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Abstract

The dynamics of open quantum systems can be described by generalized master equa-
tions (GMEs), whose structure poses several challenges when solving them numerically.
In terms of sparse Kronecker sums, we express the solution of a non-Markovian gen-
eralized master equation in the Laplace transformed Liouville space. Weeks’ method
for the numerical inverse Laplace transform is extended to multidimensional complex
arrays in order to get an explicit expression of the GMEs solution in the time-domain.
Applying these methods to the time-evolution of a quantum wire give accurate results
in the transient regime, while the Markovian approximation is more reliable in the
intermediate- to steady-state regime. The open source tools and methods developed
for this task are described.

Útdráttur

Hreyfifræði opinna skammtakerfa getur verið lýst með alhæfðum stýrijöfnum, þar sem
mynstur þeirra felur í sér ýmsa erfiðleika við tölulegar lausnir þeirra. Við táknum
lausn einnar stýrijöfnu án Markov-skilyrða í Laplace-ummynduðu Liouville rúmi með
Kronecker summum. Aðferð Weeks til að meta andhverfu Laplace ummyndunina er
útvíkkuð fyrir margvíð, tvinntölugild fylki til þess að fá beina stæðu fyrir lausn stýri-
jöfnunnar í tímarúminu. Tímaþróunarreikningur fyrir skammtavír gefur nákvæmar
niðurstöður fyrir skammtíma þróun með notkun þessara aðferða, á meðan Markov nál-
gunin er áreiðanlegri fyrir þróun á millitíma og jafnstöðu. Gefin er lýsing á þeim opnum
tólum og aðferðum sem eru þróuð fyrir þetta viðfangsefni.
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1 Introduction

Most realistic quantum systems are considered as open quantum systems, which can-
not be isolated from their environment. Such interactions bring significant complexity
to the dynamics of the open quantum systems. This complexity is often resolved with
the use of a Markov approximation, where it is assumed that the larger environment is
nearly unaffected by the interaction. This approach runs into problems as new devices
and materials are created, such that this Markov property does not hold. A large class
of models exists where the non-Markovian property is allowed but such classes become
nearly impossible to solve analytically. Generalized master equations are an example
of differential equations that suffer from these issues. Generalized master equations
describe the dynamics of the density matrices of quantum system. These equations
have recently become an active research area as the number of applicable quantum
systems showing non-Markovian behavior is rising. The reason why generalized master
equations are difficult to handle is due to the additional degrees of freedom introduced
by the external environment in the equations of motion. Numerical methods for sim-
ulating such open quantum systems can become computationally expensive, both in
terms of storage and time. Although there exist multiple useful tools that try to solve
issues with differential equations such linear solver, they generally don’t cater to the
types of niche problems such as those encountered with non-Markovian generalized
master equations.

The goal of this thesis is to address some of the issues that are associated with the
use of generalized master equations. In Chapter 2 we lay the theoretical groundwork,
where the setup of the quantum system is described along with the corresponding
generalize master equation. Additionally, a technical background is given for the generic
numerical implementations of the inverse Laplace transform and the Kronecker sum.
Chapter 3 showcases the use of the new implementations as well as analyses of the
difference between non-Markovian and Markovian time evolutions for a system taken
from literature. In Chapter 4 possible ways to expand on the Kronecker sums for
accelerated hardware and the use of automated sparsity pattern detection for efficient
reuse is given.
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2 Theory

This chapter goes through the theoretical framework that describes the dynamics of
open quantum systems. The first section gives an overview on electron transport in
open quantum systems in the Generalized Master Equation formalism, specifically for a
2D GaAs quantum wire. The second section gives the description on how the numerical
inverse Laplace transform can be applied to such quantum master equations. The third
and final section discusses the use of Kronecker products and Kronecker sums when
vectorizing the master equation in a compact way.

2.1 System model

We consider a two-dimensional GaAs quantum wire which is embedded in an external
magnetic field B = Bẑ. The total system consists of a central system S that is weakly
coupled to semi-infinite leads from the left and right (denoted as L and R, respectively).
The system is also strongly coupled to a single mode of a leaky photon cavity. Several
quantum dots can be placed in the system. Electrons can tunnel through the contact
regions TL and TR once the system is coupled and a bias is applied across the left and
right leads (specified by the difference between chemical potentials µL and µR of each
lead). This full system is illustrated in fig. 2.1.

