
bulk volume 𝑉 , , porosity 𝜙 , temperature Ti, pressure pi and liquid-water density 
ρw,i, the conservation of mass can be expressed as follows. 

𝑉 ,

𝑑 𝜌 , 𝜙

𝑑𝜏
− �̇� ,  + �̇� , (𝑡) + �̇� , (𝑡) = 0              (2-11) 

where �̇�i,j, �̇�p,i and �̇�inj,i are the mass flow rate between tank i and j, production 
mass rate and injection mass rate for tank i. The bulk volume is assumed to remain 
constant, and porosity is simplified as a function of temperature and pressure of liquid 
water, the relationship of which is given in Eq. (2-12) [13]. 

𝜙(𝑝, 𝑇) = 𝜙 [1 + 𝛽 (𝑝 − 𝑝 ) − 𝛾 (𝑇 − 𝑇 )]                      (2-12) 

where 𝜙 , cr and βr are the porosity at initial conditions, the compressibility of the 
rock, and thermal expansion coefficient. 

For a system with a total enthalpy of H, the specific enthalpy of injection fluid 
hinj,j, and conduction heat flow between tank i and j of �̇� , the balance equation for 
a single-phase system is given as follow. 

𝑑𝐻

𝑑𝜏
+ �̇� , ℎ , + �̇� , ℎ , − �̇� , ℎ − �̇� = 0       (2-13) 

The enthalpy of production fluid flow is represented by that of fluid in the 
reservoir hw,i, and hξ is the specific enthalpy flow either from tank i to j or from tank 
j to i, depending on the pressure gradient. A more detailed derivation can be found in 
the literature [13][14][18]. Comparing with isothermal tank model for low-temperature 
geothermal reservoir, the non-isothermal counterpart takes account of temperature 
changes and can define more reservoir characterizations.  

However, it still neglects phase change in a liquid-dominated reservoir, especially 
when the temperature distribution in a reservoir is close to its BPD (boiling-point-
for-depth), which is commonly applicable in geothermal reservoirs [37].  

As a result, for both liquid-dominated and vapor-dominated geothermal reservoir, 
it is inevitable to consider co-existence of two phases in a reservoir when exploiting 



 

 13

and flowing for the pressure drop could be dramatic at the well bottom when 
production occurring. 

 

Figure 2-4 Pressure gradient that shows the qualitative trend in radial distance 
[27]. 
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Chapter 3  

Seldom are fluid properties uniform throughout the whole volume for a real reservoir, 
therefore, it is of great interest to present a more complex model. The two-phase 
lumped parameter model in this study revolves around making more accurate 
predictions and assumptions for two-phase geothermal reservoir. In this section, the 
mathematical representations will be constructed for tank model as well as well 
model.  

3.1 Construction of Mathematical Representations for 
Tank Models 

Mathematical models for a two-phase condition are developed by introducing a 
new variable (saturation or steam fraction). Saturation here refers to the proportion 
of volume in a porous media occupied by water or steam phase, whereas steam 
fraction is the mass fraction of steam.  

Most of all previous models found in literature treat the two-phase mixture as a 
single material and deal with mixture compressibility. However, the compressibility 
can vary drastically depending on whether the reservoir is unconfined a confined or 
on the extent of the two-phase zone that is generally unknown in a geothermal 
reservoir [38]. Some simple calculations showed that compressibility of an unconfined 
reservoir can be three orders of magnitude less than that of a confined reservoir [27][37]. 

Besides, compressibility may also depend on steam fraction. Even in a confined 
single-phase steam system, the compressibility may also be twenty times bigger than 
that of a confined two-phase system [37]. Thus, introducing compressibility into mass 
balance equation may generate a model with low precision.  

In this mathematical model for a two-phase lumped parameter model, 
compressibility of mixture fluid will not be introduced in this model.  

 

Governing Equations 

According to Gibbs’ rule, only one intensive property needed to determine this 
two-phase system, which is saturation pressure in this model. Tsat is defined as the 
saturated temperature and is a function of the pressure. In this model, the energy 
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balance equation of fluid-rock system is divided into two systems to find how the 
temperature of rock matrix would change in response to temperature changes in the 
fluid. The mathematical representations are derived from equations (2-11) and (2-
13). Conservation equations are shortened and given in equations (3-1). 

𝑑𝜌

𝑑𝜏
=

[𝑅𝐻𝑆] ,

𝜙 𝑉 ,
                                                   (3-1 a) 

𝑑(𝜌ℎ)

𝑑𝜏
=

[𝑅𝐻𝑆] ,

𝜙 𝑉 ,
                                                 (3-1 b) 

𝑑𝑇 ,

𝑑𝜏
=

[𝑅𝐻𝑆] ,

((1 − 𝜙)𝑉 𝜌 𝐶 )
                                           (3-1 c) 

ρi and hi are the density and specific enthalpy of fluid mixture in tank i. Tm, Vm, 
ρm, Cm are the temperature, volume, density and heat capacity for the rock matrix. 
The porosity of geothermal reservoir is simplified as a constant parameter. It is 
controlled by the stress field of temperature and pressure such that a rock matrix will 
deform depending on the variations of temperature and pressure. However, this 
variation range in a geothermal system cannot cause a sufficient change in porosity, 
nor any obvious effect on fluid flow. 

The [RHS]1,i, [RHS]2,i, and [RHS]3,i are the right hand sides in the conservation 
of equations and given in equations (3-2). 

[𝑅𝐻𝑆] , = �̇� ,  + �̇� , (𝑡) + �̇� , (𝑡) + �̇� , (𝑡)   (3-2 a) 

[𝑅𝐻𝑆] , = �̇� + �̇� , + �̇� , + �̇� + �̇� ,               (3-2 b) 

[𝑅𝐻𝑆] , = �̇� − �̇� + �̇� ,                                              (3-2 c)  

[𝑅𝐻𝑆] ,  contains four terms: the mass flow between tank i and all other tanks 
∑ ṁi,j

N
i , the mass flow of production ṁpro,i(t) and injection ṁinj,i(t), and influx from 

the recharge ṁ∞,i(t).  
[𝑅𝐻𝑆] ,  contains five terms: the enthalpy transmission between tank i and all 

other tanks due to fluid flow ∑ Ḣij
N
i  , the enthalpy transmission due to production 

�̇�  and injection �̇� , convection heat transfer from rock matrix to fluid inside 

tank -Q̇i, and enthalpy influx from recharge �̇� , .  

[𝑅𝐻𝑆] ,   contains three terms: the convection heat transfer to fluid  �̇�  , heat 

conduction from other tanks ∑ Q̇ij
N
i  and from infinity resource Q̇i,∞. 

In the left-hand side of Eqs. (3-1), ρ=ρ(p, x) and h=(p, x) are the functions of 
pressure and steam fraction. For a one-dimensional model, a final computational 
representation in ODE (Ordinary Differential Equations) is expressed in Eqs. (3-3) 
after decoupling the equations. The complete derivation is in the Appendix B.  

𝑑𝑝

𝑑𝜏
= 𝑐 [𝑅𝐻𝑆] , + 𝑐 [𝑅𝐻𝑆] ,                                      (3-3 a) 
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d𝑥

𝑑𝜏
= 𝑐 [𝑅𝐻𝑆] , + 𝑐 [𝑅𝐻𝑆] ,                                     (3-3 b) 

𝑑𝑇 ,

𝑑𝜏
= 𝑐 [𝑅𝐻𝑆] , + 𝑐 [𝑅𝐻𝑆] , + 𝑐 [𝑅𝐻𝑆] ,          (3-3 c) 

The coefficients cmn are nonlinear representations combined by thermodynamic 
properties and preset parameters. Both coefficients and the [RHS] terms are functions 
of p, x, Tm and τ. A general form used for 4-order Runge-Kutta method is shown as 
follow. 

