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Abstract

This thesis focuses on system identification of civil engineering structures and its
ability to identify modal parameters. System identification can be used in civil en-
gineering for different purposes; damage detection following serious events, such as
earthquakes, for structural health monitoring of existing structures, likewise in sim-
ulation and design. The literature of system identification in structural engineering
is extensive and only few examples will be presented here. From the literature re-
views, a method of system identification is chosen to be used for the case study of
this thesis and its theory presented. The case study is an existing highway bridge
in south Iceland. Ambient vibrations of the bridge were measured with four triaxial
accelerometers mounted on its deck. These measurements are used to estimate the
modal parameters of the case study bridge and compared to a finite element model,
created based on structural drawings. The frequency of the fundamental vibration
modes of the bridge in its two principal horizontal directions, identified from ambi-
ent vibration, confirm adequately with the eigen frequencies estimated by the finite
element model.

Útdráttur

Þetta verkefni fjallar um kerfisauðkenningu á mannvirkjum og eiginleikum henn-
ar á að greina hreyfifræðilega eiginleika burðarvirkja þeirra. Kerfisauðkenning getur
nýst innan byggingarverkfræði greinarinnar á marga máta, til dæmis, uppljóstrun
skemmda vegna alvarlegra viðburða, líkt og jarðskjálfta, og í almennri líftíma greiningu
mannvirkja. Einnig getur kerfisauðkenning verið notuð við hönnun nýrra man-
nvirkja. Til eru margar fræðigreinar og bækur um kerfisauðkenningu í byggin-
garverkfræði. Úr þessum greinum verða nokkrar aðferðir á kerfisauðkenningu kyn-
ntar og út frá þeim valin aðferð sem notuð verður á þjóðvegsbrú á Suðurlandi sem
ferilrannsókn fyrir þetta verkefni. Sveiflur voru mældar með þríása hröðunarmælum
sem staðsettir voru á brúardekkinu. Þessar mælingar eru síðan notaðar til að meta
hreyfi fræðilega eignleika brúarinnar, sem síðan eru bornir saman við einingalíkan
af brúnni sem gert er á grunni burðarþols teikninga. Sveiflutíðni fyrir tvær láréttu
höfuðáttir brúarinnar sem auðkenndar voru með mælingum samrýmast vel þeim
eigintíðnum sem fundnar voru með einingalíkani.
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1. Introduction

System identi�cation has its roots in standard statistical techniques and has de-
veloped since the birth of the "Modern control theory" in early 1960's, where the
control community took an active part in the development and applications of these
statistical techniques to dynamic systems. System identi�cation is calibration of
mathematical models of a dynamic system based on measured data (Ljung, 1995).

System identi�cation has been widely used in the research community of the civil
engineering �eld. Its main usage in the �eld is to use vibration measurements to
extract structural modal parameters such as natural frequencies, damping ratios
and mode shapes (He et al., 2009). By identifying these parameters a knowledge
of the structural behaviour to dynamic loading such as wind, tra�c or earthquakes
can be understood. This knowledge of structural behaviour at a given time in the
structure's life cycle can be used in many ways, such as structural health monitoring,
damage detection and model updating. Dynamic loading can have great e�ect on
large structures over a long period of time due to fatigue e�ects. This type of e�ects
are not always visible, so system identi�cation can be very useful to detect such
damage by identifying its modal parameters.

In this thesis a short literature review is presented on various methods of system
identi�cation within the civil engineering �eld. Based on that review a method of
system identi�cation is chosen to be applied on a highway bridge in South Iceland.
The extracted modal parameters from the system identi�cation are then compared
to modal parameters estimated from a �nite element model of the bridge. The thesis
is divided into the following chapters:

ˆ Chapter 2 : A brief background to System Identi�cation (SI) is presented
in this chapter, what types of models can be used for the SI procedure and
a literature review of case studies where SI is used in structural engineering,
to �nd modal parameters such as natural frequencies, natural periods and
damping ratios.

ˆ Chapter 3 : This chapter presents the method to be used for the SI of the
case study based on the literature review in chapter 2. An overview of the
theory behind these methods is also presented in this chapter.
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1. Introduction

ˆ Chapter 4 : The case study for this thesis is introduced. The Finite element
model of the bridge, which is based on structural drawings of the bridge is
presented, also the modal parameters estimated by eigen analysis of the �nite
element model are presented.

ˆ Chapter 5 : Chapter �ve takes on the data collection for the system identi-
�cation and the equipment used to collect the data. The processing methods
used on the data is presented. The results form the system identi�cation,
along side comparisons with the results from the Finite Element modelling are
also presented.

ˆ Chapter 6 : In this chapter the conclusions and �nal remarks of the thesis are
discussed along with further research opportunities.
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2. System Identi�cation

2.1. Background

The process of developing or improving the mathematical representation of a physi-
cal system using experimental or observed data and prior system knowledge is called
System Identi�cation (SI). SI is a basic scienti�c methodology that has its roots in
statistical techniques, that have a wide area of application and can be used to deal
with the problem of building mathematical models of dynamical systems, which are
abundant in our environment. The notation of a system is a very broad concept
and plays an important role in modern science. Described in loose terms, system is
an object in which di�erent kind of variables interact and produce a signal that can
be observed. Observed signals are usually of interest in SI and are calledoutputs.
A system can also be a�ected by external stimuli, which are external signals that
can be manipulated by the observer and are calledinputs. Disturbance is another
type of signal that is produced by a system, disturbances can be divided into those
that are directly measuredand those that are onlyobservedthrough their in�uence
on the outputs. Figure 2.1 shows a system with input, measured and unmeasured
disturbances, and output (Ljung, 1999).

Figure 2.1: A system with outputy, input u, measured disturbancew, and unmea-
sured disturbancev Ljung (1999).
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2. System Identi�cation

Mathematical representation of a system is called amodel and is always an ap-
proximation of the real system. There are three main components that prevent the
mathematical description of a system to be exact, the system complexity, the prior
knowledge of the system, and the incomplete availability of observed data. An exact
description of the system is most often not desirable, even if there is a full knowl-
edge of the system and su�cient data is available, because the mathematical model
would become too complex to be used in an application (Keesman, 2011).

Figure 2.2: The system Identi�cation loop (Keesman, 2011).

A System Identi�cation procedure, to arrive at an appropriate mathematical model
of a system, is described by Ljung (1999). The major part of an identi�cation
application consists of addressing the following problems in an iterative manner and
therefore the procedure contains a loop.

ˆ The numerical procedure failed to �nd the best model according to a chosen
criterion.

ˆ The criterion was not well chosen.

ˆ The model set was not appropriate, i.e. did not contain good enough descrip-
tion of the system.
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2.2. Models used in System Identi�cation

ˆ The data set was not informative enough to provide guidance in selecting good
enough models.

These problems make prior knowledge, objectives, and data the main components
in the SI procedure, these components are not independent and most often the data
is collected on the basis of prior system knowledge and modeling objectives that
lead to an appropriate experiment design (Keesman, 2011).

In this chapter, a brief background of system identi�cation is presented along with
the system identi�cation procedure. In the following chapters, SI in structural en-
gineering will be presented and some examples of its usage in the �eld. A speci�c
system identi�cation procedure and a type of model structure will be chosen based
on the examples presented and the theory for that speci�c model structure will be
described and then applied on the case study bridge for this thesis.

2.2. Models used in System Identi�cation

Depending on the system under study, which may vary in range from social, eco-
nomic or environmental to mechanical, or electrical systems, even structural sys-
tems, the mathematical models used to describe the system of interest can take
very di�erent form. Generally models are developed to obtain or enlarge insight
in di�erent phenomena, analyze process behaviour using simulation tools, control
processes, and estimation of state variables, on the basis of available measurements,
that cannot be easily measured in real time. For example, recovering physical laws
or economic relationships, process training of operators or weather forecast, process
control of a chemical plant, or to control a robot and online process information
(Keesman, 2011). These mathematical models can be classi�ed as discrete-time,
continuous-time, linear and nonlinear, time-invariant and time-varying, static and
dynamic systems, to name a few (see Fig. 2.3).
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2. System Identi�cation

Figure 2.3: Types of models (Tangirala, 2015).

Approximate modelling for a speci�c application on the basis of observed data and
prior system knowledge is considered as system identi�cation. The mathematical
models mentioned above are therefore always approximations of the real system.
These approximations are made due to the limited prior knowledge of the system
and the incomplete availability of observed data in practice, which prevents an exact
mathematical description of the system. The system identi�cation loop, presented in
the previous chapter and shown in �gure 2.2 has the aim of arriving at an appropriate
mathematical model of a system to be identi�ed. The system identi�cation loop
shows that the model set is chosen by the user and is completely determined by the
prior knowledge of the system. The choice of the candidate model set is the most
important step, and the most di�cult, in the SI procedure. According to Keesman
(2011) these candidate model sets are categorized as follows,

ˆ White-box models are usually the natural choice of use since they are based
on physical laws and additional relationship with corresponding physical pa-
rameters, i.e. these types of models are the most transparent.

ˆ Grey-box models have adjustable parameters i.e. some of the parameters are
uncertain and/or not well known. If real predictions have to be obtained the
parameters can be estimated from data collection.

ˆ Black-boxmodels are often used in control applications, according to Keesman
(2011). The model structure is usually linear and dose not necessarily refer to
the underlying physical laws and relationships of the process.
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The model structures described above are broad solution to the general subjects
of the system identi�cation procedure, which has its roots in statistical techniques.
According to Imai et al. (1989) the general subjects of system identi�cation began
in the �eld of electrical engineering and later extended into the �eld of mechanical
and control engineering. For the �eld of structural engineering, specialized system
identi�cation techniques have developed for e�ective application in the �eld, for sev-
eral reasons. The systems which are studied in the �eld of structural engineering
are, generally, much larger in size and have more complex behaviour to be idealized
accurately by mathematical models. Structural engineering systems are hard to ac-
curately idealize mathematically because there are limited options for input-output
observational data, which is more often than not contaminated by measurement
noise, also the behaviour of the system can be highly non-linear in case of a dam-
aged or deteriorated systems (Imai et al., 1989).