S
L R

TL TR

x

y

Figure 2.1: Schematic of the quantum system S (solid lines) coupled to external leads
L and R. The central system can be enclosed in a photon cavity (dashed lines). An
external magnetic field is applied in the z direction. The contacts TL and TR are
represented by the shaded region.

Due to the system-lead coupling, the Hamiltonian H for the full system gets time-
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2 Theory

dependent terms from the coupling Hamiltonians HTl for each contact region Tl

H(t) = HS +
∑
l=L,R

(Hl +HTl(t)). (2.1)

In Eq. (2.1),HS is the Hamiltonian of the central system describing Coulomb-interactions
between electrons as well as electron-photon interactions for a central system embed-
ded in a photon cavity. Hl are the Hamiltonians of the leads, which only describe
non-interacting many electron states [2].

The time evolution of the density matrix ρ for the full system is governed by the
Liouville-von Neumann equation [5]

∂ρ

∂t
= − i

~
(Hρ− ρH) ≡ − i

~
[H, ρ], (2.2)

where H is described by Eq. (2.1). Only the dynamics of the central system S are
relevant to us, so using projection operator techniques from the Nakajima-Zwanzig
formalism allow us to trace out the dynamics of the environmental degrees of freedom
[19, 26], which in this case are the leads.

This is done by introducing projection operators P and Q ≡ 1 − P which satisfy the
condition P2 = P , such that the total density matrix can be split into two parts

ρ = Pρ+Qρ. (2.3)

Here, Pρ gives us the relevant part of the density matrix and Qρ gives us the irrelevant
part.

Assuming that the density operator of the system (ρS) and the density operator of
the leads (ρl) are initially uncorrelated at t = τ0, they can be expressed by the tensor
product

ρ(τ0) = ρS(τ0)ρl(τ0). (2.4)

To get equations of motion for the density operator of the system (ρS), P and Q are
applied separately to Eq. (2.2) such that

P ≡ ρl Trl . (2.5)

The equation corresponding toQ is solved and inserted into the equation corresponding
to P , leading to an exact generalized equation (GME) called the Nakajima-Zwanzig
(NZ) equation (in the Schrödinger picture) [12]

∂ρS
∂t

= − i
~

[HS, ρS] +

∫ t

0

K(t, t′) [ρS(t′)] dt′, (2.6)

which is an integro-differential equation for the density matrix of the system.
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2.2 The Laplace transform

The final form of the NZ-GME that is under investigation in this thesis, truncated to
second order with respect to the coupling to the leads, [2, 8] is

∂ρS
∂t

= − i
~

[HS, ρS] +
∑
i

Li [ρS]− 1

~2
∑

l∈{L,R}

∫ t

0

Kl(t, t′) [ρS(t′)] dt′. (2.7)

The first term on the right hand side is equivalent to the Liouville-von Neumann equa-
tion (Eq. (2.2)), describing the unitary dynamics of the central system S in isolation.
The second term describes photon leakage in the photon cavity. It’s derivation can be
found the paper by Gudmundsson et al. [11]. In the last term, the integral kernels Kl
encapsulate memory effects in the dynamics of the reduced density operator, coming
from the system-lead interactions [4]. In this work, the kernel can be expressed in the
following manner [2, 18]

Kl(t, t′) [ρ(t′)] =

∫ ([
τl(q), U

† (t− t′) τl(q)†ρ(t′)U (t− t′)
]
e−i(t−t

′)εl(q)(1− fl(εl(q)))

+
[
U † (t− t′) ρ(t′)τl(q)

†U (t− t′) , τl(q)
]
ei(t−t

′)εl(q)fl(εl(q)) + h.c.

)
dq, (2.8)

where τl(q) is the coupling tensor that tracks transitions of electrons between interacting
states (electrons tunnel from lead l to the central system S with momentum q). U(t) =
e−itHS is unitary time evolution operator for the central system. Finally, e−itεl(q) and
fl(εl(q)) are the unitary time evolution operator and the Fermi function, respectively,
for lead l. In Eq. (2.8), the hermitian conjucates of the expressions enclosed in the
outermost parentheses are implicitly written as h.c..

