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Abstract 

The purpose of this research is to analyze how multi-asset class investing impacts the risk-return 

relationship of portfolios.  The main concepts and theories that the multi-asset class literature is 

based on are described. A mean-variance framework is used to construct efficient portfolios based 

on four asset classes. There are two different methods used in order to capture portfolio returns. 

First by using data based on Icelandic indexes that represent each asset class from the period 1st of 

January 2010 to 1st of January 2021. Second, by using long-term historical returns which are 

established from 16 developed countries across the world from the time period 1950 to 2015. To 

analyze the diversification effects of including various asset classes in portfolios, different 

portfolios are constructed with different asset class compositions. The findings show that when an 

additional asset class is included in a portfolio, the risk-return relationship improves. The findings 

suggest that multi-asset investing is beneficial and can greatly reduce portfolio risk.  
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1. Introduction 

Multi-asset class investing is concerned with constructing and managing portfolios that include 

two or more asset classes. While there is no definitive definition of what an asset class is, it can be 

thought of as a group of assets that have somewhat similar risk and return characteristics and 

behave in a similar way in certain market environments. Also, asset classes are subject to similar 

regulatory and legal definitions. Traditionally, multi-asset class portfolios mainly consisted of 

some kind of mix between stocks and bonds, a more modern approach is to invest in a range of 

asset classes to achieve a properly diversified portfolio. There are number of benefits that come 

with a multi-asset investment approach, mainly it provides diversification benefits and enhanced 

risk-adjusted returns (Lustig, 2013). One of the most important concepts that investors need to 

recognize when they consider investment options is risk. Risk is often referred to as the uncertainty 

about what may happen in the future. Also, risk is often distinguished from uncertainty in a way 

that risk is a form of uncertainty that is quantifiable. In financial terms, risk can be defined as the 

chance that actual returns deviate from the expected returns. People often perceive risk as 

something negative, however, some risk can lead to economic gains while others can be 

completely negative (Drake & Fabozzi, 2010). Research have shown that there exists a positive 

relationship between risk and return i.e., more risk leads to higher expected returns (León et al., 

2007; Merton, 1973). Therefore, when investors seek to gain high returns, accepting more risk 

might be necessary (Drake & Fabozzi, 2010). Furthermore, risk can be classified in two categories, 

systematic risk and unsystematic risk. Systematic risk is present due to events that affect the market 

as a whole, while unsystematic risk only affects specific industries or firms. Unsystematic risk can 

be reduced by increasing the number of assets in a portfolio, which is referred to as diversification 

(Amiri & Gerveie, 2017). Diversification is achieved when the risk of a portfolios is reduced by 

mixing various assets in a portfolio (Jeyachitra et al., 2010). 

The purpose of this thesis is to examine the possible benefits from investing in multi-asset class 

portfolios and how diversification across asset classes impacts the risk-return relationship of 

portfolios. Further, we examine the possible damage that might occur when investors invest 

inefficiently i.e., invest in suboptimal portfolios. Our research question is the following: does 

multi-asset class investing improve the risk-return relationship of portfolios?  
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There are four asset classes included in the research, stocks, bonds, gold and real estate. According 

to Doeswijk et al. (2014), stocks and bonds are the two most common asset classes to invest in 

globally. The study determined the global market capitalization for eight asset classes over the 

period of 1990-2012, the results stated that equities represent the largest asset class, followed by 

government bonds. Stocks and bonds are liquid compared to other asset classes and frequently 

traded on various platforms. After the financial crisis in 2008, the number of companies listed on 

the Icelandic stock exchange started to decline rapidly. However, in 2011-2013 the restructuring 

of the Icelandic stocks market began and since 2015 more companies have been listed on the 

Icelandic stocks exchange compared to pre-crisis. Since then, the stock and bond market in Iceland 

have grown steadily and the frequency of trading has increased in both markets (Ásbjarnardóttir, 

2019). Due to stocks and bonds popularity in global markets, especially in Icelandic, we found it 

relevant to include those two asset classes in the research. Also, real estate is a highly important 

asset class in most economies (Lekander, 2015). Majority of people invest in residential real estate 

during their lifetime, purchasing a residential real estate may be one of the most important 

investment people ever make (Salzman & Zwinkels, 2013). Due to the importance of real estate 

as an asset class, it was appropriate to include it as the third asset class. Furthermore, commodities 

are known for providing impressive long-term returns, as well as having a unique risk-return 

relationship that can provide diversification gains (Greely et al., 2007). One of the most traded 

commodities used for investment purposes is gold (Soni, 2017). Due to gold´s qualities as an 

investment and its importance throughout history, we found it relevant to include it along with the 

other asset classes. Those qualities are mainly in the form of diversification gains, liquidity and 

inflation hedge (Michaud et al., 2006).  

Numerous papers have been written on the benefits of investing in various asset classes 

internationally, see e.g. (Irwin & Landa, 1987; Lekander, 2015; Soni, 2017; Washer & Dunham, 

2012), while few can be found on this topic from an Icelandic standpoint. We extent the available 

literature by analyzing the Icelandic market using domestic asset classes. The current literature is 

highly focused on analyzing the effects of adding an additional asset class to a benchmark 

portfolio, usually consisting of bonds and stocks. These additional asset classes are most often 

commodities or real estate. Still, there are some papers that focus on the overall diversification 

benefits of including various asset classes in a portfolio (Irwin & Landa, 1987; Soni, 2017). 

Generally, the conclusion is that there are benefits from investing in various asset classes, but 
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authors disagree on how much should be invested in each asset class. Some argue that the 

proportion invested in real estate in portfolio should be significant (Etebari, 2016). Other argue 

that the proportion invested in real estate should be moderate (Chua, 1999; Lekander, 2015). As 

for gold, most authors agree that the proportion invested in gold should be minor (Arnott et al., 

2010; Michaud et al., 2006; Washer & Dunham, 2012). 

In this thesis we perceive investors to be long-term retail investors that utilize a buy and hold 

strategy. The reason is that our findings are based on long-term historical data and they might not 

be applicable when investing for a short time period. There are many factors that influence prices 

of assets over a short time period and fluctuations can be more extreme but tend to smooth out in 

the long run. Buy and hold strategy is based on that investors invest in assets and hold them for a 

long time period, ignoring short term fluctuations in the market (Shiryaev et al., 2008). Retail 

investors are defined as those who have less knowledge, experience and in some cases less 

financial strength than professional investors. This group of investors most often includes 

individuals and smaller companies (Flokkar Fjárfesta, n.d.). The results and findings of this thesis 

should be of interest to common investors, more specifically retail investors that wish to engage 

in long-term investments. Also, this thesis might be relevant for anyone who wishes to learn about 

the risk-return characteristics of the asset classes included in the research. The main contribution 

of our study to the literature is the analysis of the construction of efficient portfolios with the focus 

on the Icelandic market. The reason why we focus on the Icelandic market is due to the fact that 

no similar studies have been performed using Icelandic asset classes within the same context as 

our research, to the authors’ best knowledge. For those reasons we exclude foreign investments in 

this research. 

In this thesis, we will use a mean-variance framework to simulate efficient portfolios, optimal 

portfolios, minimum variance portfolios and suboptimal portfolios. We will calculate the Sharpe 

ratio for each simulated portfolio, this is done to estimate the performance of portfolios and helps 

with comparing them. The research is divided in two parts: First, we simulate the portfolios using 

11-year mean returns as a measure for portfolio returns, where the returns are calculated based on 

monthly returns from four indexes which represent the four asset classes included in the research. 

Second, we simulate the portfolios using long-term historical returns established from 16 

developed markets across the world as a proxy for portfolio returns. Throughout the research, we 
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use the same risk measure for all simulated portfolios. We calculate the standard deviation for each 

portfolio as measure for total portfolio risk and these calculations are based on the 11-year mean 

returns.  

The main results from our research can be divided into two parts: Results using 11-year mean 

returns as a proxy for portfolio returns and results using long-term historical returns as a proxy for 

portfolio returns. When simulating portfolios using the 11-year mean returns and the long-term 

historical returns, the Sharpe ratio for the optimal portfolio increases in all cases when an additional 

asset class is included in the portfolio. That indicates that by investing in various asset classes the 

risk-return relationship of portfolios improves. Further, the results show that portfolios that hold 

real estate in large proportions tend to perform the best while portfolios that hold large proportion 

in gold tend to perform the worst and deviate the furthest from the optimal portfolio. The portfolios 

with the highest returns usually contain high level of investment in stocks.  

The structure of the thesis is as follows: Chapter 2 provides an overview of the literature and main 

concepts, where we will focus on asset classes and relevant risk and return measures. Furthermore, 

we will cover the role of portfolio management and the importance of diversification on the risk 

and return relationship of portfolios, as well as Markowitz´s contribution to the portfolio theory. 

We will also cover previous studies on multi-asset class portfolios. Following that, Chapter 3 of 

the thesis will contain a thorough description of the data and methods that will be used in the 

research. In Chapter 4, we will present the results from our research and discuss them in the context 

of the literature. Finally, in Chapter 5 we will display our conclusions.  
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2. Main concepts and related literature 

2.1 Asset classes and relevant risk and return measures 

2.1.1 Asset classes  

In general, an asset is any possession that has an economical value and assets can be classified into 

tangible and intangible assets. A tangible asset derives its value from physical properties, they 

include machinery, land or building (Velibeyoglu & Yigitcanlar, 2010). Intangible assets, on the 

other hand, are legitimate claims of a potential future profit, the most common form of an 

intangible assets are financial assets. Financial assets, often called financial instruments or 

securities have two main economical purposes, the first is to move funds from those who have 

excess funds to those who are in need of funds. The second economic purpose is to move funds in 

such way that the risk associated with the cash flow provided by tangible assets is redistributed 

between people that are pursuing and those supplying the funds. (Fabozzi et al., 2013).  

The most common definition of an asset class is a group of assets that share some fundamental 

economic similarities and have characteristics that distinguish them from other assets that are not 

in the same asset class (Greer, 1997). Each asset class has unique risk-return characteristics and 

reacts to various economic and market events in different ways. For example, stocks, commodities 

and real estate may move in a similar way during a deflation while bonds move the other way. In 

a rising inflationary environment, prices of commodities might rise but the prices of stocks, bonds 

and real estate might decline  (Kitces, 2012). However, when the inflation rate is stable, prices of 

stocks tends to increase in relation to the price level in order to maintain constant ratio of stock 

prices to real earnings (Feldstein, 1983). Also, real estate is somewhat sensitive to interest rates, 

which influences the capitalization rate1, which affects the prices of real estate in a way that is 

similar to bonds but unlike how interest rates affect equities or commodities. The risk-return 

characteristics can also be different within a single asset class and in some cases, it might be 

relevant to divide an asset class into subclasses. For example, large capitalization stocks are 

sometimes thought of as a different asset class from small capitalization stocks, still, they both act 

similarly in a specific economical state. Also sectors of the economy should be taken into account 

when thinking about asset classes. For example, utility and technology stocks are not always 

 
1 The capitalization rate is used to indicate the expected income stream of a property (Jud & Winkler, 1995). 
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considered the same asset class because they often act differently, even though they are both 

equities. Technology stocks typically move in the same direction as the economy, but utility stocks 

often move in the opposite direction, that is, in a countercyclical fashion. With that being said even 

though asset classes are defined by their unique characteristics, assets within each asset class can 

also behave differently in various economical states and therefore may have different risk-return 

characteristics (Kitces, 2012). 

Fixed income securities are financial instruments that represent a stream of future cash flows. 

Bonds are the most general fixed income securities that promise to pay specific amount at specific 

times over the life of the security, these payments are referred to as coupons (Moulton et al., 2004). 

Bonds typically bear low risk compared to other assets, however, in the case of failure of payments 

the bond is put into default with all remaining coupons and principal due immediately. Fixed 

income securities are usually split into two categories, short term and long-term fixed income 

securities. Short term fixed income securities are referred to as money market securities, they are 

usually issued by governments, corporations and financial institutions. An important characteristic 

of money market securities is that they only have maturities in one year or less while long-term 

fixed income securities have maturities greater than one year. Presumably the most common type 

of long-term fixed income securities are treasury bonds which are issued by federal governments 

(Elton et al., 2013).  

Equites, also known as stocks, are financial instruments that represent an ownership of a portion 

in a company. This entitles the stockholder to a share of the corporation’s assets and income 

proportional to the amount of stock they own. After debt holders are compensated, a company’s 

management may opt to allocate the remaining earnings to stockholders as dividends or reinvest 

part or all of the profit back into the business. There are two main types of equity known as 

common stock and preferred stock (Elton et al., 2013). Another type of equity investment are 

private equity investments. The general definition of private equity investing is the investment in 

equity in companies that are not listed on stock exchanges. (Fraser-Sampson, 2011). Private equity 

is an important asset class that has gained widespread acceptance as an important component of 

investment portfolios. Its main advantage is that it generates appealing risk-adjusted returns while 

having a low correlation to publicly traded equities and fixed income securities (Lamm & Ghaleb-

Harter, 2001). Private equity investments usually provide diversification benefits. However, these 
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advantages could be less than anticipated, as private equity is significantly exposed to liquidity 

risk since there are a lot fewer buyers and sellers than in publicly traded markets. Private equity 

investments are one of the most favored option for long-term investors seeking to diversify their 

portfolio (Franzoni et al., 2012).  

Commodities have a unique risk-return relationship that can provide significant diversification for 

traditional bond and equity portfolios. Commodities usually have low or negative correlation with 

bonds and equities, also providing significant protection against inflation. Commodities are known 

for providing impressive long-term returns. Despite having a low or negative correlation with 

equity, commodity indices have consistently delivered similar returns as equity over time (Greely 

et al., 2007). One of the most traded commodities is gold. Traditionally, gold has played a 

significant role in trade and is the most common precious metal for investment purposes, due to 

its liquidity and portfolio diversifying qualities (Soni, 2017). Throughout history, investors have 

recognized gold as an inflation hedge, also, as an asset to secure investors in times of financial 

distress. Furthermore, gold preserves wealth and can also act as a currency hedge (Arnott et al., 

2010).  

Real estate as an asset class provides stable income returns if it is rented out as residential or 

commercial property. Another common way to increase wealth by owning real estate is simply 

trough appreciation, which is the increase in value of a property. It also provides some inflation 

protection which is a good quality of an investment. It has the benefit of having a low correlation 

to the performance of other financial assets, making it a valuable portfolio diversifier. Investors 

who prefer not to invest in physical real estate, due to liquidity concerns, can invest in Real Estate 

Investment Trusts (REITs) (Soni, 2017). REITs are professionally managed funds that offer a 

highly liquid stake in real estate, the shares of REITs companies are publicly traded, and it is 

viewed as a good way for investors to own a real estate indirectly by owning shares of REITs. 

Also, REITs typically provide high dividend-yields (Alias & Tho, 2011). 