𝐲 (𝜏) = 𝐅(𝜏, 𝐲) 

where,  𝐲 =

𝑝
𝑥

𝑇
, 𝐹 =

𝑓
𝑓
𝑓

 

where the elements f1, f2 and f3 in the vector F are the right-hand sides of Eqs. (3-3) 
and are considered as the functions of p and x.  

 

Explanations of Connectivity 

The connectivity in this two-phase lumped parameter modelling contains flowing 
connectivity σ and conduction connectivity Λ, denoting the conditions of link 
configuration.  

In [𝑅𝐻𝑆] , , the production rate ṁpro,i(t) and injection rate ṁinj,i(t) are sink and 
source term for lumped parameter model and will be discussed in the well model. 
Mass flow term ∑ ṁi,j

N
i  is calculated from Darcy’s law in two-phase condition. It is 

applicable to laminar flow with low Reynolds number [39][40]. For a fluid of β phase 
with density of ρβ  and kinematic viscosity of νβ , the mass flow rate for one-

dimensional tank model is given in equation (3-4). 

�̇� , , = −
𝐴 , 𝐾 , 𝐾 ,

𝜈 ,

∆𝑝 ,

∆𝑥 ,
− 𝜌 , 𝑔                        (3-4) 

For a mass flow between tank i and j, the discretized pressure gradient Δpi,j/Δxi,j 

determine the direction of mass flow which is marked as the Greek letter ξ.  
Δxi,j and Ai,j are the hypothetic distance and sectional area for the mass flow 

between tank i and j. Since there is only horizontal arrangement of tanks, the effect 
of gravitational term ρβ,ξ g is neglected. Then product of Ki,j, Ai,j and Δxi,j is defined 

as a new parameter σi,j, the representation of which is shown as follow 

𝜎 , =
𝐴 , 𝐾 ,

∆𝑥 ,
                                                         (3-5)   

σi,j is the connectivity between each two tanks with a dimension of m3. In practical 
application, distances is possible to be assumed between tanks and an averaged 
permeability for a specific area, but the sectional area that two-phase fluid flow 
through may fail to be found. Consequently, the connectivity σi,j a set of parameters 
to optimize by the history matching phase, since it will reflect the link scenario.  

The conduction term Qi,j is calculated by Fourier’s law, q = λ·∇T, where λ is the 
tensor of thermal conductivity and ∇T is the gradient of temperature. With its 
application in one-dimensional modelling, thermal conduction for tank i from tank j 
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is given in equation (3-6). 

𝑄 , = 𝛬 , 𝑇 − 𝑇           (3-6) 

  where,   𝛬 , =
𝜆 , 𝐴 ,

𝑥 ,
 

These two types of connectivity will be calibrated during the history-matching 
phase, and in turn calibrate the tank scenarios.  

3.2 Construction of Mathematical Representation for 
Wells 

The coupling of wells and tanks is simple in this lumped parameter. In most of 
the previous works, production wells and injection wells are considered as sink and 
source terms due to the difference of its governing equations. In this section, a 
lumped-parameter well model will be introduced to couple with tank models. 
Comparing with the time step of the geothermal reservoir, of which the seepage 
velocity is smaller and relaxation time is larger, the fluid flow inside a well is 
considered as a pseudo steady state. 

 

Governing Equations 

For a lumped-parameter well system in a steady state, the conservation of mass is 
𝑑�̇�

𝑑𝑧
= 0                                                               (3-7) 

�̇� is the mass flow rate, dz is the differential axial length. The two-phase mixture 
fluid flow in a simplified well modelling is simplified as steady fluid flow, so that the 
conservation can be expressed as follow. 

�̇� −  �̇� = 0                                                      (3-8) 

where subscripts “out” and “in” refers to the inlet and outlet for a differential axial 
length dz.   

The conservation of momentum: 
𝑑𝑝

𝑑𝑧
=

𝑑𝑝

𝑑𝑧
+

𝑑𝑝

𝑑𝑧
+

𝑑𝑝

𝑑𝑧
                                          (3-9) 

Pressure is main variable for the conservation of momentum, the gradient of 
which consists of friction term pf, gravity term pg and acceleration term pa. For a well 
with length of z, the representations of each term and a full representation of dp/dz 
are expressed in equations. (3-10). 

∆𝑝

∆𝑧
=

∆𝑝

∆𝑧
+

∆𝑝

∆𝑧
                                           (3-10 a) 

∆𝑝

∆𝑧
=𝜌  g                                                    (3-10 b) 

∆𝑝

∆𝑧
=

∆(𝜌 𝑣 )

∆𝑧
                                              (3-10 c) 
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𝑝 − 𝑝

∆𝑧
=

∆𝑝

∆𝑧
+

∆𝑝

∆𝑧
+ 𝜌 g +

∆(𝜌 𝑣 )

∆𝑧
          (3-10 d) 

The friction term consists of on-way pressure loss pon and local pressure loss plo, 
proportional to velocity square of flowing fluid. In this study, the friction term will 
be replaced by a correction factor cfri, which denotes the proportion of other terms 
(See Eq. 3-11). The effect of cfri on production rate will be discussed later in Chapter 
5.  

The pressure gradient in gravity term is caused by the potential difference when 
fluid flow up. The representation of gravity term could be ∆pg, where ρavg is the 
averaged density and has the relationship of ρavg = (ρin+ρout)/2.  

The acceleration term is caused by variation of kinetic energy. Since the 
difference of v2 in Eq. (3-10) is small compared with good length, which is usually 
more than 1 km for a hydrothermal reservoir and 3 to 6 km for an enhanced 
geothermal system, the acceleration term is also neglected. In the modelling, the 
mixture density profile will be simplified with a linear relationship with respect to 
depth. 

A simplified representation for the conservation of pressure is given in Eq. (3-11). 
Potential energy loss accounts for the main part in the total pressure loss, such that 
the pressure profile presents a linear relationship to depth.  

𝑝 = 𝑝 −
 g ∆

       (3-11) 

The conservation of energy: 
𝑑(�̇�𝑒)

𝑑𝐿
+ 𝑄 = 0                                                        (3-12) 

�̇�𝑒  is the total energy including enthalpy �̇�ℎ , kinetic energy �̇�𝑐 /2  and 
potential energy �̇�𝑔𝑧, Q is the energy loss of fluid during differential distance dL. 
Suppose that difference of kinetic energy and energy loss Q are negligible, inserting 
Eq. (3-8) into the conservation of energy yields 

ℎ = ℎ − g ∆𝑧                                                    (3-13) 

The final equations (3-11) and (3-13) for the well system that can be used as a 
tool for calibrate production data without addition of any preset parameters. For the 
injection well, subscribes “in” and “out” will be reversed.  

 

The Calculation of Production Rate 

In practical operation, the pressure in at well bottom will drop sharply such that 
the surrounding reservoir will flow towards the well (See Figure 3-1). In a lumped 
parameter modelling, the reservoir formation is assumed as a circular formation, the 
circle center of which is the production well (or observation well). The superposition 
effect of a multi-well system is neglected. The production rate of a well, which is the 
mass rate from the outlet, equals to the radial flow rate from the circular formation to 
the well bottom. 
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Figure 3-1 Schematic figure of the reservoir around well bottom. It shows the 
location where a geothermal well is drilled, causing fluid to flow through 
the fractured reservoir into the well [39]. 