2.2 The Laplace transform

The main issue when solving the non-Markovian NZ-GME (Eq. (2.7)) is the convolution
term. A common way to approach the solution is using a Laplace transform L of the
integro-differential equation to get rid of the convolution. Then the task changes to
solving a linear matrix equation for

L (ρ(t)) ≡ ρ(s) =

∫ ∞
0

ρ(t)e−stdt. (2.9)

After applying L to both sides of Eq. (2.7), the form of the matrix equation is

sρ(s)− ρ0 = − i
~

[HS, ρ(s)] +
∑
i

Li [ρ(s)]− 1

~2
∑

l∈{L,R}

Kl(s) [ρ(s)] (2.10)

≡ Λ(s)[ρ(s)], (2.11)
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2 Theory

where Λ(s) is the Laplace transform of the Liouvillian superoperator for the non-
Markovian GME and ρ0 is the initial value of ρ(t) at t = t0.

For reference, the same GME in the time-domain can be expressed as

∂ρ(t)

∂t
= Λ(t, t0))[ρ(t)]. (2.12)

The solution of Eq. (2.11) requires us to evaluate

ρ(s) = (s−Λ(s))−1 ρ0, (2.13)

where (s−Λ(s))−1 is the resolvent of Λ(s).

An inverse Laplace transform needs to be applied to Eq. (2.13) to get an expression
for ρ(t). The inverse Laplace transform is given by the Bromwich integral

ρ(t) =
1

2πi

∫ γ+i∞

γ−i∞
estρ(s)ds, (2.14)

which can be difficult to calculate analytically for the class of functions that the NZ-
GME generates.

One numerical approach is to expand Eq. (2.14) in terms of an orthogonal combination
of Laguerre polynomials and exponentials e−α1xLn(α2x) [1]. We assume that we can
write

ρ(t) = eσt
∞∑
n=0

ane
− b

2
tLn(bt) ,

σ > σ0

b > 0
, (2.15)

where σ0 is the abscissa of convergence of ρ(s). In the numerical inverse, the parameter
σ is equivalent to γ in Eq. (2.14), the vertical line that the Bromwich integral is
performed along. This is illustrated in Fig. 2.2. The value of the parameter b > 0
ensures that the Laguerre polynomials Ln(bt) in Eq. (2.15) are well behaved when
t→∞.

Weeks’ method can be used to compute the weighted Laguerre coefficients an [24, 25],
which is based on inserting the Fourier representation of e−

b
2
tLn(bt) into Eq. (2.15),

applying a Moebius transformation to map s to a new complex variable w

w =
s− σ − b
s− σ + b

, (2.16)

such that an become coefficients of the Maclaurin series:

∞∑
n=0

anw
n = (iy + b) ρ (σ + iy) . (2.17)

As s = σ+ iy maps to the unit circle in w-space, a Fast Fourier Transform can be used
to efficiently compute NWeeks coefficients by sampling ρ(s) on the unit circle |w| = 1 at

6



2.2 The Laplace transform

Figure 2.2: Eigenvalues of a random real-valued system matrix as formulated in the
state-space representation from control theory [20] (analogous to transforming the
Liouvillian superoperator for GMEs to a valid matrix) in the Laplace s-plane. The
dashed line indicates a possible contour that can be chosen for Eq. (2.15).

NWeeks points, assuming all function evaluations can be stored in memory, which is a
valid concern for array valued functions like ρ(s). During development of the Laplace
transform solver, support for complex-valued functions in the time domain has been
lacking in industry standard software. As part of this thesis work, this feature as well as
support for array valued functions has been open sourced and added to InverseLaplace.jl
[15], a Julia package that supplies numerical methods for computing the inverse Laplace
transform. The main usecase for Weeks’ method is that the algorithm outputs explicit
expressions for the time domain function that are relatively cheap to compute on
demand.