There are many systems that a structural engineer has to deal with on a daily basis,
which can be both static and dynamic, linear and non-linear. The most common
systems are, for example, multi-storey buildings, many types of bridges, high rise
buildings, o�shore structures, etc. These systems can be described by mathematical
models such asOrdinary Di�erential Equation (ODE) , which most of the previously
mentioned systems can be described by. Other mathematical models that can be
used to describe these systems are,transfer function models, state space models,
and auto regressive moving average models with exogenous inputs (ARMAX model),
to name a few. For a long time ODE and transfer function have been commonly
used for analysis and design of conventional problems in structural engineering, an
example of ODE being used in analysing a dynamic system in structural engineering
is the equation of motion for a dynamic system

[M ]f •x(t)g + [ C]f _x(t)g + [ K ]f xg = f f (t)g (2.1)

Where [M ], [C] and [K ] are the n � n mass-, damping-, and sti�ness matrices,
respectively, wheren corresponds to the number of degrees of freedom (DOF) of the
system. Then� 1 vectors,•x(t), _x(t), andx(t) correspond to the acceleration, velocity
and displacement of the system, respectively, and then � 1 vector f (t) represent
the external excitation of the system (Chopra, 2012). Transfer function, however,
has also been used widely for the identi�cation of modal properties of structural
system. The state space models and ARMAX models are preferable to be used for
the identi�cation of structural parameters, since the techniques developed for such
identi�cation are based on discrete time data (Imai et al., 1989).

The above mentioned techniques can be categorized intoparametric andnon-parametric
methods, which can be further categorized into those in time domain and those in
frequency domain. Parametric methods involve the estimation of system parame-
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ters, while the non-parametric methods determine the transfer function of a system
in terms of analytical representation. A time domain method consists of determin-
ing system parameters based on sampled data in time, while the frequency domain
methods consists of �nding modal quantities, such as, natural frequencies, damp-
ing ratio, and modal shapes using measurements in the frequency domain, such
as modal analysis. As suggested by Imai et al. (1989), parametric techniques are
more relevant when it comes to identi�cation of structural parameters related to
environmental loading and/or non-linear behaviour.

Besides the ARMAX models and state space models, mentioned above,Auto-Regressive
models andMoving Averagemodels are also parametric methods of identi�cation.
With the modal analysis other non-parametric methods are, for example,transient
analysis and spectral analysis. The theory and usage behind these methods are out
of the scope of this theses and will not be explained further, however, the literature
on these methods is extensive and more details on these methods can be found in
Jenkins and Watts (1968), Andersen (1997), Tangirala (2015), Box et al. (2008),
and Ljung (1999) for example.

2.3. System Identi�cation in Structural
Engineering

2.3.1. Literature Review

As mentioned in previous chapters system identi�cation is the process of modelling
unknown systems in di�erent �elds of engineering. In case of structural engineering
system identi�cation can be done in the form of identifying structural parameters,
such as, natural frequencies, mode shapes, damping ratios, and stress and strain
energies, or structural response. In this context SI is used for structures subjected
to dynamic, vehicular, seismic, wind, or impact loading (Sirca & Adeli, 2012). In
this chapter a brief literature review is presented based on the review paper by Sirca
and Adeli (2012), which presents a representative research published in journals
since 1995. Few methods and algorithms are presented based on the literature, that
is used in structural system identi�cation. These methods are used for example in
damage detection, structural health monitoring and to identify modal parameters
of structures.
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2.3. System Identi�cation in Structural Engineering

Second Seven Crossing Cable-Stayed Bridge

Macdonald and Daniell (2005) identi�ed modal parameters of a cantilever bridge,
the Second Seven Crossing (SSC) cable-stayed bridge, and compared to a �nite
element (FE) model. Those modal parameters identi�ed can further be used for
Model Updating and for assessing the long-term condition of the bridge. The results
that are presented by Macdonald and Daniell (2005) are based on ambient vibration
tests and FE modelling of only one cable-stayed cantilever section. The test data
were acquired during the construction of the SSC bridge, and were completed over
8 weeks of total 470 hours. The measurements were made after the completion of
the cantilever section and before its connection to the rest of the bridge. This gave
the advantage of monitoring the cantilever for essential ambient loads due to wind
and temperature. Accelerometers were placed at a series of cross sections of the
cantilever, mode shapes were constructed using the relative amplitudes of motion,
determined by frequency domain analysis, between two of those cross sections.

Macdonald and Daniell (2005) estimated modal parameters of the SSC bridge us-
ing the Iterative Windowed Curve-�tting Method (IWCM), a system identi�cation
method specially developed for analysing ambient vibration data. The IWCM sys-
tem identi�cation method is based on the curve �tting of Power Spectral Densities
(PSDs), and is a frequency domain method. The key to IWMC is that it modi�es
the modal peaks of the theoretical PSD, to account for bias errors, before it is �tted
to the measured PSD. In conventional frequency domain methods, bias errors are
a signi�cant problem and cause attenuation of values around spectral peaks in the
PSD. IWCM method has been modi�ed to deal with these spectral bias errors. To
account for the bias errors the same window function used on the measured data in
time domain is applied to the theoretical spectral peaks in the frequency domain.
Thus e�ectively the measured and theoretical PSDs are subjected to the same bias,
eliminating the e�ects of the bias and improving the modal parameter estimates.
The theoretical PSD of the IWCM method can use any assumed loading spectrum
to account for the characteristics of the actual loading, e.g. wind or tra�c. This
is another key feature of the IWCM method which is more realistic than the white
noise loading spectrum that is normally assumed for the theoretical PSD. More de-
tails of the the IWCM Method can be found in (Macdonald, 2000). According to
Macdonald and Daniell (2005) twenty three mode shapes of the test data matched
with the �nite element model of the SSC bridge.

Posttensioned Gülburnu Highway Bridge

Ambient-vibration testing and forced-vibration testing are the two popular types of
modal testing techniques in the �eld of structural engineering. In forced-vibration
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testing the structure is excited by unknown input forces and a correlation between
the input and output measurements is determined. Forced-vibration testing, or
rather its success is limited to relatively small structures. Bridges, whether they are
a highway-, cable-stayed-, or suspension bridges, are large and �exible structures,
which often require heavy equipment and large resources to induce excitation at a
high level which is needed to perform forced vibration testing. Such an excitation
can be very costly and could be a serious problem for intensively used bridges.
A valuable alternative to forced-vibration testing on structures that are large and
�exible is ambient-vibration testing with operational modal analyses (OMA). OMA
ensures the use of freely available ambient excitation caused by natural excitation
sources on or near the test structure, such as tra�c and wind, instead of using one or
more arti�cial excitation devices needed for the forced-vibration testing (Altunisik
et al., 2011).

Altunisik et al. (2011) published a paper on output-only system identi�cation of
posttensioned concrete highway bridge. There they discuss the application of sys-
tem identi�cation of a highway bridge using the �nite-element method, in which a
FE model of their case study bridge was developed and dynamic characteristics of
the bridge were found analytically. Ambient-vibration testing was applied to the
bridge to identify its dynamic characteristics experimentally. To estimate the dy-
namic characteristics from the ambient-vibration test, they applied two output-only
system identi�cation methods, enhanced frequency domain decomposition (EFDD)
and stochastic subspace identi�cation (SSI). The EFDD method uses the single
degree of freedom (SDOF) PSD function, identi�ed around a peak of resonance.
The PSD is taken back to the time domain using inverse discrete Fourier transform
(IDFT). The natural frequencies and the damping are determined by the number
of zero-crossings as a function of time and the logarithmic decrement of the corre-
sponding SDOF normalized autocorrelation function, respectively.

The SSI method on the other hand, is a time-domain method that works with time
data directly, i.e. there is no need to convert the data to correlation or spectra. The
method is suitable especially for operational modal parameter estimation, the model
of vibration structures can be de�ned as a set of linear, constant-coe�cient, and
second-order di�erential equations. The origin of the state-space model is in control
theory, however, it appears in other �elds of engineering such as civil engineering
and mechanical engineering. It is used to compute the modal parameters of dynamic
structures with a general viscous damping model (Altunisik et al., 2011). The EFDD
and SSI methods will not be further discussed here but more detailed information
can be found in the literature, EFDD in Felber (1994) and Peeters (2000), SSI in
Yu and Ren (2005) for example.
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2.3. System Identi�cation in Structural Engineering

Altunisik et al. (2011) investigated the accuracy and e�ciency of both methods and
compared with �nite-element results, their results suggest that ambient-vibration
measurements are su�cient to identify structural modes with low range of natural
frequencies and that dynamic characteristics obtained using a �nite-element model
have a good correlation with experimental dynamic characteristics of the bridge.

Alfred Zamba Memorial Bridge

He et al. (2009) performed a set of dynamic �eld tests on the Alfred Zamba Memo-
rial Bridge (AZMB) located 32 km northeast of San Francisco on interstate Highway
I-80. These tests were performed just before the bridge was opened to tra�c, which
provided a unique opportunity to identify the modal properties of the bridge in its
as-built condition, i.e. the bridge had not experienced any tra�c loads or seismic
excitation before the tests were performed. This also o�ers the opportunity of using
the modal properties that are presented by He et al. (2009) to be used as a baseline
for future health monitoring studies of the bridge. Three state of the art system
identi�cation algorithms, which are based on both forced vibration- and ambient
vibration measurements are used to identify the modal parameters of AZMB. The
three methods used are (1) the multiple-reference natural excitation technique com-
bined with the eigensystem realization algorithm (MNExT-ERA), a two-stage time-
domain method (2) the data-driven stochastic subspace identi�cation (SSI-DATA),
a one-stage time-domain method (3) the enhanced frequency domain decomposition
(EFDD) a non-parametric frequency domain method.

Modal parameters identi�ed for the AZM bridge were overall found to be in very
good agreement with each type of tests for both ambient- and forced vibrations, also
when compared to a three-dimensional �nite element model of the AZM bridge. The
natural frequencies and mode shapes identi�ed for the two di�erent type of test data
were in excellent agreement throughout all three methods used for identi�cation
of most vibration modes. The modal damping ratios identi�ed from the forced
vibration test were on the other hand higher than those identi�ed from the ambient
vibration test in general. This is a well known fact widely reported in the structural
system identi�cation literature.

11



2. System Identi�cation

The methods used provide modal parameter estimates with low bias and variability
for the natural frequencies and mode shapes it is likely that the identi�ed natural
frequencies and mode shapes are close to the actual modal parameters of the bridge.
He et al. (2009) also concluded that all three system identi�cation methods used
performed well in both ambient and forced vibration tests, however, the performance
of the EFDD method is not as robust as the other two methods, MNExT-ERA
and SSI-DATA methods, as it requires user intervention for peak picking in the
identi�cation progress. More details on the three methods can be fount in the study
of He et al. (2009).

Hakucho Suspension Bridge

The Hakucho Suspension Bridge is located in the northern part of Japan, at the en-
trance of Muroran Gulf in Hokkaido Prefecture. Siringoringo and Fujino (2007) pub-
lished a paper on system identi�cation of the Hakucho Suspension Bridge. In that
paper they present the system identi�cation based on ambient vibration response
using the Natural Excitation Technique (NExT) combined with the Eigensystem Re-
alization Algorithm (ERA) and Random Decrement (RD) method combined with
the Ibrahim Time Domain (ITD) method for the system identi�cation procedure,
Siringoringo and Fujino (2007) investigate the accuracy e�ciency of both meth-
ods and compare the results from the system identi�cation to results from a Finite
Element Model of the bridge.