Art markets differ significantly from financial markets, the strict application of well-known 

financial techniques may be limited when investing in art. Art works are typically not very liquid 

assets, they are almost never divisible, transaction cost can be very high, and the time between the 

decision to sell and the actual sale is lengthy. Investing in art generally requires a thorough 

understanding of art and the art world, as well as substantial amount of capital to purchase the 
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work of well-known artists. Artwork value is typically determined by a complicated and subjective 

collection of beliefs based on past, current, and future prices, as well as individual preferences and 

changing fashion (Worthington & Higgs, 2004).  

2.1.2 Return measures  

Future returns on investments are uncertain and historical returns on investments are no predictor 

of future returns (Dyk et al., 2012). However, in order to assess the risk or volatility on investments, 

historical returns are a crucial factor for such calculations. The simplest calculation of historical 

returns starts with finding the percentage change in a price or an index at a specific time-period 

and those changes represent the return for that time-period. These returns are usually presented as 

daily, monthly or annual returns and only measure capital gains2 (Marty, 2013). Mathematically, 

the formula for the rate of return for a given time-period based on Bodie et al. (2017) is as follows:  

𝑅𝑖,𝑡 =
𝑃𝑖,𝑡 − 𝑃𝑖,𝑡−1

𝑃𝑖,𝑡−1
 

(2.1) 

 

Where: 

 𝑅𝑖,𝑡: Return of asset class i for a given time period 

 𝑃𝑖,𝑡: Price of asset class i, at time 𝑡 

 𝑃𝑖,𝑡−1: Price of asset class i, at time 𝑡 − 1 

 

The next step is to calculate the mean return from the percentage changes in prices, there are two 

general methods to achieve this, by calculating the arithmetic return or geometric return. The 

arithmetic return is calculated by adding the percentage returns for each period together and 

dividing the sum by the number of periods. The geometric return is calculated by compounding 

the periodic returns and raising them to the power of the inverse of the number of periods. The 

geometric average offers an annualized measure of the proportional change in wealth that occurred 

over the time horizon under consideration, as if they grew at a steady rate of return (McCulloch, 

2003). However, measuring only capital gains is not a sufficient way to truly measure the returns 

 
2 Capital gains are generated when assets are sold at a higher price than when they were purchased (Elton et al., 2013). 
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from investments since there are more sources of income for many assets. Firstly, companies often 

use their profits to pay their stockholders cash dividends. The dividend yield is a ratio that 

measures the return that investors gain from only the dividends payments. Therefore, the total 

return that stockholders gain for a given time period, also known as holding period return, is the 

dividend yield plus the gain on capital (Bodie et al., 2017). Mathematically it is expressed as 

follows:  

𝑅𝑖,𝑡 =
𝑃𝑖,𝑡 − 𝑃𝑖,𝑡−1 +𝐷𝑖𝑣

𝑃𝑖,𝑡−1
 

(2.2) 

 

Where: 

 𝐷𝑖𝑣: Dividend  

 

In the case for bonds, the issuers often promise to pay the bondholders interest in the form of 

coupon payments, therefore, when calculating the returns of bonds this has to be taken into 

account. When calculating the total return for bonds, the yield to maturity is the standard measure 

and is often interpreted as the average return that investors will earn on a bond if they hold it until 

maturity (Berk et al., 2015). Mathematically the yield on coupon bonds is expressed as follows:  

𝑃 = 𝐶𝑃𝑁 ×
1

𝑦
(1 −

1

(1 + 𝑦)𝑁
) +

𝐹𝑉

(1 + 𝑦)𝑁
 

 (2.3) 

 

Where: 

 𝑃: Price of a bond 

 𝐶𝑃𝑁: Coupon payment 

 𝑦: Yield to maturity 

 𝐹𝑉: Face value of a bond  

 

In order to find the yield to maturity, solving for y is needed. When calculating bond returns for a 

given time-period, the same method can be used as for stocks. Therefore, the holding period return 

is the capital gain plus the interest made on the investment. Similarly, the returns generated from 
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owning real estate mainly consist of appreciation in prices and rental income. On the other hand, 

gold does not generate returns in form of cash flows i.e., gold does not pay dividends or interest 

as stocks and bonds do. Thus, the only returns generated from investing in gold are in the form of 

capital gains, which is measured by calculating the change in gold price at specific time-periods.  

Despite that historical returns are not a reliable predictor for future returns, the returns from 

investments can be predicted to some extent. The models with the best predictability for expected 

returns are those that focus mainly on risk (Ferson & Harvey, 1991). The expected returns of 

securities, according to traditional asset pricing models, are determined by their beta coefficients 

or the associated market risk premiums (Ferson & Korajczyk, 1995). The beta coefficient of 

investments represents systematic risk exposure associated with certain markets (Anson, 2008). 

As a result, any predictability of returns in these models should be driven by changes in the betas 

and expected risk premiums (Ferson & Korajczyk, 1995). One of the most common methods to 

measure the expected return of an investment opportunity is the Capital Asset Pricing Model 

(Zabarankin et al., 2014).  

2.1.3 Risk measures 

When people evaluate or make financial decisions, risk is one of the most significant factors they 

consider. Despite the importance of risk in decision-making, the definition of this term is 

somewhat ambiguous. In different contexts, risk can mean different things to different people. 

Nonetheless, it is widely agreed that risk is negatively linked to preference when all other factors, 

particularly expected return, are kept constant. In other words, when the risk gets higher, the option 

gets less desirable for investors who are risk averse3. Risk is commonly described and evaluated 

in terms of the probability distribution of potential outcomes, also, it is frequently associated with 

the variance of that distribution (Ganzach, 2000). In finance, risk measures can be classified into 

two categories, symmetric risk measures and asymmetric risk measures. Symmetric risk measures 

apply when returns are normally distributed, however, when returns are skewed, asymmetric risk 

measures are more applicable (Rom & Ferguson, 1993). One common symmetric measurement of 

risk is volatility, which is either given as variance or as standard deviation.  

 
3 Risk aversion implies that an investor will reject a fair gamble, since the disutility of a loss is greater than the utility 

of an equivalent gain (Elton et al., 2013). 
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The variance of returns is an indicator of risk, it assesses the range of potential outcomes around 

an expected value. The deviations of actual returns from the mean return are reflected in volatility. 

To prevent positive deviations from canceling out with negative deviations, it is necessary to 

calculate the expected value of the squared deviations from the expected return. The average value 

of these squared deviations will increase as the dispersion of outcomes increases (Bodie et al., 

2017). The formula for variance is the following: 

σ2 =∑
(𝑅𝑖,𝑡 − �̅�𝑖)

2

𝑛 − 1

𝑛

𝑡=1

 
(2.4) 

 

Where: 

 σ2: Variance of the returns of asset class i 

 𝑅𝑖,𝑡: Return of asset class i, at time t 

 �̅�𝑖: Mean return of asset class i 

 𝑛: Total number of observations 

 

The standard deviation is the most frequently used measure of volatility and it captures the 

dispersion of returns in relation to the mean. The standards deviation is useful to investors since it 

summarizes the likelihood of seeing extreme returns. When the standard deviation is high, the 

chance of a large positive or negative return is high because of more variability in returns (Schwert, 

1990). The formula for standard deviation is:  

𝜎𝑖 =
√∑ (𝑅𝑖,𝑡 − �̅�𝑖)

2𝑛
𝑡=1

𝑛 − 1
 

 

(2.5) 

 

 Where: 

 σ: Standard deviation of the returns of asset class i 
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2.2 Portfolio management: 

2.2.1 Idea behind Portfolio Management and overview 

Portfolio management is concerned with maximizing returns for a given level of risk or minimizing 

risk for a given level of return. The term “portfolio” refers to a collection of assets. Portfolio 

management involves the construction of portfolios and then allowing them to evolve in order to 

achieve the investor’s return expectations while remaining within risk and asset allocation 

constraints. In order to reach investors objectives, the investment methods that are used range from 

quantitative investment, which originates from modern portfolio theory to more traditional 

financial analysis. Quantitative investment strategies have become one of the most common 

methods of investment management. These quantitative investment strategies can be divided into 

two categories, active investment management and passive investment management (Amenc & 

Sourd, 2005).  Actively managed portfolios seek to add excess value to their investors by providing 

higher returns compared to a predetermined benchmark such as the S&P 500 index in U.S. or 

OMXI10 index in Iceland. Also, it is worth to mention that active management can be expensive, 

and it would only benefit investors if the excess returns on actively managed portfolios outweighed 

the incremental cost (Shukla, 2004). On the other hand, the role of passive management is to track 

the market. The most common strategy is to create an index by buying securities in direct 

proportion to their weight in a given index. Also, the benefit of passive management is that little 

or no effort is put into security selection (Bodie et al., 2017). There is a fundamental difference 

between these strategies in terms of investors view on market efficiency. Investors that utilize an 

active management strategy view the market as inefficient. When markets are inefficient, portfolio 

managers have the opportunity to take advantage of arbitrage opportunities due to mispricing of 

individual securities. On the other hand, if investors believe that markets are efficient and that 

there are no excess returns to be found, they will choose a passive investment strategy instead 

(Cox, 2017).    

2.2.2 Portfolio diversification 

Diversification, which involves combining a number of assets in a portfolio, can significantly 

reduce investment risk. In other words, diversification is a technique for reducing total portfolio 

risk by mixing various asset classes in a portfolio (Jeyachitra et al., 2010). There are two types of 

portfolio risk, systematic risk and unsystematic risk. Unsystematic risk is a risk factor that affects 
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a single asset or a small group of assets on a micro-level. Diversification of securities within a 

portfolio will dramatically reduce unsystematic risk (Mangram, 2013). Two investment options 

that have different risk-return elements and react differently to market events would probably have 

different returns over time, which would probably result in low correlation. The overall volatility 

of the portfolio can be reduced by choosing an investment option that has low correlation to the 

rest of the portfolio, even though the underlying investment is volatile (Kitces, 2012). However, if 

an investor allocates his funds to more than two assets, the exposure to unsystematic risk will 

continue to spread across assets and the portfolio risk should fall even further. Although, when 

common risk sources affect all companies, even substantial diversification will not be enough to 

eliminate all risk. The portfolio standard deviation decreases as the number of assets increases but 

it still cannot be reduced to zero (Bodie et al., 2017). The remaining risk is called market risk or 

systematic risk. Systematic risk is a risk factor that impacts the entire market and diversification 

is not be able to reduce it. Systematic risk is connected to an uncertainty of common factors that 

drive the financial market. Although there is no way to fully eliminate systematic risk, it can be 

actively controlled (Li et al., 2013). Figure 1 shows how diversification decreases the risk of a 

portfolio, but systematic risk limits diversification’s ability to reduce risk. The risk of a portfolio 

falls rapidly as the number assets in the portfolio increases. When the number of assets in a 

portfolio reach a certain amount, the diversification effect gets smaller until the risk of the portfolio 

is equal to systematic risk. Campbell et al. (2001) showed that correlation between assets has 

declined over the last few decades and lower correlations makes diversification even more 

important than before. Also, they state that the general rule of thumb for eliminating unsystematic 

risk is by holding a portfolio that consists of 20 to 30 stocks.  
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Figure 1:  

 

Number of Stocks in a Portfolio and Standard Deviation 

Note. Adapted from Bodie et al. (2017) 

 

2.2.3 Markowitz Portfolio Theory  

Modern portfolio theory (MPT) originated from Markowitz (1952). The portfolio with the 

maximum expected return is not always the one with the lowest volatility, therefore investors 

should not solely base their investment decisions on expected returns. Investors can either gain 

expected return by taking on additional risk or reduce risk by giving up expected return. Further, 

investors should choose an efficient mean-variance portfolio by diversifying and therefore 

minimize risk for a given return. Also, investors should measure each portfolio’s expected return 

and standard deviation, then choose the best portfolio based on only these two parameters. 

However, the mean-variance rule implies that not all diversified portfolios are superior to all 

individual securities. It is possible that an individual security has a significantly higher expected 

return and lower variance than all other securities. That particular security might provide 

maximum returns and minimum variance, therefore diversification is unnecessary, although 

almost all efficient portfolios are diversified. Diversification does not solely depend on the number 

of securities held in a portfolio. Investors should not invest all of their resources in securities within 

the same industry because those securities would most likely do poorly at the same time due to 

high covariance among them. Investing in securities across industries should result in a better 

diversified portfolio because firms in different industries should have lower covariance. In order 
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to achieve an efficiently diversified portfolio, Markowitz introduced a risk-return space where 

every possible asset combination can be plotted. Along the upper edge of this region is a line, the 

so-called efficient frontier. Combinations on the efficient frontier represent a set of risky portfolios 

which gives the lowest risk for any given level of expected return, in other words, the efficient 

frontier offers the best possible returns for any given amount of risk (Ivanova & Dospatliev, 2017).   

One limitation to the MPT is the fact that it assumes that returns on investments are normally 

distributed, furthermore, symmetric risk measures only apply when returns are normally 

distributed. MPT describes risk as the total variability of return around the mean return, which is 

calculated by variance or standard deviations. According to MPT uncertainty is treated the same 

way, that is, surprises on the downside are penalized identically to surprises on the upside, which 

is counter intuitive for investments in the real world. In this context variance and equivalently 

standard deviation, are symmetric risk measures. In practice, risk is usually not symmetrical, it is 

somewhat skewed (Rom & Ferguson, 1993). When returns on investments are asymmetric, it is 

more practical to use downside risk measures, where only negative deviations from a target are 

considered. The two most common are expected shortfall and value-at-risk (Merkoulova & Veld, 

2008).  

In Figure 2, the standard deviation is on the x-axis and expected return on the y-axis. The line from 

point B to point A represents possible portfolios combined of those two assets. However, not every 

portfolio on this line is efficient. In every portfolio between B and MV, it is possible to get higher 

expected return for the same level of standard deviation and those portfolios are not considered 

efficient. So, every portfolio between MV and A represent the efficient portion of this line, the 

efficient frontier (Bodie et al., 2017).  
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Figure 2:  

 

Efficient Frontier and Capital Allocation Line 

Note. Based on idea from Bodie et al. (2017) 

 

The portfolio at the leftmost tip of the efficient frontier is the minimum variance portfolio and has 

the lowest standard deviation of all possible portfolios. Although all portfolios on the efficient 

frontier are optimized to reduce risk for a given return, the minimum variance portfolio does so 

without taking into account the expected return (Clarke et al., 2006). The straight line labeled as 

CAL is the so-called capital allocation line, the line originates from the risk-free rate and goes 

through the labeled point P. It is the set of attainable risk-return pairs resulting from the proportion 

invested in the risky portfolio and the risk-free rate, also, the slope of the CAL, the reward to 

volatility ratio, is usually referred to as the Sharpe ratio (Bodie et al., 2017). The Sharpe ratio is a 

risk-adjusted measure of return that is frequently used to compare portfolio performances. The 

ratio expresses how much excess return an investor receives in exchange for the increased risk of 

holding a risky asset (Sharpe, 1966). At point P, where the CAL is tangent to the efficient frontier, 

the Sharpe ratio is maximized, and that point represents the optimal risky portfolio. On the other 

hand, the risk tolerance (risk aversion) of investors determines where they place themselves on the 

CAL, i.e., whether they invest more or less in the risk-free asset. To be able to get to the right side 
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of the optimal portfolio, investors need to borrow at the risk-free rate and leverage themselves 

(Bodie et al., 2017).  