As can be seen from Fig. 2.3, mapping s to w can drastically shift the eigenvalues of
the Liouvillian superoperator for given values of (σ, b). The main drawback of using
Weeks’ method is determining the parameters σ and b, as it is a practically difficult
task, and non-trivial to automate. Several automated procedures have been suggested
in the literature [14], but not without making compromises on the accuracy during the
inversion procedure. One choice [6] is to fix σ as:

σ = σ0 +
ln
(
εtmax
ε0

)
tmax

(2.18)

This usually guarantees the convergence of f̃(t) when t→ tmax, allowing the initial error
estimation ε0 to exponentially grow to a prespecified threshold εtmax at t = tmax. With
σ fixed, b can be estimated by using traditional line search algorithms that minimize
the pseudoerror associated with doubling NWeeks or by minimising the residual at a
known initial value for the time domain function.
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2 Theory

Figure 2.3: Eigenvalues of the system matrix shown in Fig. 2.2, projected onto the
w − plane. The vertical contour Re(s) = σ and the imaginary axis from the s-plane
are also projected onto the w-plane, plotted in blue.

Note that the resolvent in Eq. (2.13) does not represent a straightforward inverse of a
matrix, since Λ(s) is a superoperator. A description on how Λ(s) can be represented
and computed in an efficient manner is the subject for the final section of this chapter.

In the following subsection, we go into more detail on the structure of the last term
in Eq. (2.10), i.e. the Laplace transform of the convolution term in the NZ-GME (Eq.
(2.7)) which was mentioned at the start of this section. For the remainder of this
thesis, we omit the summation over the leads (e.g. dropping l-subscripts) as well as
the q-integration (dropping q-dependence of appropriate variables). This is done for
brevity and readability when writing out the more involved equations, while l- and
q-dependence is still implied.

8



2.2 The Laplace transform

2.2.1 Laplace transform of the memory superkernel

Since the last term in Eq. (2.7) is a convolution, the superkernel in the time-domain
can be abbreviated as

K(t, t′) = K(t− t′) ≡ Kt. (2.19)

The integrand of the convolution (including the hermitian conjugates) has the form

Kt[ρ(t′)] = (Kt1[ρ(t′)] +Kt2[ρ(t′)])(1− f(ε)) + (Kt3[ρ(t′)] +Kt4[ρ(t′)])f(ε), (2.20)

where

Kt1[ρ(t′)] = [τ ,U † (t− t′) τ †ρ(t′) U (t− t′)]e−i(t−t′)ε, (2.21)

Kt2[ρ(t′)] = −[τ †,U † (t− t′) ρ(t′)τ U (t− t′)]ei(t−t′)ε, (2.22)

Kt3[ρ(t′)] = −[τ ,U † (t− t′) ρ(t′)τ † U (t− t′)]e−i(t−t′)ε, (2.23)

Kt4[ρ(t′)] = [τ †,U † (t− t′) τ †ρ(t′) U (t− t′)]ei(t−t′)ε. (2.24)

The unitary evolution operator U(t) = e−itHS is diagonal, so that all unitary time-
evolution operators can be combined into a single operator U±(t) when dealing with
chained matrix multiplications such as

U † (t)ABU (t) e±itε = U±(t) ◦ AB, (2.25)

such that ◦ denotes the Hadamard product (element-wise multiplication). The matrix
elements of U± are defined as

U±(t)µν = eit(Eν−Eµ±ε), (2.26)

in the eigenbasis for the system Hamiltonian HS. As a reminder, ε = εl(q) describes
the continous energy bands in the external lead l ∈ {L,R} as was mentioned in the
previous section. At this stage, there are two things to note about Eqs. (2.21) to (2.24):

• It is sufficient write Eqs. (2.21) to (2.24) in terms of either U− or U+, as they are
mutual Hermitian conjugates. For the remainder of this subsection, U ≡ U− is
chosen.

• The Markovian approximation of the GME can be taken by moving ρ(t′) out of
the convolution and approximating the remaining time integral with(∫ ∞

0

U(t− t′)dt′
)
µν

= πδ(Eν − Eµ − ε). (2.27)

Existing techniques for efficiently solving the Markovian NZ-GME have been
proposed, where customized methods utilize the sparsity structure in Eq. (2.27)
for finding the relevant transitions, that bring the system dynamics to the steady-
state regime [13].