The assumption that the RD method is based on is that a dynamic response of
a structure under ambient excitation at a time instant t0 to t + t0 can be divided
into three components. The three components as stated by Siringoringo and Fujino
(2007) are, the deterministic part of (1) the step response due to an initial displace-
ment at time t = t0 (2) the impulse response function due to initial velocityv0

(3) the random part due to random excitation applied to the structure in interval
time t0 to t + t0. At the start of the RD procedure selection of an appropriate
initial value of the response is selected, from which the equally-spaced segments of
ht0; t + t0i time histories are extracted. For further detail on this method see for
example Ibrahim (1977b). In conjunction with the RD method a ITD is employed
where the modal parameters (natural frequency, damping ratios, and mode shapes)
are estimated directly from the free-decay response of random decrements. Further
information and derivation on the Ibrahim Time Domain can be found in Ibrahim
(1977a)

Siringoringo and Fujino (2007) conclude that the methods are both e�cient and ac-
curate for identifying the modal parameters of a large structure such as the Hakucho
Suspension Bridge, however, there are pros and cons for each method. Direct imple-
mentation of the ITD method can only identify several low-order modes. To identify
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higher frequency modes with this method, a successive �ltering method can be em-
ployed following the original ITD method. Often ERA results are characterized by
a post-processing procedure that is employed after realization of modal parameters
has been made. This procedure facilitates the selection of genuine modes from �c-
tional or computational modes. The voluminous measurement data collected can
be cumbersome to deal with e�ciently, even though both ITD and ERA methods
are reliable in identifying modal parameters, the performance of the NExT-ERA
method is much better to use in terms of the e�ciency in dealing with such data,
according to Siringoringo and Fujino (2007). The modal parameters identi�ed using
these methods were found to be in a good agreement with the results of the �nite
element model.
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3. Method of System
Identi�cation for case study

3.1. Natural Excitation Technique

The Natural Excitation Technique (NExT) is a term that refers to the formal ap-
proach of developing a theoretical basis for utilizing cross-correlation function for
time-domain parameter extraction. This is a method of modal testing which allows
structures to be tested in their operating environment using ambient excitation such
as, wind, wave, road noise, and tra�c (James III et al., 1995). There are four main
steps in the NExT process as presented by James III et al. (1995):

(1) Acquire response data from the operating structure, in which case sensors
that can measure displacement, strain, acceleration or velocity responses are
required. It is desired to have long time history of continuous data to allow
signi�cant averaging of the data.

(2) Calculate the correlation functions from the acquired time histories. These
correlation functions are commonly used to analyze randomly excited systems
and can be expressed as summations of decaying sinusoids, where each of
them has a damping ratio and damped natural frequency identical to the cor-
responding structural mode.

(3) The modal parameters such as, modal frequencies and damping ratios are
estimated by using time-domain modal identi�cation scheme, i.e. the Eigen-
system Realization Algorithm (ERA), by treating the correlation functions as
though they were a free vibration responses (impulse responses), that is sums
of decaying sinusoids.

(4) Mode shapes are extracted from the identi�ed modal parameters.
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3. Method of System Identi�cation for case study

Basic formulation of NExT method is presented below based on James III et al.
(1995). To start the derivation the standard matrix equation of motion for ann-
degree-of-freedom system is assumed:

[M ]f •x(t)g + [ C]f _x(t)g + [ K ]f xg = f f (t)g (3.1)

where[M ], [C], and [K ] are then � n mass, damping and sti�ness matrices, respec-
tively. f •x(t)g, f _x(t)g, and f x(t)g are the n � 1 acceleration, velocity and displace-
ment vectors, respectively.f f (t)g is the n � 1 applied force vector. By transforming
eq.(3.1) into modal co-ordinates, assuming that the system is proportionally damped
and has real normal modes,[M ], [C], and [K ] are diagonalized which results in a
set of uncoupled scalar equations of the form

•qr + 2� r ! r
n _qr + ( ! r

n )2qr =
1

mr
f � r gT f f (t)g (3.2)

whereq, _q, and •q are the displacement, velocity and acceleration vectors in modal
co-ordinates. Superscriptr denotes values that are associated with ther th mode, �
is the mode shape vector,m is the modal mass,� is the modal damping ratio, and! n

is the nth natural frequency of the system. To solve these uncoupled equations the
convolution integral may be used by transforming back into the original co-ordinates
and assuming general forcing function and zero initial conditions

f x(t)g =
nX

r =1

f � r gT
Z t

�1
f � r gT f f (� )ggr (t � � )d� (3.3)

wheregr (t) = 0 , for t < 0 is the impulse response function associated with moder
and

gr (t) =
�

1
mr ! r

d

�
e(� r ! r

n t ) sin(! r
dt), for t � 0 (3.4)

and ! r
d = ! r

n (1 � � r 2
)1=2 is the damped natural frequency associated with ther th

mode andn is the number of modes. An expression for the response at locationi ,
due to a single input force at locationk, f k(t) is obtained by specializing eq.(3.3)
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for a single output x ik (t):

x ik (t) =
nX

r =1

� r
i �

r
k

Z t

�1
f k(� )gr (t � � )d� (3.5)

Where � r
i is the i th component of mode shaper . If f (� ) in eq.(3.5) is a Dirac

delta function at � = 0 the integration collapses and the impulse response function
between input k and output i is

x ik (t) =
nX

r =1

� r
i �

r
k

mr ! r
d

e(� � r ! r
n t ) sin(! r

dt) (3.6)

The next step of the formulation is to form the cross-correlation function, which
relates two measured responses at locationsi and j due to a white-noise input at
point k. The cross-correlation functionRijk (t) is given by Bendat and Piersol (1980)
as the expected value of the product of two responses evaluated at time separation
of T:

Rijk (T) = Ef x ik (t + T)x jk (t)g (3.7)

whereEfg is the expectation operator. Substituting eq.(3.5) into eq.(3.7) and noting
that f k(t) is the only random variable, results in the following

Rijk (T) =
nX

r =1

nX

s=1

� r
i �

r
k � s

j �
s
k

Z t

�1

Z t+ T

�1
gr (t + T � � )gs(t � � )E f f k(� )f k(� )gd�d�

(3.8)

Using the de�nition of the autocorrelation function (Bendat & Piersol, 1980), with
the assumption off (t) being a white noise function, then the autocorrelation func-
tion of f is

Rf fk (� � � ) = Ef f k(� )f k(� )g = � k � (t � � ) (3.9)
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3. Method of System Identi�cation for case study

Where � k is a constant and� (t) is the Dirac delta function. By using the de�nition
of the delta function and substituting eq.(3.9) into eq.(3.8), the �rst integration
collapse, by changing the variable of integration to� = t � � changes the limits of
integration to 0 to 1 and eq.(3.8) can be simpli�ed to:

Rijk (T) =
nX

r =1

r =1X

s=1

� k � r
i �

r
k � s

j �
s
k

Z 1

0
gr (� + T)gs(� ) d� (3.10)

Using the de�nition of gr from eq.(3.4) and the trigonometric identity for the sine
of a sum gr (� + T) can be expressed in all the terms involvingT separated from
those involving � :

gr (� + T) =
�
e(� � r ! r

n ) cos(! r
dT)

� e(� � r ! r
n ) sin(! r

d � � )
mr ! r

d

+
�
e(� � r ! r

n ) sin(! r
dT)

� e(� � r ! r
n ) cos(! r

d � � )
mr ! r

d

(3.11)

Substituting eq.(3.11) into eq.(3.10) along with the corresponding equation forgs(� )
the terms that depend onT can be factored out of the integral and the summation
on index s yields the following form for the cross-correlation function:

Rijk (T) =
nX

r =1

A r
ijk

�
e(� � r ! r

n T ) cos(! r
dT)

�
+ B r

ijk

�
e(� � r ! r

n T ) sin(! r
dT)

�
(3.12)

whereA r
ijk andB r

ijk are independent of T are functions of only the modal parameters.

�
A r

ijk

B r
ijk

�
=

nX

s=1

� k �i r �k r �j s�k s

mr ! r
dms! s

d

Z 1

0
e(� � r ! r

n � � s ! s
n )� sin(! r

d� )
�

sin(! r
d� )

cos(! r
d� )

�
d� (3.13)

From the derivation it can be seen that eq.(3.13) is a key result. It shows that the
cross-correlation functions is a summation of decaying sinusoids, which has the same
characteristics as the impulse response function of the original system, see eq.(3.6).
Therefore, the cross-correlation functions can be used as impulse response functions
to determine the modal parameters with time-domain estimation schemes (James III
et al., 1995)
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3.2. Eigensystem Realization Algorithm

Juang and Pappa (1985) presented an algorithm for identi�cation of a dynamic sys-
tems called the Eigensystem Realization Algorithm (ERA). This method is a multi-
degree-of-freedom (MDOF) time-domain method that is based on the evolution of
the Ho-Kalman method (Ho & Kalman, 1965) and it introduces a minimum-order
realization and modal parameter identi�cation (Siringoringo & Fujino, 2007). In the
formulation of this method a generalized matrix called the Hankel matrix is formed.
The Hankel matrix represents the data structure for the Ho-Kalman algorithm and
contains the Markov parameters of the system, which are generated by free decay
responses.

...the minimum realization problem is equivalent to a representation prob-
lem involving a sequence of real matrices known as Markov parameters
(pulse response functions). By minimum realization is meant a model
with the smallest state space dimension among systems realized that
has the same input-output relations within a speci�ed degree of accuracy
(Juang & Pappa, 1985, p.620).

A linear model for a dynamical system is realized through the use of the generalized
Hankel matrix, where the linear model matches the input-output relationship of the
system. Two accuracy indicators are developed as a part of ERA, the modal ampli-
tude coherence (MAC) and the modal phase collinearity (MPC). These indicators
quantify the system and noise modes. A singular value decomposition procedure
(SVD) is also used on the generalized Hankel matrix to separate the larger singular
values that are associated with the real modes from the smaller singular values as-
sociated with �ctitious or computational modes, where the larger values come �rst
in order and the smaller values come last in order (Juang & Pappa, 1985).