Markowitz developed a model that helps investors to manage risk by maximizing expected return 

for a given risk level, which is achieved by diversification. Despite that the theory was developed 

in the 1950s, it is still applicable in many broad aspects of modern financial theory and practice, 

such as portfolio management, asset allocation and portfolio construction. Furthermore, it’s 

popularity is unlikely to decrease in the foreseeable future, therefore it is reasonable to predict that 

Markowitz’s theory will have permanent place in finance theory and practice (Fabozzi et al., 2002). 

2.3 Previous studies on multi-asset class portfolios 

There are many studies that analyze the benefits of investing in a multi-asset class portfolio. There 

is almost no doubt that investing across asset classes entails great diversification benefits and can 

greatly reduce portfolio risk, however, authors are not always in an agreement on how much these 

benefits are or what asset classes provide the best-risk adjusted returns. However, this can vary a 

lot depending on what county or market is being analyzed and the time-period chosen can have a 

great impact as well.  

Levy and Lerman (1988) study the impact of diversification on portfolios made up of stocks and 

bonds on a global scale, including a total of 13 countries. They simulated portfolios and placed 

them on a mean-variance framework, along with the efficient frontier. Furthermore, they simulated 

optimal portfolios for stocks and bonds separately by investing a certain amount in each of the 13 

markets. Also, they simulated the optimal portfolio including both stocks and bonds together in a 

portfolio. The results state that portfolio including both stocks and bonds was located on a steeper 

market line, resulting in a higher Sharpe ratio than for the optimal stock or the optimal bond 

portfolio. This result suggest that it is more beneficial to invest in both stocks and bonds together 

rather than investing in the asset classes individually.  

Much of the available literature concerned with multi-asset class investing examines how real 

estate effects the performance of traditional bond and stocks portfolios. Etebari (2016) compares 

how real estate, bonds and stocks perform in a multi-asset class portfolio by using a mean-variance 

framework. The study uses data from the U.S. market, from the time period 1978 to 2012. He finds 

that real estate outperformed both stocks and bonds on a risk-adjusted basis, suggesting that real 
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estate is a highly successful diversifier within portfolios. Furthermore, real estate accounted for a 

significant portion of the optimal portfolio, approximately 60% when three asset classes were 

included. When real estate was included, the Sharpe ratio of the optimal portfolio increased 

roughly by 30%. The results of the study clearly indicate that real estate substantially expands the 

efficient frontier and is a critical asset class to consider when constructing multi-asset class 

portfolios. Webb et al. (1988) study how much should be invested in real estate in a multi-asset 

class portfolio and their results are in an agreement with Etebari (2016). They find that two-thirds 

of investments should be allocated in real estate in a multi-asset class portfolio. Lekander (2015) 

conducted a similar study to Etebari (2016), but analyzed the application for real estate in a multi-

asset class portfolio on a global scale. The study’s result show that real estate serves an important 

diversification role and that the allocation in real estate should lie between 5% and 20%. These 

findings are in agreement with Chua (1999). He conducted a similar research by using mean-

variance portfolio optimization where the results stated that the total allocation to real estate should 

range from 3.7% to 20.7%. 

Similarly, as for real estate, many studies examine how commodities perform in multi-asset class 

portfolios. Belousova and Dorfleitner (2012) study the diversification benefits of including 

commodities in portfolio with both stocks and bonds. They included 25 individual commodities, 

both commodity futures and physical commodities, over a sample period of 16 years. Their results 

suggest that including precious metals commodities (gold, platinum and silver) in a portfolio with 

bonds and stocks can both provide diversification gains and improve the risk-return relationship 

of a portfolio. Overall, they state that commodities are valuable investments in the case for 

diversification. Gold is the most common precious metal used in investment purposes and is one 

of the most traded commodities (Soni, 2017). In recent years, investors have become more aware 

of the value gold can add to portfolios, further, most of the studies that examine the application for 

commodities in portfolios analyze gold due to its investment qualities (Arnott et al., 2010). 

Michaud et al. (2006) studied the application for gold in a multi-asset class portfolio. The evidence 

from the research show that gold can act as a valuable tactical asset. Furthermore, they suggest 

that gold is not a replacement for other asset classes, however it provides an important diversifying 

power. Gold is an unbiased, low cost, representative commodity, therefore when the portfolio 

allocation to gold is relatively small, gold’s transparency and low correlation with other asset 

classes make it an appealing investment. More specifically the results showed that a small gold 
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allocation, in the range from 1% to 4%, is effective and useful component to decrease portfolio 

risk. The study concluded that gold is not the asset class that provides the highest expected returns. 

On the other hand, gold might provide stability in volatile markets and economic climates, 

potentially boosting the compound return of aggressive strategic portfolios. Similarly, Washer and 

Dunham (2012), and Arnott et al. (2010) suggest that holding a minor stake in gold in a portfolio 

can improve the risk-return relationship of portfolios. 

Since the literature on multi-asset investing is so focused on analyzing the diversification effects 

of adding a certain asset to a benchmark portfolio there are not many papers focusing on the 

benefits of investing in more than three asset classes at a time. However, Soni (2017) analyzed 

how to design efficient portfolios with different  asset classes from India using a mean-variance 

optimization, she analyzed equities, bonds, real estate, gold and fixed deposits using cash a 

benchmark. She minimized the risk for portfolios with returns ranging from 9% up to 12%, along 

with simulating the optimal portfolio and the minimum variance portfolio. By using portfolio 

optimization, the results show that by pooling together different asset classes in a portfolio rather 

than invest in them individually, it is possible to generate higher returns and lower the risk 

significantly. The minimum variance portfolio mainly consisted of debt instruments while the 

optimal risky portfolio consisted mainly of gold and fixed deposits. When the return for the 

efficient portfolio is equal or greater than 9%, equities always held the largest proportion of the 

portfolios while real estate never holds a significant part of a portfolio, with a maximum allocation 

of 2%. The study concludes that the risk of a portfolio can be greatly reduced by investing in 

various asset classes, also, she concludes that the risk-return relationship of asset classes is strongly 

positive, meaning that the risk is usually higher when the expected returns are higher. A similar 

research was conducted by Irwin and Landa (1987). They studied the diversification effects of 

simultaneously adding real estate, futures and gold to a portfolio consisting of bonds, stocks and 

bills as a benchmark. They construct efficient portfolios by minimizing risk for certain level of 

returns, ranging from 1.9% up to 9.0%, and finish by presenting the efficient frontier including the 

additional assets classes along with the original efficient frontier, excluding the additional asset 

classes. The results state that by adding the additional asset classes, the efficient frontier shifted in 

a way that for each given level of return, the risk was reduced where the risk reduction was 41% 

on average. For portfolios at low risk levels, real estate had proportions invested ranging from 

12.5% up to 19.7%, however as the risk level increased, the proportion invested in real estate 
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declined and the allocation in futures increased. When all of the additional asset classes were 

included, gold was not held in any portfolio, however, when futures were omitted, gold had a 

minor allocation in the portfolios, a maximum of 2%. 

Worthington and Higgs (2004) show that artworks have much lower returns and much higher risks 

than traditional investment markets. Furthermore, while low correlation of returns imply that art 

works alone and in combination with equity markets provide opportunities for portfolio 

diversification. The construction of Markowitz mean-variance efficient portfolios showed that art 

does not provide diversification benefits in financial asset portfolios. Nevertheless, diversification 

benefits are possible in portfolios that are entirely made up of art works. 
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3. Data and Methodology 

3.1 Data  

There are number of asset classes available for investors in Iceland. The asset classes that will be 

investigated in this thesis are the following: stocks, bonds, real estate and gold. However, we 

considered to include a broader range of asset classes such as private equity, REITs, corporate 

bonds and art. We do not include private equity and corporate bonds due to lack of data. There are 

three commercial real estate companies listed on the Icelandic stock exchange that resemble to 

REITs, however, the prices of the shares of those companies do not necessarily change as prices 

of real estate change. Rather the prices of those shares are influenced by how the company itself 

performs. For those reasons we did not use those companies as a proxy for real estate along with 

the fact that they are included in the equity index. We did not include art in the research since art 

markets differ substantially from other asset classes and the financial techniques that will be used 

are not applicable to art due to lack of data.  

In order to estimate risk and return for stocks, it is relevant to have an index that represents the 

entire Icelandic stock market in order to show how the asset class as a whole has performed in the 

past years. The OMX Iceland All-Share GI index is chosen since it consists of all companies listed 

on the Nasdaq exchange in Iceland. The OMX Iceland All-share GI is a total return gross index, 

which means that dividends are reinvested in the index to reflect the true performance of the stock 

market (Rules for the Construction and Maintenance of the NASDAQ OMX Nordic All-Share, List, 

Tradable and Sector Indexes, 2012). Nasdaq Nordic provides a family of three benchmark bond 

indexes. The NOMXI Nominal Benchmark bonds index is chosen to reflect the risk-return 

relationship of the Icelandic fixed income market. The index is a capped market value weighted 

index that is expressed in Icelandic kronas (ISK) and each bond in the index has a maximum target 

weight of 30%. The index includes all nominal government benchmark bonds with a two-sided 

market maker agreement. This index is a total return index which means that the interest and 

principal payments are reinvested in the index, therefore it reflects the true performance of the 

bond market (Rules for the Construction and Maintenance of the NOMXI Benchmark Bond 

Indexes, 2013). Although investors in Iceland can invest in both nominal and indexed-linked 

bonds, the nominal bond index is chosen since all other indexes used are only available in nominal 

terms. To calculate the risk and return for real estate, the housing price index in the capital area of 
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Iceland provided from Þjóðskrá4 is chosen. The housing price index shows changes in the weighted 

average price per square meter. Residential housing is classified according to size and whether it 

is an apartment complex or a detached house. The average price per square meter for 9 categories 

of residential housing is calculated, then the result is weighted according to relevant portions of 

each category in the total value of the market compared to the previous 24 months (Þjóðskrá, n.d.). 

Commercial housing was also taken into consideration as an asset class. However, since it was 

difficult to collect data for commercial housing, the residential housing price index was chosen. 

Despite exaggerated fluctuations in the price of commercial housing compared to residential 

housing, those asset classes tend to move in the same direction (Fjármálakerfið: Styrkur Og 

Veikleikar, 2000). The data for the gold index was retrieved from GoldBroker5, it measures gold 

prices in ISK per ounce and the prices are updated continuously every weekday. In order to find 

an appropriate risk-free rate, we use an Icelandic 10-year government bond and withdraw the 

sovereign-rating based default spread. For an asset to be considered risk-free, the actual returns 

made on an investment have to be equal to the expected return. This is only achieved when there 

is no default risk and no reinvestment risk. When no default-free entity exists, a common way to 

estimate the risk-free rate is to use government bonds issued in the local currency as a starting 

point and then find the local currency sovereign rating to find the local default spread. Because the 

Icelandic market is perceived to have default risk, we withdraw the default spread from the 

government bond (Damodaran, 2012). Furthermore, we assume that investors are able to invest 

directly in the indexes presented above, also we assume that investors utilize a passive buy and 

hold strategy.  

The research period chosen is 11 years, more specifically from 1st of January 2010 to 1st of January 

2021. We exclude the financial crisis in 2008 due to extreme stock price fluctuations, the stock 

index that was chosen grew by approximately 140% from 2005 until 2007, then it dropped by 

approximately 93% from 2007 until the end of 2009. These fluctuations give an unrealistic picture 

of how market behaves in normal economic cycles. Also, the financial crisis is excluded due to 

data limitations. However, we include the Covid-19 pandemic period which occurred in 2020, 

since it is relevant to involve an economic recession in order to demonstrate an economic cycle to 

some extent. The stock market in Iceland fell by roughly 23% when the Covid-19 first hit the 

 
4 https://www.skra.is/um-okkur/frettir/frett/2020/08/18/Visitala-ibudaverds-a-hofudborgarsvaedinu-i-juli-2020/ 
5 https://goldbroker.com/charts/gold-price/isk 
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Icelandic stock market which is not nearly as much as the drop that took place in the financial 

crisis in 2008. We reset the indexes in such a way that every index equals 100 at January first, 

2010, which is the beginning point of our research period. We gathered daily closing prices for 

each index except for the real estate index, the data for that particular index was only available at 

a monthly basis. Therefore, the daily data for the other indexes is transformed to a monthly basis 

to make all the data consistent.  

Also, long-term historical returns are estimated for each class where the data for stocks, bonds and 

real estate is obtained from a paper presented by Jorda et al. (2017). The paper assembles annual 

long-term returns for 16 countries by calculating real and nominal returns for all of the asset 

classes, however, since all other calculations in our research were based on nominal returns, we 

find it more applicable to use results based on nominal returns from the paper. The paper calculated 

total returns on long-term government bonds in order to find the bond returns. For stocks, the 

researchers use indices that are weighted by the market capitalization of individual stocks, and a 

stock selection was chosen that represents the entire stock market for a given country in order to 

calculate the total return on stocks as an asset class. The paper estimated long-term returns for 

residential real estate by calculating total housing returns, where both long-term house price series 

and dataset on rents was taken into account. The timeframe that we use for our estimated long-

term historical returns is 65 years, from 1950 to 2015. Moreover, all calculations stated in the paper 

were based on mean returns. The data for gold was retrieved from Onlygold6, it measures annual 

gold prices in US dollars per ounce. We use the same timeframe for gold data as for the other asset 

classes in order to have all long-term historical returns consistent.  

3.2 Methodology 

In the following section, the methods and tools that will be used to examine the effect that multi-

asset class investing has on the risk and return relationship of portfolios will be presented. When 

analyzing the diversification effects of holding various asset classes in a portfolio, we mainly want 

to analyze how both the risk and the return of a portfolio changes by having more than one asset 

class in a portfolio. If the risk of the optimal portfolio decreases while returns are constant, or if 

returns increase while risk is constant, we believe that the effects of holding a multi-asset class 

 
6 https://onlygold.com/gold-prices/historical-gold-prices/ 
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portfolio are beneficial. The research is segmented into two parts. First, all calculations are purely 

based on the 11-year mean returns for the Icelandic market. Second, the return measures are based 

on the long-term historical returns, while the risk measures are based on the 11-year mean returns. 

In order to properly examine the diversification effects of holding a multi-asset class portfolio 

rather than holding a portfolio that consists of only one asset class, we use one asset class as a 

benchmark and then we add the other asset classes one by one. Thus, we can show the 

diversification effects, first by holding a portfolio with two asset classes, then by holding three 

asset classes and finally by holding all four asset classes in the portfolio.  

In the first part of the research, we begin by calculating the mean returns for all of the asset classes 

on a monthly basis. In order to calculate the monthly returns for all indexes we use formula (2.1). 