 

The Eq. (3-14 a) is the mathematical representation of the production rate in a 
single well by applying Darcy’s law [41]. 

�̇� , = �̇� , = 𝐾 ,  𝑝 − 𝑝 ,  
𝐾

𝜇
              (3-14 a) 

𝐾 =
2𝜋𝐾 ℎ

ln(𝑅/𝑟 )
                                                  (3-14 b) 

K, h, R, rw are the permeability, thickness of reservoir, the radius of the circular 
reservoir formation and of the production well. The above parameters can be 
combined into a new permeability for production well Kw (equation 3-14 b), which is 
an unknown parameter and to be optimized. Pressure p1, relative permeability Krβ and 
dynamic viscosity μβ are properties of the central tank. Well-bottom pressure pwb is 
an unknow variable calculated by the Eq. (3-11) in which pwb is the inlet pressure pin. 
The well-head pressure pwh remains constant to keep a steady operation. In this thesis, 
the value of pwh is fixed at an arbitrary pressure of 4 bars. During the modelling, pwb 
is determined by the fluid density at well bottom ρwb and well-head pressure pwh. 
However, the density ρwb also is a function of the unknown parameter pwb and hwb. In 
this model, another approximation used is that ρwb equals to the fluid density in the 
central tank ρ1 to avoid using any iteration methods and increasing the computation 
cost.  

Replacing the density ρin by ρavg and inserting Eq. (3-11) into (3-14 a) yields 

�̇� , = 𝐾 ,  𝑝 −  𝜌 −
𝜌 , 𝑔∆𝑧

𝑐

𝐾

𝜇
                    (3-15) 

3.3 History Matching 

The history-matching phase acts as a tool to fit the observation data, make the 
preset parameters more precise, and finally make a more reliable prediction. 
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Reversely, the inputs, those preset parameters used in modelling, is now the outputs 
for the history matching phase, the same goes for the outputs, such as production 
rates, fluid enthalpy and pressure. The most commonly used objective function in 
history matching is nonlinear least-squares, which have wide applications in data 
fitting, parameter estimation, function approximation, and others [42]. 

In data fitting phase, the difference between the observed data and simulated 
response are minimized with respect to the preset parameter. Essentially, the history 
matching is a problem of optimization. Suppose that u is a vector of the unknown 
parameters, y and x are M-dimensional vectors of the simulated response by lumped 
parameter model and the observed data respectively. The objective function of the 
optimization problem has a general form: 

minO(𝐮) = min‖𝐲 − 𝐱‖      (3-16) 

 s.t. Governing Equations 

 and u∈[umin, umax] 

where umin and umax are the lower and upper bound for u. The objective function is 
the 2-norm of the difference between y and x. For a vector a = [a1, a2, …, an]T, the 2-
norm is defined as: 

‖a‖ =  |a |                                                               

In this two-phase lumped parameter model, the objective function for 
optimization is given as below: 

min
𝐮

 
1

2k
y[ , , ] − x[ , , ](𝐮)           (3-17) 

For a tank model coupled with wells, θ denotes to four types of properties to be 
fitted with the observed data, which are temperature, pressure, steam fraction and 
production rate. For a lumped parameter model with k production tanks, the objective 
function should be average by k. The index M means the Mth time step. u is the 
parameter vector, including the permeability for production wells Kw, initial 
properties (pressure p[0] and steam fraction x[0]), connectivity for porous media flow 
σ and thermal conduction Λ, convective heat transfer coefficient h inside the tank, 
volume of rock Vm, porosity ϕ, the infinite recharge source m∞ and the heat source 
Q∞. For a lumped parameter model with n tanks and k production tanks and/or 
observation tanks, the number of objective parameters in u is 2n2+9n+k. It needs a 
sophisticated optimization algorithm to find the path to the optimal. The optimization 
methods used in this thesis are BFGS Quasi-Newton Method and Genetic Algorithm. 
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In this chapter, a brief introduction of BFGS update and Genetic Algorithms used in 
this study will be introduced. Besides, a short discussion of their performance will 
also be presented. 

4.1 BFGS Quasi-Newton Method 

The basic idea of Quasi-Newton Newton is similar to Newton method, instead of 
generating a Hessian Matrix. Essentially, Newton method approximate objective 
function by a linear function, which is usually 2-order Taylor Series expansion. 

Given the objective function f, which is the nonlinear least-squares function in 
this study, Newton Method is to minimize the quadratic approximation q[k] instead of 
objective function f at the current iterate xk.  

𝑓(𝑥) ≈ 𝑞[ ](𝑥) = 𝑓(𝑥 ) + ∇𝑓(𝑥 ) (𝑥 − 𝑥 ) +
1

2
(𝑥 − 𝑥 ) ∇ 𝑓(𝑥 )(𝑥 − 𝑥 )  (4-1) 

Set  

𝐺 = ∇ 𝑓(𝑥 ), 𝑔 = ∇𝑓(𝑥 ).                                   (4-2) 

The minimizing of q[k](s) meaning that ∇q[k](x) = 0, which in turn will be 

𝑥 = 𝑥 − 𝐺 𝑔                                                 (4-3 a) 

𝑠 = −𝐺 𝑔                                                          (4-3 b) 

where sk = xk+1 – xk is called Newton’s direction, which is the steepest descent 

direction for objective function f under the ellipsoid norm ‖·‖  (‖·‖ = 𝑥 𝐺 𝑥) 
and therefore the optimal solution of the following minimization problem. 

min 𝑠 ∈ 𝑅  𝑔 𝑠                                                            

𝑠. 𝑡.    ‖𝑠 ‖ ≤ 1.                                                           

Newton method can reach the minimizer within one iteration when applied in the 
positive definite quadratic function [42]. However, for an unconstrained problem, 
Newton method is limited to a local method. Its convergence ability and accuracy 
depend on the selection of initial point. The same goes for the Quasi-Newton method 
such that it is necessary to select different initial parameters for lumped parameter 
modelling. Another drawback of Newton method is that the computation costs of the 
inverse Hessian matrices are huge, or even the inverse is not available. By using the 
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function values and gradients of the objective function, Quasi-Newton method 
constructs the Hessian and provide an efficient convergence, instead of computing 
the Hessian Gk. Similarly, the iteration function is given in the Eq. (4-4).  

𝑥 = 𝑥 − 𝜆 𝐻 𝑔                                                 (4-4) 

where λk is iteration step. Hk is inverse Hessian approximation and subjects to the 
quasi-Newton equations: 

𝐻 𝑦 = 𝑠    𝑎𝑛𝑑  𝐵 𝑠 = 𝑦                                    (4-5) 

where Bk+1 is Hessian approximation, and yk = gk+1 – gk. 
In BFGS algorithm, which is acknowledged as the best one of quasi-Newton 

updates especially when using inexact line search, the BFGS update functions for Bk 
and Hk are given in Eqs. (4-6). 

𝐵 = 𝐵 −
𝐵 𝑠 𝑠 𝐵

𝑠 𝐵 𝑠
+

𝑦 𝑦

𝑦 𝑠
                                    (4-6 a) 

 𝐻 = 𝐼 − 𝐻 𝐼 − +                       (4-6 b) 

where I is the identity matrix.  
In both Newton method and quasi-Newton method, the next iteration point xk+1 is 

naturally determined by setting ∇𝑓(𝑥 ) = 0 when given curvature information, 
which is also called “exact line search”. However, such information is only available 
by a numerical way in this nonlinear lumped parameter model where fluid properties 
are determined by interpolation formula or XSteam [43]. Thus, it is more applicable to 
use either inexact line search, such as Armijo-Goldstein rule, Wolfe-Powell rule and 
Backtracking line search, or a variable iteration step that halves the previous step, 
rather than calculating it iteratively. Application steps of BFGS update are shown as 
below. 