Below, an overview of the basic formulation of the ERA method is presented anal-
ogous to Juang and Pappa (1985). A �nite dimensional, discrete-time, linear, time-
invariant dynamical system has the state-variable equations:

f x(k + 1) g = [ A]f x(k)g + [ B ]f u(k)g (3.14)

f y(k)g = [ C]f x(k)g (3.15)

where f xg is an n-dimensional state vector,f yg is a p-dimensional output or mea-
surement vector andf ug is an m-dimensional control input vector. The integerk is
a sample integer,[A] is the transition matrix of the dynamical system and represents
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3. Method of System Identi�cation for case study

the mass, sti�ness and damping properties for �exible structures. The time-domain
description for eqs.(3.14) and (3.15) with free impulse response is given by a function
called the Markov parameter

Y(k) = [ C][A]k� 1[B ] (3.16)

where[B ] is ann� m input matrix, [C] is ap� n output matrix. The ERA algorithm
begins by forming the block matrix known as ther � s generalized Hankel matrix
wherer and s are parameters that correspond to the number of columns and rows
of response vectors in the Hankel matrix

[H rs (k � 1)] =

2

6
6
6
4

Y(k) Y(k + t1) : : : Y(k + ts� 1)
Y(j 1 + k) Y(j 1 + k + t1) : : : Y(j 1 + k + ts� 1)

...
...

. . .
...

Y(j r � 1 + k) Y(j r � 1 + k + t1) : : : Y(j r � 1 + k + ts� 1)

3

7
7
7
5

(3.17)

where j i (i = 1; : : : ; r � 1) and t i (i = 1; : : : ; s � 1) are arbitrary integers. Once the
generalized Hankel matrix has been formed it is evaluated for[H rs (0)] and a Singular
Value Decomposition (SVD) is performed

[H rs (0)] = [ P][D][Q]T (3.18)

where the rp � n matrix [P] and ms � n matrix [Q] are isometric, i.e. all of the
columns are orthonormal nonsingular matrices.[D] is a diagonal matrix containing
the singular values of[H rs ](0). A minimum order realization can then be obtained
from

Y(k + 1) =[ Ep]T [H rs (k)][Em ] = [ Ep]T [P][D]1=2

�
[D ]� 1=2[P]T [H rs (1)][Q][D]� 1=2

� k
[D ]1=2[Q]T [Em ]

(3.19)

[D] = diag[d1; d2; : : : ; dn ; dn+1 ; : : : ; dN ] (3.20)

with d1 � d2 � : : : � dn � dn+1 � : : : � dN . The state matrices[A], [B ] and
[C] in eqs.(3.14) and (3.15), for the resulting system can therefore be found by the
minimum order realization as:
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[A] = [ D]� 1=2[P]T [H rs (1)][Q][D]� 1=2 (3.21)

[B ] = [ D]1=2[Q]T [Em ] (3.22)

[C] = [ Ep]T [P][D]� 1=2 (3.23)

The rank of the generalized Hankel matrix indicates the dimension of the resulting
realization. Unavoidable measurement noise and structural non-linearity introduces
uncertainty about the rank structure of the matrix. The rank structure of the Hankel
matrix can be displayed quantitatively by employing the single value decomposition
(SVD) technique. The set of singular values can be used to judge the the distance
of the matrix with determined order to another matrix with lower order. The SVD
technique therefore results in the structure of the generalized Hankel matrix to be
properly exploited to solve the realization problem e�ciently (Juang & Pappa, 1985).

If matrix [H rs (0)] has rank n all of the singular valuesdi (i = n + 1; : : : ; N ) should
be zero. When the singular values are not exactly zero, but very small, it is easily
recognized that the matrix[H rs (0)] is very close to a matrix with rankn. When noise
is present it can be very di�cult to determine the gap between the last computed
non-zero singular value and what e�ectively should be considered as zero. The
noise can be in the form of measurement signal, computer roundo�, or instrument
perfection. Because of this di�culty the singular values need to be tested by choosing
a number� based on the measurement noise. If� is chosen in such a way that� < d n

then the matrix [H rs (0)] is considered to have rankn. If no information about the
measurements data is given� is de�ned as a function of the precision limit in the
computer, i.e� = dn=d1 cannot exceed the precision limit.

Once the singular values have been tested, assuming the state matrix[D � 1=2PT H rs (k)
QD � 1=2] has rankn, the eigenvectors� and eigenvaluesz can be found such that

z = � � 1[D � 1=2PT H rs (k)QD � 1=2]� (3.24)

The real and imaginary parts of the eigenvalues are the modal damping rates and
damped natural frequencies, after transformation from thez plane to the s plane
using the relationship
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s =
[(ln z � i2j� ]

(k� � )
, i =

p
� 1 (3.25)

where� � is the sampling data interval,j is an integer and for simplicity the general
integer k is chosen as1. The system and noise modes are quanti�ed using two indi-
cators, Modal Amplitude Coherence (MAC)
 , which distinguishes the system noise
modes and Modal Phase Collinearity (MPC)� , which is de�ned as the coherence
between each modal amplitude history and an ideal one. The MAC indicator for
the j th mode is presented as


 j =
jf �q�

j gf qj gj
�
jf �q�

j gf qj gjjf q�
j gf qj gj

� 1=2
, 0 � 
 j � 1 (3.26)

wherejj represents the absolute value andf qj g represents the modal amplitude time
history and f �q�

j g represents the ideal modal amplitude in the complex domain. The
MAC indicator 
 j , can only take values between0 and 1. If 
 j is far from 0, i.e.
as 
 j ! 0 indicates that the j th mode is a noise mode, however, as
 j ! 1 the
realized system eigenvaluesj and the initial modal amplitude bj (see Juang and
Pappa (1985)) are very close to the true values for thej th mode of the system. The
MPC indicator for the j th mode is presented as

� j =
crr + cri [2(e2 + 1) sin2(� ) � 1]=e

(crr + cii )
, 0 � � j � 1, for j = 1; 2; : : : ; n (3.27)

wherecj is the mode shape corresponding to thej th realized mode.crr , cri , and cii

are quantities of the complex vector�cj = cT
j I=p (see. Juang and Pappa (1985)). The

MPC indicator checks the deviation from0 � 180degree behaviour for components
of the j th identi�ed mode shape. As� j is closer to0, or is away from1, the j th mode
shape is either a signi�cantly complex mode or it is a noise mode, however, if� j ! 1
that indicates that the accuracy of the mode shape is high. The computational steps
for ERA are summarized as follows (Juang & Pappa, 1985) and a �owchart of ERA
is presented in �g. 3.1:

(1) Construct [H rs (0)], the block Hankel matrix, by arranging the measurements
data into the blocks givenr; s; t i (i = 1; 2; : : : ; s� 1) , and j i (i = 1; 2; : : : ; r � 1)
using eq.(3.17).

(2) Perform SVD on [H rs (0)] with eq.(3.18).
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(3) Examine the singular values of the Hankel matrix[H rs (0)] with eq.(3.20) to
determine the order of the system.

(4) Using the shifted block Hankel matrix, eq.(3.19), construct a minimum-order
realization ([A]; [B ]; [C]).

(5) Find the eigensolution of the realized state matrix using eq.(3.24), and then
compute the modal damping rates and frequencies using eq.(3.25).

(6) Quantify the system noise modes by calculating the Modal Amplitude Co-
herence parameter (MAC) using eq.(3.26) and the Modal Phase Collinearity
(MPC) using eq.(3.27).

(7) Using eq.(3.19) determine the reduced system model based on the accuracy
indicators (MAC and MPC), reconstruct the Markov parameter functionY(k),
and compare with measurement data.

Figure 3.1: Flowchart of the ERA method (Juang, 1994).
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For system identi�cation of the case study bridge Natural Excitation Technique com-
bined with Eigensystem Realization Algorithm, or NExT-ERA, is chosen. NExT
is used to obtained the correlation function from the measurement data and are
expressed as summation of decaying sinusoids or impulse response (free vibration
response). ERA is then used to extract the modal parameters and mode shapes of
the system as the cross-correlation function from NExT is used to construct the gen-
eralized Hankel matrix for the ERA algorithm, since it has the same characteristics
as an impulse response function. An outline of the NExT-ERA system identi�cation
is presented in �g. 3.2

Figure 3.2: Outline of NExT-ERA system identi�cation procedure (Siringoringo &
Fujino, 2007).
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4. Case study: Óseyri bridge

4.1. Background

The Óseyri bridge over Ölfusá River was built in 1988. The bridge was at the
time a very large part of improving the transportation between Þorlákshöfn and
Eyrarbakki, especially after the expansion of the harbor in Þorlákshöfn. The bridge
would reduce a roughly 100 km drive between the towns to 12-16 km, which was an
essential part of making the transportation of �sh, one of the largest resources of
these towns, a lot easier and more economically viable (Sigurdórsson, 1978).

Figure 4.1: Óseyrarbrú on Nov 30. 2020.

The construction of the bridge allowed tra�c to go more easily between municipali-
ties in the area, which had not been an option for almost hundred years. When the
bridge was constructed over the estuary of Ölfusá a forty year battle had been won
(S. Jónsson, 1988).
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4.2. General description

The bridge is 360 m long, 6.5m wide and divided into 8 spans. The two land spans
on each side of the estuary are 36 m long and the other six spans are 48 m each, see
�g. 4.2. The pillars of the bridge are 7 m tall on average. The bridge deck is made
out of concrete and is posttensioned with steel tendons (Vegagerðin, 1986).

Figure 4.2: Longitudinal section of the bridge (Vegagerðin, 1986).

The bridge deck is connected to the pillars with tension rods and rests on four
lead rubber bearings on each pillar. On the outer most pillars at the land spans
the bridge rests on two friction bearings. The lead rubber bearings act as a base
isolation for the bridge deck. The cross section of the bridge deck is a pi-beam (see
�g. 4.3). Over the pillars and 8 meters in each longitudinal direction the section
has increased thickness.

Figure 4.3: Section of the bridge over the pillars and at mid-span, all measurements
are in millimeters, (M. H. Jónsson, 2009; Vegagerðin, 1986).
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4.3. Finite Element Model of the case study bridge

A commercial software, SAP2000, was used to create a Finite Element (FE) model
of the case study bridge, a 3-dimensional view of the model is presented in Fig. 4.4.

Figure 4.4: A 3-Dimensional view of the FE model.

The bridge deck, abutment piers, and pillars are made in accordance with structural
drawings from Vegagerðin (1986). Elastic beam-column elements were used to model
the pillars and the deck. The spans with the shorter span length, i.e. the land spans
are divided into 23 elements and the longer spans are dived into 26 elements. All of
the abutment piers are divided into 10 elements.

The Óseyri bridge is a beam-type bridge, i.e. the structural system is a slab sup-
ported by beams which connect to the pillars and then the foundation. The bridge
is made of two types of concrete and the bridge deck is posttensioned with steel
tendons. The bridge deck is then connected to the pillars using tension rods (Veg-
agerðin, 1986). These tension rods do not add signi�cant sti�ness to the structure
for it to be of interest for the purpose of this thesis and are therefore not included
in the FE-model. The bridge deck is also base isolated to the pillars with bear-
ings. These bearings are modelled using link elements with appropriate sti�ness
depending on the type of bearings on each pillar as is shown in section 4.3.1. The
concrete classes used in the bridge, according to the structural drawings and EN
1992-1-1:2004 are presented in table 4.1
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Table 4.1: Concrete classes used for the structure (Vegagerðin, 1986).