9



2 Theory

To construct Λ(s)[ρ(s)] in Eq. (2.11), it is sufficient to take the Laplace transforms
U(s) ≡ L (U(t)) and ρ(s) ≡ L (ρ(t)) due to the convolution theorem for the Laplace
transform [17]

K(s)[ρ(s)] ≡ L (K(t)) [L (ρ(t))] = L
(∫ t

0

K(t− t′)[ρ(t′)dt′]

)
. (2.28)

The Laplace transform can be applied element-wise to matrices, where we can take
transformed elements of U(t)

U(s)µν =
1

s− i (Eν − Eµ − ε)
. (2.29)

This can be efficiently stored as a Cauchy matrix

U(s)µν =
1

xµ(s)− yν(ε)
, (2.30)

with xµ(s) = s+ iEµ and yν(ε) = i(Eν − ε). Note that xµ only requires updates during
the s− sampling in the Weeks algorithm and yν only requires updating the q-variable
in the during the numerical q-integration. The use of Weeks’ algorithm for the inverse
Laplace transform also guarantees that (xµ) and (yν) contain distinct elements, as
xµ(σ + iy) has a real part (albeit vanishing), while yν(ε) is always imaginary. These
results can be used to rewrite the last term of Eqs. (2.10) and (2.11) as

K(s)[ρ(s)] = (Ks1[ρ(s)] +Ks2[ρ(s)])(1− f(ε)) + (Ks3[ρ(s)] +Ks4[ρ(s)])f(ε), (2.31)

with the Laplace transformed terms

Ks1[ρ(s)] = [τ ,U(s) ◦ τ †ρ(s)], (2.32)
Ks2[ρ(s)] = −[τ †,U(s)† ◦ ρ(s)τ ], (2.33)
Ks3[ρ(s)] = −[τ ,U(s) ◦ ρ(s)τ †], (2.34)
Ks4[ρ(s)] = [τ †,U(s)† ◦ τ †ρ(s)]. (2.35)

2.3 Vectorization with Kronecker products and sums

The Laplace NZ-GME (Eq. (2.10)) belongs to a subclass of general, complex Sylvester
matrix equations [16, 22] of the form

k∑
i

AiXBi = C. (2.36)

Such systems can be solved by using the so-called "vec trick" for Kronecker products
to isolate the unknown variable:

vec (AXB) = (B> ⊗ A) vec (X) , (2.37)
vec (AX) = (I> ⊗ A) vec (X) , (2.38)
vec (XB) = (B> ⊗ I) vec (X) , (2.39)

10



2.3 Vectorization with Kronecker products and sums

where ⊗ denotes the Kronecker product of two matrices

A⊗B =


A11 A12 · · · A1n

A21 A22 · · · A2n
...

... . . . ...
Am1 Am2 · · · Amn

⊗

B11 B12 · · · B1q

B21 B22 · · · B2q
...

... . . . ...
Bp1 Bp2 · · · Bpq



=



B11 · · · B1q
... . . . ...
Bp1 · · · Bpq

A11 · · ·

B11 · · · B1q
... . . . ...
Bp1 · · · Bpq

A1n

... . . . ...B11 · · · B1q
... . . . ...
Bp1 · · · Bpq

Am1 · · ·

B11 · · · B1q
... . . . ...
Bp1 · · · Bpq

Amn


.

(2.40)

The operator vec vectorizes a matrix X by stacking it’s columns on top of each other.
I is the identity matrix of the appropriate size such that the r.h.s. of Eqs. (2.38)
and (2.39) result in valid matrix-vector multiplications.

To isolate vec(ρ(s)) in Eq. (2.31) in a compact and efficient manner, several identities
are used [7, 21]:

• Vectorizing a Hadamard product of two matrices is equivalent to a matrix mul-
tiplication of one vector and a diagonal matrix containing the other vector (or
vice versa), i.e.

vec(A ◦B) = vec(A) ◦ vec(B) = Diag(B) vec(A), (2.41)

where Diag(B) vectorizes matrix B (with the vec operator) and stores the vector
elements as a diagonal matrix.