Set an initial variable uk, and a considerable small real number ε. Set xk = uk. 
If gk = ||∇f(xk)|| ≤ ε, iteration will stop, the optimal is xk. 
Or, set dk = -H0·∇f(xk) is the descent direction. 
For the first iteration, iteration step λ1 is calculated using Armijo rule, such that  
x1 = x0 + λ1d0. 
Since the 2nd iteration,  
λk+1 =0.5×λk, xk+1 = xk+λk+1dk, sk = xk+1 - xk, and yk = gk+1 - gk 
Update the inverse Hessian approximation Hk+1 by using Eq. (4-6 b) and back to 

step 2. 

4.2 Genetic Algorithm 

For an optimization problem with complicated objective function and/or 
constraints, it is not likely to find the optimal solution with a perfect exactness. The 
genetic algorithm (GA) provides an effective approach and general framework to 
solve such problems. In this tank model with complicated constraints for 
thermodynamic properties, and with multiple objectives, GA is proved to be an 
efficient and accurate tool.  

In a genetic algorithm, the objective parameters for an optimization problem are 
usually encoded in binary as strings of 0s and 1s, which is called individual or 
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chromosome. A population of individuals is evolved towards better solutions by 
being filtered, reproducing and mutation [44]. By patterning the heredity and evolution 
of organisms in the natural environment, the Genetic algorithm is developed as an 
adaptive probabilistic search algorithm for a global optimization [45]. It was first 
introduced by Holland to solve computational problems of pattern recognition and 
game theory [46][47]. For an optimization problem of evaluating the optimal value of 
the function, the generalized mathematical model of GA is described as follow. 

𝑚𝑎𝑥        𝑓(𝐮) 

s. t.     u ∈  𝑅  

          𝑅 ⊆ U 

where solutions u that satisfy the constraint are feasible solutions. U is the basic 
space, R is a subset of U as well as a set of feasible solution.  

Each element in u is regarded as a genetic gene, such that variables u are also 
called “chromosomes” or “individuals”, which can be expressed by binary code. The 
operand of GA is a set of randomly generated individuals, such sets are called 
population. Similar to the natural evaluation, the operation of GA is running through 
an iterative process, the production in each iteration is also called “generation”.  

The operations of GA basically consist of assessment, selection, crossover, and 
mutation.  

Assessment: each of individuals will be evaluated by a certain fitness function to 
determine the extent to which individuals will be fit for a given model. Thus, the 
fitness is artificially defined as such extent during the assessment phase. 

Selection: selection is naturally an operator act as a threshold to save individuals 
to next generation if fitness is higher than the threshold. Individuals with low fitness 
will be eliminated. 

Crossover: genes of individuals (or chromosomes) of the current generation will 
be exchanged with that of other individuals.  

Mutation: genes will be altered at a mutation probability, used to maintain genetic 
diversity from one generation the next, such that it might avoid converging to a local 
optimum.  

Besides, the Binary Gray coding and decoding operators are used here in 
transforming variables/gene to gene/variable, since it has a lower Hamming distance 
comparing with other binary code, which means that by changing one digit in allele, 
the value of its decimal counterpart will change less. It translates a decimal number 
into a 4-digit binary code, therefore the maximum value Gray code can represent is 
15. In this case, upper bound and lower bound will be artificially set for variables, 
and divide the range into 16 parts resorting to Gray code. Thus, chromosome will be 
decoded to variables x = [x1, x2, …, xn] within a given range. The fitness function in 
this study is the inverse of the objective function of data fitting introduced in Chapter 
3, calculating the inverse of least-square error of the simulated data. 
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Figure 4-1 Illustration of Genetic Algorithm.  

 

The algorithm will initialize a set of chromosomes (or individuals), this set is also 
called population. Each grid in it denotes gene and has the value of 0 or 1, and each 
string of it is the so-called chromosome. The selection operator will save the 
chromosomes if their variable counterparts have a good fitness value f(xi). Each two 
of the selected chromosomes are used to produce new offspring by crossover operator 
and then the mutation operator. The crossover method shown in this figure is called 
a two-point crossover.  

Some parameters of GA, such as mutation probability and population size, may 
cause a different optimization result. A small mutation probability and population 
size may lower genetic diversity and cause genetic drift [48][49]. A big population size 
takes too much computation cost. A mutation probability that is too high may disturb 
the optimal candidates and lead to loss of good solutions.  

A brief comparison (See Figure 4-2) is shown to discuss the parameter tuning in 
GA, the normalized difference is represented as follow: 

𝑁 =
𝒚 − 𝒚

𝒚
[ , , ]

                                        (4-7) 

where for this study i, θ, k represent the ith
 month, θth type of data, and kth production 

well. ysim is the optimized data by GA, and yobs is the “pseudo” history data. 
It can be found in the Fig. 4-2 that the lowest normalized difference lies at 

300/005/80(45), which denotes that the population size is 300, mutation probability 
is 0.05, the total generation is 80 and the optimal results happened in the 45th 
generation.  Apparently, the normalized differences with mutation probability of 
0.10 are much higher than others. In the previous lumped parameter model with 27 
parameters to be fitted, the thermal conduction coefficients are considered as 
constant. The details of this lumped-parameter model can be found in Reference [39]. 
In this case, the population size is not decisive to the GA results. The population size 
of 1000 may cause a more diverse population for a larger problem. 
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Figure 4-2 Comparison of parameter tuning for a lumped parameter model 
with 27 parameters to be fitted.  

 

As is shown above, vertical ordinate denotes a set of parameters for GA. For 
example, the first number that ranges from 300 to 1000 is the population size, and the 
mutation probability ranges from 0.03 to 0.10. Each point in the figure is the 
normalized difference for a certain set of GA parameter. 

The above discussion does not include the effect of 4-digit Gray code on the 
testing errors. It was mentioned that the 4-digit Gray code can only divide the variable 
range into 16 value points. This rough division cannot be improved by GA itself 
unless using the binary code with higher order digit, such that the local search 
capability of GA is not as good as the ability it has in global research. Another reason 
for this weakness is caused by the mechanism of crossover operator [50][51].  

The crossover operator will mix chromosome distinctly and bring diversity at the 
beginning of running. However, randomly recombining cannot find a clear direction 
towards the optimum and may even disturb the current optimal candidates unless 
“elites” selection operator employed.  

Thus, a hybrid way combining BFGS and GA is tested in this study. Such a 
combination will use GA first to search until the change of optimal candidates coming 
to a standstill, and then use BFGS to search from the given optimal candidate by GA.  

The BFGS-GA algorithm will speed the convergence near the optimum 
comparing with GA and present a more reliable starting point for BFGS updates.   
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In this chapter, results will be presented focusing on three parts: the effects of inputs 
on the reservoir response, the performance of different optimization tools employed, 
and comparisons between no-well lumped parameter model and well-tank coupled 
model. Due to the lack of real field data, the data fitting phase in this study bases on 
the simulated data generated by the lumped parameter model itself, which consists of 
12 tanks (6 central tanks, 6 hidden tanks and 2 outer tanks) representing a system 
with 6 production wells and 2 injection wells (See Figure 5-1). It is an imaginary 
geothermal field with nearly 50 km2. The recharge area is mainly around the outer 
part (orange zone), whereas the heat source locates at the central of geothermal field 
(within the red circle). 