When the returns for all asset classes have been calculated, we estimate the monthly risk (volatility) 

for all asset classes. We use standard deviation as a risk measure, rather than using downside risk 

measures. Since standard deviation is a symmetric risk measure it captures both downside surprises 

as well upside surprises. Also, standard deviation is used for simplicity. We calculate the monthly 

standard deviation using formula (2.5). The correlation of all pairs of asset classes is calculated in 

order to see how the returns of all of the asset class pairs are related. The correlation is calculated 

using the monthly returns of the asset classes, where 𝑃𝑖,𝑗 is the correlation between the monthly 

returns of asset class i and j. We use the following formula, based on the idea from Elton et al. 

(2013).  

𝑃𝑖,𝑗 =
∑ (𝑅𝑖,𝑡 − �̅�𝑖)(𝑅𝑗,𝑡 − �̅�𝑗)
𝑇
𝑡=1

𝜎𝑖𝜎𝑗
∙

1

𝑇 − 1
 

(3.1) 

 

 

In order to construct efficient portfolios in practice with more than two assets, using a variance 

covariance matrix simplifies the process. The matrix is a simple way to express the covariance of 

returns of a group of assets in a portfolio. Covariance is a statistical indicator that demonstrates an 

assets interactive risk in relation to other assets in a portfolio. Moreover, the portfolio’s overall 

risk is influenced by how asset returns vary from one another (Kevin, 2006). Covariance between 

two assets classes, 𝑖 and 𝑗 is defined as:  
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𝐶𝑜𝑣𝑖𝑗 =
∑(𝑖 − 𝑖)(𝑗 − 𝑗)

𝑛
 

(3.2) 

 

 Where: 

 𝐶𝑜𝑣𝑖𝑗: Covariance between the returns of asset class i and j 

 

We use the data analysis add-in in Excel in order construct the variance covariance matrix by using 

the data on monthly returns of all asset classes. Each cell in the matrix represents a pair of two 

securities and shows the covariance among them. When the variance covariance matrix has been 

constructed, it can be used to estimate the minimum variance portfolio and the optimal portfolio. 

First, the portfolios are estimated based on two asset classes, using stocks as a benchmark and then 

bonds are added. For the three-asset portfolio, real estate is included, and finally the four-asset 

class portfolio consists of stocks, bonds, real estate and gold. For all these asset class compositions, 

we calculate the minimum variance portfolio, the optimal portfolio and finally construct the 

efficient frontier. When simulating the portfolios7, we apply two constraints. First, the sum of the 

weights for all asset classes in a portfolio must be equal to 100%. Second, the weights in each asset 

class must be equal or larger than 0%. The minimum variance portfolios are simulated by shifting 

the weights in each asset class in order to minimize the monthly portfolio standard deviation. The 

formula for portfolio standard deviation is the following, based on Elton et al (2013).  

𝜎𝑝 = √∑𝑤𝑖
2𝜎𝑖

2 +∑∑𝑤𝑖𝑤𝑗𝜎𝑖𝜎𝑗𝜌𝑖,𝑗

𝑛

j=1

𝑛

𝑖=1

𝑛

𝑖=1

 
(3.3) 

 

 Where: 

 𝜎𝑝: Monthly standard deviation of the portfolio 

 𝑤𝑖 : Weight invested in asset class i 

 𝜎𝑖
2: Variance of asset class i 

 𝜌𝑖,𝑗: Correlation between asset class i and j 

 
7 The Excel Solver add-in is used to simulate the portfolios. 
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Also, the monthly returns of all portfolios are estimated, based on the weighted average returns of 

each asset class in a given portfolio, this is calculated using the following formula, based on the 

idea from Bodie et al. (2017). 

𝑅𝑝 =∑𝑤𝑖𝑅𝑖

𝑛

𝑖=1

 
 (3.4) 

 

 Where: 

 𝑅𝑝: Monthly return of the portfolio 

 𝑛: Total number of asset classes in the portfolio 

 𝑅𝑖: Monthly return of asset class i 

 

The optimal portfolios for each asset composition are estimated by shifting the weights of each 

asset class in order to maximize the Sharpe ratio of a given portfolio. The Sharpe ratios for the 

optimal portfolios are calculated using the following formula, based on the idea from Bodie et al. 

(2017).  

𝑆𝑝 =
𝑅𝑝 − 𝑅𝑓
𝜎𝑝

 

 

(3.5) 

 

 Where: 

 𝑆𝑝: Sharpe ratio of the portfolio 

 𝑅𝑝: Return of the portfolio 

 𝑅𝑓: Risk-free rate 

 𝜎𝑝: Standard deviation of the portfolio 

 

Furthermore, the Sharpe ratio is calculated for all portfolios simulated in the research. This is done 

to compare the performance of the simulated portfolios to see what asset class composition gives 



    

 

27 

 

the best risk-return relationship. Before the efficient frontiers are graphed for the different asset 

compositions, we annualize both the monthly portfolio standard deviations, and the monthly 

portfolio returns. The portfolio returns are on an annual basis in the second part in this research, to 

make both parts comparable, all values will be on an annual basis. Furthermore, all Sharpe ratios 

are calculated using the annual data. We calculate the annualized standard deviation with the 

following formula, based on the idea of Hull (2012). 

𝜎𝑖,𝑎𝑛𝑛𝑢𝑎𝑙𝑖𝑧𝑒𝑑 = 𝜎𝑖,𝑚𝑜𝑛𝑡ℎ𝑙𝑦√12 

 

 (3.6) 

 

 

Also, the annualized portfolio returns are determined based on Bodie et al. (2017) and the formula 

is as follows:  

𝑅𝑝,𝑎𝑛𝑛𝑢𝑎𝑙𝑖𝑧𝑒𝑑 = (1 + 𝑅𝑝,𝑚𝑜𝑛𝑡ℎ𝑙𝑦)
𝑛
− 1 

 

(3.7) 

 

 Where: 

 𝑛: Number of periods in a year 

 

Then the efficient frontiers for all asset class compositions and capital allocation lines (CAL) are 

graphed. First, the portfolio returns and standard deviations for the minimum variance portfolios, 

the optimal portfolios and the individual asset classes are graphed. Second, more points are 

graphed by minimizing the standard deviation for given level of fixed returns, these points are 

referred to as efficient portfolios. The fixed returns are determined by subtracting the return on the 

MVP from the return on the maximum return portfolio, the outcome is divided with a certain 

number in order to make the gap between returns for each portfolio between the MVP and the 

maximum return portfolio equal. By doing this the efficient frontier can be graphed. As a result, 

each point on the graph has a specific asset class composition, and the sum of all asset classes is 

100%. In order to find where the optimal portfolio is located on the efficient frontier, we derive 

the CAL. In order to find the CAL, we must calculate the Sharpe ratio, and the slope of the CAL 
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is equal to the Sharpe ratio. Then, the CAL is drawn, where it originates from the risk-free rate 

goes through the optimal portfolio. The formula for CAL is the following, based on Bodie et al. 

(2017). 

𝑅𝑝,𝑎 = 𝑟𝑓 + 𝜎𝑝,𝑎𝑆𝑝 

 

(3.8) 

 

 Where: 

 𝑅𝑝,𝑎: Return of the portfolio a 

 𝑟𝑓: Risk free rate 

 𝜎𝑝,𝑎: Standard deviation of the portfolio a 

 𝑆𝑝: Sharpe ratio of the optimal portfolio 

 

Lastly, all possible portfolio compositions are simulated to identify which asset class compositions 

lead to inefficient portfolios i.e., suboptimal portfolios and how far they deviate from efficient 

portfolios. However, the Excel Solver add-in is not used in order to simulate portfolios. Instead, 

the portfolios are simulated using different levels of investments for each asset class. When 

simulating the portfolios, we use six levels of investments available for each asset class. The levels 

of investments in each asset class range from 0% to 100%, jumping at 20%, where the total number 

of simulated portfolios is 56. It is not feasible to truly simulate all potential portfolio compositions, 

but we apply 20%-steps for simplicity. By doing this, we get a fairly good insight on how the asset 

classes perform in portfolios that are not considered efficient. Finally, each portfolio is graphed 

along with the optimal portfolio and the capital allocation line. This is done to see how the 

suboptimal portfolios differ from the optimal portfolio visually.  

For the second part of the research another method is used to better capture future expected returns. 

To capture expected returns, the capital asset pricing model cannot be applied because the true 

market portfolios across all asset classes in Iceland is unknown. Instead, for the expected returns 
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for bonds, stocks and real estate, we use long-term historical returns from 16 developed countries8 

across the world as a proxy for the Icelandic market. However, for gold, we obtain annual returns 

from 1950 and the average annual return is calculated to estimate long-term expected return. The 

returns for all asset classes are average annual returns from 1950. We are not able to retrieve data 

on the Icelandic market that goes this far back in time. For the second part, the same risk measure 

is used as in the first part, by doing that we capture the fluctuations in the Icelandic market over 

the past few years and also how the asset classes are related to each other. Investment returns over 

the short-term are hard to predict, since investors view on the market can change rapidly, from 

being optimistic to pessimistic, these short-term views on the market can override the 

fundamentals of asset pricing. On the other hand, long-term returns are determined by fundamental 

financial market and economic variables that are measurable. Further, long-term historical returns 

might be a better predictor for future returns since they are not biased from fluctuations, market 

developments and price changes in the short-term. Apart from how the expected returns are 

computed, we will perform the research in an identical way as in the first part i.e., we will simulate 

minimum variance portfolios, optimal portfolios, the efficient frontiers with different asset class 

compositions and suboptimal portfolios.  

In our research, there are five main assumptions made. The first is concerned with normality of 

returns. When returns are normally distributed, the only information needed to construct efficient 

portfolios are returns, variances and covariances (Bodie et al., 2017). We therefore assume that the 

returns for all asset classes are normally distributed. The second assumption is concerned with 

short selling. If short selling is allowed the benefits of multi-asset class investing can be further 

enhanced (Elton et al., 2013). However, due to simplicity and to better see the effects of investing 

in various asset classes from a retail investors’ perspective, we assume that short selling is not 

allowed when simulating all portfolios in this research. The third assumption made is concerned 

with costs related to investments in the simulated portfolios.  We assume that investors do not 

incur any related costs to investing in the portfolios. These costs include transformation costs, 

information costs and taxes. By excluding taxes, all investors are equal, since the pre-tax and after-

tax returns are the same. The fourth assumption made relates to capital controls. We assume that 

there are no restrictions on the proportion invested in each class when simulating the portfolios. 

 
8 A better approach might be to use countries that are more comparable to Iceland but due to lack of data it is not 

possible. 
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The final assumption is concerned with leverage. If leverage is allowed investors can invest in 

portfolios that are located on the capital allocation line to the right of the optimal portfolio, 

achieving higher expected returns at the cost of higher risk (Bodie et al., 2017). For simplicity and 

to more clearly see the effects of investing in multi-asset class portfolios, we assume that 

leveraging is prohibited and therefore all investments are financed purely by equity. 
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4. Empirical Results and Discussion 

In the following section, we present and discuss the results from the simulated portfolios. The 

research is split into two parts. First, the results from the simulated portfolios using the calculated 

11-year mean returns will be presented and discussed. Second, we present and discuss the results 

from the simulated portfolios using expected returns based on long term historical returns for each 

asset class. Furthermore, we will simulate portfolios using three different asset class compositions 

in the first part one and in the second part. For both parts, we will use identical asset class 

compositions in order to show how the simulated portfolios differ when using different return 

measures. For all asset class compositions, we estimate the minimum variance portfolio and the 

optimal portfolio, where the results are presented in tables and figures. Also, we will graph the 

efficient frontier for all asset class compositions. For both the first part and the second part, we 

simulate suboptimal portfolios where the results are discussed and presented in figures. When we 

present the main findings, the results are discussed in the context of the current literature.  

4.1 Individual asset classes 

Before we estimate the optimal portfolios and show the diversification effects of holding a 

portfolio with various asset classes, we look at the risk-return relationship of the individual asset 

classes for both methods used in the research along with the correlation among the asset classes. 

For the first method, Panel A of Table 1 shows that stocks have the highest mean return of 15.79%, 

with almost twice the return as for bonds, which has the second highest mean return. The standard 

deviation for stocks is almost as high as the mean return while the standard deviation for bonds is 

40% lower than the mean return. Gold has the lowest mean return of 6.89%, and the highest 

standard deviation of 18.21%. Real estate has the lowest standard deviation of 2.66%, while the 

returns are almost thrice as the standard deviation. The Sharpe ratios of the individual asset classes 

range from 0.25 to 2.00. Real estate has the highest Sharpe ratio, despite having the lowest mean 

return, real estate has significantly lower standard deviation. On the other hand, gold has the lowest 

Sharpe ratio since it has the lowest mean return and the highest standard deviation. For the second 

method, Panel B of Table 1 shows that stocks have the highest long-term historical return of 

12.99%, slightly higher than real estate which has the mean return of 12.31%. The Sharpe ratio for 

real estate is 3.73 which is the highest Sharpe ratio for all individual asset classes, it can be 

explained by the fact that real estate has lowest standard deviation and the return is almost as high 
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as for stocks. Gold has the lowest long-term historical return of 7.30% and also the lowest Sharpe 

ratio of 0.27. Bonds on the other hand, only have 0.01% higher return than gold but second highest 

Sharpe ratio of 1.00. For the second method, the same risk measure is used, therefore the standard 

deviation for all individual asset classes is unchanged from the previous table. When comparing 

the results from Panel A and Panel B, there returns for bonds and gold are very similar using both 

return measures. The returns for stocks are somewhat higher when using the 11-year mean return 

as compared to the return for the long-term historical return. The return for real estate is much 

higher when using the long-term historical return, this might presumably be explained by the fact 

that the average long-term historical return includes rental income while the calculated mean return 

only consists of capital gains.  

Table 1: Risk-Return Relationship of Individual Asset Classes  

Panel A     

 Bonds Stocks Real estate Gold 

Mean return 8.05% 15.79% 7.72% 6.89% 

Standard deviation 4.92% 13.57% 2.66% 18.21% 

Sharpe ratio 1.15 0.99 2.00 0.25 

     

Panel B     

 Bonds Stocks Real estate Gold 

Long-term historical 

return 
7.31% 12.99% 12.31% 7.30% 

Standard deviation 4.92% 13.57% 2.66% 18.21% 

Sharpe ratio 1.00 0.78 3.73 0.27 

Note. Panel A of this table shows mean return, standard deviation and the Sharpe ratio for all of 

the individual asset classes. The time horizon for 11-year mean returns is from 2010 to 2021. Panel 

B of this table shows long-term historical return, standard deviation and Sharpe ratio for all of the 

individual asset classes. The time horizon for long-term historical returns is 65 years, from 1950 

to 2015.  

 

Since the same risk measure is used for all parts of the research, the correlation among asset classes 

stays the same throughout the study. As Table 2 shows, the correlation between stocks and bonds 

is the biggest positive value for all the correlation coefficients, despite that, the correlation 

coefficients for stocks with both gold and real estate are negative, where the smallest negative 

value is the coefficient among stocks and gold. The correlation coefficients for bonds with both 
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gold and real estate are negative values while the correlation coefficient for gold and real estate is 

positive.  