Structure Concrete class Elastic Modulus
[MPa]

Abutments C35/45 33.500

Pillars C30/37 32.000

Bridge Deck C35/45 33.500

To account for the tarmac, safety equipment, and railings additional 1500 kg/m are
added in the model along length of the bridge deck (Bárðarson, 2015). The purpose
of creating the FE model of the bridge is to �nd the free vibration response of the
bridge, i.e. eigen analysis is performed to estimate the modal parameters (natural
periods and natural frequency). Eigen analysis is a linear analysis (Computers
& Structures, 2017) and therefore the linear properties of the bearings are used for
the analysis as is presented in chapter 4.3.2.

4.3.1. Bridge Deck and Pillars

The bridge deck is modelled using two di�erent cross sections as is shown on Figs.
4.5 and 4.6. The cross sections for the bridge deck were drawn up as 2-D section
in the commercial software AutoCAD and were then imported to SAP2000 to be
used in the 3-D model. The cross-sections for the bridge deck are both pi-beam
sections, where the width of the sti�eners over the pillars (1.4 m) is twice the width
of the sti�eners of the cross-section over the spans (0.7 m). The cross-section of the
bridge deck with the lager sti�eners extends 8 m over the pillars in each longitudinal
direction of the bridge. Both of the bridge deck cross-sections have the height of
2.28 m.

Figure 4.5: Cross-section of the bridge deck over the the pillars.

28



4.3. Finite Element Model of the case study bridge

Figure 4.6: Cross-section of the bridge deck over the span.

The same modelling method was used for the pillar cross-sections (Figs.4.7, 4.8 and
4.9), i.e. they were �rst drawn up as 2-D sections and then imported to the 3-D
model. According to the structural drawings, the rock foundation under the abut-
ment piers varies in height along the longitudinal direction of the bridge, therefore,
all of the pillars were modelled using their average height (as mentioned in section
4.2) of 7 m. On top of the abutment piers are the pillars which are tapered along
their height, this was modeled as a non-prismatic section in SAP2000 where the bot-
tom section of the pillar (Fig.4.8) tapers linearly along its height to the top section
of the pillar (Fig. 4.9).

Figure 4.7: Cross-section of the abutment pier.

Figure 4.8: Bottom cross-section of the pillar.
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4. Case study: Óseyri bridge

Figure 4.9: Top cross-section of the pillar.

For sense of scale the widths and heights of the 2-D cross-sections shown in Figs.
4.7, 4.8, and 4.9 are presented in table 4.2.

Table 4.2: Width and height of 2-D cross-sections.

Substructure Width [m] Height [m]

Abutment pier 11.0 3.5

Bottom pillar 8.8 1.2

Top pillar 3.3 1.2

4.3.2. Base Isolation of the bridge deck

The bridge deck is base isolated with bearings. According to the constructional
drawings from the Icelandic Road Administration (Vegagerðin, 1986) the land pillars
and the two outermost span pillars have two sliding bearings each (pillars 1,2,8 & 9)
and all other span pillars (3-7) have Lead Rubber Bearings (LRB). All details of the
bearings in the structure can be found on the constructional drawings in appendix
B. The characteristics and properties of the bearings are presented below, and more
detail about calculations for such bearings can be found for example in Bárðarson
(2015) and M. H. Jónsson (2009).

Lead Rubber Bearings

A relatively new method in earthquake-resistant design is seismic base isolation. The
concept and usage of base isolation in buildings and bridges have been developed by
scientists and engineers in New Zealand, the United States, Japan, and Italy. Base
isolation has been used for seismic protection in Iceland since 1983, with the lead
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4.3. Finite Element Model of the case study bridge

rubber bearing (LRB) being the most commonly used. The LRB is manufactured in
such a way that oversized precast lead core is pressed through a hole in the bearing
which is usually around 1% larger than the diameter of the lead core. Non-traditional
method has been used to manufacture the bearings in Iceland, i.e. a hole is drilled
into a conventional elastomeric bearing an then a molten lead is poured into the
pre-drilled hole. This method was tested in 1989 at the Norwegian University of
Science an Technology (NTNU). Various tests were made and bilinear hysteresis
model (�g. 4.10) was �tted to the test results and the following parameter set was
introduced (Bessason & Ha�iðason, 2004).

K d = K r =
A r Gr

Tr
(4.1)

K u = 11:6K r (4.2)

Qd = � ypAp (4.3)

whereK d is the post-elastic sti�ness.K u is the initial elastic sti�ness. A r , Gr , andTr

are plane area, shear modulus, and total thickness of the rubber respectively.Qd is
the characteristic yield strength of the bilinear hysteresis model at zero shear strain.
Ap is the cross-sectional area of the lead plug and� yp is the estimated e�ective yield
shear stress of the lead plug given as 8 MPa which is 20% less than that can be found
in other documented results. This is primarily due to the method used for insertion
of the lead core mentioned above (Bessason & Ha�iðason, 2004). For linear analysis
the e�ective sti�ness at maximum displacementu0 of the LRB is used and can be
de�ned in terms of the post-elastic sti�nessK d and the characteristic strengthQd

(Naeim, 1989).

K ef f = K d +
Qd

u0
(4.4)

The vertical sti�ness of lead rubber bearings can be calculated as (Naeim, 1989)

K z =
6Gr S2A r k

(6Gr S2 + k) Tr
(4.5)

where k is the bulk modulus of the rubber andS is a shape factor de�ned as the
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4. Case study: Óseyri bridge

ratio of the loaded area and unloaded area

S =
ab

2t r (a + b)
(4.6)

wherea and b are the width and length of the bearing,t r is the thickness of a single
rubber layer. The characteristic values and properties of the lead rubber bearings
are given in tables 4.3 and 4.4.

Figure 4.10: Bilinear hysteresis model for LRB (M. H. Jónsson, 2009).

Table 4.3: Characteristics of Lead Rubber Bearings (Vegagerðin, 1986).

Length 500 mm Thickness of rubber layer 11 mm

Width 400 mm No. of rubber layers 8

Height 156 mm Lead core diameter 125 mm

Table 4.4: Properties of Lead Rubber Bearings.

Post Yield sti�ness 2.13 kN/mm Yield strength of lead 98.17 kN

Initial Elastic sti�ness 24.75 kN/mm Vertical sti�ness 1000 KN/mm
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4.3. Finite Element Model of the case study bridge

The values in table 4.4 are for a single bearing. There are 4 bearings on each pillar
and therefore the values are multiplied by 4 to obtain the correct sti�ness in the FE
model.

Sliding Bearings

Stainless steel-PTFE (te�on) bearings have been used as sliding supports in bridge
superstructures since the 1960s. This type of bearings is composed of stainless steel
and PTFE that form the upper and lower surfaces. The inertial force in the bearing
depends on the friction coe�cient, which is a ratio of the vertical load that the
bearing can carry, and relative speed across the contact surface. The inertial force
acts in the opposite direction of the movement of the superstructure and is given as

R = �F (sgn( _u)) (4.7)

where� is the friction coe�cient, F is the vertical force that the bearing can carry
and _u is the relative speed of the contact areas. The friction coe�cient of the steel-
PTFE bearings is dependent on velocity, pressure, and slip rate of the surfaces.
For very low velocities, such as creep and thermal expansion the friction coe�cient
is about 0.02 to 0.03, however, for larger velocities such as those during strong
earthquakes, the friction coe�cient is about 0.10 to 0.15. The relationship between
velocity and friction can be described as

� = f max � (f max � f min ) e(� aj _uj) (4.8)

wheref max and f min are the maximum and minimum values of the friction coe�cient
and a is a constant that describes how fast the friction coe�cient changes with
velocity. The constanta has been found with experiments, see M. H. Jónsson (2009)
and Priestley et al. (1996). The friction bearings do not activate until the friction
force of the bearing is overcome, thus for the purpose of linear modal analysis the
horizontal sti�ness of the bearings is taken as the elastic sti�ness of the rubber in
the bearings and is calculated according to eq. (4.1). In a similar manner, the
vertical sti�ness of the sliding bearing is calculated in the same way as the lead
rubber bearing, eq. (4.5). The characteristics of the sliding bearings are presented
in the tables below:
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Table 4.5: Characteristics of sliding bearings on land pillars (Vegagerðin, 1986).

Length 400 mm Total thickness of rubber 67 mm

Width 300 mm Horizontal sti�ness 1.80 kN/mm

Height 118 mm Vertical sti�ness 550 kN/mm

Table 4.6: Characteristics of sliding bearings on span pillars (Vegagerðin, 1986).

Length 600 mm Total thickness of rubber 47 mm

Width 450 mm Horizontal sti�ness 5.70 kN/mm

Height 84 mm Vertical sti�ness 3300 kN/mm

The bearings are modeled with 2-node link elements in SAP2000.

4.4. Results from Finite Element Analysis

The results of linear eigen analysis from SAP2000 are presented in this chapter.
The Modal parameters for the �rst 20 modes of the structure are presented in
table 4.7. The fundamental modes are those with the highest mass participation
factor i.e. modes 3 and 4 in longitudinal and transverse direction, respectively.
Fundamental mode in the vertical direction is mode 17. Table C.1 in appendix
C presents modal parameters for all translational modes. Mode 1 from the eigen
analysis has 27% mass participation in the transverse direction and non negligible
rotational mass participation of 10% rotating about the longitudinal axis which
makes it a combination of transverse and torsional mode. In the interest of this
thesis, only the fundamental modes in longitudinal and transverse directions are
examined. In the transverse direction (NS) the mass participation, fundamental
period, and frequency are 48%, 0.59s, and 1.7 Hz, respectively. In longitudinal
direction (EW) the mass participation, fundamental period, and frequency are 75%,
0.71s and 1.4 Hz respectively.
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4.4. Results from Finite Element Analysis

Table 4.7: First 20 modes obtained from linear eigen analysis.

Mode

Natural
Period

Natural
Frequency

E-W Mass
Participation

N-S Mass
Participation

T - [sec] f - [Hz] [-] [-]

1 1.305 0.766 0 0.270

2 1.305 0.766 0 0

3 0.706 1.417 0.750 0

4 0.590 1.695 0 0.480

5 0.580 1.725 0 0

6 0.526 1.899 0 0

7 0.506 1.977 0.001 0

8 0.469 2.130 0 0

9 0.438 2.282 0 0

10 0.416 2.404 0.001 0

11 0.361 2.772 0 0

12 0.346 2.887 0 0.002

13 0.313 3.195 0 0

14 0.277 3.607 0 0

15 0.270 3.699 0 0

16 0.229 4.360 0 0

17 0.228 4.378 0 0

18 0.219 4.562 0 0

19 0.209 4.792 0 0

20 0.171 5.853 0 0
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The mode shapes of vibration for each direction are shown in �gs. 4.11 and 4.12.
In �g.4.11, the fundamental mode shape of the bridge in transverse direction can be
seen, along with the undeformed shape of the bridge.