 

  

Figure 5-1 An Imaginary geothermal field.  
 

Red and black points denote production wells and injection wells. The central 
tank, hidden tank and outer tank are represented by yellow, blue and orange circles 
respectively. Each grid enclosed by grey dotted lines is a 500×500 m2 area. 

This model includes two main types of parameters: input variables and modelling 
conditions. As is discussed in chapter 3, the variables consist of initial conditions 

1

0 
1

1 
1
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(rock temperature Tm, fluid pressure p and steam fraction x), connectivity for fluid 
flow σ and conduction Λ, the heat source Q∞ and water recharge m∞, and correction 
permeability for wells Kw. The modelling scenario consists of pressure for wellhead, 
which is fixed at 4 bars, injection rate and injection temperature, depths of wells, the 
number of tanks and their link configuration, and the correction factor for pressure 
loss in wells cfri.  

The structure of lumped parameter model that is used as an objective model is 
shown in Figure 5-2. All the areas in Figure 5-1 are abstractly segregated into 
integrated bulks and linked with each other by black lines, which means that they are 
geographically closed. Only with links will fluid flow and thermal conduction happen 
between any two of tanks. The bold line denotes a strong connection between tanks. 
Two injection wells are located at tank 10 and 11. The values of presumed parameters 
and properties are shown in Tables 5-1 and 5-2, in which the wellhead pressure and 
production and injection rates are based on the data from reference [52], the 
correction permeability, density of terrestrial heat flow rate, and friction correction 
factor are made up. 

 

Table 5-1 Presumed production parameters  

Parameters Values 

Injection rate 4×106 ~ 6×106 kg/month 

Production rate 4×107 ~ 8×107 kg/month 

Well head pressure 4 bars 

Correction permeability for wells, Kw 50 ~ 200 

Density of terrestrial heat flow rate 150 ~ 250 kJ/m2 per month 

Friction correction factor for wells, cfri 0.5 ~ 0.9 

 

Table 5-2 Presumed properties for rock matrix 

Properties for rock matrix Values 

Specific heat capacity for rack matrix 1 kJ/(kg·°C) 

Permeability 1×10-12 ~ 1×10-14 m2 

Thermal conductivity 2.0 ~ 3.0 W/m·°C 

Porosity 0.03 ~ 0.15 

Density for rock matrix 2600 kg/m3 
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Figure 5-2 Link configuration of a 14-tank model. 

 

5.1 Analysis on the Input Parameters 

In this section, the input parameters analyzed are shown in. Each of these has a 
wide range of values, such that the optimization for these parameters may progress 
slowly, or even not work, without tuning the value first. Thus, it is of importance to 
find how the change of these effects will influence the output, which are pressure 
response, steam fraction or production rate.  

 

Table 5-3 The analyzed parameters and the range of their values. 

Parameters Range of value 

Connectivity for fluid flow σ (m3/month) 1×10-8 ~ 1×10-12 

Connectivity for conduction Λ (kJ/°C·month) 1×104 ~ 1×105   

Volume of tank Vr (m3) 1×107 ~ 1×1010 

Corrected permeability for wells Kw (m3) 10 ~ 500 

Correction factor for friction Cfri 0.5 ~ 0.9 

 

 

Connectivity for Fluid Flow and Thermal Conduction 

The uncertainty of this model is mainly caused by σ and Λ. Recall that σ = KA/∆x 
and Λ = λA/∆x, relative to permeability of rock, thermal conductivity and geometry 
information of links. A comparison for σ is shown in Figure 5-3. In a geothermal 
field, the absolute permeability K may have a range from 10-12 to 10-14, contributing 
to the difficulty of determining the value of σ. Noting that the responses are derived 
from a 14-tanks lumped parameter model, the lower bound and upper bound of any 
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parameters discussed in this section is the least and largest value for some certain 
tanks. 

 

 
Figure 5-3 Comparisons for different σ. Pressure and steam fraction response 

are generated by the Well 1.  

 

Based on that other variables are fixed, mass production will be reduced by 
lowering σ, the same goes for pressure response, which is not shown here for the 
trend is similar to that of production. The response of steam fraction with a higher σ 
rises slowly. Both phenomena can be reasonably explained: a higher connectivity for 
fluid flow allows more influx of fluid from adjacent tanks to release pressure drop 
and therefore flashing due to production.  

The effect of Λ on responses can be neglected in this model (See Figure 5-4). It is 
shown below that the neglection of conduction term will not change mass production 
rate since all the lines are overlapped. The same results happen for other response. It 
might be because the value of Λ is too small in this system comparing with the heat 
capacity and volume of rock matrix. The value of Λ can only vary within a small 
range since thermal conductivity λ will not change too much in a practical 
application. In Figure 5-5 and 5-6, Λ that is sharply increased will obviously affect 
the responses, such as mass production, steam fraction, pressure and temperature. 

According to Figure 5-5 and 5-6, Λ may help increase mass production and 
maintain fluid temperature and pressure until that steam fraction reaches 1. In this 
case, the temperature is also heated to an extreme point with a much higher thermal 
conduction, which is not available in practical application. When fluid in reservoir 
turns into superheated phase, production rate will decrease to zero along with 
pressure drop to 4 bars. 

The fluctuation in temperature response (See Figure 5-6) might be caused by the 
program itself when dealing with the transition from two-phase zone to superheated 
phase. The overall trend for temperature and steam fraction should be reliable and 
reasonable. However, it should be feasible in practical application to neglect the 
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conduction term due to its low order of magnitude, since the range of value estimated 
for Λ should be from 1×104 to 1×105. 

 

 

Figure 5-4 Comparisons of mass production under different Λ. 

 

   
Figure 5-5 The responses with respect to Λ∈ (1011, 1012). 

 

M
as

s 
pr

o
du

ct
io

n 
K

g/
m

on
th



 

 31

    

Figure 5-6 The responses with respect to Λ∈ (1013, 1014). 

 

 

Volume of Tanks and Corrected Permeability for Wells 

These two parameters will affect the production capacity and deliverability of a 
production well. A central tank with a larger volume has a more production capacity 
and means more sustainable under specific conditions of a reservoir. A higher value 
of Kw will contribute to a higher deliverability. Comparisons for responses with 
different Vr are shown below (See Figure 5-7). A comparatively small volume leads 
to an exhausted production well, and temperature sharply increases when the fluid 
reaches superheated zone. Regardless of superposition effect of other wells, the 
surrounding area of a production well can be regarded as a bulk with a radius of 
300~500 m and depth of 1000 m, such that the volume of a central tank could range 
from 3×108 to 8×108. The volume of hidden tanks and outer tanks will roughly range 
from 1×109 to 5×1010.  

The comparison for Kw is shown below. For a central tank with the volume of 
3×108 m3 and wellhead pressure of 4 bars, the production rate will be more than 3×107 
kg/month and maintain a steadier productivity when Kw is 100 m3.  

For a higher permeability of well, a steadier production rate needs a comparatively 
high volume Vr. Thus, a different deliverability for a well will lead to different values 
for volumes of central tanks and Kw, as well as to a different division plan for a 
geothermal field.  
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Figure 5-7 Comparisons by different volume of rock matrix Vr.  

 

Besides, the wellhead pressure pwh and σ will affect the sustainability of 
production. It can be found in Figure 5-3 that the sustainability of production rate is 
strongly controlled by σ when it is increased to more than 1×10-5, meaning that the 
recharge from the hidden tank to the central tanks may to varying degrees offset the 
mass loss due to production.  

 

Figure 5-8 Comparison of mass production and pressure under different Kw.  