Table 2: Correlation Matrix 

 Gold Real estate Bonds Stocks 

Gold 1.0    

Real estate 0.06699 1.0   

Bonds -0.07104 -0.13599 1.0  

Stocks -0.14699 -0.04476 0.15755 1.0 

Note. This table shows the correlation coefficients for all pairs of asset classes. 

 

4.2 Simulated portfolios using 11-year mean returns 

4.2.1 Main findings 

The main finding of the analysis when the simulated portfolios are based on the 11-year mean 

returns are the following: When the two asset class portfolios are simulated including bonds and 

stocks, both the minimum variance portfolio (MVP) and the optimal portfolio have higher 

proportion invested in bonds than stocks. The Sharpe ratio for the optimal portfolio is higher than 

for the asset classes individually. When real estate is included, the MVP and the optimal portfolio 

have the highest proportion invested in real estate, also, the Sharpe ratio of the optimal portfolio 

increased when real estate is included. When the fourth asset class is included, gold, the results 

were similar. Still, the asset class allocation in the MVP and the optimal portfolio is most in real 

estate. The Sharpe ratio slightly increases when gold is included. When the portfolios for all of the 

possible asset compositions are simulated, the findings show that the portfolios that perform the 

best and deviate the least from the optimal portfolio are those that hold real estate in large 

proportions. On the contrary, the portfolios that hold gold in large proportion deviate the furthest 

from the optimal portfolio. Further, real estate performs best when invested in portfolios with 

bonds but the worst when real estate and gold are together in a portfolio. When the investment in 

stocks or bonds is high, both asset classes perform best when real estate is included. However, 

when those asset classes are held in large proportions, the portfolios tend to deviate somewhat 

from the optimal portfolio.  
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The efficient frontiers for two asset class compositions are presented in Figure 3, along with the 

capital allocation line (CAL). The CAL originates at the risk-free rate of 2.39%, and the slope of 

the CAL is equal to the highest Sharpe ratio of the optimal portfolio when both asset class 

compositions are considered. The dashed efficient frontier shown in Figure 3 represents portfolios 

consisting of two asset classes, while the solid (grey) efficient frontier consists of four asset classes. 

The efficient frontier including portfolios that consist of three asset classes is excluded from the 

figure since it is almost identical to the efficient frontier representing four asset classes and it would 

not be visible in the figure. The portfolios labeled as bonds, stocks, real estate and gold consist 

solely of these asset classes. For both efficient frontiers, the line from the minimum variance 

portfolio, labeled as MVP, to the labeled point stocks represents the efficient frontier. When real 

estate is included the Sharpe ratio of the optimal portfolio increased from 1.40 to 2.61, thus, the 

risk-return relationship of the optimal portfolio labeled as OP on the four-asset class efficient 

frontier is clearly better than the optimal portfolio including only bonds and stocks. When gold is 

also included, the Sharpe ratio increased from 2.61 to 2.63. 
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Figure 3:  

 

Efficient Frontier and Capital Allocation Line using 11-year Mean Returns 

 

To better see the diversification effect, Table 3, Panel A shows how the optimal portfolios differ 

when the number of asset classes in a portfolio increases. When an addition asset class is included, 

the Sharpe ratio increases. Another way to show the diversification effect is when the risk for both 

three and four asset class composition is minimized using the return on the optimal portfolio 

including only stocks and bonds. Thus, we can see if the risk gets lower while the portfolio return 

is constant. As seen in Panel B of Table 3, the return for the two-asset class optimal portfolio is 

9.75% and has a standard deviation of 5.25%, which results in a Sharpe ratio of 1.40. When the 

risk for the three-asset class composition is minimized using 9.75% as a fixed return, the Sharpe 

ratio increased to 1.92 and the standard deviation declined to 3.83%. The risk for the four-asset 

class composition was also minimized keeping the return fixed at 9.75%. The Sharpe ratio 

increased to 1.93 and the standard deviation declined to 3.81%. Thus, when another asset class is 

added to the portfolio, the risk will get lower while the return remains constant.  
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Table 3: Optimal Portfolios using 11-year Mean Returns and Efficient Portfolios with Fixed 

Portfolio Return (9.75%) 

Panel A    

 Two asset classes Three asset classes Four asset classes 

Return  9.75% 8.21% 8.22% 

Standard deviation 5.25% 2.24% 2.22% 

Sharpe ratio 1.40 2.61 2.63 

Bonds 77,5% 23.0% 22.9% 

Stocks 22,5% 5.4% 5.6% 

Real estate 0% 71.6% 70% 

Gold 0% 0% 1.5% 

    

Panel B    

 Two asset classes Three asset classes Four asset classes 

Return  9.75% 9.75% 9.75% 

Standard deviation 5.25% 3.83% 3.81% 

Sharpe ratio 1.40 1.92 1.93 

Bonds 77,5% 15.0% 2.15% 

Stocks 22,5% 25.0% 57.16% 

Real estate 0.0% 59.0% 15.34% 

Gold 0.0% 0.0% 25.35% 

Note. Panel A of this table shows comparison of optimal portfolios with two-, three-, and four-

asset classes using 11-year mean returns. The percentages shown for bonds, stocks, real estate and 

gold represent weights in each portfolio, where the sum of the weights is equal to 100%. Panel B 

of this table shows portfolio return, standard deviation and the Sharpe ratio for efficient portfolios 

with fixed portfolio return of 9.75%. The percentages shown for bonds, stocks, real estate and gold 

represent weights in each portfolio, where the sum of the weights is equal to 100%. 

 

The results from this study are mostly in agreement with the findings of other studies, that is, multi-

asset class investing is beneficial. The results suggest that it is more beneficial to invest in stocks 

and bonds together in a portfolio rather than investing in the asset classes individually, which is 

consistent with Levy and Lerman (1988). They also study the impact of diversification on 

portfolios that include stocks and bonds. When real estate is included, it is clear that the risk-return 

relationship of the optimal portfolio improves since the Sharpe ratio increased by roughly 86%.  

Etebari (2016) also finds that it is beneficial to include real estate in a portfolio with bonds and 

stocks, his results show that the Sharpe ratio increased roughly by 30%. The results show that the 

proportion invested in real estate is 71.6% in the optimal portfolio, which is consistent with Etebari 
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(2016), and Webb et al. (1988). They show that the proportion invested in real estate in a portfolio 

with stocks and bonds should range from 60% up to 66.67%. On the contrary, Lekander (2015), 

and Chua (1999) find that real estate should only account for small or moderate proportions of 

multi-asset class portfolios, where the allocation ranges from 3.7% up to 20.7%. When gold is 

included the risk-return relationship of the optimal portfolio gets only slightly better, where the 

proportion held in gold is minor. Such allocation in gold is in line with the findings of Michaud 

(2006), Washer and Dunham (2012), and Arnott et al. (2010). They suggest that the risk-return 

relationship of portfolios can be improved by holding a minor stake in gold. Some other studies 

have analyzed the impact of multi-asset investing on a bigger scale, i.e., including more than three 

asset classes. Soni (2017) and Irwin and Landa (1987) simulate efficient portfolios by minimizing 

the risk for given level of returns using a mean-variance optimization. Their results state that the 

risk of portfolios can be greatly reduced by investing in various asset classes and that the efficient 

frontier expands as the number of asset classes in portfolios increases. These findings are in an 

agreement with the findings of this thesis and the results show that it is beneficial to invest in 

various asset classes. More detailed results and discussions on each asset class composition are 

presented below.  

4.2.2 Two asset class portfolios 

From Table 4 it can be seen that the minimum variance portfolio (MVP) has a standard deviation 

of 4.28% and portfolio return of 8.60%, and the Sharpe ratio for the MVP is 1.29. The asset class 

allocation in the MVP is 92.7% in bonds and 7.3% in stocks. The Sharpe ratio for the optimal 

portfolio with only two asset classes is 1.40, with 77.5% invested in bonds and 22.5% invested in 

stocks. The optimal portfolio has a standard deviation of 5.25% and portfolio return of 9.75%. As 

seen in Table 4, the portfolio with the highest return consists solely of stocks, also, when the return 

for the portfolios increases the allocation in stocks increases as well. When the asset class 

allocation in stocks exceeds 45.1%, the Sharpe ratio of those portfolios, along with bonds, are 

lower than the Sharpe ratio for the MVP. The lowest Sharpe ratio is achieved when the asset class 

allocation is 100% in stocks.  
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Table 4: Two Asset Class Portfolios using 11-year Mean Returns 

Note. This table shows the mean return, standard deviation and the Sharpe ratio for all the estimated 

portfolios including two asset classes (bonds and stocks). The bolded percentages represent 

efficient portfolios. The percentages shown for bonds and stocks represent weights in each 

portfolio, where the sum of the weights is equal to 100%. The portfolio return values are in an 

ascending order, this helps with graphing the efficient frontier. All individual asset classes, along 

with minimum variance portfolio, optimal portfolio and the efficient portfolios are included in the 

table since these portfolios will be graphed.  

 

When the two asset class portfolios are simulated using the 11-year mean returns, including stocks 

and bonds, the Sharpe ratio of the optimal portfolio is greater than for the asset classes individually. 

The optimal portfolio is achieved with a high level of investment in bonds, since bonds have a 

better risk-return relationship than stocks. Despite stocks having much higher average returns than 

bonds, stocks bear more risk since they are a lot more volatile. however, bonds are not very 

volatile, which is expected since government backed bonds are among the safest investment 

options in Iceland. Also, the correlation between stocks and bonds is not high which reduces the 

risk and explains the increase in the Sharpe ratio for the optimal portfolio. This suggests that it is 

beneficial to invest in both stocks and bonds together rather than invest in the asset classes 

individually.  

4.2.3 Three asset class portfolios 

For the three-asset class portfolio Real estate is included along with stocks and bonds. From Table 

5 it can be seen that the MVP has a standard deviation of 2.18% and a portfolio return of 7.94%, 

with the Sharpe ratio of 2.54. The asset class allocation in the minimum variance portfolio is 24.3% 

invested in bonds, 1.9% invested in stocks and 73.8% invested in real estate. The Sharpe ratio for 

the optimal portfolio including three asset classes is 2.61, with the portfolio return of 8.21% and 

 Bonds 

Min 

Variance 

portfolio 

Optimal 

portfolio 

Efficient portfolios 

Stocks 

10.61% 11.47% 12.34% 13.20% 14.06% 14.92% 

Return 8.05% 8.60% 9.75% 10.61% 11.47% 12.34% 13.20% 14.06% 14.92% 15.79% 

Standard 

deviation 
4.92% 4.82% 5.25% 6.03% 7.07% 8.25% 9.52% 10.84% 12.20% 13.57% 

Sharpe 

ratio 
1.15 1.29 1.40 1.36 1.29 1.21 1.14 1.08 1.03 0.99 

Bonds 100% 92.7% 77.5% 66.2% 54.9% 43.8% 32.7% 21.7% 10.8% 0% 

Stocks 0% 7.3% 22.5% 33.8% 45.1% 56.2% 67.3% 78.3% 89.2% 100% 
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the standard deviation of 2.24%. The asset class allocation in the optimal portfolio is 23% invested 

in bonds, 5.4% invested in stocks and 71.6% invested in real estate. Also, the Sharpe ratio for the 

MVP is only slightly lower than the Sharpe ratio for the optimal portfolio. As the returns for the 

efficient portfolios get higher the proportion invested in stocks increases, while the allocation in 

bonds and real estate decreases. As seen in Table 5, when the return for the efficient portfolios 

exceeds 12.00%, the Sharpe ratios for those portfolios is maximized by only including stocks and 

real estate therefore, the proportion invested in bonds is 0%. The portfolio with the highest possible 

portfolio return consists of only stocks, however stocks also have the highest standard deviation 

which results in the lowest Sharpe ratio. 

Table 5: Three Asset Class Portfolios using 11-year Mean Returns 

Note. This table shows the mean return, standard deviation and the Sharpe ratio for all the estimated 

portfolios including three asset classes (bonds, stocks and real estate). The bolded percentages 

represent efficient portfolios. The percentages shown for bonds, stocks and real estate represent 

weights in each portfolio, where the sum of the weights is equal to 100%. The portfolio return 

values are in an ascending order, this helps with graphing the efficient frontier. All individual asset 

classes, along with minimum variance portfolio, optimal portfolio and the efficient portfolios are 

included in the table since these portfolios will be graphed.  

 

When real estate is included in the portfolio the Sharpe ratio for the optimal portfolio increased 

dramatically and the allocation in the asset classes is highest for real estate. Despite real estate 

having the lowest average return, it also bears the least amount of risk, which results in real estate 

having the best risk-return relationship. By including real estate, the volatility of the optimal 

portfolio is greatly reduced since real estate has a negative correlation with both stocks and bonds, 

 
Real 

estate 

Min 

Variance 

portfolio 

Bonds 
Optimal 

portfolio 

Efficient portfolios 

Stocks 

9.48% 10.74% 12.00% 13.26% 14.53% 

Return 7.72% 7.94% 8.05% 8.21% 9.48% 10.74% 12.00% 13.26% 14.53% 15.79% 

Standard 

deviation 
2.66% 2.18% 4.92% 2.24% 3.46% 5.33% 7.36% 9.42% 11.49% 13.57% 

Sharpe 

ratio 
2.00 2.54 1.15 2.61 2.05 1.57 1.31 1.15 1.06 0.99 

Bonds 0% 24.3% 100% 23.0% 16.8% 10.7% 4.6% 0% 0% 0% 

Stocks 0% 1.9% 0% 5.4% 21.6% 37.7% 53.7% 69.4% 84.8% 100% 

Real 

estate 
100% 73.8% 0% 71.6% 61.6% 51.6% 41.7% 30.6% 15.2% 0% 
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furthermore, the volatility is lower for the optimal portfolio compared to the individual asset 

classes and the return is higher than for both bonds and real estate. Thus, real estate is a valuable 

diversifier, and the results are consistent with the current literature, that is, having a strong risk-

return relationship and a low or negative correlation with the other asset classes. Contrary to our 

expectations, real estate as an asset class has a better risk-return relationship than is possible to 

achieve by investing in stocks and bonds together, since real estate has a higher Sharpe ratio than 

the optimal portfolio including the two asset classes. 