Figure 4.11: Fundamental mode of vibration in N-S direction and undeformed shape.

Fig. 4.12 shows the fundamental mode shape in the longitudinal direction along
with the undeformed shape of the bridge, from which it can be seen that the bridge
deck behaves as a rigid body, and most of the deformation occurs in the friction
bearings. It is noted that the friction bearings are much more �exible than the
lead-rubber bearings.

Figure 4.12: Fundamental mode shape in E-W direction and undeformed shape.
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case study bridge

5.1. Data Collection

The accelerometers used to gather data for the system identi�cation of the bridge
are of the type ETNA-2 accelerograph from Kinemetrics Inc (see �g. 5.1). Four such
sensors were set up on the bridge deck on November 30th 2020. The ETNA-2 consists
of a chassis with three orthogonally mounted EpiSensor force balance accelerometers
which are connected to channels 1-3. The tri-axial EpiSensor is con�gured for an
XYZ axis orientation coordinate system where channel 1 is X, channel 2 is Y, and
channel 3 is Z. This coordinate system is shown on the cover of the unit (�ETNA2
Accelerograph User Manual�, 2017).

Figure 5.1: ETNA-2 Accelerograph sensor.
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The signals measured with the ETNA-2 sensors over a period of one hour for the two
horizontal directions are shown on �gure 5.2. With time in seconds on thex-axis
and acceleration ing-units on the y-axis.

Figure 5.2: Ambient vibration signal from sensor 1, in the two horizontal directions.

The sensors were bolted to the curb of the bridge deck. Sensors 1, 2, 3, and 4 were
placed on the middle of the third, fourth, sixth, and seventh (counted from the west
end of the bridge) span of the bridge, respectively. The layout of the sensors is
shown in �g.5.3.

Figure 5.3: Location of accelerometers placed on the middle of the bridge deck.

The sensors measured deck accelerations for one day. Out of this measurement,
a one-hour data from 23:00 to 00:00 was extracted for system identi�cation. The
sampling rate is 200 Hz and absolute timing is recorded using GPS signal.
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5.2. Results from System Identi�cation

The system identi�cation was performed using the program Matlab by MathWorks.
First a small script was written for the purpose of extracting the data collected
with the sensors. The script takes the data �les from the sensors and rearranges
them to a matrix. The matrix has 12 columns where each set of three columns
corresponds to X,Y, and Z channels for each sensor. The rows of the matrix are
720000 corresponding to one hour of data with sampling rate of 200 Hz.

Another script is written for the process of the system identi�cation using NExT-
ERA. The process starts by taking the matrix containing the ambient measurement
data and sort them into outputs and inputs for each direction. The inputs, or
reference channels, in each direction (X and Y) are taken from the corresponding
channels of sensor 1. Next the data is divided into segments that are processed
independently. Each segment is then linearly detrended. After linear detrending,
the segments are �ltered using a 6th order lowpass Butterworth �lter in the frequency
band 0 Hz to 20 Hz. Once the data has been �ltered, the segments are windowed
using a Tukey window to taper the �ltered signals of each data segment.

The next step of the process is to de�ne the NExT-ERA parameters, such as number
of data blocks, length of data block, overlapping of data blocks, number of rows and
columns of the Hankel matrix, etc. After the parameters have been selected, the
NExT-ERA and ERA algorithms are processed to obtain modal parameters. A
Fourier transform is then done to plot the complex frequency response functions for
both directions of each sensor. All Matlab scripts used for the processing of the
measurements data are presented in appendix A.

Ambient measurements - NExT-ERA

The ambient vibration data signal is divided into 20 data windows (segments) of
equal lengths with 50% overlap between windows, which are then �ltered using 6th

order Butterworth �lter with cuto� frequency at 20 Hz. In the �rst phase of the
NExT-ERA method, the NExT phase, the cross-correlation functions are computed
using the data from sensor 1 as a reference. Once the cross-correlation functions
are known the ERA algorithm takes over to compute the modal parameters of the
structures, as is described in chapter 3.2. The impulse response function of the
structure is estimated and converted to complex frequency response function by
taking its Fourier Transform. The amplitudes of the complex frequency response
functions are normalized by their value at 0 frequency and are shown on �g 5.3
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5. System identi�cation of the case study bridge

Figure 5.4: Normalized amplitudes of complex frequency response function, estimated
using NExT-ERA method. The gray lines correspond to 20 segments of ambient
vibration measurements and the black lines are their averages.

From the transfer functions, shown in �g.5.4, the modal frequencies can be estimated
from the peaks of the normalized amplitudes of the complex frequency response.
It can be seen that for both longitudinal (X) and transverse (Y) directions the
dominant peaks are around 2 Hz.

40



5.2. Results from System Identi�cation

Table 5.1: Modal vibration period, and modal frequency identi�ed with NExT-ERA
method, 20 segments of ambient vibration data.

E-W Direction [X] N-S Direction [Y]

Window
Fundamental

period
Fundamental

frequency
Fundamental

period
Fundamental

frequency

[s] [Hz] [s] [Hz]

1 0.485 2.061 0.477 2.098

2 0.477 2.098 0.452 2.212

3 0.485 2.061 0.436 2.292

4 0.485 2.061 0.460 2.174

5 0.503 1.989 0.444 2.252

6 0.494 2.025 0.452 2.212

7 0.485 2.061 0.460 2.174

8 0.485 2.061 0.468 2.136

9 0.477 2.098 0.468 2.136

10 0.485 2.061 0.460 2.174

11 0.503 1.989 0.460 2.174

12 0.485 2.061 0.477 2.098

13 0.477 2.098 0.503 1.989

14 0.485 2.061 0.539 1.854

15 0.494 2.025 0.477 2.098

16 0.485 2.061 0.460 2.174

17 0.477 2.098 0.485 2.061

18 0.477 2.098 0.477 2.098

19 0.485 2.061 0.436 2.292

20 0.485 2.061 0.444 2.252

Mean 0.486 2.060 0.467 2.147

SD 0.008 0.032 0.024 0.104
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5.3. Comparisons of results

In table 5.2, comparison of results from FE model and system identi�cation is pre-
sented. The table shows the fundamental period estimated by the FE model, and
the mean of the 20 data segments identi�ed using the NExT-ERA method. The
di�erence between the results is calculated with eq. (5.1)

Di�erence [%] =
jFE � NExT-ERA j

FE
� 100% (5.1)

The equation above calculates the di�erence between the results i.e. for the longitu-
dinal (EW), or X, direction the NExT-ERA method identi�es a fundamental period
31.2% smaller than that estimated by the �nite element model.

Table 5.2: Comparison of fundamental frequencies and fundamental periods form
SAP2000 and identi�ed using NExT-ERA method.

Direction

SAP2000 NExT-ERA Di�erence

Period Period Period

T [s] T[s] [%]

Ambient Data (EW) 0.706 0.486 31.2

Ambient Data (NS) 0.590 0.467 20.9

For the transverse (NS), or Y, direction the di�erence in the result is also smaller.
The periods identi�ed with NExT-ERA are almost 21% smaller than those estimated
by the FE model. The di�erence in the periods estimated by eigen analysis and those
identi�ed by NExT-ERA can be explained by looking at the transfer functions on
�g. 5.3 it can be seen that the peaks in the Y direction are closely spaced and
there is no obvious dominant peak which indicates that the fundamental modes of
vibrations are not independent. The fact that the di�erence in modal frequencies is
20-30%, which is a reasonable di�erence for ambient vibrations, indicates that the
results from the system identi�cation using the NExT-ERA method and estimations
from the FE model, con�rm adequately to one another.
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6. Conclusions

A short literature review of methods used in structural system identi�cation was
presented. A chosen method, NExT-ERA, was used on a case study bridge to
identify its modal parameters from ambient measurements. A �nite element model
of the case study bridge was created based on structural drawings. A linear eigen
analysis was performed on the FE model. Fundamental frequencies and vibration
periods were estimated. Modal parameters identi�ed from the NExT-ERA system
identi�cation were then compared to those estimated from the linear eigen analysis
of the FE model. The comparison shows that the results from the two methods
con�rm adequately to each other.

Further research opportunities

There are many further research opportunities for system identi�cation of the Óseyri
bridge. The �rst one being the same kind of research as is presented in this thesis,
by using another method of system identi�cation, for example the methods used
on the Alfred Zamba Memorial bridge, discussed in He et al. (2009), looking at
how they would compare to the results of the NExT-ERA method. Other research
opportunities would be to look at how the results might change if, for example, �ve
sensors were placed on the bridge instead of four. How would it e�ect the system
identi�cation if one of the sensors were placed on one of the pillars as a reference
or input channel for the identi�cation process. What would happen if the sensors
were placed on the deck above the bearings or pillars, instead of being placed on
the middle of the spans. If the modal parameters and mode shapes were to be
estimated from the FE-model using an earthquake excitation in stead of estimating
them via linear eigen analysis, how would they compare to the mode shapes and
modal parameters identi�ed from the system identi�cation.
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A. Matlab codes

Osbru_JBG.m

This Matlab code creates a matrix containing the measurement data from the sen-
sors.