 

Correction Factor for the Pressure Loses in Wells 

Recalling that the friction term for pressure loses in wells is neglected, and the 
correction factor Cfri represents the proportion of gravity term in the whole pressure 
drop. A higher Cfri denotes a less friction loss, more production rate at the beginning, 
but a less sustainable deliverability, due to its faster pressure drop.  
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Figure 5-9 Comparisons of production rate and pressure under different Cfri. 

 

Effect of Well Head Pressure on Production Rate 

The wellhead pressure will also affect the production rate. In this lumped 
parameter model, the management of production rate is based on changing wellhead 
pressure. In previous lumped parameter models which consider production rate as 
input data, management is made by changing production rate directly. This method 
cannot explain how production rate is coupled with the response of reservoir. 

In Figure 5-11 three different exploitation scenarios are employed: (1) The first 
plan increases pwh to 4.5 bars at the 80th month and decrease back to 4 bars at the 
120th month, finally pwh increase to 4.5 bars at the 160th month. (2) The second plan 
is original scenario without changes in wellhead pressure. (3) The third plan is based 
on the first scenario, short of the last change of the wellhead pressure. It can be found 
that the 3rd scenario is more sustainable than the second one after 120 months.  
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Figure 5-10 Comparison of production rate under different well-head pressure. 

 

Figure 5-11 Different mass production rate under different exploitation 
scenario. 

 

5.2 Data Fitting 

The lumped parameter model developed in this study aims at presenting a simple 
and accurate model to simulate a real geothermal field. Thus, a complicated lumped 
parameter model is treated as a real condition and its response is the pseudo history 
data. In this section, several simpler lumped-parameter models are fitted by the 
pseudo history data.  
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Introducing the Pseudo History Data and A Simpler Model 

As is shown in Figure 5-1, the pseudo history data is derived from this imaginary 
geothermal field and artificial properties and parameters. In Figure 5-2 a schematic 
tank model is introduced to represent the imaginary geothermal field. The data 
derived from wells for such a lumped parameter model is shown below, including 
pressure, steam fraction and production rate.  

The production data is processed by multiplying a normal-distributed noise. Given 
by this 20-year dataset, the model will be trained with data of 10 years (120 months) 
and of 15 years (180 months) respectively, and compare the validation error. From 
the production data, it can be found that the trends of production rates can be 
categorized into three parts. The first part only contains well-3 (yellow line), which 
is of high deliverability at the beginning and decrease distinctly over the whole 
simulation, the reason for it probably is that the well permeability for no. 3 is 
comparatively higher than others. The second part contains well-5, which has a 
steady production rate caused by a higher bulk volume or connectivity for fluid flow. 
The third part consists of well-1, 2, 4 and 6, for the trends of their production curves 
are similar with each other. Thus, production wells are recombined into three tanks.  

 

 

Figure 5-12 Pseudo history data for pressure and steam fraction.  

 

Noting that the new tank 1 contains 4 wells, the properties (temperature, pressure, 
specific enthalpy, and steam fraction) for this tank should be averaged properties. 
And the production rate should be a summation of production for each well included 
(See Appendix C). In Fig. 5-14, the central tank 1 contains the original wells 1, 2, 4 
and 6. Production tank 2 denotes the original production well 3. And the production 
tank 3 refers to well 5 
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Figure 5-13 Production data with normal-distributed noise 

 

    

(a)                 (b)  

Figure 5-14 Schematic diagram (a) for the simplified lumped parameter model 
and its link configuration (b).  

 

Results of Data Fitting  

The Genetic Algorithm is first used to train the model by 120 months history data, 
followed by the BFGS update. A detailed comparison of results is given in Appendix 
D. It can be found in table 5-3 that there exists no distinct difference between the 
results for GA and GA-BFGS. The pressure and production rate are fitted with a 
higher validation error over 120 months, regardless of using BFGS updates. Fitting 
the model with 180 months of data yields a much better outputs and smaller 
validation. The function of validation error is given in Eq. 5-1.  
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𝑣𝑎𝑙𝑖𝑑𝑎𝑡𝑖𝑜𝑛 𝑒𝑟𝑟𝑜𝑟 =
1

2𝑀
𝑊 ‖𝐲 − 𝐲 ‖                (5-1) 

where W is a weight matrix. the subscript i denotes the ith tank. M is the number of 
months of data used for validation. y is a vector containing mass production, 
temperature, pressure and steam fraction, of which weights are 1×10-6, 1, 1, and 10. 

5.3 The Effect of a Well-Tank Coupled Model 

The previous works that did not consider well model take mass production as a 
source term. In this section, a comparison shows the difference between the lumped 
parameter models with and without well models. The production input for the no-
well lumped parameter model is the pseudo history data.  

The training error for no-well lumped parameter model could be even smaller than 
that for a lumped parameter model coupled with wells, that is mainly because testing 
and validation error loose the production term in the no-well mode, which accounts 
for a large proportion for errors. Thus, the production term is eliminated in calculating 
errors for both two models. The validation error of the no-well lumped parameter 
model is given in table 5-4. It can be found that the no-well tank has a smaller training 
error and a slightly larger validation error. For the lumped parameter model coupled 
with wells, the trend for production rate is closer to the pseudo data. It is reasonable 
that a larger dataset can train the model with a better performance. In table 5-5, both 
training error and validation error for the tank with/without wells are based on GA-
BFGS over 180 months of data. 

Table 0-4 Validation error for different fitting conditions 

Data fitting conditions Training error Validation error 

GA over 120 months 1.6352 3.0172 

GA and BFGS over 120 months 1.4795 2.9503 

GA over 180 months 1.2384 2.6497 

GA and BFGS over 180 months 1.2137 2.5823 

 
Table 0-5 Comparisons between tanks with/without wells.  

Fitting for tank model with/without wells  
Training error 

without production  

Validation error 

without production  

Tank without well 0.4384 0.8823 

Tank with wells 0.4679 0.8127 
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6.1 Conclusions 

This work presents a new two-phase LPM based on using steam fraction and pressure 
as two independent variables. Besides, the genetic algorithm in this study can deal 
with the lumped parameter model of many tanks. 

The following conclusions can be drawn from the work presented in this thesis: 
 The connections representing thermal conduction are negligible to changing 

the rock temperature. Besides, the porous media flow between two given tanks 
is also negligible. However, for the surrounding area of a production well, the 
fluid influx from their surrounding hidden tanks cannot be neglected.  

 Six production wells are artificially rearranged into three central tanks to 
formulate a simple model according to the trends of production history. The 
Genetic Algorithm in this study provides an efficient way to search within a 
given domain. Combined with MATLAB, the GA could calculate the fitness 
function in the matrix form and sharply reduce the computation cost of GA.  

 The combination of GA and BFGS also provides a better result. However, the 
improvement that BFGS update brings into the result is not distinct, compared 
with its running time.  

 The production well model in this study introduce a method into predicting 
the production rate. By treating the production rate as history data, the model 
can be trained by a larger dataset. 

6.2 Future works 

To test the performance of this lumped parameter model in two-phase geothermal 
field, one of the most important task to do is to fit the model with real history data. 
Another task that is necessary is to improve the transition from the two-phase zone 
to superheated zone. Also, a new mathematical representation for this model has 
already been derived but not complemented yet. It will calculate density and enthalpy 
directly for fluid, instead of pressure and steam fraction/temperature. 