4.2.4 Four asset class portfolios 

For the four-asset class portfolio gold is included along with stocks, bonds and real estate. As seen 

in Table 6, the MVP has a portfolio return of 7.95% and a standard deviation of 2.17%. The Sharpe 

ratio for the MVP is 2.56. The asset class allocation in the MVP is 24.2% invested in bonds, 2.1% 

invested in stocks, 72.3% invested in real estate and 1.4% invested in gold. The optimal portfolio 

has a standard deviation of 2.22% and a portfolio return of 8.22%. The Sharpe ratio of the optimal 

portfolio including the four asset classes is 2.63. The asset class allocation in the optimal portfolio 

is 22.9% invested in bonds, 5.6% invested in stocks, 70% invested in real estate and 1.5% invested 

in gold. Real estate has the best risk and return relationship with the highest Sharpe of all the 

individual asset classes, and therefore weights the most in the optimal portfolio. The weights for 

real estate, bonds and gold are similar as in the MVP while the allocation in stocks jumps up more 

than 100%, however it weights very little in the overall portfolio. Since the asset class allocation 

in the MVP and the optimal portfolio are very similar, there is not much difference in the Sharpe 

ratios. As the return for the efficient portfolios increases, the allocation in stocks gets significantly 

higher and the allocation in gold also increases slightly. However, the proportion invested in bonds 

and real estate decreases as the portfolio returns get higher. The Sharpe ratio for real estate is the 

third highest, behind the Sharpe ratio for the MVP. Still, the portfolio consisting only of stocks has 

the highest portfolio return.  
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Table 6: Four Asset Class Portfolios using 11-year Mean Returns 

Note. This table shows the mean return, standard deviation and the Sharpe ratio for all the estimated 

portfolios including four asset classes (bonds, stocks, real estate and gold). The bolded percentages 

represent efficient portfolios. The percentages shown for bonds, stocks, real estate and gold 

represent weights in each portfolio, where the sum of the weights is equal to 100%. The portfolio 

return values are in an ascending order, this helps with graphing the efficient frontier. All 

individual asset classes, along with minimum variance portfolio, optimal portfolio and the efficient 

portfolios are included in the table since these portfolios will be graphed.  

 

When the fourth asset class is included, gold, the Sharpe ratio for the optimal portfolio increased 

only a little, as a result the risk-return relationship gets only slightly better. Therefore, the optimal 

portfolio including four asset classes has the highest Sharpe ratio of all simulated portfolios using 

the 11-year mean returns. The proportion invested in bonds and stocks in the optimal portfolio is 

stable relative to the three-asset class optimal portfolio. Almost all of the weight invested in gold 

is shifted from real estate, reducing the weight of real estate. Also, gold has the worst risk-return 

relationship compared to the other asset classes, since it has the lowest return and the highest 

volatility. However, the correlation coefficient between gold and real estate is very low and the 

correlation between gold and both stocks and bonds is negative which explains that gold has some 

weight in the optimal portfolio regardless of its poor risk-return profile.  

4.2.5 Suboptimal portfolios using 11-year mean returns 

Figure 4 shows the portfolio return and the standard deviation for each simulated portfolio along 

with the capital allocation line and optimal portfolio including four asset classes using 11-year 

 Gold 
Real 

estate 

Min 

Variance 

portfolio 

Bonds 
Optimal 

portfolio 

Efficient portfolios 

Stocks 

9.73% 11.25% 12.76% 14.27% 

Return 6.89% 7.72% 7.95% 8.05% 8.22% 9.73% 11.25% 12.76% 14.27% 15.79% 

Standard 

deviation 
18.21% 2.66% 2.17% 4.92% 2.22% 3.79% 6.12% 8.57% 11.06% 13.57% 

Sharpe 

ratio 
0.25 2.00 2.56 1.15 2.63 1.94 1.45 1.21 1.07 0.99 

Bonds 0% 0% 24.2% 100% 22.9% 15.4% 8.1% 0.8% 0% 0% 

Stocks 0% 0% 2.1% 0% 5.6% 25.1% 44.5% 63.6% 82.2% 100% 

Real 

estate 
0% 100% 72.3% 0% 70% 57.3% 44.6% 32.3% 13.8% 0% 

Gold 100% 0% 1.4% 0% 1.5% 2.2% 2.8% 3.4% 4.0% 0% 
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mean returns is shown. Further, points labeled as A, B, C and D show the best asset class 

composition when a certain asset class has an allocation of 40% or more. All of the simulated asset 

class compositions along with portfolio returns, standard deviations and Sharpe ratios are shown 

in appendix A. When all possible asset class compositions are simulated, there are only five 

portfolios that have a Sharpe ratio equal or higher than 2.00, where the Sharpe ratios range from 

2.00 to 2.43. For all those portfolios, the minimum investment in real estate is 60%, achieved in 

two portfolios. The portfolio with the highest Sharpe ratio has 80% invested in real estate and 20% 

invested in bonds which results in a Sharpe ratio of 2.43. The portfolio with a Sharpe ratio of 2.00 

consists solely of real estate. For all of the portfolios with a Sharpe ratio equal or higher than 2.00 

the investment in gold is zero, while stocks are included in two of those portfolios with a maximum 

investment of 20%. Also, it is interesting to examine portfolios that have no investment in real 

estate, since real estate is dominant in all of the best performing portfolios. The top five portfolios 

excluding real estate have Sharpe ratios ranging from 1.19 up to 1.41, where the portfolio with the 

best risk-return relationship has 80% invested in bonds and 20% invested in stocks. When real 

estate is excluded, there are two portfolios that jointly have the second highest Sharpe ratio, the 

first has 60% invested in bonds and 40% invested in stocks while the second portfolio has 60% 

invested in bonds, 20% invested in stocks and 20% invested in gold. For those portfolios, there are 

only two portfolios that have some investment in gold, with the maximum allocation of 20%.  

When the proportion invested in stocks is 40% or more the Sharpe ratios range from 0.70 up to 

1.53. The portfolio with the highest Sharpe ratio labeled as A in Figure 4 has 40% invested in 

stocks and 60% invested in real estate. When the investment in stocks exceeds 60%, the highest 

Sharpe ratio is 1.25, where 60% is invested in stocks and 40% invested in real estate. When 40% 

or more is invested in bonds, the Sharpe ratios range from 0.68 up to 2.31, where there is only one 

portfolio with a Sharpe ratio higher than 2.00. The portfolio with the best-risk return relationship, 

labeled as B in Figure 4, has 40% invested in bonds and 60% invested in real estate. When the 

investment in bonds is 60% or more the highest Sharpe ratio is obtained by investing 60% in bonds 

and 40% in real estate, which results in a Sharpe ratio of 1.84. When the proportion invested in 

gold is 40% or more, there is no portfolio that has a Sharpe ratio higher than one. The Sharpe ratios 

range from 0.32 up to 0.97, where there are three portfolios that jointly have the best risk-return 

relationship. The first has 60% invested in stocks and 40% invested in gold, the second portfolio 

has 40% invested in stocks, 20% invested in bonds and 40% invested in gold, the third one has 
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40% invested in stocks, 40% invested in gold and 20% invested in real estate, which is labeled as 

C in Figure 4. When the investment in gold exceeds 60%, the Sharpe ratios start to decline vastly, 

where the highest Sharpe ratio is 0.70 with 40% invested in stocks and 60% invested in gold. When 

the investment in real estate is 40% or more, the Sharpe ratios range from 0.44 up to 2.4, where 

the portfolio with the highest Sharpe ratio, labeled as D in Figure 4 has 20% invested in bonds and 

80% invested in real estate. There are four portfolios that have Sharpe ratios below 1.00 and they 

all have 40% or more invested in gold. All of the top five portfolios include at least 60% investment 

in real estate.  

There are four portfolios that have some allocation in all asset classes, where the Sharpe ratios 

range from 0.89 up to 1.53. Of those portfolios, the one with the highest Sharpe has 20% invested 

in stocks, 20% invested in bonds, 20% invested in gold and 40% invested in real estate. The 

portfolio with the lowest Sharpe ratio has 20% invested in stocks, 20% invested in bonds, 40% 

invested in gold and 20% invested in real estate.  

Figure 4:  
 

Suboptimal Portfolios along with the Optimal Portfolio and the Capital Allocation Line using 

11-year Mean Returns 
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As the results show, when the proportion invested in stocks is 40% or more, the risk-return 

relationship of portfolios starts to deviate greatly from the optimal portfolio. However, the returns 

for those portfolios tend to be the highest for all simulated portfolios, since stocks have the highest 

mean returns. Still, the standard deviation for stocks is also very high which makes the risk-return 

relationship for stocks not as desirable as for other asset classes. For some investors, holding a 

large proportion in stocks might be desirable due to the high returns’ portfolios generate when 

stocks are included. Stocks seem to perform best in portfolios when real estate is included. That 

can be explained by the fact that the correlation between stocks and real estate is negative. When 

the proportion invested in bonds is 40% or more, the Sharpe ratios deviate from the Sharpe ratio 

of the optimal portfolio, especially when the allocation exceeds 60%. Similarly, as for stocks, 

bonds tend to perform best in portfolios when real estate is included since the correlation between 

bonds and real estate is negative, which results in risk reduction for the portfolios. When the 

proportion invested in real estate is 40% or more, real estate performs best when bonds are included 

in the portfolios for the same reasons. When large proportions are held in real estate in portfolios, 

they perform best of all of the simulated portfolios and do not deviate far from the optimal 

portfolio, especially when the investment in real estate is 60% or more. However, when investing 

in gold and real estate together, the risk-return relationship of portfolios tends to get significantly 

worse. For all of the asset classes, real estate has the highest correlation with gold which explains 

this, along with the fact that the risk-return relationship for gold is the worst for all of the individual 

asset classes. The portfolios that deviate the furthest from the optimal portfolios are those that hold 

40% or more in gold. Still, when a large proportion of gold is held, it seems like the best risk-

return relationships are achieved when stocks are included, since gold and stocks have a negative 

correlation.   

4.3 Simulated portfolios using long-term historical returns 

4.3.1 Main findings 

The main findings of the research when portfolios are simulated using the long-term historical 

returns are the following: When only two asset classes are included (bonds and stocks), bonds have 

more weight than stocks in both the minimum variance portfolio and the optimal portfolio. Also, 

the Sharpe ratio is higher for the optimal portfolio than the individual asset classes. When another 

asset class is included, real estate, the minimum variance portfolio and the optimal portfolio have 
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the highest proportion invested in real estate, also, the Sharpe ratio of the optimal portfolio 

increased when real estate is included. When gold is also included the results were similar and the 

Sharpe ratio for the optimal portfolio only increased by 0.01 and the Sharpe ratio for the minimum 

variance portfolio was the same. When all possible asset class compositions are simulated, the 

portfolios that hold large proportions of real estate tend to perform the best and deviate the least 

from the optimal portfolio. When stocks or bonds account for large part of portfolios, they tend to 

deviate somewhat from the optimal portfolio but when the investment in gold is proportionally 

high, portfolios deviate greatly from the optimal portfolio.  

In Figure 5, two efficient frontiers are shown representing two asset class compositions, along with 

the capital allocation line (CAL). The CAL originates at the risk-free rate (2.39%) and the slope 

of the CAL is equal to the highest Sharpe ratio of the optimal portfolio when both asset class 

compositions are considered. The dashed line represents portfolios lying on the efficient frontier 

when two asset classes are included. The solid (grey) line represents the efficient frontier when 

four asset classes are included. The efficient frontier including three asset classes is excluded from 

the figure since it is almost identical to the four-asset class efficient frontier, therefore, it would 

not be visible in the figure. The reason for this is that the diversification effect of including the 

fourth asset, gold, is minor and is not seen when graphed. The portfolios labeled as bonds, stocks, 

real estate and gold consist solely of these asset classes. Both efficient fronters lie from the 

minimum variance portfolio, labeled as MVP, to the maximum return portfolio, labeled as stocks. 

When real estate is included, the Sharpe ratio of the optimal portfolio increased from 1.18 to 4.09, 

and the risk-return relationship of the optimal portfolio, labeled as OP gets a lot stronger when the 

third asset class is included. As Figure 5 shows, the OP for the four-asset class efficient frontier 

has only slightly lower portfolio return but the standard deviation decreased by more than 100%. 

When gold is included, the Sharpe ratio increased from 4.09 to 4.10.  
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Figure 5:  
 

Efficient Frontier and Capital Allocation Line using Long-Term Historical Returns 

 

 

In order to better demonstrate the diversification effect, Table 7, Panel A shows the optimal 

portfolio for each asset class composition and how they differ. Also, the diversification effect can 

be seen when the risk for the three and four asset class composition is minimized using the return 

on the optimal portfolio including only stocks and bonds. As Table 7, Panel B shows, when the 

number of asset classes included in a portfolio increases the risk gets lower when the return is 

constant. 
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Table 7: Optimal Portfolios using Long-Term Historical Returns and Efficient Portfolios with 

Fixed Portfolio Return (8.48%) 

Panel A    

 Two asset classes Three asset classes Four asset classes 

Return  8.48% 11.54% 11.51% 

Standard deviation 5.15% 2.24% 2.23% 

Sharpe ratio 1.18 4.09 4.10 

Bonds 79.5% 15,8% 15.8% 

Stocks 20.5% 3,0% 3.1% 

Real estate 0.0% 81,2% 80.4% 

Gold 0.0% 0.0% 0.7% 

    

Panel B    

 Two asset classes Three asset classes Four asset classes 

Return  8.48% 8.48% 8.48% 

Standard deviation 5.15% 3.74% 3.56% 

Sharpe ratio 1.18 1.63 1.71 

Bonds 79.5% 76.7% 70.6% 

Stocks 20,5% 0.0% 0.0% 

Real estate 0.0% 23.3% 23.3% 

Gold 0.0% 0.0% 6.1% 

Note. Panel A of this table shows comparison of optimal portfolios with two-, three-, and four-

asset classes. The percentages shown for bonds, stocks, real estate and gold represent weights in 

each portfolio, where the sum of the weights is equal to 100%. Panel B of this table shows portfolio 

return, standard deviation and the Sharpe ratio for efficient portfolios with fixed portfolio return 

of 8.48%. The percentages shown for bonds, stocks, real estate and gold represent weights in each 

portfolio, where the sum of the weights is equal to 100%. 

 

The results using the long-term historical returns are mostly in line with the results when the 11-

year mean returns are used. Still the results show that investing in bonds and stocks together is 

more beneficial than investing in the asset classes separately and the allocation in the asset classes 

in the optimal portfolio is almost identical in both methods. Those results are consistent with Levy 

and Lerman (1988). Similarly, by including real estate, the Sharpe ratio improves significantly. 

When compared to the previous method used, the Sharpe ratio increases a lot more when the long-

term historical returns are used. Those results are still in an agreement with Etebari (2016) and 

Webb et al. (1988) findings. When gold is included the Sharpe ratio of the optimal portfolio 

improves only slightly, even less when compared to the previous method used in this research. 
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Also, the allocation in gold in the optimal portfolio is minor. Still, the results are in an agreement 

with Michaud (2006), Washer and Dunham (2012), and Arnott et al. (2010), but our results show 

that an even smaller proportion should be held in gold, more specifically, less than 1%. More 

detailed results and discussions on each asset class composition are presented below.  