• Applying the vec trick to commutators and swapped pairs of matrices leads nat-
urally to the use of Kronecker sums

A⊕B = A⊗ I + I ⊗B. (2.42)

With this information, we can finally vectorize Eq. (2.31) with

vec (K(s)[ρ(s)]) =

(
(−τ> ⊕ τ) Diag(U(s)) (−τ †>f ⊕ τ †(1− f))

+(−τ †> ⊕ τ †) Diag(U †(s∗))(−τ>(1− f)⊕ τf)

)
vec(ρ(s)),

(2.43)

where we are reminded that f = f(εl(q)) and τ = τl(q) means that a integral over mo-
menta q needs to be performed, along with adding the results for leads l ∈ {L,R}. Addi-
tionally, since U−†(t) = U+(t), in the time domain, we are required to take the complex

11



2 Theory

conjugate s∗ when evaluating U † in the Laplace domain. The result of Eq. (2.43) along
with Eqs. (2.37) to (2.39) allows us to vectorize Eq. (2.11).

Finally, the form of the vectorized Laplace NZ-GME becomes

(s (I ⊗ I)− Λ(s)) vec(ρ(s)) ≡ s (I ⊗ I)− vec (Λ(s)[ρ(s)]) = vec(ρ0), (2.44)

with solution
vec(ρ(s)) = (sI − Λ(s))−1 vec(ρ0), (2.45)

which can be evaluated efficiently by Weeks’ method via LU factorization. Note that
Eq. (2.45) can be "unvectorized" by simply reshaping the array into ρ(s)(s). Hence,
Eq. (2.11) is equivalent to reshaping 2.45.
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3 Numerical results

This chapter is split into two sections. In the first section, we review several algorithmic
implementations and benchmarks for the evaluating Kronecker sum structures such
as those that occur in Eq. (2.43). In the second section, we apply Weeks’ method
(Section 2.2) to transport calculations in the system S as described by the NZ-GME
(Section 2.1).

All simulations and benchmarks are written in Julia (version 1.4.2) [3]. The Julia
programming language is chosen due to it’s speed and composability it gets from it’s
dynamic type system and utilization of multiple dispatch. Scientific code developed in
Julia can be more generic, abstract and reusable without sacrificing performance when
doing computationally intensive tasks.

3.1 Vectorized memory kernel

Computing the kernel term in Eq. (2.43) involves computing terms of the form:

(A⊕B)D(A⊕B), (3.1)

where both A and B are dense N×N matrices with complex values and D is a N2×N2

complex valued diagonal matrix.

Three approaches are proposed for performing the necessary summations and matrix
multiplications.

• 2XMATMUL: Each Kronecker product of dense a dense matrix is collected and
multiplied by D separately. The results are added in the end

(A⊗ I)D + (I ⊗B)D. (3.2)

• MATMUL: The same approach as in 2XMATMUL, except that the sum of the
Kronecker products is evaluated before performing the matrix multiplication

(A⊗ I + I ⊗B)D. (3.3)

• SPMATMUL: The factors of the Kronecker sums are stored in a sparse structure,
such as Compressed sparse Column (CSC) format. After this step, the process

13



3 Numerical results

is the same as MATMUL.

(As ⊗ I + I ⊗Bs)D. (3.4)

In Fig. 3.1, these methods are benchmarked by computing (A⊕B)D, which is the first
matrix multiplication in Eq. (3.1), for randomized matrix entries.

Figure 3.1: Runtime benchmarks for computing (A⊕B)D with complex values for the
three approaches.

Fig. 3.1 indicates that the dense format of the Kronecker products is the bottleneck
in 2XMATMUL and MATMUL. Since the matrix multiplications specialize on the
diagonal form of D, the doubled multiplication time in 2XMATMUL is amortized.

In Fig. 3.2, similar benchmarks are performed for the full terms described by Eq. (3.1).
At N = 64, a speedup of ∼20× can be achieved with SPMATMUL compared with
2XMATMUL and MATMUL. However, at smaller sizes such as N = 2, the Kronecker
sums are less sparse and lose benefits of the sparse storage format.

14



3.1 Vectorized memory kernel

Figure 3.2: Runtime benchmarks for computing (A⊕B)D(A⊕B) with complex values
for the three approaches.

The SPMATMUL implementation is more compact and efficient for larger systems due
to automatic conversion to sparse matrices and eager collection of the Kronecker sums.
As the sparsity of Kronecker sums containing dense factor matrices is O(N−2) (con-
taining O(N2) non-zero values in a matrix of size N2×N2), the amount of arithmetic
operations in the sparse matrix multiplications is greatly reduced compared with the
dense multiplications. Hence, SPMATMUL is the preferred choice when the size of the
truncated Fock space for system S is moderate to large.