In this model, both capillary pressure and other chemical components are 
neglected. In addition, only horizontal arrangements of tanks will be considered, 
instead of shallow and deep tanks. In a two-phase geothermal reservoir, an underlying 
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assumption is automatically built when choosing a tank model, which is that water 
and steam are mixed uniformly. It is easy to understand the phenomenon that the 
steam phase exists above the liquid phase as a gas cap, due to gravitational force. To 
deal with it, a combination of shallow and deep tanks can be used to represent this 
kind of separation. 

Since water steam tables have been used to calculate thermodynamic properties 
of water in this study, the gradient information cannot be found. And only the gradient 
values can be calculated by numerical difference to get an approximation, which will 
cause a large rise in computation time. In the future, a neuron network might be used 
for substituting the steam table. It has the advantages: able to calculate all the 
properties at one time, and to give us gradient information. After a new tool for water 
properties is built, one can apply LPM method in optimization phase to achieve a 
faster convergence. 
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For a certain part of the geothermal system with volume of Vr, the density of fluid of 
ρf, the mass balance equation is shown as follow. 

�̇� − �̇� + �̇� = 𝑉 𝜌 𝐶
𝑑𝑝

𝑑𝜏
                                    (A-1)  

where �̇� , �̇� , and �̇�  represents net mass flow rate from other regions of the 
system, mass flow rate for production and mass flow rate for injection respectively. 

 represents the derivation of pressure with respect to time. For a geothermal system 

with porosity of ϕm, the compressibility of the sum of fluid and rock cm is expressed 
by equations (A-2): 

𝑐 = (1 − 𝜙 )𝑐 + 𝜙 𝑐                                          (A-2 a) 

𝑐 =
1

𝜌

𝑑𝜌

𝑑𝑝
                                                           (A-2 b) 

𝑐 =
1

𝜌

𝑑𝜌

𝑑𝑝
                                                          (A-2 c) 

In most applications, both �̇� , and �̇�  are history data. �̇�  is the only term 
needed to be determined. Supposed there are J other regions connected to the current 
region labelled as ith. The representation of �̇�  is simplified from Darcy’s law, and 
given as follow. 

�̇� = 𝜎 𝑝 − 𝑝                                                     (A-3) 

where 𝜎  is the conductance between the current tank i and j. pj is the pressure of 
other regions. Introducing mass capacity K = 𝑉 𝜌 𝐶  and inserting equation (A-3) 
into equation (A-1) yields 

𝐾
𝑑𝑝

𝑑𝜏
= 𝜎 𝑝 − 𝑝 − �̇�                                       (A-4) 

where �̇�  is the net mass flow rate for tank i. Substituting p = h0−𝜌 𝑔ℎ into 
equation (A-4) and dividing 𝜌 𝑔 both sides, it can also be rewritten in the form of 
water level drawdown: 

𝐾
𝑑ℎ

𝑑𝜏
= 𝜎 ℎ − ℎ −

�̇�

𝜌 𝑔
                                       (A-5) 

To derive the mathematical representation for a generalized tank system, 
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supposed that we have N tanks 

𝐊
𝜕ℎ⃗

𝜕𝜏
= 𝐒ℎ⃗ + ℎ 𝜎 ⃗ + �⃗�                                           (A-6) 

where K and S are N by N matrix, N is total number of tanks including central tanks, 

hidden tanks and recharge tank. ℎ⃗ , 𝜎 ⃗  and �⃗�  are N dimensional vectors 
representing water level, conductance and the term �̇� / 𝜌 𝑔  for each tank. ℎ  
is the water level of the infinite recharge source. 

 

σ⃗ = (𝜎 , ⋯ 𝜎 , 𝜎 , ⋯ 𝜎 , ) 

𝑚 ⃗ = (𝑚 , /𝜌 𝑔 ⋯ 𝑚 , /𝜌 𝑔 0 0 0)  

S =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

−( 𝜎1,𝑗 + 𝜎∞,1)

𝒋

⋯ 𝜎1,𝑘 𝜎1,𝑘+1 ⋯ 𝜎1,𝑁

⋮ ⋱ ⋮ ⋮ ⋱ ⋮

𝜎1,𝑘 ⋯ −( 𝜎𝑘,𝑗 + 𝜎∞,𝑘)

𝒋

𝜎𝑘,𝑘+1 ⋯ 𝜎𝑘,𝑁

𝜎1,𝑘+1 ⋯ 𝜎𝑘,𝑘+1 −( 𝜎𝑘+1,𝑗 + 𝜎∞,𝑘+1)

𝒋

⋯ 𝜎𝑘+1,𝑁

⋮ ⋱ ⋮ ⋮ ⋮ ⋮

𝜎1,𝑁 ⋯ 𝜎𝑘,𝑁 𝜎𝑘+1,𝑁 ⋯ −( 𝜎𝑁,𝑗 + 𝜎∞,𝑁)

𝒋 ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 

  

𝐊 =

⎝

⎜
⎜
⎜
⎛

𝐾1  

⋱  
𝐾𝑘  

𝐾𝑘+1  

⋱  
𝐾𝑁⎠

⎟
⎟
⎟
⎞

,   ℎ⃗ =

⎝

⎜
⎜
⎛

ℎ1

⋮
ℎ𝑘

ℎ𝑘+1

⋮
ℎ𝑁 ⎠

⎟
⎟
⎞
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For a lumped parameter model of a tank (a part of geothermal system) with volume 
of Vr,i, the mass balance equation for the ith tank is given in equation( B-1). 

𝜙 𝑉 ,

𝑑𝜌

𝑑𝑡
= �̇� ,  + �̇� , (𝑡) + �̇� , (𝑡) + �̇� , (𝑡)        (B-1) 

where Vr,i, ϕi, ρi, �̇� , , �̇� ,  and �̇� ,  represent the volume of the ith tank, the 
porosity of the ith tank, the density of the water-steam mixture, the mass flow rate of 
production and injection, and the mass flow from tank j to i, respectively. Density of 
the two-phase mixture can be represented by Eq. (B-2). 

𝜌 = 𝜌 𝑆 + 𝜌 𝑆                                                           (B-2) 
where, ρw and ρs are the saturated density of water and steam respectively. Besides, 
Sl and Sg are the saturation of water and steam in pores, and are calculated as follow. 

𝑆 =
𝑉

𝑉 + 𝑉
=

𝜌 𝑉

𝜌 (𝑉 + 𝑉 )
=

𝑚

𝜌 𝑉
=

𝑚

𝜌 (
𝑚
𝜌

)
= 𝑥

𝜌

𝜌
         (B-3) 

where 𝜌  is the density of two phase mixture and simplified as 𝜌  for the mixture 
fluid in the ith tank, 𝑉  and 𝑉  are the volume occupied by steam and water 
respectively. 𝑉  is total volume and x is steam fraction. Considering the density 
𝜌  as the function of steam fraction x and mixture pressure p yields 

𝑑𝜌

𝑑𝑡
=

∂𝜌

𝜕𝑝

𝑑𝑝

𝑑𝜏
+

∂𝜌

𝜕𝑥

𝑑𝑥

𝑑𝜏
= −𝜌

∂𝑣

𝜕𝑝
,

𝑑𝑝

𝑑𝜏
− 𝜌

∂𝑣

𝜕𝑥 ,

𝑑𝑥

𝑑𝜏
                (B-4) 

Two partial differential parts of the total derivation of density (∂𝑣/𝜕𝑝) ,   and 
(∂𝑣/𝜕𝑥) , are calculated in equations (B-5 a) and (B-5 b).  