4.3.2 Two asset class portfolios 

As Table 8 shows, the MVP has an expected portfolio return of 7.73% and a standard deviation of 

4.82%, furthermore, the MVP has a Sharpe ratio of 1.11. The MVP has 92.7% invested in bonds 

and 7.3% invested in stocks. The optimal portfolio has an expected portfolio return of 8.48% and 

a standard deviation of 5.15%. The Sharpe ratio for the optimal portfolio is 1.18, these results are 

generated with an asset class allocation by investing 79.5% in bonds and 20.5% in stocks. As seen 

in Table 8, the portfolio that consist solely of stocks has the highest expected portfolio return, 

however, it also has the highest standard deviation which results in the lowest Sharpe ratio of all 

possible portfolios on the efficient frontier including stocks and bond. When the returns for the 

efficient portfolios get higher, the allocation in stocks increases. 

Table 8: Two Asset Class Portfolios using Long-Term Historical Returns 

Note. This table shows the expected portfolio returns, standard deviation and the Sharpe ratio for 

all the estimated portfolios including two asset classes (bonds, stocks). The bolded percentages 

represent efficient portfolios. The percentages shown for bonds and stocks represent weights in 

each portfolio, where the sum of the weights is equal to 100%. The portfolio return values are in 

an ascending order, this helps with graphing the efficient frontier. All individual asset classes, 

along with minimum variance portfolio, optimal portfolio and the efficient portfolios are included 

in the table since these portfolios will be graphed. 

 

 Bonds 

Min 

Variance 

portfolio 

Optimal 

portfolio 

Efficient portfolios 

Stocks 

9.12% 9.77% 10.41% 11.06% 11.70% 12.35% 

Expected 

return 
7.31% 7.73% 8.48% 9.12% 9.77% 10.41% 11.06% 11.70% 12.35% 12.99% 

Standard 

deviation 
4.92% 4.82% 5.15% 5.88% 6.88% 8.07% 9.36% 10.72% 12.13% 13.57% 

Sharpe 

ratio 
1.00 1.11 1.18 1.15 1.07 0.99 0.93 0.87 0.82 0.78 

Bonds 100% 92.7% 79.5% 68.1% 56.8% 45.4% 34.1% 22.7% 11.4% 0% 

Stocks 0% 7.3% 20.5% 31.9% 43.2% 54.6% 65.9% 77.3% 88.6% 100% 
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When the two-asset class portfolios are simulated using the long-term historical returns, including 

stocks and bonds, the risk-return relationship of the optimal portfolio is better than for stocks and 

bonds individually. bonds have a better risk-return relationship than stocks, therefore, the asset 

class allocation is more in bonds in the optimal portfolio. Furthermore, the correlation between 

stocks and bonds is rather low which reduces the total risk of the optimal portfolio and results in a 

higher Sharpe ratio. when compared to the first method used in the research, the results are very 

similar. The results still indicate that it might be better to invest in stocks and bonds together rather 

than the individual asset classes. however, when the returns for the efficient portfolios exceed 

approximately 10.41%, the allocation is more in stocks and the Sharpe ratios are lower than for 

bonds, which indicates that in some cases it might be better to exclude stocks from the portfolio. 

Also, the Sharpe ratio for the optimal portfolio is slightly lower when compared to the previous 

result, that can be explained by the fact that the Sharpe ratios for both asset classes are lower using 

the long-term historical returns.  

4.3.3 Three asset class portfolios 

For the three-asset class composition, real estate is also included along with bonds and stocks. 

Table 9 shows that the MVP has an excepted portfolio return of 11.11% and a standard deviation 

of 2.18%. The Sharpe ratio of the MVP is 3.99, with the asset class allocation of 24.3% invested 

in bonds, 1.9% invested in stocks and 73.8% invested in real estate. The Sharpe ratio for the 

optimal portfolio is 4.09. The expected portfolio return for the optimal portfolio is 11.54% and the 

standard deviation is 2.24%. The weights of the optimal portfolio are 15.8% invested in bonds, 

3.0% invested in stocks and 81.2% invested in real estate. When the returns for the efficient 

portfolios get higher, the allocation in stocks increases, since stocks have the highest expected 

portfolio return, while the proportion invested in bonds decreases. Also, when the expected 

portfolio return is 12.63%, including only stocks and real estate results in a better risk-return 

relationship than would be possible if bonds were included, therefore, the allocation in bonds is 

0%. Also, as seen in Table 9 the proportion invested in real estate increases until the efficient 

portfolios have higher expected portfolio return than the return for real estate individually, then 

the allocation in stocks increases rapidly and the allocation in real estate decreases.  
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Table 9: Three Asset Class Portfolios using Long-Term Historical Returns 

Note. This table shows the expected portfolio returns, standard deviation and the Sharpe ratio for 

all the estimated portfolios including three asset classes (bonds, stocks and real estate). The bolded 

percentages represent efficient portfolios. The percentages shown for bonds, stocks and real estate 

represent weights in each portfolio, where the sum of the weights is equal to 100%. The portfolio 

return values are in an ascending order (except for real estate), this helps with graphing the efficient 

frontier. All individual asset classes, along with minimum variance portfolio, optimal portfolio and 

the efficient portfolios are included in the table since these portfolios will be graphed. 

 

When real estate is included in the portfolio, the Sharpe ratio for the optimal portfolio increases 

dramatically. The asset class allocation is mostly in real estate, since real estate has the best risk-

return relationship of the individual asset classes. Real estate has a negative correlation with both 

stocks and bonds, which results in reduced portfolio risk for the optimal portfolio. The risk is lower 

for the optimal portfolio compared to the individual asset classes and it almost has as high return 

as real estate and stocks. These results indicate that real estate can act as a great diversifier in 

portfolios. Furthermore, real estate has a higher Sharpe ratio than is possible to achieve when 

investing in stocks and bonds together. When comparing the results to the previous method used 

in the research, the results are somewhat similar, the allocation in the asset classes is rather stable, 

however, the Sharpe ratio for the optimal portfolio is much higher when the long-term historical 

returns are used. this can be explained by the fact that the return for real estate is much higher 

when the long-term historical returns are used while the risk is kept constant, which results in a 

higher Sharpe ratio. Even though the risk-return relationship for stocks and bonds is worse using 

the long-term historical returns, the increase in the Sharpe ratio for real estate outweighs the 

decrease for the other asset classes.   

 Bonds Real estate 

Min 

Variance 

portfolio 

Optimal 

portfolio 

Efficient portfolios 

Stocks 

11.90% 12.27% 12.63% 

Expected return 7.31% 12.31% 11.11% 11.54% 11.90% 12.27% 12.63% 12.99% 

Standard 

deviation 
4.92% 2.66% 2.18% 2.24% 2.36% 2.54% 6.43% 13.57% 

Sharpe ratio 1.00 3.73 3.99 4.09 4.03 3.88 1.59 0.78 

Bonds 100% 0% 24,3% 15,8% 8,7% 1.6% 0.0% 0% 

Stocks 0% 0% 1,9% 3,0% 3.9% 4.8% 46.7% 100% 

Real estate 0% 100% 73,8% 81,2% 87.4% 93.6% 53.3% 0% 
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4.3.4 Four asset class portfolios 

For the four asset-class composition, gold is also included along with the other asset classes. 

Table 10 shows that the MVP has a standard deviation of 2.17% and an expected portfolio return 

of 11.04%. The Sharpe ratio for the MVP is 3.99 and the asset allocation in the MVP is 24.2% 

invested in bonds, 2.1% invested in stocks, 72.3% invested in real estate and 1.4% invested in 

gold. The optimal portfolio has a standard deviation of 2.23% and an expected portfolio return of 

11.51%, which results in a Sharpe ratio of 4.10, which is only 0.01 higher than for the three-asset 

class optimal portfolio. The asset class allocation in the optimal portfolio is 15.8% invested in 

bonds, 3.1% invested in stocks, 80.4% invested in real estate and 0.7% invested in gold. Again, it 

is interesting to see that real estate weights more in the optimal portfolio than in the MVP, due to 

its strong risk-return relationship. As seen in Table 10, when the return of the efficient portfolios 

exceeds 11.88%, it is better to exclude gold from the portfolio, since the allocation in gold is 0%. 

As the returns for the efficient portfolios get higher the allocation in bonds decreases and 

eventually goes to 0% when the expected portfolio return is 12.62%. At that point, it is best to only 

include stocks and real estate in a portfolio. As for real estate, the allocation increases until the 

expected portfolio return is higher than the return for real estate individually, at that point the 

proportion invested in real estate declines. The Sharpe ratio for gold is very low and therefore it 

has almost no weight in any of the simulated portfolios.  
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Table 10: Four Asset Class Portfolios using Long-Term Historical Returns 

Note. This table shows the expected portfolio returns, standard deviation and the Sharpe ratio for 

all the estimated portfolios including four asset classes (bonds, stocks, real estate and gold). The 

bolded percentages represent efficient portfolios. The percentages shown for bonds, stocks, real 

estate and gold represent weights in each portfolio, where the sum of the weights is equal to 100%. 

The portfolio return values are in an ascending order (except for real estate), this helps with 

graphing the efficient frontier. All individual asset classes, along with minimum variance portfolio, 

optimal portfolio and the efficient portfolios are included in the table since these portfolios will be 

graphed. 

 

When gold is included in the portfolio, there is almost no noticeable difference in the optimal 

portfolio compared to the three-asset class portfolio, however, the Sharpe ratio increased only 

slightly. The proportion invested in stocks and bonds staid almost the same, therefore, almost all 

of the weight invested in gold is shifted from real estate. For all of the asset classes, gold has the 

worst risk-return relationship, since gold has the highest calculated risk and the lowest return. The 

correlation between gold and real estate is very low and the correlation between gold and both 

stocks and bonds is negative, therefore, gold has some weight in the optimal portfolio. Compared 

to the previous method used in the research, the results are similar. Still gold provides minor 

diversification gains and the Sharpe ratio increased only slightly. The weights are somewhat 

similar, but real estate has more allocation when the long-term historical returns are used, since 

the risk-return relationship of real estate gets even more dominant.  

 Gold Bonds Real estate 

Min 

Variance 

portfolio 

Optimal 

portfolio 

Efficient portfolios 

Stocks 

11.88% 12.25% 12.62% 

Expected 

return 
7.30% 7.31% 12.31% 11.04% 11.51% 11.88% 12.25% 12.62% 12.99% 

Standard 

deviation 
18.21% 4.92% 2.66% 2.17% 2.23% 2.35% 2.53% 6.28% 13.57% 

Sharpe 

ratio 
0.27 1.00 3.73 3.99 4.10 4.04 3.89 1.63 0.78 

Bonds 0% 100% 0% 24.2% 15.8% 9.1% 1.9% 0% 0% 

Stocks 0% 0% 0% 2.1% 3.1% 3.8% 4.8% 45.5% 100% 

Real 

estate 
0% 0% 100% 72.3% 80.4% 87.0% 93.3% 54.5% 0% 

Gold 100% 0% 0% 1.4% 0.7% 0.1% 0% 0% 0% 
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4.3.5 Suboptimal portfolios using long-term historical returns 

Figure 6 shows the portfolio return and standard deviation for all suboptimal portfolios along with 

the optimal portfolio including four asset classes and the capital allocation line. Further, points 

labeled as A, B, C and D show the best asset class composition when a certain asset class has an 

allocation of 40% or more. All of the simulated asset class compositions along with the portfolio 

returns, standard deviations and Sharpe ratios are shown in appendix B. The optimal portfolio has 

a Sharpe ratio of 4.10. There are eight portfolios that have a Sharpe ratio higher than 2.00. The 

allocation in real estate is significant for all those portfolios, where the lowest weight for real estate 

is 40% in only two portfolios. There are only three portfolios with a Sharpe ratio higher than 3.00. 

The portfolio with the highest Sharpe ratio is almost identical to the optimal portfolio with an asset 

class allocation of 20% invested in bonds and 80% invested in real estate and a Sharpe ratio of 

4.02. The portfolio consisting solely of real estate has the second highest Sharpe ratio of 3.73, 

while the portfolio with the third highest Sharpe ratio has 40% invested in bonds and 60% invested 

in real estate. For the portfolios with a Sharpe higher than 2.00, gold is included in only one 

portfolio, with 20% allocation. Also, stocks are included in only three of those portfolios with a 

maximum allocation of 20%. Since the risk-return relationship of real estate is so strong, portfolios 

including real estate are generally more preferrable than the portfolios where real estate is 

excluded. Therefore, it is interesting to examine portfolios that exclude real estate. The top five 

portfolios excluding real estate have Sharpe ratios ranging from 1.00 up to 1.18, where the portfolio 

with the best risk-return relationship has 80% invested in bonds and 20% invested in stocks. The 

portfolio with the second highest Sharpe ratio when real estate is excluded has 60% invested in 

bonds, 20% invested stocks and 20% invested in gold, while the portfolio with a Sharpe ratio of 

1.00 consists solely of bonds.  

When the asset class allocation in gold is 40% or more, there are only two portfolios with a Sharpe 

ratio higher than 1.00. The portfolio with the highest Sharpe ratio of 1.07 is labeled as A in Figure 

6. That Sharpe ratio is significantly lower than the Sharpe ratio for the optimal portfolio. It is 

obtained by investing 20% in stocks, 40% in gold and 40% in real estate. When the investment is 

60% or more in gold, there are two portfolios with an equal highest Sharpe ratio of 0.63, the first 

portfolio has 40% invested in stocks while the second portfolio has 40% invested in real estate. 

When the asset allocation is 40% or more invested in stocks, the Sharpe ratios range from 0.63 up 
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to 1.82. The portfolio with the highest Sharpe ratio, labeled as B in Figure 6, has 40% invested in 

stocks and 60% invested in real estate which results in a Sharpe ratio of 1.82. The portfolio with 

the second-best risk-return relationship has a Sharpe of 1.61, the proportion invested in each asset 

class is 40% in stocks, 20% in bonds and 40% in real estate. When the allocation in stocks is 60% 

or more, the highest Sharpe ratio is obtained by investing 60% in stocks and 40% in real estate. 

Furthermore, when the allocation in stocks exceeds 80%, no portfolio has a Sharpe ratio higher 

than 1.00. When the proportion of investments is 40% or more in bonds, the Sharpe ratios range 

from 0.45 up to 3.36. The portfolio with the highest Sharpe ratio, labeled as C in Figure 6 has an 

asset allocation of 40% invested in bonds and 60% invested in real estate. The portfolios with the 

lowest Sharpe ratios all have 40% to 60% allocation in gold. When the allocation in bonds is 60% 

or more, the highest Sharpe ratio is 2.31 and is generated by investing 60% in bonds and 40% in 

real estate. When the asset allocation in real estate is 40% or more, the Sharpe ratios range from 

0.63 up to 4.02. The portfolio with the highest Sharpe ratio, labeled as D in Figure 6 has 20% 

invested in bonds and 80% invested in real estate. As mentioned above, there are eight portfolios 

that have a Sharpe ratio higher than 2.00, all of them have 40% to 100% invested in real estate. 

There are only two portfolios with a Sharpe ratio lower than one when the asset allocation in real 

estate is 40% or more. When the asset allocation in real estate is 60% or more, the highest Sharpe 

ratio is 3.36, which is the portfolio with the highest Sharpe when allocation in bonds is 40% or 

more.  