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 % --- System Identification of Oseyri bridge using NExT-ERA
3 % --- Written by Johann Bragi Gudjonsson
4 % --- Supervised by Rajesh Rupkhety
5 % --- M.Sc. Thesis in Structural Engineering
6 % --- University of Iceland
7 % --- 24.02.2021
8 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
9 % In this file, data extraction is made from the sensors. All

10 % sensors are gathered into one file for ambient vibration. The
11 % columns in the file are oriented in such a way that data for X,Y,Z
12 % direction are stored in the first 3 columns for sensor 1 and so on
13 % (12 columns total). The file contains recordings of 1 hour for
14 % ambient vibrations. The recordings were made with the sampling
15 % rate of 200Hz, so the step between data points is 1/200 = 0.005s.
16 % The sensors are numbered in such a way that sensor 1 is furthest
17 % to the west on the bride and sensor 4 is the furthest to the east
18 % on the bridge and they are set up as follows (on the middle of
19 % their respective bridge span). Sensor 1 = bridge span 3, Sensor 2
20 % = bridge span 4 , sensor 3 = bridge span 6, and sensor 4 = bridge
21 % span 7.
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23

24 %% Building x_wind matrix that contains all 4 sensors
25

26 % --- Ambient vibration measurements from sensors
27 load osbruw1.dat % Sensor 1 - Wind Excitation
28 load osbruw2.dat % Sensor 2 - Wind Excitation
29 load osbruw3.dat % Sensor 3 - Wind Excitation
30 load osbruw4.dat % Sensor 4 - Wind Excitation
31

32 x_wind = zeros(length(osbruw1),12);
33

34 % Sensor 1
35 x_wind(:,1) = osbruw1(:,1); % X-direction
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36 x_wind(:,2) = osbruw1(:,2); % Y-direction
37 x_wind(:,3) = osbruw1(:,3); % Z-direction
38

39 % Sensor 2
40 x_wind(:,4) = osbruw2(:,1); % X-direction
41 x_wind(:,5) = osbruw2(:,2); % Y-direction
42 x_wind(:,6) = osbruw2(:,3); % Z-direction
43

44 % Sensor 3
45 x_wind(:,7) = osbruw3(:,1); % X-direction
46 x_wind(:,8) = osbruw3(:,2); % Y-direction
47 x_wind(:,9) = osbruw3(:,3); % Z-direction
48

49 % Sensor 4
50 x_wind(:,10) = osbruw4(:,1); % X-direction
51 x_wind(:,11) = osbruw4(:,2); % Y-direction
52 x_wind(:,12) = osbruw4(:,3); % Z-direction
53

54 %% Plotting the measurement signals
55 close all
56

57 t = linspace(0,3600,720000); % Time signal 0s - 3600s
58

59 %- Plots for ambient vibrations
60

61 % X,Y,Z - Sensor 1
62 figure
63 subplot(2,1,1)
64 plot(t,x_wind(:,1));
65 % title(�Sensor 1 - Wind X-Direction�);
66 xlabel(�Time (sec)�,�fontsize�,10)
67 ylabel(�Acceleration (g)� ,�fontsize�,10)
68 tt=title(�Sensor 1 - EW-direction (X)�);
69 set(tt,�fontsize�,10);
70 set(gca,�fontsize�,10);
71

72 subplot(2,1,2)
73 plot(t,x_wind(:,2));
74 title(�Sensor 1 - Wind Y-Direction�);
75 xlabel(�Time (sec)�,�fontsize�,10)
76 ylabel(�Acceleration (g)� ,�fontsize�,10)
77 tt=title(�Sensor 1 - NS-direction (Y)�);
78 set(tt,�fontsize�,10);
79 set(gca,�fontsize�,10);
80

81 % X,Y,Z - Sensor 2
82 % figure
83 % subplot(3,1,1)
84 % plot(t,x_wind(:,4));
85 % title(�Sensor 2 - X-Direction�);
86 % subplot(3,1,2)
87 % plot(t,x_wind(:,5));
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88 % title(�Sensor 2 - Y-Direction�);
89 % subplot(3,1,3)
90 % plot(t,x_wind(:,6));
91 % title(�Sensor 2 - Z-Direction�);
92 % printpdf(�Ambient - Sensor 2�); % Plots figure in pdf
93

94 % X,Y,Z - Sensor 3
95 % figure
96 % subplot(3,1,1)
97 % plot(t,x_wind(:,7));
98 % title(�Sensor 3 - X-Direction�);
99 % subplot(3,1,2)

100 % plot(t,x_wind(:,8));
101 % title(�Sensor 3 - Y-Direction�);
102 % subplot(3,1,3)
103 % plot(t,x_wind(:,9));
104 % title(�Sensor 3 - Z-Direction�);
105 % printpdf(�Ambient - Sensor 3�); % Plots figure in pdf
106

107 % X,Y,Z - Sensor 4
108 % figure
109 % subplot(3,1,1)
110 % plot(t,x_wind(:,10));
111 % title(�Sensor 4 - X-Direction�);
112 % subplot(3,1,2)
113 % plot(t,x_wind(:,11));
114 % title(�Sensor 4 - Y-Direction�);
115 % subplot(3,1,3)
116 % plot(t,x_wind(:,12));
117 % title(�Sensor 4 - Z-Direction�);
118 % printpdf(�Ambient - Sensor 4�); % Plots figure in pdf
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Osbru_nextera.m

This is the main Matlab code used for the system identi�cation.

1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 % --- System Identification of Oseyri bridge using NExT-ERA
3 % --- Designed and coded by Prof. Rajesh Rupkhety
4 % --- Edited and modified by Johann Bragi Gudjonsson
5 % --- Supervised by Rajesh Rupkhety
6 % --- M.Sc. Thesis in Structural Engineering
7 % --- University of Iceland
8 % --- 24.02.2021
9 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

10 % This code uses data from 4 sensors in a bridge. The matrix w_wind
11 % contains 12 columns, the first three are X, Y, Z accelerations at
12 % the first sensor and corresponds to the ambient vibration
13 % measurements and so on for sensors 2-4. The time signal is
14 % contained in t.mat,the data is divided into a number of windows
15 % and system id done for each window, the program prompts the user
16 % to select the starting and ending points that window by clicking
17 % on figure, in general it is OK to click towards the two ends of
18 % the signal. This promt is used to refine the windows if necessary
19 % after the windows have been refined the program can run
20 % automatically.
21 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
22 close all
23 clc
24

25 load x_wind.mat % Loads measurement data for ambient vibrations
26 load t % Loads the time signal
27 dt = 0.005; % Time step between data points
28

29 x1mat=x_wind; % This is for the Wind Excitation Data
30

31 f=linspace(0.1,30,1000); % Frequency vector
32 fs=1/dt; % Sampling frequecy = 200Hz
33 n=floor(length(x1mat(:,1))/20); % windows used for wind data
34

35

36 for i=1:20 % This for-loop for ambient vibration data
37 i
38 close all
39

40 % ---- Used with wind data
41 xfilt=x1mat;
42 aoutx=xfilt((i-1) * n+1:i * n,[1 4 7 10]); % X channels
43 aouty=xfilt((i-1) * n+1:i * n,[2 5 8 11]); % Y channels
44 ainx=xfilt((i-1) * n+1:i * n,1); % X reference channel
45 ainy=xfilt((i-1) * n+1:i * n,2); % Y reference channel
46

47 figure
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48 subplot(8,1,1)
49 plot(ainx(:,1));
50 title(�Sensor 1 - X (Reference Channel)�) % Sensor 1 x-dir
51 subplot(8,1,2)
52 plot(aoutx(:,2));
53 title(�Sensor 2 - X�); % Sensor 2 x-dir
54 subplot(8,1,3)
55 plot(aoutx(:,3));
56 title(�Sensor 3 - X�); % Sensor 3 x-dir
57 subplot(8,1,4)
58 plot(aoutx(:,4));
59 title(�Sensor 4 - X�); % Sensor 4 x-dir
60

61 subplot(8,1,5)
62 plot(ainy(:,1));
63 title(�Sensor 1 - Y (Reference Channel)�) % Sensor 1 y-dir
64 subplot(8,1,6)
65 plot(aouty(:,2));
66 title(�Sensor 2 - Y�); % Sensor 2 y-dir
67 subplot(8,1,7)
68 plot(aouty(:,3));
69 title(�Sensor 3 - Y�); % Sensor 3 y-dir
70 subplot(8,1,8)
71 plot(aouty(:,4));
72 title(�Sensor 4 - Y�); % Sensor 4 y-dir
73

74 % ---- Used to refine the selection of signal windows
75

76 % indi=ginput; % Input from figure from mouse
77 % win=round(indi(:,1)); % Rounds the input from the mouse
78 % close(gcf) % Closes current figure or figure i
79 % ind1=win(1); % Mouse click 1
80 % ind2=win(2); % Mouse click 2
81

82 % ---- Used to run code automatically after refining windows
83

84 load indmat_setup_W_20 % Loads indmat for 20 data windows
85 %load indmat_setup_W_36 % Loads indmat for 36 data windows
86 ind1=indmat_setup_W(i,1); % first index of refined windows
87 ind2=indmat_setup_W(i,2); % second index of refined windows
88

89 aoutxw=aoutx(ind1:ind2,:); % Creates a vector with data inputs
90 aoutyw=aouty(ind1:ind2,:);
91 ainxw=ainx(ind1:ind2,1);
92 ainyw=ainy(ind1:ind2,1);
93

94 yx=detrend(aoutxw,�linear�); % detrending data
95 yy=detrend(aoutyw,�linear�);
96 ux=detrend(ainxw,�linear�);
97 uy=detrend(ainyw,�linear�);
98

99 [b, a]=butter(6,20/fs,�low�); % sixth order filter, cutoff at 20 Hz
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100 yx1=filtfilt(b,a,yx); % filtering to remove frequency noise
101 yy1=filtfilt(b,a,yy);
102 ux1=filtfilt(b,a,ux);
103 uy1=filtfilt(b,a,uy);
104

105 yxf=yx1. * repmat(tukeywin(length(yx1),0.05),1,4); % tapering
106 yyf=yy1. * repmat(tukeywin(length(yy1),0.05),1,4);
107 uxf=ux1. * repmat(tukeywin(length(ux1),0.05),1,1);
108 uyf=uy1. * repmat(tukeywin(length(uy1),0.05),1,1);
109

110 figure
111 subplot(8,1,1)
112 plot(uxf(:,1));
113 title(�Sensor 1 - X (Reference channel)�); % Sensor 1 x-dir
114 subplot(8,1,2)
115 plot(yxf(:,2));
116 title(�Sensor 2 - X�); % Sensor 2 x-dir
117 subplot(8,1,3)
118 plot(yxf(:,3));
119 title(�Sensor 3 - X�); % Sensor 3 x-dir
120 subplot(8,1,4)
121 plot(yxf(:,4));
122 title(�Sensor 4 - X�); % Sensor 4 x-dir
123

124 subplot(8,1,5)
125 plot(uyf(:,1));
126 title(�Sensor 1 - Y (Reference channel)�); % Sensor 1 y-dir
127 subplot(8,1,6)
128 plot(yyf(:,2));
129 title(�Sensor 2 - Y�); % Sensor 2 y-dir
130 subplot(8,1,7)
131 plot(yyf(:,3));
132 title(�Sensor 3 - Y�); % Sensor 3 y-dir
133 subplot(8,1,8)
134 plot(yyf(:,4));
135 title(�Sensor 4 - Y�); % Sensor 4 y-dir
136

137 %% system identification
138 datax=yxf�;
139 datay=yyf�;
140 refch=1; % reference channel = numref
141 maxlags=1000;
142

143 %% NExT_ERA Parameters
144 N=15; % Number of data blocks
145 window=2000; % Window size, length of data block
146 p=0.5; % Overlap ratio between windows from 0 to 1
147 ncols=800; % The number of columns in hankel matrix
148 nrows=50; % The number of rows in hankel matrix
149 cut=4; % cutoff value = 2 * no of modes
150 shift=10; % Shift value usually = 10
151 EMAC_option=1; % EMAC will be independent of the no. columns