∂𝑣

𝜕𝑝
= (1 − 𝑥)

𝑑𝑣

𝑑𝑝
+ 𝑥

𝑑𝑣

𝑑𝑝
                                             (B-5 a) 

∂𝑣

𝜕𝑥
= 𝑣 − 𝑣                                                                      (B-5 b) 

Inserting equations (B-5 a) and (B-5 b) into equation (B-4) yields 
𝑑𝜌

𝑑𝜏
= −𝜌 (1 − 𝑥)

𝑑𝑣

𝑑𝑝
+ 𝑥

𝑑𝑣

𝑑𝑝

𝑑𝑝

𝑑𝜏
− 𝜌 (𝑣 − 𝑣 )

𝑑𝑥

𝑑𝜏
                  (B-6) 

Inserting equation (B-6) into equation (B-1) yields 

𝑐 ,

𝑑𝑝

𝑑𝜏
+ 𝑐 ,

𝑑𝑥

𝑑𝜏
= [𝑅𝐻𝑆] ,                                                 (B-7) 

where [RHS]1 denotes the right-hand side of mass balance equation, ci,11 and ci,12 are 
represented as follow. 

𝑐 , = −𝜙 𝑉 , 𝜌 (1 − 𝑥)
𝑑𝑣

𝑑𝑝
+ 𝑥

𝑑𝑣

𝑑𝑝
                          (B-8 a) 

𝑐 , = −𝜙 𝑉 , 𝜌 (𝑣 − 𝑣 )                                     (B-8 b) 
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Since the rest terms of [RHS]1 are already known, derivation of right-hand side 
mainly focuses on the ∑ �̇� , , which is derived by Darcy’s law and given in equation 
(B-9). 

�̇� , , = −𝜎 ,

𝐾 ,

𝜈 ,
∆𝑝 ,                                              (B-9) 

In two-phase flow through a porous media, the saturation-dependent relative 
permeability of β phase (β is w for water and s for steam). Krβ is to describe the 
phenomenon that the movement of each single phase will be retarded by the 
saturation of the other. The relative permeability Krβ is the correction of absolute 
permeability Ki,j for phase β compared with that for single-phase flow through a 
porous material.  

In equation (B-9) we have the total mass flow rate as well as total enthalpy flow 
rate: 

�̇� , =  −𝜎 , 𝜈 , ∆𝑝 ,                                                 (B-10 a) 

𝐻 , =  −𝜎 , ℎ , 𝜈 , ∆𝑝 ,                                          (B-10 b) 

where 𝜈 ,  and ℎ ,  are total kinematic viscosity and flowing enthalpy for two-phase 
mixture and represented by equations (B-11). 

𝜈 , =
𝐾

𝜈
+

𝐾

𝜈
                                              (B-11 a) 

ℎ , = 𝜈 , ℎ
𝐾

𝜈
+ ℎ

𝐾

𝜈
                            (B-11 b) 

The Greek letter 𝜉 denotes unspecific tank between the ith and jth tank, and is 
defined by the flow direction and thereby pressure difference between two tanks. 

𝜉 =
𝑖,   𝑖𝑓  𝑝 > 𝑝

𝑗,   𝑖𝑓 𝑝 ≤ 𝑝
 

The energy balance equations in this model includes both fluid system and rock 
system. For a tank with a constant volume of Vr, rock density of ρm, specific heat 
capacity of rock of Cm, the energy balance equation can be represented as follow. 

𝑉 , 𝜙
𝑑(𝜌ℎ)

𝑑𝜏
= [RHS] ,                                        (B-12 a) 

𝑉 , (1 − 𝜙 )𝜌 , 𝐶 ,

𝑑𝑇 ,

𝑑𝜏
= [RHS] ,                (B-12 b) 

In equation (B-12 a), h is the specific enthalpy for mixture fluid. The total 

derivation of  
( )

 is given in equation (B-13). 

𝑑(𝜌ℎ)

𝑑𝜏
=

𝑑𝜌

𝑑𝜏
+

𝑑ℎ

𝑑𝜏
                                           (B-13) 

hi is also considered as a function of steam fraction and pressure for mixture fluid. 
Thus, we have total derivation for hi given in equations (B-14). 

ℎ =
𝜕ℎ

𝜕𝑝
,

𝑑𝑝

𝑑𝜏
+

𝑑ℎ

𝑑𝑥 ,

𝑑𝑥

𝑑𝜏
                                         (B-14 a) 
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= 𝑥
𝑑ℎ

𝑑𝑝
+ (1 − 𝑥)

𝑑ℎ

𝑑𝑝

𝑑𝑝

𝑑𝜏
+ (ℎ − ℎ )

𝑑𝑥

𝑑𝜏
   (B-14 b) 

Similar with the equation (B-7), a short representation for equation (B-12 a) is 
given as follow. 

𝑐 ,

𝑑𝑝

𝑑𝜏
+ 𝑐 ,

𝑑𝑥

𝑑𝜏
= [RHS] ,                                    (B-15) 

where the representations of 𝑐 ,  and 𝑐 ,  are given as follow. 

𝑐 , = 𝜙 𝑉 , 𝜌 𝑥
𝑑ℎ

𝑑𝑝
+ (1 − 𝑥)

𝑑ℎ

𝑑𝑝
− 𝜌ℎ (1 − 𝑥)

𝑑𝑣

𝑑𝑝
+ 𝑥

𝑑𝑣

𝑑𝑝
(B-16 a) 

𝑐 , = 𝜙 𝑉 , 𝜌 [ℎ − ℎ − 𝜌ℎ(𝑣 − 𝑣 )]                     (B-16 b)  

The energy balance equation for rock system is also simplified and given in 
equation (B-17). 

𝑐 ,

𝑑𝑇

𝑑𝜏
= [RHS] ,                                                (B-17) 

where 𝑐 , = 𝑉 , (1 − 𝜙 )𝜌 , 𝐶 , . 
Then we have the final form for balance equations, which are equations (B-7), (B-

15), and (B-17). These equations can be rearranged in matrix form. 

𝑐 𝑐 0
𝑐 𝑐 0
0 0 𝑐

𝑑𝑝/𝑑𝜏
𝑑𝑥/𝑑𝜏

𝑑𝑇 /𝑑𝜏
=

[RHS]

[RHS]

[RHS]
                   (B-18) 

Then we have the computational form: 

𝑑𝑝

𝑑𝜏
=

[RHS] 𝑐
[RHS] 𝑐

𝑐 𝑐
𝑐 𝑐

                                           (B-19 a) 

𝑑𝑥

𝑑𝜏
=

𝑐 [RHS]

𝑐 [RHS]
𝑐 𝑐
𝑐 𝑐

                                          (B-19 b) 

𝑑𝑇 ,

𝑑𝜏
=

[RHS]

𝑐
                                                     (B-19 c) 
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The pseudo data for steam fraction is shown in Figure 1, in which steam fraction 
in tank 1 is averaged by the following equation. 

�̅� =
∑ (𝑥 , ⋅ �̇� , )

∑ �̇� ,

 

where k refers to the kth production well, and K is the number of production wells. 
The subscript m denotes the mth month. 

 

 

Figure C01 History data for steam fraction 

 

The results of history matching by GA over 120 months are shown in Figure C02, 
and that by GA combined with BFGS over 120 months are shown in Figure C03. 

 

         

Figure C02 Production rate and pressure fitted by GA over 120 months data.  
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Figure C03 Production rate and pressure fitted by GA+BFGS over 120 months 

data. 

 

The results of history matching by GA over 180 months are shown in Figure C04, 
and that by GA combined with BFGS over 180 months are shown in Figure C05. 

 

 

Figure C04 Production rate and pressure fitted by GA over 180 months data. 
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Figure C05 Production rate fitted by GA+BFGS over 180 months data 