Of all the simulated portfolios, there are four portfolios that have investments in all asset classes. 

The portfolio with 20% invested in bonds, 20% invested in stocks, 40% invested in real estate and 

20% invested in gold has the best risk-return relationship of those portfolios with a Sharpe ratio of 

1.80.  The portfolio that has the lowest Sharpe ratio when all asset classes are included has an asset 

allocation of 20% invested in bonds, 20% invested in stocks, 20% invested in real estate and 40% 

invested in gold, resulting in a Sharpe ratio of 0.94.  
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Figure 6:  
 

Suboptimal Portfolios along with the Optimal Portfolio and the Capital Allocation Line using 

Long-Term Historical Returns 

 

The results using the long-term historical returns are mostly very similar to the findings when the 

11-year mean returns are used. Still, when large proportion is held in stocks or bonds in portfolios, 

they tend to deviate quite much from the optimal portfolio, and they perform best in portfolios 

when real estate is included. This is due to the correlation among the asset classes, both stocks and 

bonds have negative correlation with real estate. Furthermore, when portfolios hold large 

proportion in real estate, they tend to perform the best, especially when the allocation is 60% or 

more. Further, the best portfolios when large proportions are held in real estate also include bonds, 

but the worst are when gold is included. Still, when portfolios hold large proportions in gold, they 

deviate the furthest from the optimal portfolio, providing the worst risk-return relationships. Also, 

gold performs best when stocks are included. On the contrary to the findings using the 11-year 

mean returns, portfolios including large proportions of gold perform worst when bonds are 

included, instead of real estate. Which can presumably be explained by the fact that the risk-return 

relationship of real estate improved significantly when long-term historical returns are used as a 

return measure.  



    

 

56 

 

5. Conclusion 

To the authors’ best knowledge, this study is the first to analyze how multi-asset class investing 

impacts the risk-return relationship of portfolios from an Icelandic point of view, that is, including 

domestic asset classes in the same context as this study. Additionally, this study investigates what 

happens when investors deviate from the efficient frontier i.e., how much the damage will be if 

they invest in suboptimal portfolios, this is done by simulating all possible asset class 

compositions. In order to analyze the benefits of investing in various asset classes, a mean-variance 

optimization is applied to simulate efficient portfolios using two different return measures. Firstly 

using 11-year mean returns from the Icelandic market and secondly by using long-term historical 

returns established from 16 developed countries on a global scale. This study is relevant since the 

literature concerned with multi-asset class investing is limited in the context of the Icelandic 

market. Therefore, the research contributes to the existing literature of multi-asset class investing.  

When analyzing effects of investing in various asset classes, the results show that in each case 

when an additional asset class is included, the risk-return relationship of the optimal portfolio 

improves. Further, the results show that when multiple asset classes are included in a portfolio, the 

risk reduces. The findings therefore suggest that multi-asset class investing is beneficial. These 

results apply for both methods used in the research, however the impact varies depending on what 

return measure is used. As a result, multi-asset investing improves the risk-return relationship of 

portfolios. These findings are in line with the current literature on multi-asset investing. Further, 

the results show when investors deviate from the efficient frontier, the damage differs greatly 

depending on what asset class investors allocate their funds to and in what volume. Also, the 

suboptimal portfolios demonstrate that portfolios that generate relatively high returns, usually bear 

a lot of risk. Like for most studies, this has several limitations. Firstly, when returns are measured 

using Icelandic data, the financial crisis in 2008 is excluded from the research due to lack of data. 

Including 2008 and the following years might provide more accurate results on how markets 

behave in the long-run, since throughout the research period chosen for the research, the economy 

was expanding for the most part, despite the recession in 2020 due to the Covid-19 pandemic. 

Secondly, the long-term historical returns are based on data from 16 countries on a global scale 

since such long-term data is not available for the Icelandic asset classes. The fact that the data does 

not represent returns for the Icelandic market might limit the application of those returns for the 
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Icelandic market to some degree, since the long-term historical returns in Iceland might differ. 

Thirdly, only four asset classes are included in the research to study the benefits of multi-asset 

class investing. Due to data limitations, other asset classes are excluded from the research. 

Including more asset classes might provide greater insight on how multi-asset class investing 

impacts the risk-return relationship of portfolios. Also, the results are dependent on what index is 

used to represent each asset class and for some asset classes there are several indexes available. 

Further, this study assumes that investors are able to invest directly in the indexes when the 

portfolios are simulated. However, for some asset classes e.g., real estate the risk-return 

characteristics provided from the indexes might not represent investments made by investors in 

practice. To the authors’ best knowledge, currently there is no index that investors can invest in 

that tracks the housing market in Iceland. Therefore, when investing in physical real estate the 

returns and volatilities might differ from what is presented using the index. Investors often do not 

invest in markets as a whole i.e., in index funds or something similar, therefore the risk-return 

relationship of investments might differ when investing partially in a market or in individual assets 

within an asset class. Fourthly, two return measures are used in the research which both rely on 

historical data for the calculation of portfolio returns. Return measures that rely on historical data 

are not considered to be “forward looking” and therefore their predictability for future returns is 

limited.  

Overall, the findings should be relevant to the general public and retail investors that wish to 

achieve a well-diversified portfolio. These results give investors some insight on the risk-return 

characteristics for the four asset classes examined in this thesis, also, what the effects are on the 

risk-return relationship of portfolios when they are pooled together. This is relevant since investors 

might be taking more risk than is necessary by not diversifying properly. Future research in the 

context of multi-asset class investing should focus on including a broader range of asset classes. 

As results from the current literature show, when the number of asset classes in a portfolio 

increases, the risk-adjusted returns should improve. Such research could provide a clearer image 

on the impact of multi-asset class investing. If possible, it would be ideal to use a longer time 

period to better capture the fluctuations in the markets being studied. Also, it might be beneficial 

to perform a similar study using a model that better captures expected future returns, like the capital 

asset pricing model. Similarly, it might be interesting to implement downside risk measures in a 

similar study instead of using the traditional symmetric risk measures. All calculations in this thesis 
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are in nominal terms, since historically inflation has been high in Iceland, analyzing the returns in 

real terms might provide valuable information for investors in Iceland. Also, future research could 

include costs that investors bear when investing in multi-asset portfolios.  
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7. Appendixes  

7.1 Appendix A – Suboptimal portfolios using 11-year mean returns 

Table A 1: All possible combinations of suboptimal portfolios using mean returns, the levels of 

investment in each asset class range from 0% to 100%, jumping at 20%. 

Asset class allocation    

Stocks Bonds Gold Real Estate 
Portfolio 

Return 

Standard 

deviation 

Sharpe 

ratio 

100% 0% 0% 0% 15,79% 13,57% 0,99 

80% 20% 0% 0% 14,24% 11,05% 1,07 

80% 0% 20% 0% 14,01% 10,93% 1,06 

80% 0% 0% 20% 14,17% 10,85% 1,09 

60% 40% 0% 0% 12,69% 8,67% 1,19 

60% 0% 40% 0% 12,23% 10,09% 0,97 

60% 0% 0% 40% 12,56% 8,16% 1,25 

60% 20% 20% 0% 12,46% 8,59% 1,17 

60% 20% 0% 20% 12,63% 8,34% 1,23 

60% 0% 20% 20% 12,39% 8,43% 1,19 

40% 60% 0% 0% 11,14% 6,58% 1,33 

40% 0% 60% 0% 10,45% 11,46% 0,70 

40% 0% 0% 60% 10,95% 5,59% 1,53 

40% 40% 20% 0% 10,91% 6,57% 1,30 

40% 20% 40% 0% 10,68% 8,52% 0,97 

40% 0% 20% 40% 10,78% 6,17% 1,36 

40% 20% 0% 40% 11,01% 5,70% 1,51 

40% 40% 0% 20% 11,08% 6,04% 1,44 

40% 0% 40% 20% 10,61% 8,45% 0,97 

40% 20% 20% 20% 10,85% 6,26% 1,35 

20% 80% 0% 0% 9,59% 5,12% 1,41 

20% 0% 80% 0% 8,67% 14,42% 0,44 

20% 0% 0% 80% 9,33% 3,37% 2,06 

20% 60% 20% 0% 9,36% 5,24% 1,33 

20% 60% 0% 20% 9,53% 4,28% 1,67 

20% 20% 60% 0% 8,90% 10,88% 0,60 
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Asset class allocation    

Stocks Bonds Gold Real Estate 
Portfolio 

Return 

Standard 

deviation 

Sharpe 

ratio 

20% 0% 60% 20% 8,83% 10,90% 0,59 

20% 0% 20% 60% 9,17% 4,55% 1,49 

20% 20% 0% 60% 9,40% 3,30% 2,12 

20% 40% 20% 20% 9,30% 4,73% 1,46 

20% 20% 40% 20% 9,07% 7,48% 0,89 

20% 20% 20% 40% 9,23% 4,49% 1,53 

20% 40% 40% 0% 9,13% 7,62% 0,88 

20% 0% 40% 40% 9,00% 7,52% 0,88 

20% 40% 0% 40% 9,46% 3,64% 1,95 

0% 100% 0% 0% 8,05% 4,92% 1,15 

0% 80% 20% 0% 7,81% 5,17% 1,05 

0% 80% 0% 20% 7,98% 3,90% 1,43 

0% 60% 40% 0% 7,58% 7,66% 0,68 

0% 60% 0% 40% 7,92% 3,00% 1,84 

0% 60% 20% 20% 7,75% 4,54% 1,18 

0% 40% 60% 0% 7,35% 10,96% 0,45 

0% 40% 0% 60% 7,85% 2,36% 2,31 

0% 40% 40% 20% 7,52% 7,44% 0,69 

0% 40% 20% 40% 7,68% 4,15% 1,28 

0% 20% 80% 0% 7,12% 14,53% 0,33 

0% 20% 0% 80% 7,79% 2,22% 2,43 

0% 20% 60% 20% 7,29% 10,94% 0,45 

0% 20% 20% 60% 7,62% 4,08% 1,28 

0% 20% 40% 40% 7,45% 7,41% 0,68 

0% 0% 100% 0% 6,89% 18,21% 0,25 

0% 0% 80% 20% 7,05% 14,61% 0,32 

0% 0% 60% 40% 7,22% 11,05% 0,44 

0% 0% 40% 60% 7,39% 7,56% 0,66 

0% 0% 20% 80% 7,55% 4,34% 1,19 

0% 0% 0% 100% 7,72% 2,66% 2,00 
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7.2 Appendix B – Suboptimal portfolios using long-term historical returns 

Table B 1: All possible combinations of suboptimal portfolios using long-term historical returns, 

the levels of investment in each asset class range from 0% to 100%, jumping at 20%. 

Asset class allocation    

Stocks Bonds Gold Real estate 
Portfolio 

Return 

Standard 

deviation 

Sharpe 

ratio 

100% 0% 0% 0% 12,99% 13,57% 0,78 

80% 20% 0% 0% 11,85% 11,05% 0,86 

80% 0% 20% 0% 11,85% 10,93% 0,87 

80% 0% 0% 20% 12,85% 10,85% 0,97 

60% 40% 0% 0% 10,72% 8,67% 0,96 

60% 0% 40% 0% 10,71% 10,09% 0,82 

60% 0% 0% 40% 12,72% 8,16% 1,27 

60% 20% 20% 0% 10,72% 8,59% 0,97 

60% 20% 0% 20% 11,72% 8,34% 1,12 

60% 0% 20% 20% 11,72% 8,43% 1,11 

40% 60% 0% 0% 9,58% 6,58% 1,09 

40% 0% 60% 0% 9,58% 11,46% 0,63 

40% 0% 0% 60% 12,58% 5,59% 1,82 

40% 40% 20% 0% 9,58% 6,57% 1,10 

40% 20% 40% 0% 9,58% 8,52% 0,84 

40% 0% 20% 40% 11,58% 6,17% 1,49 

40% 20% 0% 40% 11,58% 5,70% 1,61 

40% 40% 0% 20% 10,58% 6,04% 1,36 

40% 0% 40% 20% 10,58% 8,45% 0,97 

40% 20% 20% 20% 10,58% 6,26% 1,31 

20% 80% 0% 0% 8,45% 5,12% 1,18 

20% 0% 80% 0% 8,44% 14,42% 0,42 

20% 0% 0% 80% 12,45% 3,37% 2,98 

20% 60% 20% 0% 8,44% 5,24% 1,16 

20% 60% 0% 20% 9,45% 4,28% 1,65 

20% 20% 60% 0% 8,44% 10,88% 0,56 

20% 0% 60% 20% 9,44% 10,90% 0,65 

20% 0% 20% 60% 11,44% 4,55% 1,99 
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Asset class allocation    

Stocks Bonds Gold Real estate 
Portfolio 

Return 

Standard 

deviation 

Sharpe 

ratio 

20% 20% 0% 60% 11,45% 3,30% 2,74 

20% 40% 20% 20% 9,44% 4,73% 1,49 

20% 20% 40% 20% 9,44% 7,48% 0,94 

20% 20% 20% 40% 10,44% 4,49% 1,80 

20% 40% 40% 0% 8,44% 7,62% 0,79 

20% 0% 40% 40% 10,44% 7,52% 1,07 

20% 40% 0% 40% 10,45% 3,64% 2,22 

0% 100% 0% 0% 7,31% 4,92% 1,00 

0% 80% 20% 0% 7,31% 5,17% 0,95 

0% 80% 0% 20% 8,31% 3,90% 1,52 

0% 60% 40% 0% 7,31% 7,66% 0,64 

0% 60% 0% 40% 9,31% 3,00% 2,31 

0% 60% 20% 20% 8,31% 4,54% 1,31 

0% 40% 60% 0% 7,30% 10,96% 0,45 

0% 40% 0% 60% 10,31% 2,36% 3,36 

0% 40% 40% 20% 8,31% 7,44% 0,80 

0% 40% 20% 40% 9,31% 4,15% 1,67 

0% 20% 80% 0% 7,30% 14,53% 0,34 

0% 20% 0% 80% 11,31% 2,22% 4,02 

0% 20% 60% 20% 8,30% 10,94% 0,54 

0% 20% 20% 60% 10,31% 4,08% 1,94 

0% 20% 40% 40% 9,31% 7,41% 0,93 

0% 0% 100% 0% 7,30% 18,21% 0,27 

0% 0% 80% 20% 8,30% 14,61% 0,40 

0% 0% 60% 40% 9,30% 11,05% 0,63 

0% 0% 40% 60% 10,31% 7,56% 1,05 

0% 0% 20% 80% 11,31% 4,34% 2,06 

0% 0% 0% 100% 12,31% 2,66% 3,73 
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7.3 Appendix C – Covariance matrix  

Table C 1: Covariance Matrix 

 Gold Real estate Bonds Stocks 

Gold 0.002762 0.000027 -0.000053 -0.000303 

Real estate 0.000027 0.000059 -0.000015 -0.000013 

Bonds -0.000053 -0.000015 0.000202 0.000088 

Stocks -0.000303 -0.000013 0.000088 0.001535 
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