54



152

153 %%
154 [Resultx] = NExTFERA(datax,refch,window,N,p,fs,ncols,nrows, ...
155 cut,shift,EMAC_option);
156 [Resulty] = NExTFERA(datay,refch,window,N,p,fs,ncols,nrows, ...
157 cut,shift,EMAC_option);
158

159 Natfreqx(:,i)=Resultx.Parameters.NaFreq;
160 Natfreqy(:,i)=Resulty.Parameters.NaFreq;
161

162 Drx(:,i)=Resultx.Parameters.DampRatio;
163 Dry(:,i)=Resulty.Parameters.DampRatio;
164 IRFFx= NExTF(datax,refch,window,N,p);
165 IRFFy= NExTF(datay,refch,window,N,p);
166

167 % Fourer transformations of impulse response functions - X-dir.
168 [fas,Y,Ft] = fouriertransform(IRFFx(1,:)�,dt,60000);
169 HX1(:,i)=fas/fas(1);
170 [fas,Y,Ft] = fouriertransform(IRFFx(2,:)�,dt,60000);
171 HX2(:,i)=fas/fas(1);
172 [fas,Y,Ft] = fouriertransform(IRFFx(3,:)�,dt,60000);
173 HX3(:,i)=fas/fas(1);
174 [fas,Y,Ft] = fouriertransform(IRFFx(4,:)�,dt,60000);
175 HX4(:,i)=fas/fas(1);
176

177 % Fourer transformations of impulse response functions - Y-dir.
178 [fas,Y,Ft] = fouriertransform(IRFFy(1,:)�,dt,60000);
179 HY1(:,i)=fas/fas(1);
180 [fas,Y,Ft] = fouriertransform(IRFFy(2,:)�,dt,60000);
181 HY2(:,i)=fas/fas(1);
182 [fas,Y,Ft] = fouriertransform(IRFFy(3,:)�,dt,60000);
183 HY3(:,i)=fas/fas(1);
184 [fas,Y,Ft] = fouriertransform(IRFFy(4,:)�,dt,60000);
185 HY4(:,i)=fas/fas(1);
186

187 % saves the mouse figure inputs from window refining
188 % indmat_setup1(i,:)=[ind1 ind2]; % Traffic data
189 % indmat_setup_W(i,:)=[ind1 ind2]; % Wind data
190

191 end
192

193

194 %% This portion saves the refining process as a .mat variable
195 % save indmat_setup_W indmat_setup_W
196 % close all
197

198

199 %% Plotting Complex Frequency Response (CFR) functions
200 f=Ft;
201 % save f_20 f % save f vector as .mat for 20 data windows
202 % save f_36 f % save f vector as .mat for 36 data windows
203
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204 figure
205

206 % Transfer Functions - Sensor 1 Ch.1 (x-dir)
207 subplot(2,4,1)
208 loglog(f,HX1,�color�,0.8 * [1 1 1]);
209 hold on
210 loglog(f,mean(HX1�),�k�);
211 xlabel(�Frequency (Hz)�,�fontsize�,12)
212 ylabel(�|H(f)|^2�,�fontsize�,12)
213 xlim([0.01 20]);
214 ylim([1E-1 1E4]);
215 set(gca,�Xtick�,[0.1 1 2 5 20]);
216 grid
217 tt=title(�Sensor 1, X�);
218 set(tt,�fontsize�,10);
219 set(gca,�fontsize�,10);
220

221 % Transfer Functions - Sensor 2 Ch.1 (x-dir)
222 subplot(2,4,2)
223 loglog(f,HX2,�color�,0.8 * [1 1 1]);
224 hold on
225 loglog(f,mean(HX2�),�k�);
226 xlabel(�Frequency (Hz)�,�fontsize�,12)
227 ylabel(�|H(f)|^2�,�fontsize�,12)
228 xlim([0.01 20]);
229 ylim([1E-1 1E4]);
230 set(gca,�Xtick�,[0.1 1 2 5 20]);
231 grid
232 tt=title(�Sensor 2, X�);
233 set(tt,�fontsize�,10);
234 set(gca,�fontsize�,10);
235

236 % Transfer Functions - Sensor 3 Ch.1 (x-dir)
237 subplot(2,4,3)
238 loglog(f,HX3,�color�,0.8 * [1 1 1]);
239 hold on
240 loglog(f,mean(HX3�),�k�);
241 xlabel(�Frequency (Hz)�,�fontsize�,12)
242 ylabel(�|H(f)|^2�,�fontsize�,12)
243 xlim([0.01 20]);
244 ylim([1E-1 1E4]);
245 set(gca,�Xtick�,[0.1 1 2 5 20]);
246 grid
247 tt=title(�Sensor 3, X�);
248 set(tt,�fontsize�,10);
249 set(gca,�fontsize�,10);
250

251 % Transfer Functions - Sensor 4 Ch.1 (x-dir)
252 subplot(2,4,4)
253 loglog(f,HX4,�color�,0.8 * [1 1 1]);
254 hold on
255 loglog(f,mean(HX4�),�k�);
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256 xlabel(�Frequency (Hz)�,�fontsize�,12)
257 ylabel(�|H(f)|^2�,�fontsize�,12)
258 xlim([0.01 20]);
259 ylim([1E-1 1E4]);
260 set(gca,�Xtick�,[0.1 1 2 5 20]);
261 grid
262 tt=title(�Sensor 4, X�);
263 set(tt,�fontsize�,10);
264 set(gca,�fontsize�,10);
265

266 % Transfer Functions - Sensor 1 Ch.2 (y-dir)
267 subplot(2,4,5)
268 loglog(f,HY1,�color�,0.8 * [1 1 1]);
269 hold on
270 loglog(f,mean(HY1�),�k�);
271 xlabel(�Frequency (Hz)�,�fontsize�,12)
272 ylabel(�|H(f)|^2�,�fontsize�,12)
273 xlim([0.01 20]);
274 ylim([1E-1 1E4]);
275 set(gca,�Xtick�,[0.1 1 2 5 20]);
276 grid
277 tt=title(�Sensor 1, Y�);
278 set(tt,�fontsize�,10);
279 set(gca,�fontsize�,10);
280

281 % Transfer Functions - Sensor 2 Ch.2 (y-dir)
282 subplot(2,4,6)
283 loglog(f,HY2,�color�,0.8 * [1 1 1]);
284 hold on
285 loglog(f,mean(HY2�),�k�);
286 xlabel(�Frequency (Hz)�,�fontsize�,12)
287 ylabel(�|H(f)|^2�,�fontsize�,12)
288 xlim([0.01 20]);
289 ylim([1E-1 1E4]);
290 set(gca,�Xtick�,[0.1 1 2 5 20]);
291 grid
292 tt=title(�Sensor 2, Y�);
293 set(tt,�fontsize�,10);
294 set(gca,�fontsize�,10);
295

296 % Transfer Functions - Sensor 3 Ch.2 (y-dir)
297 subplot(2,4,7)
298 loglog(f,HY3,�color�,0.8 * [1 1 1]);
299 hold on
300 loglog(f,mean(HY3�),�k�);
301 xlabel(�Frequency (Hz)�,�fontsize�,12)
302 ylabel(�|H(f)|^2�,�fontsize�,12)
303 xlim([0.01 20]);
304 ylim([1E-1 1E4]);
305 set(gca,�Xtick�,[0.1 1 2 5 20]);
306 grid
307 tt=title(�Sensor 3, Y�);
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308 set(tt,'fontsize',10);
309 set(gca,'fontsize',10);
310

311 % Transfer Functions - Sensor 4 Ch.2 (y-dir)
312 subplot(2,4,8)
313 loglog(f,HY4,'color',0.8*[1 1 1]);
314 hold on
315 loglog(f,mean(HY4'),'k');
316 xlabel('Frequency (Hz)','fontsize',1)
317 ylabel('|H(f)|^2','fontsize',1)
318 xlim([0.01 20]);
319 ylim([1E-1 1E4]);
320 set(gca,'Xtick',[0.1 1 2 5 20]);
321 grid
322 tt=title('Sensor 4, Y');
323 set(tt,'fontsize',10);
324 set(gca,'fontsize',10);
325 set(gcf,'units','inches','position',[2 0.5 9 6], ...
326 'paperpositionmode','auto');
327 % print -dpdf figure1-wind
328

329 %% Saving transferfunctions
330

331 % 20 data windows X - direction
332 % save HX1_20 HX1
333

334 % 20 data windows Y - Direction
335 % save HY1_20 HY1
336

337 %% Peak Picking of transfer function from sensor 1 - X-direction
338

339 % 20 windows
340 % load f_20
341 % load HX1_20
342

343 % 36 windows
344 % load f_36
345 % load HX1_36
346 %
347 % for i = 1:36
348 % i
349 % figure
350 % loglog(f,HX1(:,i),'color','k') % 20 data windows
351 % set(gca,'Xtick',[0.1 1 2 5 20]);
352 % temp(i,:) = ginput(1);
353 % Nafreq_x(i,1) = temp(i,1);
354 % close(gcf)
355 % end
356 %
357 % figure
358 % loglog(f,mean(HX1'),'color','r')
359 % set(gca,'Xtick',[0.1 1 2 5 20]);
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360 % mean_x = ginput(1);
361 % close(gcf)
362

363 %% Calculations of periods, means and st.deviations - X-direction
364 % period_x = 1./Nafreq_x;
365 % mean_fx = mean(Nafreq_x);
366 % mean_Tx = mean(period_x);
367 % std_fx = std(Nafreq_x);
368 % std_Tx = std(period_x);
369

370 %% Peak Picking of transfer function from sensor 1 - Y-direction
371

372 % 20 windows
373 % load f_20
374 % load HY1_20
375

376 % 36 windows
377 % load f_36
378 % load HY1_36
379 %
380 % for i = 1:36
381 % i
382 % figure
383 % loglog(f,HY1(:,i),'color','k')
384 % set(gca,'Xtick',[0.1 1 2 5 20]);
385 % temp(i,:) = ginput(1);
386 % Nafreq_y(i,1) = temp(i,1);
387 % close(gcf)
388 % end
389 %
390 % figure
391 % loglog(f,mean(HY1'),'color','r')
392 % set(gca,'Xtick',[0.1 1 2 5 20]);
393 % mean_y = ginput(1);
394 % close(gcf)
395

396 %% Calculations of periods, means and st.deviations - Y-direction
397

398 % period_y = 1./Nafreq_y;
399 % mean_fy = mean(Nafreq_y);
400 % mean_Ty = mean(period_y);
401 % std_fy = std(Nafreq_y);
402 % std_Ty = std(period_y);
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B. Structural drawings of Óseyri
bridge

Figure B.1: Structural drawing B-7690: Longitudinal section and cross section.
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