Note that the benchmarks only give an upper limit on the time complexity for SP-
MATMUL. The coupling tensors τ(q) have a relatively sparse structure which can be
specialized on.

An example of such a structure for a truncated coupling tensor of size N×N = 16×16
is illustrated in Eqs. (3.5) and Eq. (3.6), resulting in an even further speedup when
using SPMATMUL compared with 2XMATMUL and MATMUL.
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3 Numerical results

τ ⊕ τ> =




⊕





>

(3.5)

=





(3.6)

A lazy equivalent of SPMATMUL would be to vectorize the diagonal matrix in Eq.
(3.1) and work with lazy Kronecker products and sums of higher order

vec((A⊕B)D(A⊕B)) = ((A> ⊕B>)⊗ (A⊕B)) vec(D), (3.7)

reshaping the final result to the same form as in Eq. (3.1).

The tools developed for writing Kronecker sums lazily and converting their factors to
sparse matrices in an automated fashion are open sourced as a feature in Kronecker.jl
[23], a general purpose toolbox for Kronecker-based algebra.
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3.2 Transport calculations

3.2 Transport calculations

In this section, the time evolution of the system density matrix is computed both in
the non-Markovian regime and the Markovian regime.

Specifically, we choose the system to be a GaAs quantum wire within a y-polarized
cavity photon field with the plunger gate set at Vg = 2.0 mV, where µL = 1.4 meV and
µR = 1.1 meV are the chemical potentials of each respective lead, setting a narrow bias
window. A more detailed description of the specific setup, dimension and parameters
used for the system simulation can be found in [9, 10], but a schematic of the quantum
wire is shown in Fig. 3.3.

Transport direction
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Figure 3.3: Schematic of system configuration. Taken from Gudmundsson et al. [9].
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3 Numerical results

Properties of the 21 many-body states in the system that are lowest in energy can be
seen in Fig. 3.4. This includes the average counts of photons and electrons in a given
state (including the spin component along the z-axis). In the transport calculation, we
truncate the many-body Fock space to 4 states to ensure that the all relevant states
within the bias window are accounted for. These states are the empty state, the ground
photon state and a double ground electron state (for each direction of spin). The empty
state is set to the initial state for the simulations, when the coupling to the leads is
turned on.

Figure 3.4: Properties of the 21 lowest in energy many-body states for the system.
The barplot shows the expectation values of the electron number (ne), photon number
(nγ), and the z-component of the spin (Sz)

3.2.1 Non-Markovian evolution

Weeks’ parameters are set to σ = 3 · 10−4, b = 0.0192 and NWeeks = 2048 for the
non-Markovian system. The state occupation of the system is shown in Fig. 3.5.
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3.2 Transport calculations

Figure 3.5: The non-Markovian occupation of states in the time-domain

Fig. 3.6 shows absolute value of the real part for the trace of the density matrix, as
described by Eq. (3.8):

|Re(Tr(ρ(t)))− 1| = 0 (3.8)

Figure 3.6: Absolute value for the residual of Tr(ρ(t)), assuming the non-Markovian
time evolution is trace-preserving.

Although the occupation of states within the bias window (the double ground electron
states 3 and 4) increases after t = ∼300 ps (as can be seen in Figs. 3.5 and 3.6), some
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3 Numerical results

numerical instabilities occur at t = ∼400 ps. After t = ∼103 ps, the solution has
become unphysical with negative probabilities. However, the density matrix has trace
one (up to machine precision) until the dynamics break down at this point and trace
is no longer preserved. A potential remedy for this is to increase the sampling rate
around the poles in U(s) during the q-integration. But this would be negated by a
bad selection of parameters for Weeks’ method, such that the q-integration only covers
lower frequency transitions, while the sampling s on the Bromwich contour via Weeks’
method is biased towards high frequency transitions.

3.2.2 Markovian evolution

In the Markovian approximation, the vectorized Liouvillian superoperator Λ(t) → Λ
becomes time-independent, which greatly simplifies Eq. (2.45)

vec(ρ(s)) = (s− Λ)−1 vec(ρ0).

An efficient method for constructing Λ can be found in [13].

For the Markovian evolution, Weeks’ parameters are set to σ = 1 · 10−6, b = 5.12 · 10−4

and NWeeks = 1024.

Figure 3.7: The Markovian occupation of states in the time-domain

From Figs. 3.7 and 3.8, one can see that while the dynamics can be computed at a larger
timescale, the accuracy of the solution decreases at t→ 1

σ
= 106 ps. The the absolute

residual of the trace of the density matrix is considerably higher for the Markovian
density matrix (which differ by a factor of more than 10 orders of magnitude). Once
the system reaches a steady state at t = 104−105 ps, the truncation error in the inverse
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3.2 Transport calculations

Figure 3.8: Absolute value for the residual of Tr(ρ(t)), compared with trace-preserving
time evolution in the Markovian approximation.

Laplace transform rises exponentially. In this particular case, the steady state would
have to be linearly extrapolated from t = 104 − 105 ps.

A simple way to compare the non-Markovian density matrix ρNM with the Markovian
density matrix ρM is to take trace distance

T (ρNM, ρM) =
1

2
Tr
{√

(ρNM − ρM)†(ρNM − ρM)
}
, (3.9)

which is illustrated in Fig. 3.9.

Figure 3.9: Trace distance of the density matrices computed with the non-Markovian
dynamics and the Markovian dynamics.
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The t < 10 ps segment shown in Fig. 3.9 indicates that the density matrices follow
different dynamics at the transient time-scale once they start to overlap once more.
At at the elbox around t∼100 − 1000 ps, the trace distances of the density matrices
have reached a steady state until the error in the non-Markovian evolution explodes.
Fig. 3.10 makes a direct comparison of the time evolutions with and without the Marko-
vian approximation.

Figure 3.10: Comparison of non-Markovian and Markovian occupations for the system.
The solid lines correspond to the occupations for the non-Markovian case (as in
Fig. 3.5), while the dotted lines correspond to the occupations for the Markovian case
(as in Fig. 3.7)

For this simplified example, we see that the non-Markovian evolution drives up the
occupation of the states in the bias window faster than the Markovian evolution does.
However, the non-Markovian case suffers from increased error on intermediate time-
scales, where the Markovian case has started to oscillate around the steady state oc-
cupation values.
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4 Summary and conclusion

In summary, we demonstrated the use of numerical methods and strategies that can
be employed to solve generalized master equations. More specifically, the Nakajima-
Zwanzig equation, a non-Markovian integro-differential equation, was introduced for a
non-trivial 2D GaAs quantum wire. We gave an overview on how such an equation is
solved in the Laplace transformed many-body Fock space, without the use of a Markov
approximation. Alongside the Laplace transform, we introduced the inverse Laplace
transform and Weeks’ method to numerically evaluate it to get an explicit expression
for the solution in the time-domain. The Kronecker sum was introduced alongside the
Cauchy matrix as structures that are encountered in the Laplace transformed memory
kernel. Preexisting programmatic tools for dealing with non-Markovian generalized
master equations are scarce and rely on highly customized algorithms. To address these
issues, generic, efficient algorithms for evaluating Kronecker sums as well as support for
complex array-valued output functions with Weeks’ method have been open sourced
and added to separate Julia packages.

These methods can be combined to solve the vectorized version of the the generalized
master equation as it occurs in the the Laplace transformed Liouville space and then
transformed back into the time-domain. Along with applying this framework to a sys-
tem found in the literature, we compare non-Markovian and Markovian time evolutions,
specifically their density matrices. The non-Markovian dynamics drive the states in the
bias window faster towards the steady state, compared with the Markovian approach,
as well as preserving the trace of the system. However, numerical error grows above an
acceptable limit before a steady state solution is reached in the non-Markovian case.

Several options are available for further development of the Kronecker product formal-
ism. The algorithms for the Kronecker sums can potentially be computed on accceler-
ated hardware and automatically chained to larger matrix multiplications like those on
the form (3.1). Another possibility is to specialize on the sparsity pattern of Kronecker
sums such that repeated sparsity patterns e.g. in numeric quadrature routines can be
reused (especially on accelerated hardware).
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